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CONTROL OF A BOUSSINESQ SYSTEM OF KDV-KDV TYPE ON A
BOUNDED INTERVAL

ROBERTO A. CAPISTRANO-FILHO, ADEMIR F. PAZOTO, AND LIONEL ROSIER

ABSTRACT. We consider a Boussinesq system of KdV-KdV type introduced by J. Bona, M.
Chen and J.-C. Saut as a model for the motion of small amplitude long waves on the surface
of an ideal fluid. This system of two equations can describe the propagation of waves in both
directions, while the single KdV equation is limited to unidirectional waves. We are concerned
here with the exact controllability of the Boussinesq system by using some boundary controls.
By reducing the controllability problem to a spectral problem which is solved by using the Paley-
Wiener method introduced by the third author for KdV, we determine explicitly all the critical
lengths for which the exact controllability fails for the linearized system, and give a complete
picture of the controllability results with one or two boundary controls of Dirichlet or Neumann
type. The extension of the exact controllability to the full Boussinesq system is derived in
the energy space in the case of a control of Neumann type. It is obtained by incorporating a
boundary feedback in the control in order to ensure a global Kato smoothing effect.

1. INTRODUCTION

J. L. Boussinesq introduced in [5, 6] several simple nonlinear systems of PDEs (including
the Korteweg-de Vries equation) to explain certain physical observations concerning the water
waves, e.g. the emergence and stability of solitons. Unfortunately, several systems derived by
Boussinesq proved to be ill-posed, so that there was a need to propose other systems similar to
Boussinesq’s ones but with better mathematical properties.

The four-parameter family of Boussinesq systems

{ Nt + vz + (nv)x + aVzze — bpar = 0, (1 1)
Vg + Nz + VU + gz — dVggr = 0 '
was introduced by J. J. Bona, M. Chen and J.-C. Saut in [3] to describe the motion of small
amplitude long waves on the surface of an ideal fluid under the gravity force and in situations
when the motion is sensibly two-dimensional. In (1.1), 7 is the elevation of the fluid surface
from the equilibrium position, and v = vy is the horizontal velocity in the flow at height 6h,
where h is the undisturbed depth of the liquid. The parameters a, b, ¢, d are required to fulfill
the relations

1 1 1
atb=(0"=3), ctd=(1-6%)>0" (1.2)

where 0 € [0,1] specifies which horizontal velocity the variable v represents. As it has been
proved in [3], the initial value problem for the linear system associated with (1.1) is well posed
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2 CAPISTRANO-FILHO, PAZOTO, AND ROSIER

on R if and only if the parameters a, b, ¢, d fall in one of the following cases
(C1) b,d>0, a<0, ¢<O0;
(C2) b,d>0, a=c>0.

The wellposedness of the full system (1.1) on the line (z € R) was investigated in [1].

Recently, a rather complete picture of the control properties of (1.1) on a periodic domain

with a locally supported forcing term was given in [26]. According to the values of the four

parameters a, b, ¢, d, the linearized system may be either controllable in any positive time, or

solely in large time, or may not be controllable at all. These results were also extended in [20]
to the generic nonlinear system (1.1); that is, when all the parameters are different from 0.

When b = d = 0 and (C2) is satisfied, then necessarily a = ¢ = 1/6. Nevertheless, the scaling

x — /6, t — t/\/6 gives a system equivalent to (1.1) for which a = ¢ = 1, namely

{ Nt + Vg + (nv)m + Vzgz = 0, (1 3)

Vg + Nz + VU + Ngze = 0. '

The above system will be referred to as a Boussinesq system of KdV-KdV type, or as a
KdV-KdV system.

The KdV-KdV system is expected to admit global solutions on R [1], and it also possesses
good control properties on the torus [26].

The boundary stabilization of (1.3) on a bounded domain (0, L) was investigated by two of the

authors in [28]. They proved that if system (1.3) is supplemented with the following boundary
conditions
v(t,0) = v32(¢,0) =0 in (0,7),
vz (t,0) = apn(t,0) in (0,7),
v(t, L) = aan(t, L) in (0,7), (1.4)
vg(t, L) = —aqny(t, L) in (0,7),
Vg (t, L) = —aang(t, L) in (0,7),

and the initial conditions
n(0,z) = no(x), v(0,z) =wvo(x) in (0,L), (1.5)
then the system is locally exponentially stable in the energy space [L2(0, L)]?> whenever the
constants ag, o and a9 satisfy
apg >0, ap >0, and as = 1.

To our best knowledge, the boundary control of the Boussinesq system of KdAV-KdV type on
a bounded domain (0, L) is completely open. The aim of this paper is to investigate the control
properties of the following system

Nt + Ve + (M) + Voge =0 in (0,T)
0,7

Ut + Ny + 00z + Npge = 0 in (0,7) x (0, L ’

with the boundary conditions

{ 77(’57 0) = hO(t)v n(t7L) = hl(t)7 nzv(t7 ) = h2(t) ‘in (O,T), (17)
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and the initial conditions
n(0,z) = no(x), v(0,2) =vo(z)  in (0,L). (1.8)
It is of course desirable to obtain control results (or stabilization results) with a few number
of controls inputs. Here, we will provide a complete picture of the exact controllability of the

linearized system with one or two controls among hg, h1, h2, g0, 91, go.
A similar study was performed for the Korteweg -de Vries (KdV) equation

Yt + Yzaz + Yz + Yy = 0, (19)
with the boundary conditions
More precisely, the exact controllability of (1.9)-(1.10) was established in [30] when hg = h; =0
(ha being the only effective control) for a length L which is not critical, in [2, 9, 13] for a length L

which is critical, and in [19] when hg = hy = 0 for a length L not critical. The null controllability
of (1.9)-(1.10) was proved in [31] (see also [18]) when hy = hy = 0 for any length L > 0. Note
that in that case there is no critical length, and that solely the null controllability holds (say in
L?(0, L)), because the terminal state y(-, T') is C* smooth for = > 0.

