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This paper proposes a strategy to consider the dielectric effects in the thin-wire integro-differential formulation and applies it to analyzing microstrip metasurfaces that support magnetic resonances. These structures comprise a periodic arrangement of subwavelength unit cells; therefore, the thin-wire approximation can be applied to analyze them. However, the substrate is usually disregarded. This work achieves more accurate results with a homogeneous equivalent medium approximation considering the dielectric properties. Moreover, an experimental methodology is presented to validate this implementation for each device as well as for the complete system. The proposed formulation is numerically solved with the Method of Moments, and the results show close agreement with experimental data. Besides, it leads to a significant reduction in the computation time compared to a full-wave analysis, which makes this approach also compelling for designing inductive wireless power transfer systems and magnetic resonators.

I. INTRODUCTION

R ESONANT metasurfaces (MTS) are composed of a two- dimensional array of subwavelength unit cells, i.e., much smaller than the wavelength at its operating frequency. The unconventional behavior that arises from the interaction of the electromagnetic fields with these periodic artificial structures leads to the development of novel devices such as superlenses [START_REF] Soares | Radially periodic metasurface lenses for magnetic field collimation in resonant wireless power transfer applications[END_REF], frequency-selective structures, and electromagnetic cloaks [START_REF] Aiello | Optimization of frequency selective surfaces for the design of electromagnetic mantle cloaks[END_REF]. For instance, MTSs that support magnetic resonances amplify the magnetic near-field in its vicinity [START_REF] Sun | Electromagnetic metasurfaces: physics and applications[END_REF] and, therefore, have been applied in Wireless Power Transfer (WPT) systems to increase the coupling between transmitter and receiver coils, enhancing the efficiency [START_REF] Soares | Radially periodic metasurface lenses for magnetic field collimation in resonant wireless power transfer applications[END_REF][START_REF] Fan | Design of spiral resonator based on fractal metamaterials and its improvement for MCR-WPT performance[END_REF][START_REF] Wang | Analysis and design of kHz-metamaterial for wireless power transfer[END_REF]. However, as MTSs comprise many unit cells, analyzing and synthesizing these structures are computationally costly. Moreover, particularly for WPT systems based on the magnetic resonance that operates at the frequency of a few MHz, these structures are physically large, making a three-dimensional full-wave simulation almost unfeasible.

Therefore, several formulations have been proposed in literature employing different approximations to speed up the analysis of these structures. First, WPT systems with MTS can be modeled as magnetically coupled circuits with their parameters calculated from geometrical dimensions based on quasi-static approximations [START_REF] Otomo | Synthesis of equivalent circuit of wireless power transfer device using homogenization-based FEM[END_REF][START_REF] Krähenbühl | Large surface LC-resonant metamaterials: From circuit model to modal theory and efficient numerical methods[END_REF]. Even though this approach is the fastest and provides a better physical insight into the system behavior, it may lead to significant deviations from measurement results, especially at frequencies in which the effects of the displacement current are considerable. More accurate results can be found with integro-differential formulations based on vector potentials. In this case, the thin-wire approximation is used to reduce the three-dimensional problem to a uni-dimensional analysis, which leads to precise results for filamentary structures. However, the dielectric medium Manuscript received November 2, 2022; revised December 21, 2022; accepted January 10, 2023. Corresponding author: I. V. Soares (email: icaro.soares@ieee.org).

affects the behavior and resonant frequency of microstrip coils and MTS; therefore, the conventional formulation leads to inaccurate results. An alternative to take into account material media is applying stratified medium theory based on layered Green's functions [START_REF] Wang | An extension of partial element equivalent circuit method for frequency selective surface analysis[END_REF]. Nevertheless, due to the mathematical complexity, it is an error-prone approach and significantly increases the computational cost.

Therefore, this work proposes a novel strategy to consider dielectric properties in the electromagnetic analysis of microstrip coils, MTSs, and resonators. In this case, the dielectric effects are considered by modeling the radiator immersed in a homogeneous equivalent medium according to the multipole Debye model. Besides, an experimental methodology is presented to meticulously validate the results obtained with this proposed approach solved with the Method of Moments. In this way, each device is individually analyzed, and the validity range of the proposed approach is established. Finally, the in-house code is applied to analyze a complete WPT system with a MTS, and the computed efficiency is compared to the measured values.

