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COUNTING ARCS OF THE SAME TYPE

MARIE TRIN

ABSTRACT. We prove a general counting result for arcs of the same type in compact surfaces. We
also count infinite arcs in cusped surfaces and arcs in orbifolds. These theorems are derived from a

result that guarantees the convergence of certain measures on the space of geodesic currents.

1. INTRODUCTION

The mapping class group Map(X) of a connected oriented surface 3 with genus g and r boundary
components acts on the set of weighted multicurves &,,(3). The question of counting the elements
in a given orbit has been studied by M. Mirzakhani for simple curves [15] and later for general
curves [16]. She proved that for any complete finite area hyperbolic metric X on ¥, any weighted
multicurve g € €,,(32) and any finite index subgroup I" of Map(X) there is a constant cgr (70) such
that

#{yel - rwlx(y) <L} ¢

(1.1) lim 169—6+2r ¢gr(70) - Mp, ({€x () < 1}),

L—oo

where m?hu is the Thurston measure on the measured geodesic laminations of X.

Erlandsson-Souto [12] have extended this theorem into a general version where the hyperbolic
length function can be replaced by other notions of complexity for the curves of S: that is any
positive, continuous and homogeneous function on the geodesic currents of S — this applies for
example to the length for any Riemannian metric on ¥ or its interior [I0], the intersection number
with a filling curve or current [10][19], the word length [§] or the translation length in 71 (%) when
acting on a metric space [9]...

Now, if 3 is a compact connected oriented surface with non-empty boundary then one can consider
the action of the mapping class group on the set of weighted multiarcs. In this setting, N. Bell [5]
proved a result close to Mirzakhani’s: if X is a complete hyperbolic metric with geodesic boundary

on Y then for every weighted multiarc g there is a constant clg\/,[f P(ag) such that

(12) tim O EMPO) Q0D S BE_ o) . (£ () < 1))

L—oo

where the length of an arc « is the length of the unique geodesic arc homotopic to a which is

orthogonal to the geodesic boundary. The main goal of this paper is to obtain a general version
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2 MARIE TRIN

of that result by proving a convergence result for a certain sequence of measures. Indeed, already
Erlandsson-Souto generalization of Mirzakhani’s results relies on the convergence of certain measures
on the space of geodesic currents. Here it is key that curves can be seen as currents. To see arcs as
currents we will work in the doubled surface DY, of X. Denoting by & the curve in DY corresponding
to the doubling of an arc a of 3, we define for any weighted multiarc cg and for any finite index

subgroup I' of Map(X) the Radon measures

1
r _
(1.3) Vool = Togmorer D 0

aclaqg

a

=

on the space C(DX) of geodesic currents of DY.. We prove that they converge when L tends to

infinity. The following is our main theorem.

Theorem If ¥ is a compact connected oriented surface with non-empty boundary and negative
Euler characteristic which is not a pair of pants, then for every weighted multiarc oy € A (X), and

every finite index subgroup T' of Map(X), there is Cg,r(Oéo) > 0 such that
. T T =~
Lh—r};o Voo, L — cg,r(aﬂ) "M Thy

Here ﬁ%hu is a Radon measure on C(DX) and the convergence occurs with respect to the weak*

topology on the set of Radon measures on C(DY).

Remark. In Theorem 4.6, the measure ﬁ%hu is a specific measure on C(DX) obtained from the

Thurston measure on the space ML(X) of measured laminations on 3, see Section 2.2 for details.

We will get from Theorem 4.6 a pretty general counting theorem for arcs. We will count arcs with
bounded complexity where the complexity of an arc is given by functions on A,,(X). We will say
that such a function F' extends to currents if there exists a continuous and homogeneous function
on C(DX) whose restriction to the set of arcs is F'. If this function on currents is also called F, it
means that F(@) = 2F(«) for every arc a. Since C(X) C C(DX) we will say that F is positive if it

is a positive function on C(X).
Corollary Let ¥ and T be as in Theorem 4.6. For any weighted multiarc ag € Ap(X) and
any function F' on A, (X) which extends to a positive function on currents we have

I F < L
Jim HOEL 0OV SEY _ o (ag) - (F() < 1),

For example, F' can be the length function for any Riemannian metric with geodesic boundary

on X or the intersection number with a filling curve or current of X.

In Section 2, we will recall the needed background on geodesic currents and explain how we
double X. Section 3 will be dedicated to the proof of a first counting theorem, Theorem 3.3, with a
condition on intersection numbers. That theorem will be a key tool in order to prove Theorem 4.6
in Section 4. In the last section we will prove Corollary 5.1, we will also obtain counting results for
bi-infinite arcs (Theorem or for arcs on orbifolds (Theorem [5.5)).
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2. GEODESIC CURRENTS

In this section, we describe some background on geodesic currents, explaining how currents of 3
can be seen as currents of DX. For more details on the notion of geodesic currents, we refer to [I],
[6] or [12].