A length L is said to be critical when the linearized equation

fails to be controllable. This phenomenon was first noticed in [30]. It is due to the influence of the
first order derivative 9, on the spectrum of the operator 93 with the boundary conditions y(0) =
y(L) =y, (L) = 0. If the high frequencies are asymptotically preserved, the low frequencies may
be strongly modified, and some of the corresponding eigenfunctions may become uncontrollable
for (1.11) for certain values of L (the critical ones).

The set of critical lengths for the linear control system

Yt + Yzzz + Yo = 07 (112)
y(t,0) =y(t,L) =0, Yo (t, L) = ha(t) (1.13)

[k2 4+ ki + 12
N:= {27 %; k,l € N*}.

On the other hand, the set of critical lengths for the linear control system

was found [30] to be

Yt + Yoze + Yz =0, (1.14)
y(t,0) =y (t, L) =0,  y(t,L) = hi(t) (1.15)
was proved in [19] to be discrete, countable and given by
N:={L>0;3a € C,b e C with ae® = be®* = —(a + b)e™*°, L? = —(a® + ab + b?)}.
The determination of the critical lengths for system (1.12)-(1.13) in [30] was based on a series

of reductions (as in [1]), first to a unique continuation property for the adjoint system, next to
a spectral problem with an extra condition:

" =y =My, y(0) = y(L) = /(0) = 0 and ¢/(L) =0, (1.16)
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This spectral problem was then solved by extending the function y by 0 outside (0, L), by taking
its Fourier transform and by using Paley-Wiener theorem. The length L is then critical if and
only if there exist some numbers p € C and (a, 3) € C?\ {(0,0)} such that the function

o — Be—iLf
E—E+p
is analytic on C; that is, the roots of €3 — ¢ 4 p are also roots of a — Be™* ¢ with at least the
same multiplicity. The determination of N follows then with some algebra.

By contrast, the critical lengths for (1.14)-(1.15), that is the elements of N, are not explicitly
known. This is likely due to the lack of symmetries in the corresponding spectral problem

—y" —y =Xy, y(0) =y(L) =¢(0) =0 and y"(L)=0. (1.18)

f(&) = (1.17)

Note that the boundary conditions in (1.16) are preserved by the transformation = — L — x.
This symmetry yields a more tractable function f in (1.17).

Boussinesq system is more convenient than KdV as a model for the propagation of water
waves, for it is adapted to the propagation of waves in both directions, and it is still valid after
bounces of waves at the boundary. It is striking that the control theory for Boussinesq system
(exposed in this paper) is better understood than for KdV as far as the critical lengths are
concerned: indeed, the critical lengths for Boussinesq system are explicitly given for any set of
boundary controls (except in Case 3 where only go is used, and in Case 12 where h; and gg are
used, see below Table 1), which is not the case for KdV with a control as in (1.15). We believe
that this is due to the numerous symmetries of Boussinesq system: for instance, x = 0 and
x = L (resp. n and v) play a symmetric role for the linearized Boussinesq system. The price to
be paid is the lack of any Kato smoothing effect (the system being conservative), which makes
the extension of the control results to the nonlinear Boussinesq system more delicate than for

KdV. We refer the reader to [7, 8, 9, 10, 11, 12, 13, 16, 18, 19, 20, 21, 27, 29, 30, 31, 32, 33] for
the control and stabilization of KdV, and [14, 15, 17] for the critical lengths concerning some
other dispersive equations.

To investigate the control properties of the linearized system, we proceed as in [30]. To prove

the observability inequality, we use the reduction to a spectral problem with an extra condition
and the Paley-Wiener method. Here, we have to see for which value of L > 0 two functions are
entire for a set of parameters. For instance, in Case 1 where only g» is used, the two functions
read

(&) = ﬁ(a + Bi€ + ve ')
9(§) = ﬁ(a/ — Big ++'e')

for some p € C and (a, 3,7, a’,~") € C3\ {0}. Using the symmetries of the system, we can prove
that the set of critical lengths is N.

In the reduction to the Unique Continuation Property (UCP), we use in most cases an identity
obtained by using Morawetz multiplier, namely (2.10) (see below). However, for Case 3 (see
below Table 1), the identity (2.10) proved to be useless. We replace the observability inequality
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by a weaker estimate

T
1(n°, v 20,12 < € (/0 1w (2, L)[*dt + ||(7707UO)H[2L2(0,L)]2> ; (1.19)

which in turn is established by performing a careful investigation of the spectral reduction of
the skewadjoint operator A(n,v) = (—vz — Ugza, —Nz — Nrax) With domain

D(A) = {(n,v) € [H*(0, L) N Hy(0, L)% 04(0) = ve(L) = 0} < [L*(0, L)]*.

We show that the space [L?(0, L)]? admits an orthonormal basis constituted of eigenfunctions
of A. To do that, we introduce the selfadjoint operator (By)(z) = —Ypze(L — ) — y(L — )
with domain

D(B) = {y € H¥0,L) N HY(0, L); ys(L) = 0} € L*(0, L).

Then the spectral reduction of B yields at once those for A.

We give in Table 1 (see below) a complete picture of the exact controllability results for the
linearized Boussinesq system. It is not difficult to extend those exact controllability results to the
nonlinear Boussinesq system in spaces of sufficiently regular functions (e.g. some subspaces of
[H?(0, L)]?), but here we will not do it for the sake of shortness. Rather, we shall explain how to
obtain exact controllability /stabilization results in the energy space [L?(0, L)]? by incorporating
a feedback law in the control that yields a smoothing effect, as it was done in [22] for the
Benjamin-Ono equation. We shall limit ourserves to the case of a single Neumann boundary
control (Case 1), namely to the system

N+ v + (N0) g + Vgzw = 0, te (0,7), z € (0,L),

Ut + Nz + VU + Npze = 0, te (0, T), z € (0,L),

n(t,0) =0, n(t,L) = 0, na(£,0) =0,  te (0,T), (1.20)
v(t,0) =0, v(t,L) =0, vgy(t,L) = g2(t), t€(0,T),

n(0,2) = n%(z), v(0,z) = v%(z), x € (0,L),

The first main result in this paper is a local exact controllability result for (1.20).