II. ANALYSIS OF THIN MICROSTRIP STRUCTURES

A. Problem Formulation

The problem under analysis consists of a resonant MTS composed of a two-dimensional array of subwavelength unit cells illuminated by the magnetic field generated by a microstrip loop, as shown in Fig. 1(a). In this analysis, the topology of the MTS and the source coil comprises Perfect Electric Conductor (PEC) loops etched on a substrate with relative electric permittivity ε r and tangent loss tan δ. Besides, a lumped capacitance C is included in each unit cell in order to tune its resonant frequency.

The magnetic MTS comprises thin microstrip lines in which the cross-section is much smaller than the wavelength λ at the resonant frequency f r . Therefore, in this case, the problem can be understood as a thin-wire PEC structure with equivalent diameter a = (4w f t c )/π which corresponds to a circular cross-section with the same area as the microstrip line cross-section. This structure is considered as immersed in a homogeneous medium with an equivalent electric permittivity ε eq , which is a function of the substrate properties, as shown in 1(b).
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Fig. 1. Problem under analysis: (a) a magnetic metasurface composed of subwavelength unit cells is excited by the magnetic field produced by a microstrip source coil (all geometric dimensions in mm). In (b), an equivalent problem is proposed in which the microstrip structure is approximated by thin wires immersed in a homogeneous equivalent medium.

B. Electromagnetic Modeling

A filamentary structure with arbitrary geometry in the tridimensional space R 3 can be modeled as a parametric function f (t). Therefore, the original structure defined in Cartesian coordinates [x,y,z] can be analyzed as a unidimensional problem defined in the unit vector t tangent to the curve f (t), as shown in Fig. 1(b).

In the problem under analysis, the diameter of the wire cross-section a ≪ λ, and a ≪ L, so the surface current density J s (r) can be approximated by a current that flows on the direction t tangential to the wire, according to J s (r ′ ) = I(t ′ )/(2πa) t. Consequently, the current I(t ′ ) along the structure can be found by solving the integro-differential equation [START_REF] Gibson | The method of moments in electromagnetics[END_REF]:

(1) n × E inc (r) = n × j 4πωε eq t ′ k 2 I(t ′ )Ψ(r, r ′ )- -[∇ ∇ ∇ • I(t ′ )]∇ ∇ ∇Ψ(r, r ′ ) dt ′ + Z load I(t ′ ),
where n is the normal direction, ω is the angular frequency, k is the wave propagation constant, E inc is the electric field incident to the structure, Z load is the lumped impedance, and Ψ(r, r ′ ) is the Green's function given the position vector for the observer r and source r ′ . Henceforward, the apostrophe ( ′ ) indicates quantities and operations related to the sources, while the others are related to the observer.

C. Numerical Solution

The Eq. ( 1) is numerically solved by discretizing the geometry in N linear segments and then applying the Method of Moments (MoM). Therefore, the unknown current is expanded into a finite sum of N linear-piecewise basis functions u j (t ′ ) = u j (t ′ )t ′ : I(t ′ ) = N j=1 I j u j (t ′ ), where the unknown coefficients I j can be determined by taking the inner product of (1) with the linear-piecewise weighting functions w j (t) = w j (t ′ )t and integrating it over the observer segments [START_REF] Peterson | Computational methods for electromagnetics[END_REF]. In this way, (1) can be rewritten as a linear system of N equations, expressed in matrix form as

V (N ×1) = Z (N ×N ) + Z load (N ×N ) • I (N ×1)
, where the elements of the distributed Z and lumped Z load impedance matrices are respectively given by:

(2)

Z i,j = j 4πωε eq t t ′ k 2 w i (t)u j (t ′ ) (t • t ′ ) Ψ(r, r ′ )- - dw i (t) dt du j (t ′ ) dt ′ Ψ(r, r ′ ) dt ′ dt, Z load i,j = t Z load w i (t)u j (t ′ ) (t • t ′ ) dt. ( 3 
)
By modeling the incident field as E inc (r) as a delta-gap source, the elements of the excitation matrix V are calculated as follows:

V i = V S ∆ t w i (t) dt, (4) 
where V S is the voltage applied to the source coil and ∆ is the segment length.