2.1. Background. Recall that for any (compact) connected, oriented hyperbolic surface X, a ge-
odesic current is a m1(X)-invariant Radon measure on the set of bi-infinite unoriented geodesics
of the universal cover X. Note that all the hyperbolic structures on a given topological surface X
define the same set of geodesic currents. Hence, for ¥ a connected oriented surface with negative
Euler characteristic we denote by C(X) the space of geodesic currents of ¥.. This space is endowed
with the weak* topology and is then Hausdorff, metrizable, and second countable. Moreover, if the
surface X is compact then C(X) is locally compact. The two main examples of geodesic currents we

are interested in are weighted-multicurves and measured laminations.

By a curve we mean a free homotopy class of essential (ie. mnon-null-homotopic and non-
peripheral) closed curves. A weighted multicurve is a formal finite sum of different curves with
positive weights. When a metric is fixed on X, a curve is canonically represented by its unique
geodesic representative. Hence, it lifts to the universal cover into a discrete m(X)-invariant set of
bi-infinite geodesics and the counting measure over this set is a geodesic current. The geodesic
currents associated to a weighted multicurve is the corresponding sum of currents. In the following,
we will denote by €(X) and €,,(3) the sets of curves and weighted multicurves of 3. They will

mostly be seen as subsets of C(X).

The set ML(X) of measured laminations can also be seen as a subset of C(X). Recall that a
geodesic lamination is a closed subset of the interior of 3 that can be foliated by disjoint simple
geodesics. This definition ensures that the geodesic boundaries can-not be leaves of a lamination.
A measured lamination is a geodesic lamination endowed with a transverse measure and it is that
transverse measure that allows us to see measured laminations as geodesic currents. A point to
notice is that, as geodesic currents of a closed surface, the measured laminations are characterised
by having zero self intersection number. In the case of a surface with boundary, we have to add the

condition that the mesured lamination give no weight to the boundary components:

(2.1) ML(E) = {1 € E(E)]i(u, ) =0 and  p(dE) = 0}.
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We will work with Radon measures on the space of currents. The one we will be mainly interested
in is the Thurston measure m%, , on ML (X) wich extends naturally to a measure on €(¥). Although
we will not use its precise expression in the following, let us recall that this measure is given by

My = Jim ﬁ > 01,
YEMLz(XE)
where ML7(X) is the set of integral weighted simple multicurves. For more details on the Thurston

measure one can refer to [17] or [2].

2.2. Doubling the surface. In the following, ¥ is a compact connected oriented surface with
r > 0 boundary components and genus g such that 2 —2g —r < 0 and (g,7) # (0,3). We endow
it with a fixed hyperbolic metric with geodesic boundary. Note that the orientation on ¥ induces
an orientation of the geodesic boundary components. An arc « in X is a free homotopy class of
oriented segments based on boundary components and we identify two arcs that deffer from the
orientation. A weighted multiarc « is a finite sum of arcs with positive weights. We ask the arcs not
to be homotopic to a segment of a boundary component. We will denote by A(X) the set of arcs
and A, (%) the set of weighted multiarcs. Note that since a metric is fixed, an arc « is canonically

represented by the unique orthogeodesic of the homotopy class.

As we mentioned in the introduction, we need to be able to interpret arcs as currents. However,
it is not possible to do it by using the same process as for curves. This is why we will work on the
doubled surface DY. The surface DY is the closed oriented surface of genus g(DX) = 2g +r — 1
corresponding to the doubling of ¥. In that setting, the arcs of ¥ will be in bijection with certain

symmetric curves of DX,

FIGURE 1. From ¥ to DX

We can embed two copies of ¥ into D3 such that they cover DY and meet pointwise along their
boundary components. We will denote by X% and ¥~ these two copies, i* and i~ the associated
embeddings, and o : DY — DY the involution that exchanges ¥ and ¥~ (it is an orientation
reversing map which is the identity when restricted to the boundary of ). The embeddings i* and

1~ naturally extend to embdeddings from the geodesic currents of 3 to the geodesic currents of DX



hence, for an element p in C(X) we will denote by 1 its doubled version:
T C(R) = ey
pooo= () +i(w).
To obtain Theorem we need to see the Thurston measure as a Radon measure on C(DY).
To do so, we pLEEfoward the measure through the hat operator to obtain a mesure ﬁ%hu in C(DY)
surpported by ML(X).

Remark that the elements in the image of the hat operator are fixed by the involution o. More

(2.2)

generally, we will call symmetric the elements fixed by ¢ and we will denote by €7(9%) the sym-
metric curves of DY and ML (DY) the symmetric measured laminations. Remark that the set
of symmetric measured laminations is larger than the image of ML(X) by the hat operator: the
embedded boundary components of ¥ are symmetric but are not represented by elements in the

image of ML(X) by the hat operator. We record this fact for later reference.