Theorem 1.1. Let T > 0 and L € (0,4+00) \ N where N := {%\/W +kl+12; k1 € N}
Then there exists some & > 0 such that for all states (n°,v%), (n',v!) € [L%(0, L)]? with
1° o) 2oy <6 and  [l(n, ") 20,02 <6,

one can find a control go € L*(0,T) and a solution (n,v) € C([0,T],[L*(0, L)]*)NL%(0, T, [H(0, L)]?)
of (1.20) such that

n(T,z) =n(z), v(T,z) =o' (z), xz € (0,L).
The second main result is a local exponential stability result for (1.20).

Theorem 1.2. Let T > 0, L € (0,+00)\N, and a > 0. Then there exist some positive numbers
8, i, C such that for all initial data (n°,v°) € [L*(0, L)]* with ||(n°, v°)|[r2(0,1)2 < 6, the system
(1.20) with the boundary feedback law g2(t) = —amy(t, L) admits for all T > 0 a unique solution

(n,v) € C([0, 7], [L*(0, L)]*) N L*(0, T, [H' (0, L)}?),
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and it holds

1, 0) Oz, < Ce ™ (o, vo)lr2o,Ly2, Yt >0, (1.21)
e Mt
[, v) ) o, < CWH(nOaUO)H[LQ(O,L)]Qa vt > 0. (1.22)

The paper is outlined as follows. The wellposedness of the linearized Boussinesq system with
the boundary conditions (1.7) is studied in Section 2. Section 3 is concerned with the exact
controllability of the linearized Boussinesq system with one or two boundary control inputs.
The proof of the main results, namely Theorems 1.1 and 1.2, is provided in Section 4. Finally,
the proof of the weak observability estimate (1.19) based on some spectral reduction is given in
appendix.

2. WELLPOSEDNESS

2.1. Wellposedness of the homogeneous problem. Let L > 0 be a fixed number. Introduce
the spaces

Xy := [L*(0,L)]?> = L*(0,L) x L*(0, L)
X3 = {(77’ U) S [H3(O>L) N H(%(()?L)]Q; nx(o) = UZ(L) = 0}7
X3y = [X(),Xg,hg], for 0 < 6 <1,

where [X), X3][9] denotes the Banach space obtained by the complex interpolation method (see
e.g. [2]). The space Xy (resp. X3) is endowed with the norm

1
L 2
0l i= ([ ) + P olar)
(vesp. with the norm ||(n,v)|x; :== (0, V)| xo + | (V2 + Yoz, Ne + Nawa )l x0)-
It is easily seen that
X1 = Hy(0,L) x Hy(0, L), (2.4)
Xo = {(n.v) € [H*(0,L) N Hy (0, L)) 12(0) = vy (L) = 0} (2.5)
and that in the space X (resp. Xa), the norm ||(n,v)||x, (resp. ||(n,v)|x,) is equivalent to
1 1
L 2 L 2
(/ 2 (z) + vg(m)]dw> (resp. (/ [n2,(z) + v?m(x)]dm> ). We shall use at some place the
spaoce 0
Xy = {(nv) € [H4(0’ L)n HS(O,L)P; N2(0) = v3(L) = Moz (0) = Vgaa(L) =0,

endowed with its natural norm, and for s € {1, 2}, the space X_4 = (X;)" which is the dual of
X, with respect to the pivot space Xy = [L?(0, L)]?. Note that

X 1 =HY0,L) x H Y0, L).
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The bracket (-,-)x_, x, stands for the duality bracket. We first investigate the wellposedness of
the initial value problem

Nt + Vg + Vgze = 0, t>0, z€(0,L),

Ut + Ny + Nz = 0, tZO,xE(O,L),

77(757()) = n(tv L) = nw(ta 0) =0, t>0, (2 6)
v(t,0) =v(t,L) = v, (t,L) =0, t>0,

77(07 1.) = 770(37)7 v<07 IL’)
We introduce the operator
A(na U) = (*Ua: — Uggzy Nz — 7711:1:)
with domain D(A) := X3 C Xj.

Proposition 2.1. The operator A is skew-adjoint in Xy, and thus it generates a group of
isometries (e!)ier in Xo.

Proof. We have to prove that A* = —A. It is clear that we have —A C A* (i.e. (0,u) € D(A¥)
and A*(0,u) = —A(0,u) for all (0,u) € D(A)). Indeed, for any (n,v),(0,u) € D(A), we have
after some integrations by parts

L
((0.w), A, 0)x, = — /0 16(vs + Vra) + (s + 7oz

L
= / [0(0z + Ozaz) + N(Ue + Uzze)]|dT
0

= —(A(0,u), (7)) x,-

Let us prove now that A* C —A. Pick any (0,u) € D(A*). Then, we have for some constant
C>0

|((9ﬂu)’A(nvv>)Xo‘ < CH(nav)”Xo V(?],’U) € D(A),

ie.
1
L 2
<C (/ [n? + UQ]d:n) . Y(n,v)eD(A). (2.7)
0
Picking v = 0 and n € C°(0, L), we infer from (2.7) that u, + uzee € L?(0, L), and hence that

u € H3(0,L). Similarly, we obtain that § € H3(0, L). Integrating by parts in the left hand side
of (2.7), we obtain that

|9(L)Um(L) — 0(0)v22(0) + 0,(0)v,(0) + U(L)nm(L) - U(O)UM(O) — g (L)ne (L)
L
<C (/0 [n® + vﬂdm) , V(n,v) € D(A).