D. Proposed Equivalent Medium Approximation

Two media surround the microstrip line, the dielectric substrate, and the free space. An effective medium can be defined as a homogeneous dielectric in which a transmission line presents the same propagation constant of the corresponding microstrip line [START_REF] Balanis | Antenna theory: analysis and design[END_REF], and it is characterized by its effective electric permittivity

ε ef f r = (ε r + 1)/2 + [(ε r -1)/2] • [1 + 12(h s /w f )] -1/2 .
However, the effective electric permittivity depends on the frequency, and the dispersive effects represented by the loss tangent must be taken into account. It is accomplished by applying the multipole Debye model that describes the behavior of the complex electric permittivity in the frequency domain [START_REF] Engin | Closed-form multipole debye model for time-domain modeling of lossy dielectrics[END_REF]:

ε eq = 2ε ef f r ε 0 k N -1 2 (k + 1)     1 + N -1 n=0 (k -1)k n 1 + jωk nm ω 0     (5) 
where m = π/2δ, and k = 10 1/mς is the spacing factor related to the number ς of elements per decade in the Debye model. The upper frequency bound ω 0 is related to the bandwidth center frequency as:

ω 0 = ω c 10 N -1 2ς .
Therefore, the input parameters used in the implementation of the Debye model in this work are the effective electric permittivity ε ef f r , the substrate loss tangent tan δ, the angular frequency ω c in which the substrate is characterized, the number ς of substrate characterization samples, and the Debye model order N = 5, which assures a good accuracy for the entire analyzed frequency range.

III. RESULTS

The formulation previously described was implemented in MATLAB. Moreover, from the current calculated through [START_REF] Soares | Radially periodic metasurface lenses for magnetic field collimation in resonant wireless power transfer applications[END_REF], it is possible to obtain electromagnetic parameters such as input impedance and near-field values as post-processing steps.

A. Experimental Validation

The input impedance can be calculated as Z in = R in + jX in = V S /I S , where R in and X in are the input resistance and reactance, V S is the input voltage, and I S is the current along the segment connected to the source. Therefore, the input reactance X in of the source coil is used to validate the proposed approach and its implementation. This choice was based on the fact that for an electrically small coil, i.e. L ≪ λ, X in ≫ R in . Apart from that, due to the tolerance of commercial capacitors, it is convenient to validate first without any lumped elements.

Besides, the X in of a coil with dimensions shown in Fig. 1(a) was measured with a Vector Network Analyzer (VNA). The calculated and measured results are shown in Fig. 2 for a frequency band from 1 MHz to 210 MHz. This broadband analysis allows us to validate the proposed approach in its full validity range since, at 1 MHz, the structure size corresponds to λ/1000 whereas, at 210 MHz, it is λ/10, considering λ in free space. The results calculated with the proposed formulation agree with the measurements, particularly for frequencies in which L ≥ λ/50. However, as the frequency increases, the structure size becomes comparable to the λ in the material medium, and the thin-wire approximation is no longer valid. Moreover, when the calculation considering the equivalent medium is compared to the results in free space, it is verified that the proposed formulation leads to a lower deviation in the resonant frequency. Since the dielectric medium increases the electrical length of the coil, its resonant frequency is consequently reduced. Therefore, the equivalent medium approach leads to more accurate results at frequencies closer to the validity limit of the thin-wire approximation.

B. Metasurface Performance

MTSs that support magnetic resonances can be characterized by their effective magnetic permeability µ ef f . As the magnetic permeability of an inductor is proportional to its inductance, µ ef f is given by the ratio between Z in in the presence of the MTS:

Z Coil+MTS in = R Coil+MTS in + jωX Coil+MTS in
and the imaginary part of Z in of the source coil alone jX Coil in [START_REF] Ahn | Enhanced wireless power transmission using strong paramagnetic response[END_REF]. Therefore,

µ ef f = ℜ(µ ef f )-jℑ(µ ef f ) = X Coil+MTS in X Coil in -j R Coil+MTS in X Coil in . (6) 
The input impedance of the source coil was measured with (Z Coil+MTS in ) and without (Z Coil in ) the MTS. Then, µ ef f was obtained by applying these measurements in Eq. ( 6). The measured and calculated µ ef f are presented in Fig. 3.