Proposition 2.1. A symmetric measured lamination A € ML (DY) is an element of J\//EZ(E) if
and only if

(1) it does not have connected components of 0¥ as leaves,

(2) i(A,0%) =0, where i(-,-) is the intersection form between currents. O

At last, for any (multi)arc o € A(X) its two copies i*(a) and i~ () into DY meet at their
endpoints and their union forms a symmetric (multi)curve of DY.. We will denote by @ that curve:
it is not an image by the above hat operator but this notation is consistant with the one for curves
or measured lamination as their image through = are the union of their two copies (see Fig. [1]). The
curves of DY are geodesic currents of D3, so, the doubling process implies that we are now able to

see arcs as geodesic currents.

(2.3) Cor An(X) : €7, (DY) : e(DR)

)

3. COUNTING PROBLEMS WITH A BOUND ON THE INTERSECTION NUMBER

Our next goal is to prove a particular version of Corollary namely the fact that we can count
arcs when we measure them using the intersection with a filling curve. Our argument is inspired by
those of Bell [5][4]. Bell’s approach consists of associating to each arc « the curve v, = o -az-a-ay,
where as and a; are the boundary components at the end and begining of o — whatever the chosen
orientation for «, the associated curve is the same. It turns out that a and ~, are closely related
and we will be able to extend the counting results for v, to results for «.

The above construction of v, for a given curve induces a map from the set of weighted multiarcs

to the set of weighted multicurves of X:
I @ An(X) — (%)
Do a0 YA,
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The first point to notice about the map I is that it is equivariant with respect to the mappping

class group, meaning that for any ¢ € Map(X) and « € A, ()
¢-1(a) =I(¢-a).

Secondly, we can prove that o and I(«) are nearby in the sense that they intersect curves

essentially in the same way.

Lemma 3.1. For any a € A, (X) there is do € N such that if p € €,,(2) is a weighted-multicurve
then

(3.1) i(I(c0), ) = 2i(ex, )| < 2dai(p, p)

where i(-,-) is the geometric intersection number. Moreover, d,, is invariant under the action of the

mapping class group on A, (X).

Proof. For any arc a € A(X) there is an immersion, unique up to homotopy, that sends the pair of
pants P into ¥ in such a way that the image of the boundary components are a1, az and I(«), and
such that « is the image of the unique simple arc between the preimage of a; and as.

Let H be the subgroup of m1(X) given by the image of 71 (P) under the immersion. The group

H is the free group of rank 2 and the pair of pants lifts homeomorphically to E/ Iy as a compact
subsurface. Surface groups being LERF [20], there is a finite index subgroup K of m1(X) containing

H such that P lifts to Z/ k- This means that there is a cover of X, of degree d, < oo, in which
some well chosen lifts ai, ao, and I(«) of aj, ag, and I(«) are the three boundary components of
an embedded pair of pants and such that the unique simple arc between a1 and a is a lift & of «

(see Fig. 9). If 41 is a weighted multicurve of ¥ we denote by [ its preimage inside this cover.

ST
A

FIGURE 2. Immersed and embedded pair of pants

For any finite degree cover of ¥, if & is a lift of «, then there is a lift I(«) of I(«) equal to I(&)
and it is the case for the lifts chosen above. So, in the previous cover we have the following relations

between intersection numbers:

(1) i(I(e), 1) < 2i(av, ) by construction of I(«),
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(2) i(I(a), 1) = i(I(c),p), i(&, 1) = i(cv, p) and i(fi, 1) = dg - i(p, ) by definition of a covering
map,

(3) i(&, i) < % -i(I(a), 1) + i(fi, ji) because each intersection between & and fi comes from a
component of ﬁ that enters and leaves the pair of pants, or a component that turns around
the legs and which have some self intersections. A self intersection leads to at most one
intersection with & and a pair of intersections with the boundary (ie intersections with

I(@)) to at most one intersection with &.

All in all, it occurs that
(32) —2-do i(p, 1) 0 <20 i(a, p) —i(L(a), p) <2 da - i(p, ),

and Eq. (3.1) follows for a.
Moreover, since any mapping class ¢ induces a bijection ¢, : m1(X) — 71(2) we can choose d,

to be the same for every arc in a given orbit. We have proved the lemma for arcs and the triangle

inequality gives the results for weighted multiarcs. O

We can consider the restriction of I to the orbit of a given weighted multiarc ag:
I| Map(Z)-ap Map(Z) oy — Map(Z) . I(ao)
o' — I(«),

equivariance under Map(X) and Lemma imply that this map is finite-to-one.

Proposition 3.2. For all ag € Ap(X), the map I)\ap(s)-aq 8 well defined and k(ap)-to-1 for some
k(ao) € N which depends only on the type of . O

We are now able to count arcs with respect to the intersection number with a curve. More
precisely, we will count with respect to the intersection number with a filling multicurve — a curve
that cuts the surface into disks and annulus — which ensures that we count finitely many arcs at

each step.