It easily follows that

L
0

0(0) = 0(L) = 02(0) = u(0) = u(L) = uz(L) = 0,
so that (0,u) € D(A) = D(—A). Thus D(A*) = D(—A) and A* = —A. O
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Corollary 2.2. For any (n°,v°) € X, system (2.6) admits a unique solution (n,v) € C(R, Xy),
which satisfies ||(n(t),v(t))|lx, = [[(n°,v°)|lx, for all t € R. If, in addition, (n°,v°) € X3, then
(n,v) € C(R, X3) with |[(n, v)| x5 := [|(n, 0) [ xo + [[A(n, 0)[x, constant.

Using Corollary 2.2 combined with some interpolation argument between Xy and X3, we

infer that for any s € (0, 3), there exists a constant Cs > 0 such that for any (n°,0%) € X, the
solution (n,v) of (2.6) satisfies (n,v) € C(R, X;) and

I(n(®), o) lx. < Csll(n”,0)x., VEER. (2.8)

2.2. Existence of traces. For the solutions of system (2.6), we know that the traces

n('vo)an('vL)’nm("o)’U(”O)vv("L)v and Ux(',L)
vanish. We have a look at the other traces 7n(-,L),v5(-,0) and prove that they belong to
L2 (Ry) when (n°,v%) € X;.
Proposition 2.3. Let (n°,v°) € X1 and let (n,v) denote the solution of (2.6). Pick any T > 0.
Then nz(-, L), v:(+-,0) € L2(0,T) with

T

; [l (, L)1 + s (¢, 0)Pdt < Cl(1°, 0°)1%, (2.9)

for some constant C = C(T).

Proof. Assume that (n°,v°) € Xs, so that (n,v) € C([0,T],X3) N CL([0,T], Xo). We use
Morawetz multipliers as in [30]. We multiply the first (resp. second) equation in (2.6) by
zv (resp. xn), integrate by parts over (0,7") x (0,L), and add the two obtained equations to

obtain
T

3 (T L 1 (T L L L (T
S / / (02 4+ v2] dedt — / / [n? +v?] dadt + [/ [xnv]dw] - — / n2(t, L) dt = 0. (2.10)
2 .Jo Jo 2 Jo Jo 0 o 2Jo

Since [ [[(n,v)|%,dt < C||(n°, v°)[%,, this yields

T
/0 R2(t, L) dt < Ol v*)|I%..

By symmetry, using now as multipliers (L — x)v and (L — z)n, we infer that

T
| o< )
Thus (2.9) is established when (n°,v°) € X3. Since X; is dense in X3, the result holds as well
for (n°,v°%) € X;. O

We now turn our attention to the traces of order 2, namely 7, (+,0), 72z (-, L), vzz(+,0), and
Vga(+, L).
Proposition 2.4. Let (n°,v°) € X3 and let (n,v) denote the solution of (2.6). Pick any T > 0.
Then 773796('7 0)7 77m(‘a L)? ’UI&L"(" 0)7 'Um:r(‘a L) S L2(07 T) with

T
/0 (1720 (£, 0)* + 00 (8, L) + [vaw (t, 0)|” + [vaa (t, L)P)dt < Cl (1, v%) I, (2.11)



CONTROL OF A BOUSSINESQ SYSTEM OF KDV-KDV TYPE ON A BOUNDED INTERVAL 9

for some constant C = C(T"). Furthermore, nz(-, L), v5(-,0) € H%(O, T) with

) 2 2 < 0 ,0y(2 .
1o DI,y gy + 102 Oy < O (2.12)

for some constant C = C(T).

Proof. Assume that (n°,2°) € X3, so that (n,v) € C([0,7T],X3) N C'([0,T],Xo). Pick p €
C>°([0, L]) with p(x) =0 for x < 1/4 and p(x) = 1 for x > 3/4, and set 7 = pn, v = pv. Then
we have

ﬁt + 'Dx + T)mac;t = pzv+ Spmvam + 3Pm% + Przz¥ =: f~7 (213)

Note that f,§ € C([0,T], L?(0, L)). Multiplying each term in (2.13) by 04, (resp. in (2.14) by
Tez) and integrating by parts, we arrive to

T

It follows that

T
| braeny+ e pld < 0 (umo,v%uiﬁ + [
0 0

and we can prove in a similar way that

T
/O [12(£,0) + 02, (£, 0)] dt < CJ| (%, v)|I%,.

T
H(ﬁg)l!?(odt> < Ol )%,

Thus (2.11) is established when (n°,v°) € X3. Since X3 is dense in X3, the result holds as well for
(n°,v%) € X3. Let us proceed with the proof of (2.12). If (n°,2°) € Xy, then (n,v) € C(R, Xy4),
SO tha t (7,0) == (n,ve) = A(n,v) is in C(R, X;) and it solves

(ﬁ? ZA})t = A(’f/a {))7 (ﬁ? @)(0) = A(an UO)'
It follows from (2.9) that
12 (-, D)1 o7y + 1w (5 O3 0,7y < CHI°, 001X, - (2.15)
(0,7) (0,7)
Since Xy = [Xl,X4]%, we infer from (2.9) and (2.15) that

2 2
< .
o DI, ) el O, < €l )R (210
for some constant C' = C(T) and all (n°,2°) € Xa. O

2.3. Wellposedness of the nonhomogeneous problem. We consider the nonhomogeneous
system

M + Vg + Vzge = 0, t e (O,T), T € (O,L),
Ut+77x+77xa:a: 0, t e (O,T), S (O,L),
n(t,0) = ho(t), n(t,L) = hi(t), n:(t,0) = ha(t), t€ (0,T), (2.17)
(tv 0) - 90( )7 (t7 L) ( )a U:v(t7 L) - gQ(t)a te (O7T)7
(0, 2) = 1°(x), v(0,2) = (), z € (0,L),
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where the initial data (n°,v°) and the boundary data (hg, h1, ha, go, 91, g2) are given in appro-
priate spaces.
We also consider the homogenous system

0 4+ Uy + Uggy = 0, te(0,T7), z €(0,L),

U + 0y + Opzy =0, te(0,7), z € (0,L),

0(t,0) = 0(t, L) = 0,(t,0) = te (0,7), (2.18)
u(t,0) = u(t,L) = ug(t 7L): te(0,7),