The proposed formulation leads to accurate results for ℜ(µ ef f ), particularly in the operating band of the MTS, i.e., around 12.3 to 13.3 MHz. However, regarding ℑ(µ ef f ), even though the in-house code results well represent its behavior, there is a vertical offset between measured and calculated results. As ℑ(µ ef f ) represents the losses in the magnetic MTSs, this offset can be explained by the fact that physical capacitors have an Equivalent Series Resistance (ESR) that is not taken into account in the numerical formulation. However, if the ESR value is known, it can also be incorporated within Z load in Eq. ( 3). The electromagnetic fields at any point in the space can be found from the current flowing in the structure [START_REF] Balanis | Antenna theory: analysis and design[END_REF]. Therefore, the magnetic flux density along the z-axis was calculated and measured in a distance range 0 ≤ d ≤ 100 mm from the center of the source coil.

The measurement setup is shown in Fig. 4. In this case, a 20 dBm sinusoidal signal at 12.6 MHz is applied to the source coil. Besides, a near-field loop probe with radius a = 17 mm is aligned to the structure, and the received voltage V L is measured for several positions. Finally, the magnetic flux density is found by |B z |= V L /(ωπa 2 ) [START_REF] Balanis | Antenna theory: analysis and design[END_REF].

The magnetic flux density calculated using the proposed formulation and measured with the near-field probe is shown in Fig. 5. The calculated results agree with the measurement, with the most significant deviation at the MTS vicinity. This deviation is due to the fact that the losses in the physically realized MTS are higher than in the computed case, as previously discussed. Apart from that, the proposed formulation considers a homogeneous medium; therefore, the losses due to the reflections at the interface air-substrate are not taken into account. Nonetheless, the near-field amplification at the vicinity of the MTS is verified in the numerical results. However, the losses in the prototype attenuate this effect, making it less noticeable in the measurements. 

C. Wireless Power Transfer Efficiency

Finally, the WPT efficiency was calculated in two different cases. First, with a receiver identical to the source coil positioned at d = 100 mm. Then, with the MTS inserted between them at d = 50 mm. In both cases, the WPT efficiency is given by η = |S 21 | 2 , where S 21 is the transmission coefficient from the source to the receiver coil.

Similarly, η was experimentally obtained for both cases by measuring S 21 with the source and receiver coil connected to the VNA. The measured and calculated results at the operation frequency of 12.6 MHz are presented in Table I. As the source and receiver coils do not resonate in the operation frequency of the MTS, they are loosely coupled, which explains the lowefficiency values. However, even in this case, the inclusion of the MTS leads to an efficiency enhancement of about 35%. From the numerical perspective, the results calculated with the in-house code corroborate with the measured ones in both analyzed cases, confirming the feasibility of the proposed approach to analyze a complete WPT system with and without MTS. Apart from that, as only the conductor is discretized, there is a significant reduction in the computational cost compared to full-wave analysis using commercial software. Therefore, this formulation can also be used to speed up the design and optimization of WPT systems based on magnetic resonance.

IV. CONCLUSION

The particular properties that arise from the interaction between the electromagnetic fields and the periodic structure of resonant MTS led to the development of novel devices. For instance, MTS is used to amplify the magnetic field, increasing the coupling between transmitter and receiver coils in an inductive WPT system. However, the analysis and synthesis of these structures are still computationally costly tasks.

Therefore, this paper proposed a novel approach that considers the dielectric loading effects on the thin-wire numerical formulation used to analyze microstrip devices. Besides, the results obtained from its implementation were compared with several experimental measurements. As a result, the proposed approach reproduces the behavior of a MTS and its effects on a WPT system. Moreover, as the dielectric properties are considered, it leads to more accurate results than previous results in the literature disregarding these effects.

For that reason, the proposed approach is suitable for analyzing complete WPT systems with and without MTS structures. Besides, it significantly reduces the computational cost compared to full-wave simulations since only the conductive structure is discretized. Consequently, it is a convenient tool to speed up the synthesis and optimization of magnetic resonators and WPT devices.
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 2 Fig. 2. Measured and calculated input reactance |X in | of the source coil.
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 45 Fig. 4. Experimental setup to measure the magnetic flux density produced by the source coil in the presence of the magnetic MTS.
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