Theorem 3.3. If Y is a compact connected oriented surface with non-empty boundary and negative
Euler characteristic which is not a pair of pants, and T' is any finite index subgroup of Map(X),

then for any weighted multiarc cg on ¥ and for any p € €, (X) filling multicurve we have

acl - ali(u, o L
#{a € L6g0|64(rl;; ) < L} — cgr(ao) 'mi%hu({i(/la N <1}).

lim

L—oo

Here, cgr(ao) is a constant fized by the type of ag, the group I' and the topology of X.

Proof. The intersection number with a filling multicurve being a positive, homogenuous and con-
tinuous function on the geodesic currents of ¥, [12, Theo. 9.1] or [12| Ex. 9.1] ensure that there
exists cgyr(l(ao)) > 0 such that

(33) Jim FOELTON) LY _ o0 (1(a0)) -, (i, ) < 1)),
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Hence, by Lemma and Eq. (3.3 we have
#{a el apli(a,p) < L}

limLsup [69—6+2r
: #{v €T - I(ao)|i(p, ) < 2L + 2dayi(p, p)}
< kg, - lim Lsup jre ag
iy - 209042 iy gup 207 €T Ta0)lilp7) < 25 ii;lf‘)i(“’ W3 () 4 dooi(Bs 1) ogo1ar
L (2L + 2dayi(p, 1)) L

= kg - 2997072 ¢ (I(a)) - mp, ({in,-) < 1}),
where ko, comes from Proposition With the same computations

o H{a el agli(a, p) < L} - .

lim inf I,69—6+2r > kg - 2997072 g (I(a0)) - g ({i(p, ) < 1}),
and we obtain Theorem [3.3| with ¢ ,.(a) = kq, - 20975727 - cL(I(a)). O

4. PROOF OF THE MAIN THEOREM

In this section, X is still a compact connected oriented surface, with genus g, and » > 0 boundary
components, with negative Euler characteristic and such that (g,r) # (3,0). For technical reasons, 3
is endowed with a hyperbolic structure with geodesic boundary. Note that it induces a hyperbolic
structure on DY. In the following, we fix a weighted multiarc oy € A,,(X) and a finite index
subgroup I' of Map(X). The doubling process allows us to see ag as a current (see Eq. ) and

to define a sequence (Vgo’ 1)>0 of Radon measures on €(DY) from o by

(4.1) Vool = L@g%ﬁ > 015 VL>0.
a€clap

The strategy to prove Theorem is the following. We will prove that (1/507 1)L>0 has accumula-
tion points and that they are all supported by J\//EZ(E) Afterwards, we will use the characterisation
of Map(¥)-invariant measures on measured geodesic laminations given by Lindenstrauss-Mirzakhani
to show that these accumulation points are all multiples of the pushforward by the hat operator of
the Thurston measure on ¥. We will conclude proving that they are all the same multiple of fﬁ%hu.
Note that at each step Theorem will play a key role.

Proposition 4.1. The set (V(l;o 1)L>0 1S precompact, meaning that for every (Ly)nen € RT_ with

L, — oo, there is a Radon measure m on C(DX) with

=)

: r
lle VO‘O 7Lni

for some subsequence Ly,

Proof. The 1/507 1, are measures with support in €(DX) which is locally compact [6]. Hence the

set of Radon measures on C(DY) has the Heine-Borel property: to show that each sequence has a
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convergent subsequence it suffices to show that {1/50 Ln} is bounded, that is to show that for every
r
v

continuous and compactly supported function f on €(DX), lim sup,, / fdv,,

< 0.
07Ln
Fix a continuous and compactly supported function f on C(DX). As f has compact support,
|f| is bounded by some b > 0 and there is some D > 0 such that (u, 5A0) < 2D for every p in the

support of f, where Jg is a fixed filling curve of X. Hence

(4.2) / Flavk, . <b-oL, . (Supp(f))

< bk, 1, ({1 € CDE)i(p, o) < 2D)).

(0%
Moreover, we have

#{a €T - agli(@,80) < 2DL,}  #{a €T -apli(a,d) < DLy}

Voo, ({1 € C(DE)|i(u, d0) < 2D}) = 09652 764G+

@o,Ln

Hence, Theorem [3.3] ensures that

Vi, ({1 € C(DE)]i(p, 60) < 2D}) —— D752 ¢l (I(ap)) - miy, (i(0, ) < 1),

@o,Ln n—oo g,r

which together with Eq. (4.2) ensures that lim sup,, / fdui:o’ 1, < 0o. That concludes the proof. [

We now want to show that every m as above is supported by J\//EZ(E) In some sense, this justifies

the notation m.
Proposition 4.2. The measure m in Proposition 18 supported by J\//[\L(E)

Proof. In light of Proposition to show that m has support in W(E) there are three points to
prove. We need to prove that m is supported by symmetric measured laminations — the fact that
the elements of the support are symmetric comes from the construction of the 1/50’ L, S0 we just need
to show that they are measured laminations. The second point to prove is that they do not cross
the image of 9% in DX. Finally, we need to argue that they do not have connected components of
0%, as leaves.