6(0,2) = (), u(0,x) = u(x), @€ (0,L)

If both (n,v) and (0, u) are in C([0, T, [H3(0, L)]?) N C*([0, T], [L?(0, L)]?), which is the case
when (n°,2°), (6°,u°) € X3 and h;, g; € C?([0,T]) with h;(0) = g;(0) = 0 for i = 1,2, 3, then we
obtain after multiplying the two first equations of (2.17) by u and 6 respectively, and integrating
by parts, that for all S € [0, T]

L S S
{ / [n9+vu]da:} _ / 00t L)ga () — O (£ L) g1 (£) + Ou (£, 0) g0 2)
0 0 0
(£, 0Vha(t) — 1wt )R (£) + ttaa(t, 0)ho(B)]dE.  (2.19)

Definition 2.5. Let (n°,v°) € X_2, 90,91, ho,h1 € L*(0,T) and g2, hs € H_%(O,T). We say
that (n,v) € C([0,T], X_2) is a solution of the nonhomogeneous problem (2.17) if we have that

((n(5),0(8)), (B(S),u(9))) x ,x, = Ls(8°,u°),  V(6°,u°) € Xp, VS €[0,T),  (2:20)
where

LS(907UO) = <(7707U0)7 (00’u0)>X—27X2 + <927 1(0,5)9-@(7L)>H7%(07T)’H%(O’T)

S
+/0 [_Hzcw(ta L)gl (t) + Hx:v(t7 O)QO(t) - u:cw(tv L)hl(t) + Umz(tv O)hO(t)]dt
—<h2, 1(073)u$<-,0)> (2.21)

(0,u) denoting the solution of system (2.18).

Note that Lg : X9 — R is well defined for all S € [0,T], for 0,,(-,0),0.2(-, L), tuzz(+,0),
Uge (- L) € L2(0,T) and 0,(-, L), u, (-, 0) € H3 (0, T) by Proposition 2.4. The fact that 1o g0 (-, L),
1,5)uz(+,0) € H%(O,T) for any S € [0, T follows from [25, Théoreme 11.4 p. 66].

The existence and uniqueness of a solution of system (2.17) is stated in the following result.

1 1
H™3(0,T),H3(0,T)

Proposition 2.6. Let (n°,v°) € X 5, go, 91, ho, h1 € L*(0,T), and g2, ha € Hfé(O,T). Then
there exists a unique solution (n,v) € C([0,T],X_2) of the nonhomogeneous problem (2.17).
Furthermore, we have

N ) limorx s < o(u<n0,v0>||x2 T llgollzzom + ol o)

Hloalooa) + Il + ol g+ Wil ) (222
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for some constant C = C(T) > 0. If, in addition, (n°,v°) € X_1, go = g1 = ho = h1 = 0, and
ga, he € L?(0,T), then (n,v) € C([0,T), X_1) and we have for some constant C' = C'(T)

N ) limorx < O'(n(no,v%ux1+nguLz(0,T)+Hh2uLz<o,T>). (2.23)

Proof. Let (n°,v°) € X _5, go,91, ho, h1 € L?(0,T), and go, hy € H_%(O,T). Pick any (0°,u°) €
X9 and denote by (6,u) the solution of the homogeneous system (2.18). Then, by Proposition
2.4, 022(-,0), 022 (-, L), e (-, 0), Uge (-, L) € L?(0,T) and 0,(-, L), uz(-,0) € H%(O,T). It follows
that for any S € [0,7], the linear map Lg : X_o — R defined in (2.21) is continuous. As the
map I'g : (60°,u%) € Xy — (0(S),u(S)) € X is invertible, (7(S),v(S)) is defined in X _5 in a
unique way by (2.20). Furthermore, as I'g and I‘El =T'_g are uniformly bounded in £(X3) for
S €10,T] (see (2.8)), we infer that (n,v) € L>°(0,T, X_5) and that (2.22) holds. On the other
hand, if (7°,v%), (0°,u°) € X3 and h;,g; € C%([0,7T]) with h;(0) = g;(0) = 0 for i = 1,2, 3, the
respective strong solutions (n,v), (8,u) € C([0,T], [H3(0, L)]?) n C([0, T, [L?(0, L)]?) of (2.17)
and (2.18) satisfy (2.19), and thus (2.20), for X3 is dense in X3. Using (2.22) and a density
argument, we infer that (6,v) € C([0,T], X_2) when we assume merely that (n°,0°) € X _o,
90,91, ho, h1 € L*(0,T), and go, hy € H5(0,T).

Assume finally that (n°,0°) € X_1, go = g1 = ho = h1 = 0 and go, ho € L?(0,T). Pick any
(6°,u%) € X5. Then

Ls(°u”) = ((n°,0%),(0°,u"))x_y x5 + (92, 1(0,8)0 (-, L))
—(ha, 1(9,5yuz(+,0))

1 1
H™3(0,T),H3(0,T)

H™3(0,T),H3 (0,T)
S

= <(7707UO)7(907U0)>X_1,X1+/0 [02(t, L)g2(t) — ua(t, 0)ha(t)]dt.  (2.24)

Using Proposition 2.3 and (2.24), we see that Lg can be extended as a continuous linear map
from X; to R. It follows from (2.20), the density of Xo in Xj, and the fact that the map
(0°,u%) € X7 — (0(S),u(S)) € X; is invertible with its norm and the norm of its inverse
uniformly bounded for S € [0,7], that (n,v) € L*(0,7, X_1) with (2.23) satisfied. The same
argument as above shows that (n,v) € C([0,T], X_1). O

3. CONTROLLABILITY OF THE LINEARIZED SYSTEM

In this section, we are interested in the exact controllability of the linear system (2.17) using at
most two control inputs (the other control inputs being replaced by 0). The exact controllability
in X_5 is defined as follows.