Regarding this last point, note that if we assume that the support of m is made of symmetric
measured laminations then the elements in the support of 1/507 ;, are all orthogonal to 9% so the one
in the support of m are all transversal to 9X.

Let us now show the first two points. We know that m has support in the symmetric currents
so, to show that it is supported by ML (DY) it suffices to show that for every R > 0,

i, p)dim = 0
/{ueewz)u(u,ao)sm (b 12

where Ay is a filling multicurve of D3. We can assume that Ag decomposes into 8\0 — where ¢ is

a filling curve of ¥— and a multicurve s of DY that completes 3\0.
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For every L > 0 we have

1
; r
Z(Ma :u‘)dl/oco,L Lﬁg 6-+2r

=~
~

h\@)

4.3
(43) /{MEG(DZ)|i(HaA0)§R}
i(a,Ao) <LR

a
'

h\Q)

P
)

1 .
< [69—6+2r <

aEF -a
i(a, (50)§LR

—~

1 i(o, @)
~ [69—6+2r Z 2 72

aclagp
i(a,80)<LR/2

R\ 900, a0) #{a € T - aglia, 8) < LB
=13 12 (%)6g76+27“

R b9-6+2r
L—oo (> 0 C;T(ag) m%hu({z(a 50) < ]-}) Thm 2.3.

2
However, there is some L,, —— oo such that maO ;. —— m. Hence, Eq. ensures that
M n—oo

n—oo

i(p, p)dim = 0,
/{uee(Dz)li(MAo)SR} (k1)

meaning that the elements of the support of m have no self intersection: they are measured lami-
nations of DY (see Eq. (2.1)).

The same computations allow us to obtain that for every R > 0,

(e, 0X)dm = 0.
/{uEG(DE)Ii(on)SR} il )

Hence the measured laminations in the support of m do not cross the boundary of ¥ and that

concludes the proof. O

Corollary 4.3. Any measure m as in Proposition 4.1 arises as the pushforward by the hat operator
of a measure m in ML(X) defined by
(4.4) YU Cc ML(D), m(U) :=a({\AeU)).

O

In the line of [I9], to show that the limit element is a multiple of the pulled-back Thurston

measure we will use the following theorem which comes from [13].

Theorem (Lindenstrauss-Mirzakhani). Let p be a locally finite Map(X)-invariant measure on
ML(X). If for all simple closed curve v of X

(4.5) p({A € ML(X)[i(A,v) = 0}) = 0,

then p is a multiple of the Thurston measure m%hu.
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It is certainly known to experts that this theorem is also true for a I'-invariant measure where I'

is a finite index subgroup of Map(X). Still, let us give a proof.

Lemma 4.4. Let T be a finite index subgroup of Map(X). If u is a locally finite T'-invariant measure
on ML(X) such that

(4.6) p({A € ML(E)[i(A,y) =0}) =0
for every simple closed curve v of X, then u is a multiple of the Thurston measure m%w.

Proof. Since every finite index subgroup I' of Map(X) admits as a subgroup a finite index normal
subgroup of Map(X), we can suppose that I' is normal to begin with.

As the subgroup T is finite index, we can choose finitely many elements ¢1, ..., ¢s of Map(2) such
that every element ¢ € Map(X) can be uniquely written as ¢ = go ¢; with g € T'. If u is a measure

as in the statement then we define .

poi= Z Gisfi-

i=1
Since I' is normal and g is [-invariant, the definition is independant of the choice of the ¢;.
Now, for ¢y € Map(X), [¢] € Map(X)/T" — [¢p o ¢] € Map(X)/T" is well-defined and bijective so
S S

Uufi = Y Yuthispe = Y (Yo ;)sp = i and i is a Map(X)-invariant locally finite measure on ML (X).
i=1

=1
Moreover, if v is a simple curve in 3 then

AN € ML(E)i(A7) = 0}) = D dieps({A € ML(E)i(A, ) = 0})
i=1

= n({h € ML(D)[i(¢; '\, 7) = 0})

=3 u({r € ME(E)[i(A, ¢7) = 0}).
=1

As a consequence, i satisfies as soon as u does, and is therefore a multiple of the Thurston
measure by Lindenstrauss-Mirzakhani Theorem.

Moreover, we can suppose that ¢1 = Idy, hence p = ¢, is absolutely continuous with respect
to i and to m?hu. However, the Thurston measure is I'-ergodic [14] so u is a positive multiple of

D
L O

Lemma 4.5. If m is as in Propositz'on then the associated measure m (see Corollary on
ML(X) satisfies Eq. (4.5)).
Proof. Let v be a simple curve of ¥, we want to show that m({\ € ML(X)[i(\,v) = 0}) = 0. By

inner regularity it suffices to show that for every R > 0,

(4.7) m({A € ML(D)i(\, ) < &,i(\,do) < R}) — 0

e—0

where dq is a filling curve of X.



12 MARIE TRIN

Moreover, if L,, is such that 1/50 ;. — m then the Portmanteau Theorem ensures that
T n—oo

m({A € ML(D)[i(A,7) < &,i(A, &) < R}) = M({A € ML(D)]i(A,7) < &,i(A, o) < R})
<liminf vy, 7, ({} € ML(D)|i(A,v) < &,i(),60) < R}).
Recall that by Proposition Ity s« € T'-ag = I(a) € T'-I(ag) is kay-to-1, and that
i(I(),8) — 2i(,8)| < 2dqyi(0,8) = Cs for every a € I' - g and § € €,,(X) by Lemma 3.1} Hence,

#{a el - apli(a,y) < eLy,i(e,d0) < RL,}
L 6o6T2r

Vb, (I € ME(D)]i(A,7) < &i(), 6) < R}) =

< #{a el O‘O|i(l(a)a’7) < 25Ln7i(l(a)750) <2RL, + 060}
— L69—6+2T

#{r e I(ap)|i(r,v) < 2eLy,}
) 1.69—6+2r

< kg - Vg, (PMi(A, 9) < 26}),

where 1/5O I = W > 01 when v € &, (X). We get from [12, Theo. 8.1 or Ex. 8.3] that
o ¥eTyy -
(Vf(ao) 1. Jnen converges and then

<k

@Q

lim inf v} ({X € ME(D)|i(A,5) < &,i(A, 60) < R}) < kay - lim inf v, 7, ({Al(A7) < 2¢})

@0,Ln
< kag -limnsup V?(ao),Ln({A‘i<A77) < 2e})
< kaq * ¢ (I(a0)) - M7y, ({A € ML(D)[i(A,7) < 2¢}).
All in all,
m({\ € ML(X)[i(\, ) < &,i(\, d) < R}) < C-m¥Py, ({) € ML(D)|i(\, ) < 2¢})
and the Lindenstrauss-Mirzakhani characterisation of the Thurston measure proves Eq. . O

We are now able to prove our main theorem:

Theorem 4.6. If Y is a compact connected oriented surface with non-empty boundary and negative
Euler characteristic which is not a pair of pants, then for every weighted multiarc oy € Ap,(2), and

every finite index subgroup T' of Map(X), there is cgﬂ,(ao) > 0 such that

. I _ ~3
lim Voo, L = cg,r(ao) " MThy
L—oo

and the convergence occurs with respect to the weak* topology on the set of Radon measures on
C(DY).
Remark. The constant Cg’r(ao) is the same as in Theorem .

Proof. First of all, consider m given by m = lim ! Lemma together with Lemma,
n—

00 ao,Ln*
ensures that the associated measure m on ML(X) is a multiple of the Thurston measure on ¥ and

hence m = ¢(Ly,,) - m%,,, where ¢(Ly) > 0.
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Let &g be a filling curve of ¥, the function i(dg,-) is continuous, homogenous and positive on
€(X) hence m%,  ({i(d,-) = 1}) = 0. However, mThu({)\ € ML(X)|i(dp,\) = 1}) = mThu({)\ €
J\//[Z(E)H(ﬁ(éo),/):) =1}) = t/ﬁ%hu(@{)\ € ML( )i(i+(80),A) < 1}) and €(DX) is locally compact
so by Portmanteau Theorem and Theorem [3.3] we obtain the two following results

VoL, ({1 € CDD)[i(ET (%), ) < 1}) —— e(Ln) - Wy, ({A € ML(Z)]i(i(d0), A) < 1)

n—o0

= c(Ln) - mFp, ({A € ML(E)]i(00, A) < 1})
= c(Ln) - mFp, ({i(00, ) < 1}),

Vho 1, (1 € DD (o)) < 1)) = gl € T li(i” (80). ) < L)

_ #Ha el ali(do, ) < Ly}
n

— cg,r(ao) ’ m%hu({z(dov ) < 1})

n—oo
Hence, C(L,)) = ¢. (ag) does not depend on the sequence (Ly)neny and whatever the sequence
9 qg,r P q (S q
L, —— oo, up to passing to a subsequence n;,
n—oo

. r _ T ~%

lim v, = ¢y (o) - MTp,.

1— 00 g
Since the previous convergence holds for any L, —— oo,

n—oo

. r _.r =~
ngIolo Voo, L = Cg,r(ao) "M hy

5. APPLICATION TO COUNTING PROBLEMS

Armed with Theorem we are now able to focus on counting problems. In this section we
are interested in counting the elements in the orbit of a given arc for the action of a finite index

subgroup of the mapping class group.