Definition 3.1. We say that the system (2.17) is exactly controllable in X_o (in small time)
if for all (n°,0%), (n',v') € X_5 and all T > 0, one can find go,g1,ho,h1 € L%*(0,T) and
g2, ha € H_%(O,T) such that the solution (n,v) of (2.17) satisfies

(77(T7 ')7U(T7‘)) = (77171}1)' (31)
Here, we will restrict to situations when at most two control inputs can be prescribed, the other
being set to 0. Similarly, we say that the system (2.17) with go = g1 = ho = h1 = 0 is ezxactly
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controllable in X _1 (in small time) if for all (n°,v°), (n',v') € X_1 and all T > 0, one can find
g, ha € L?(0,T) such that the solution (n,v) of (2.17) satisfies (3.1).

As system (2.6) is reversible, the exact controllability of system (2.17) is equivalent to its null
controllability (i.e., the above property with (n°,v%) arbitrary but (n',v!) = (0,0)).

As it is well known, the exact controllability of a control system is equivalent to the observ-
ability of its adjoint system (see e.g. [12, 23, 241]). Here, using (2.20)-(2.21), we see that the exact
controllability of (2.17) in X_5 with the six controls go, g1, ho, h1 € L*(0,T), g2, ha € H_%(O, T)
is equivalent to the existence of a constant C' > 0 such that for all (6°,u°) € X,

T
6%, "%, < € </0 (1020 (t,0)* + 000 (¢, L) + |tz (t, ) + |uaa(t, L)[?] dt

6.0 L) 02, ) (3.2)

2
HH%(O,T) H3(0,T)
where (6, u) denotes the solution of (2.18).

The exact controllabity in X_» with less control inputs is equivalent to the observability
inequality (3.2) in which we remove the traces corresponding to the missing controls. Similarly,
the exact controllability of (2.17) in X_; with the two controls go, he € L?(0,T) is equivalent to
the existence of a constant C' > 0 such that for all (0%, u°) € X3,

T
6B, < € [ 10200 D) + s, 0 (3:3)

The aim of this section is to provide a complete picture of the exact controllability results for
system (2.17) with one or two control inputs among go, g1, 92, ho, b1, ha.

We introduce some subsets of (0, +00) that are needed to give a complete picture of the critical
lengths for the control of the linearized KdV-KdV system:

2
N = {W\/k?—i—kl—i—l?; k,leN*},

V3
27
Ny = 45121 kl+ 2 k,leN*,32k+l}CN,
= {2 |
1 1 1 1
R = (5+2k)2+(§+2l)2+(§+2k)(5+2l); kle€Z, k#1y,
2a 2b 2(—a —b)
= <L ; Ja,b —_— = b= ———>—a—-0
S { € (0,+00); Ja,b e C, iea—1+a ieb—1+ mab 1 @ #0,
L?*=—(a*+ab+b*)},
2a 2b 2(—a—0)
r = {L 3 — ey
S { € (0,+00); Ja,b € C, —iea—1+a —ieb—1+b a1 @ b #0,

L* = —(a®*+ab+b*)}.
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Then the control results for the linearized Boussinesq system with one or two boundary
controls of Dirichlet or Neumann type are outlined in the following theorem.

Theorem 3.2. Consider system (2.17) with one or two control inputs among go, g1, g2, ho, h1, ho
(the other being set to 0). Then the exact controllability of (2.17) holds (in any time T > 0) if
and only if L is not a critical length, a concept depending on the set of control inputs that are
available. The precise results are reported in Table 1.

Controls Properties
Case | hg | h1 | ho | g0 | 91 | 92 Control Inputs State Space | Set of Critical

Lengths

1 [ojo[of[O]O]« go € L*(0,7) (no, wo) € X_1 N

2 [ofofo[O][x]0O g1 € L*(0,T) (no,wo) € X_o NUR

3 0]0]0|%x]0]O0 490 ELZ(O,T) (no, wo) € X_o Nugug

4 0 0 * | 00| % ho,go € LQ(O,T) (7’]0,200) e X N

5) Ol x|0]0]|x]0 hi,q1 € L2<O,T) (no,wo) € X o 0

6 [0 «]0]0]0]«%]|hel0,T),90eH3(0,T)] (10, w0) € X_s N

7 1o0lo0lo]o]x]x|gel?0,T),geH50,T)] (nowo) € X_s N

8 [ «x|olofo]o]«]|heL0,T),geH3(0,T)]| (0, w0) € X_s N

9 [o]olo|x|0]«]|geL20,T),g€H350,T) ] (10, w0) € X_o N

10 * 0 010 %0 ho, g1 € LQ(O,T) (7’]0,100) € X o R

11 0 0 O|x| %0 go, g1 € L2(O,T) (no,w()) € X o N3

12 [o[x]O0[x]0]O hi,90 € L?(0,7) (o, wo) € X_2 gug

Table 1. Controllability results for the linearized system

Remark 3.3. Using the symmetries, we notice that all the possibilities with one or two control
inputs are really considered in Table 1: indeed, ho alone is similar to go alone (case 1); hy alone
is similar to g1 alone (case 2); hq alone is similar to gy alone (case 3); the pair (hg, go) is similar
to the pair (hi,g91) (case 5); the pair (ha,g1) is similar to the pair (ho,g2) (case 8); the pair
(h1, he) is similar to the pair (go,g2) (case 9); the pair (go,ha) is similar to the pair (hi,g2)
(case 6); the pair (ho, h2) is similar to the pair (g1,92) (case 7); the pair (ho,h1) is similar to
the pair (go,g1) (case 11).

The proof of Theorem 3.2 is detailed in a series of propositions or theorems displayed in
several subsections.

3.1. Neumann controls. We consider first two controls (case 4) and next only one control
(case 1). We shall use repeatedly the following results from [30].