5.1. Counting bounded arcs. For F a function on arcs we want to count #{a € I'-ag|F(a)) < L}
using Theorem To do so, we have to be able to extend F' to the currents of DX.

The more natural examples for F' are

- the length function for any Riemannian metric with geodesic boundary on 3,
- the intersection number with a filling curve dy of X,

- the intersection number with a filling current pg of 3,
in that cases, the extension on C(DY) is naturally given by

- the length function associated to the corresponding metric on DY,
- the intersection number with (5A0,

- the intersection number with 7.
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So, we will say that a function F' on arcs extends to currents if there exists a continuous and
homogeneous function on C(DX) whose restriction to the set of arcs is F. If this function on
currents is also called F', it means that F(a) = 2F(«) for every arc a. Since C(X) C C(DX) we will
say that F is positive if it is a positive function on C(X). Note that for any u € C(X) we also want
that F(u) = 2F(u).

Now, the same process as in the proof of [12, Theo 9.1] allows us to obtain the following Corollary.

Corollary 5.1. Let ¥ and T" be as in Theorem 4.6. For any weighted multiarc ag € Ap(X) and

any function F on A, (X) which extends to a positive function on currents we have

I. F L
Jim HOEL QPO =B} () m () < 1))

Proof. First of all, since F' is continuous on C(DY),

H{p € C(DI)|F(p) <2} C {p € C(DX)|F(u) =2}

and as F' is positive, continuous and homogeneous on C(X)

(5.1) ({1 € C(DE)|F (i) = 2}) = @, ({(X € ME(D)[F(Y) =2})
= w7, (A € ME(D)[F() =2})
= m7p,({A € ME(D)IF(N) = 1})
= m7p, ({1 € C(2)|F (1) = 1})

As a consequence, C(DX) being locally compact, the Portmanteau Theorem together with Eq. (5.1])
and Theorem [£.6] ensures that

(5.2) Voo, ({1 € C(DE)|F(p) < 2}) —— ¢g,(a0) - Wy, ({1 € C(DE)|F(n) < 2})

L—oo

= b (o) - M, (1A € ML(SIF() < 1)).

Moreover, since F' is homogeneous we deduce that

s Eéjf)!fzga) =1} _#ac 253550‘ V=28 _ (e C(DS)|F(u) < 2}),

and Eq. (5.2) concludes the proof.

g

5.2. Counting bi-infinite arcs. We work now on a non-compact surface S of finite type. More
concretely, S has finite genus, finitely many punctures and empty boundary. If X is a fixed finite

area hyperbolic structure on S and o a bi-infinite arc between two cusps of S we want to determine
#{a € Map(S) - aolx () < L}.

To do so, we first have to choose a way to define £x(«). Indeed, with the natural notion of length

every bi-infinite arc has infinite length.
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Remark. In the following, by bi-infinite arc we mean bi-infinite geodesic between two cusps of S.

In such a surface one can define the peripheral self-intersection number ipe,(7y,7) of a geodesic .
This number tells us how much each excursion of the curve into a cusp intersects itself (see [12] Def.
2.6] or [21] for details on the peripheral self-intersection number). The number of self intersections
of an excursion being in direct link with the depth reached by this excursion into a cusp [3] [21],
knowing the peripheral self-intersection of a bi-infinite arc we know exactly the maximal depth
reached by any finite excursion (it is an excursion that does not leave all compact subsets of the

surface) into a cusp’s neighborhood.

Remark. For a weighted multiarc, we define the peripheral self-intersection number as the maximal

peripheral self-intersection number of its components.
In the line of [21, Prop. 2.2] we obtain the following lemma.

Lemma 5.2. Let S be a finite type surface with negative Euler characteristic, no boundary com-
ponents and finitely many cusps. If v is a bi-infinite arc of S with iper(y,7y) > 0 then the finite
excursions of v stay in the compact core of S bounded by the horospheres of length 1/k if and only
if iper(7,7) < 4k.

Since the peripheral self-intersection number is stable through the action of Map(S) we have a
natural way to associate a finite length to each infinite arc and that definition will be relevant if we

want to count the elements in a given orbit of the mapping class group.

Remark. We need the notion of length we will define for bi-infinite arcs to be compatible with the
length of the measured laminations of the surface. To do so, note that for any hyperbolic metric
X on S the support of every A € ML(S) is included in X', the compact core of X bounded by the
horospheres of length 1.

Definition 5.3. Let S be a finite type surface with negative Euler characteristic, no boundary and
finitely many cusps. For a fized hyperbolic structure, we define the compact length of a bi-infinite
arc o of S by

Tx(a) Ux (y N Xiver(@a)/4) if dper(o, ) /4> 1
Q) =
X lx(yn XY otherwise.

Where for any k > 1, X* is the compact core of X bounded by the embedded horospheres of length
1/k.

Theorem 5.4. Let S be a connected oriented surface with r > 0 punctures and negative Euler
characteristic but not a pair of pants. For any hyperbolic structure X on S, if ag a weighted
bi-infinite multiarc and T is a finite index subgroup of Map(S) then

o #{aeTl agllx(a) <L
Jim HOEL 0D ZEE o () mfa(x() < 1),
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FIGURE 3. How to compute /.

Proof. If S has genus g and r cusps then we call 3 the compact surface of genus g with r» boundary
components. From nowon X is a fixed hyperbolic structure on S and we want to construct a metric
on Y from X.

Fix the bi-infinite multiarc ayg, there is k > 0 such that fx () := £x(y N XF). If we cut S along
the embedded horospheres of length 1/k then we obtain a CAT(—1) metric structure on s (see
[7, Ex. 1.16 p168]) for which the horosphere boundaries are geodesic, hence the associated gluing
metric on DY given by the corresponding length function £py; is also CAT(—1) (see [7, Theo. 11.1
p347]) on DY.

In a CAT(—1) space the length and the stable length coincide hence the length of curves {px
coming from X is equal to the stable length for the action 71 (DY) ~ DY. However, the stable
length for any discrete and cocompact isometric action of a torsion-free hyperbolic group on a
geodesic metric space extends to a continuous, positive and homogeneous function on currents (see
[9, Theo. 1.5]). Hence, Corollary applied with F' = fx which extends to ¢py and for the

measured laminations the different notions of length coincide and that concludes the proof. O

Remark. There are many ways to decide how to truncate an infinite arc in order to take an interest
in its length. See for example [5] or [I8] for other ways to do so. For example, U is the length
function on infinite arcs such that the length of a cusps-to-cusps arc is the length of this arc beteween
the first time it enters Xt and the last time it leaves it. The advantage of this definition is that it
does not depend on the chosen arc and is more visual in the universal cover (Fig. 4 shows how to

see U in the universal cover).

¢
FIGURE 4. How to compute /%
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This notion of length differs from €x by a constant hence as an immediate corollary of Theo-
rem we have that for all t > 1 and any infinite weighted multiarc ag

., #Ha €Map(¥) -aolly (o) <L} _ ¢

s L69—6+2r ey (00) - mPy, ({0x () < 1}).

5.3. Counting arcs on orbifolds. We now work on a compact orientable orbifold O rather than
on X or S. We denote by g its genus and r the number of boundary components and singularities,
assuming that it has non-empty boundary. As for surfaces, we will assume that (g,r) # (0, 3).

One can define C°"(O) the set of geodesic currents for O, and a notion of Thurston measure in
C"(O) (see [11]). In the line of the known results for curves it appears [11] that for every vo € &,,(O)
and I finite index subgroup of Map® (O) there is a positive constant ch (70) such that
(5.3) Jim ot S G = (00)

Y€l Y0

where the convergence occurs with respect to the weak® topology on the set of Radon measures on

the set of geodesic currents of O. As a consequence, for every continuous, homogeneous and positive
function F on C°(0),

(5.4) tim HOEL OOV S LY o ) m(F () < 1),

This naturally raises the question of applying the results of this paper to the case of orbifolds:

(1) Fuschian groups are LERF [20] so Lemma [3.1] is still true,

(2) Eq. ensures that we still have Theorem for orbifolds,

(3) for a compact orbifold the set of geodesisc currents is still locally compact [11, Section 4.1]
so with the same proof as in the case of surfaces, Proposition happens in the orbifold
case,

(4) the same caracterisations of measured laminations as in the surface case are true for orbifolds
what ensures that Proposition [4.2] is still true,

(5) the Thurston measure on O can be seen as the pushforward for some application of the
Thurston measure on the surface associated to O [II, Lem. 4.1], which ensures that
Lindenstrauss-Mirzakhani characterisation of the Thurston measure and Lemma [£4] are
true for orbifolds,

(6) finally, Eq. implies that we are able to prove Lemma for O.

All the constructions of this paper apply in the orbifold case which gives us a version of Theorem [4.6]
and Corollary [5.1] for orbifolds.

Theorem 5.5. If O is a compact, connected, oriented orbifold with non-empty boundary such that
(g,7) # (0,3), and I is a finite index subgroup of Map® (O) then for every ag € A (O) weighted
multiarc

. r _.r ~0
thgo Voo, L = Cg,r(ao) "Mrhy-
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The convergence occurs with respect to the weak™ topology on the set of Radon measures on C°"(DO)
and ¢}, .(ag) is a constant comming from Theorem and [11].

Corollary 5.6. With the same conditions as above, for any function F' on Ay, (O) which extends

to a positive function on currents we have

I F L
Jim HOEL QPO ZEE 0 () () < 1))

Here, the notion of extension of a function is the same as in Corollary 5.1. In the line of what

we have done for surfaces, it is also possible to count bi-infinite arcs in non-compact orbifolds.
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