Proposition 3.4. ([30, Proposition 3.3]) For all L € (0,+00) \ N and T > 0, there exists a
constant C' = C(L,T) > 0 such that

L T
/ (@) de < C / (L 0)2dt, vy € L2(0, L), (3.4)
0 0
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where y = y(t,z) denotes the solution to the linearized KdV system

Yt + Yz + Yzzz = 0, te (07T)7 S <O7L)7
y(t7 O) = y(t7 L) = yr<t? L) =0, te (07 T)a (35)
y(0,z) = y° (), z € (0,L).

Lemma 3.5. ([30, Lemma 3.5]) Let L > 0. Then L € N if and only if there exist some numbers
p € C and (o, 8) € C2\ {(0,0)} such that the map

o — BefiLf

R

s an entire function, i.e. a complex analytic function on C.

(3.6)

The controllability result for the case 4 is a consequence of the following observability inequal-
ity.

Proposition 3.6. Let L ¢ N and T > 0. Then there exists a constant C = C(L,T) > 0 such
that

T
0B, <€ [ 0t P+t 00, ¥(60,0) € X, (37)
0
where (6,u) denotes the solution of (2.18).

Proof. If (3.7) is not true, one can find two sequences (69),>0 and (ul)),>0 such that

T
L=|(6h, un)l%, > n/o [10n0(t, L) + un,a(t, 0)|*]dt. (3.8)

Extracting a subsequence if necessary, one can assume that (6%, u0) — (8°,u®) weakly in X7,
and hence strongly in Xg. In particular, we have that

(69, u2) — (6°,u°) strongly in Xj,
(On,upn) — (0,u) strongly in C([0,T7], Xo),
(Onyun) — (0,u) weakly in L(0,T, X1),
Opn(-, L) = 0(-, L) weakly in L*(0,T),
Uz n(-,0) = ug(-,0) weakly in L2(0,T).
Using (3.8), we infer that 6, (-, L) — 0 and g ,(+,0) — 0 strongly in L?(0,T). Thus 6,(-, L) =
uz(+,0) = 0. It follows that y(¢,x) := 0(t, x) + u(t, x) satisfies

Yt + Yzaz + Yz = 0, te (O,T), S (O:L)>
y(t,0) =y(t,L) = y.(t,L) =0, te (0,7),
y(0,) = 0°(z) + u(z), e (0,L)

together with y,(¢,0) = 0. We infer from Proposition 3.4 that #° +u® = 0. Similarly, considering
the function z(t,z) := 0(t, L — z) — u(t, L — x), we can conclude that §°(L — x) —u’(L — x) = 0.
Therefore, #° = u® = 0, and thus (6,,,u,) — (0,0) strongly in C([0,T], Xo). But it follows from
the above convergences and from (2.10) that (6,,,u,) — (0,0) strongly in L?(0,T, X1), and with
(2.8), that (09, u%) — (0,0) strongly in X;. This contradicts (3.8). O

n» -'n
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Let us investigate the exact controllability of (2.17) in case 4. If L ¢ N, then by Proposition
3.6, system (2.17) is exactly controllable in X_;. If L € N, then by [30, Remark 3.6 (i)] there
exists a nontrivial solution y of (3.5) such that y,(-,0) = 0. Then (0(¢,x), u(t,x)) := (y(t,x) +
y(t,L—x),y(t,x) —y(t, L —x)) is a nontrivial solution of (2.18) such that 6,(-, L) = u,(-,0) = 0.
It follows that (2.17) is not exactly controllable in X_; if L € N.

We now turn into the problem of the controllability of (2.17) with only one Neumann control
(case 1). The following observability inequality improves Proposition 3.6, for only one boundary
measurement is needed to estimate the initial data.

Theorem 3.7. Let L ¢ N and T > 0. Then there exists a constant C = C(L,T) > 0 such that
1(6°, 0%, < c/ ot L)[Pdt, V(6" u’) € Xy, (3.9)

where (6,u) denotes the solution of (2.18).

Proof. We follow closely [30]. In the first step, we transform the problem into a spectral problem.
In the second step, we solve the spectral problem by using Paley-Wiener theorem combined with
complex analysis. Introduce some notations. For any T > 0, let

Nr = {(6°u®) € X1; the solution (8, u) of (2.18) satisfies 0, (¢, L) = 0 for a.e. t € (0,T)},
Myr = {(8,u) = (6% u0); (0°u°) € Ny, t€[0,T]} C C([0,T], X1).

STEP 1. REDUCTION TO A SPECTRAL PROBLEM.

Pick any L € (0,+00) \ N and any 7" > 0. If (3.9) is not true, one can find a sequence
(02, u2),>0 in X7 such that

T
= (69, )%, > n/o |0 (t, L)|?dt,  Yn>0. (3.10)

O ud) — (6°,u°) weakly in X7,
and hence strongly in Xg. Let (0, uy) and (0, u) denote the solutions of (2.18) associated with
(69, u9) and (0°,u), respectively. Using (3.10), we infer that 6, ,(-, L) — 0 strongly in L?(0,T),
and hence 6,(-, L) = 0. Using (2.10), (3.10) and the fact that (6, u,) — (0,u) in C(]0,T], Xo),
we see that (0, u,) — (6,u) strongly in L?(0,T, X;), so that (6%, u2) — (8° u°) strongly in

X1, and hence [|(8°,u°)||x, = 1. Thus (6°,u°) € Nz \ {(0,0)}. To obtain a contradiction, it is
sufficient to prove the following

Extracting a subsequence if necessary, one can assume that (90

Cram 1. Ny = {(0,0)} for all 7" > 0.

It is clear that T' < T' = N7+ C Np. On the other hand, the vector space Ny has a finite
dimension, for its unit ball is compact. Indeed, the same argument as above shows that any
sequence (Gn, uY),en in the unit ball of N7 has a convergent subsequence for the norm || - || x,. If
Claim 1 is not true, one may find 77 > 0 such that dim Nz > 0. Since the map T € (0, +00)
dim Ny € N is nonincreasing, one may pick 7' € (0,7") and ¢ > 0 such that T+ & < T and

dim Ny = dim Npy. > dim Ny > 0. It follows that Ny = Np for T <t < T +¢e. Let
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(6°,u°) € N, and let (#,u) denote the solution of (2.18). By the semigroup property, we have
that

((H(t, D, ult, ) — (Go,uo)) € Np, Vte (0,¢),

| =

and hence
%((G(t b ult4 ) — (0.u) € My, V€ (0,¢).
)

Since (0,u) € H*(0,T + ¢, [H~2(0, L)]?), we have that

lim 1((9(75+-,-),u(t+-,~)) —(0,u)) = (0s,u;) in L*(0, T, [H2(0,L)]?).

t—0+ t

But the vector space Mr is closed in L?(0, T, [H~2(0, L)]?), for it is finite-dimensional. It follows
that (6;,us) € My C C([0,T], X1), so that (6,u) € C'([0,T], X1). This implies that
(0°,u%) € D(A) = X3, A(6°,u®) = (6:(0,.),u4(0,.)) € Ny and 6,(-, L) € C([0,T)).
In particular
@
dz
Let N% denote the complexification of Ny, and let / = d/dz. Since it was assumed that

dim Ny # 0, we infer that the linear map (6°,u%) € N% — A(0°,4°) € NE has at least one
eigenvalue; that is, there exist A € C and (6,u) € X3\ {(0,0)} ? solution of the spectral problem

(L) = 0,(0, L) = 0.

—u' —u" =N, xe(0,L), (3.11)

—0 —0" =Xy, wx€(0,L), (3.12)

6(0) =6(L) =6 (0) =0'(L) = 0, (3.13)
u(0) = u(L) = /(L) = 0. (3.14)

We show in the next step that (3.11)-(3.14) has no nontrivial solution when L ¢ N.
STEP 2. STUDY OF THE SPECTRAL PROBLEM.

We shall prove the following
CramM 2. For L ¢ N, if A € C and (6, u) € X3 satisfy (3.11)-(3.14), then § = v = 0.

Let (0,u) be as in Claim 2, and extend 6 and u to R by setting 6(z) = u(x) = 0 for = & [0, L].
Then we have in 8'(R)

N+ +u" = W(0)6) +u"(0)5 —u"(L)dL,
Nu+ 0+ 6" = 6"(0)8 — 6"(L)or,
where d; denotes the Dirac measure at z = ¢ and the derivatives «'(0), u"(0),w” (L), 0" (0),6" (L)

are those of the functions v and 6 when restricted to [0, L]. Taking the Fourier transform of

2We removed the superscript 0 to simplify the notations. We still used the notation X3 to denote the space of
complez-valued functions in (2.2).
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each term in the above system, we obtain

NO(E) + i€a(€) + (€)%ale) = u'(0)i€ +u”(0) — u(L)e ™,
AU (f)—i—zf@( ) + (Zﬁ)gé(f) _ 9//(0)_9//(11)6_%&'

Setting A = —ip, f(£) := 0(&) 4+ 0(€), and g(&) := 0(¢) — a(€), we arrive to

&) = ﬁ(a+ﬁi€+7€_@g)>
9(=§ = ﬁ(a/—5i§+71‘3m£)7

where a = u”(0) + 0”(0), o := u”"(0) — 67(0), B := u/(0), v := —u" (L) — §"(L), and + :=

u”(L) +6"(L). Since both # and u have a compact support, it follows from the Paley-Wiener
theorem that the functions f and g have to be entire (i.e. holomorphic in the whole plane C).
The same is true for the function

Z'e—iLf
E—E+p
Introduce the polynomial functions P(z) := 722 + (a+a/)z + v and Q(&) := &3 — £ +p, and let

pr, k =0,1,2, denote the three roots of Q. Then P(e’r#*) = 0 for k = 0,1, 2, since h is entire.
Let

h(€) = f(&) +9(—¢) = (Ve 4 (a+ o)™ 4 7).

—(a+d)+/(at+a)? —4yy
2/

Z4+ =

denote the roots of the polynomial function P.
(i) If 8 = 0, then applying Lemma 3.5 to f(§) and g(—¢), we infer that a =y =a' =+' =0, so
that

u”(0) =" (L) = u/'(0) = 0"(0) = §"(L) = 0.
It follows then that § = u = 0 in [0, L], as desired. ‘
(ii) If B # 0, then since g(—¢) is entire, each root . of Q) has to satisfy o’ — Biuy + yettte =0,
ie. g = (o ++/elr)/(iB). Since el#* is a root of P, we arrive to the conclusion that

/ / / /
1y € {a —i—.'yzur’a —i—.’yz_}.
i i
We infer that () cannot have three distinct roots.
Assume that @ has a root of order 3, i.e. py = p1 = po. Then we have that Q(ug) =
Q' (no) = Q"(mo) = 0. Since Q"(£) = 6, we conclude that pg = 0, hence p = 0, so that
Q&) =&(£ —1)(§ + 1) has three distinct roots, a contradiction.

We arrive to the conclusion that () has a double root and a simple root. We can assume that
po = p1 # p2. Then, we infer from Q(uo) = Q'(uo) = 0 and the fact that Q'(£) = 3¢ — 1 that
uo—:lz\lf and p = ig\f
x Assume that po = % Then Q(€) = & — &+ % = (£~ %)2(5 + %) On the other hand,

since f is entire, pg = —% (resp. pp) has to be a root (resp. a root of order at least 2) of the

3
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numerator of f, i.e.

1 L
a+—B+ve Vs = 0, 3.15
\/gﬁ ol (3.15)

- L
iB—ilye 'Vi = 0, (3.16)

21 2L
a— =B+~ Vs = 0 3.17
N L (3.17)

From (3.16), we infer that g = Lye~'L/V3_ Substituting this value of 3 in (3.15) and (3.17) and
taking the difference of the two obtained equations, we obtain that

. L . L
(ivV3Ly +7)e V3 = ’yemﬁ. (3.18)

- If v = 0, we obtain = 0 which contradicts the assumption in (ii).
- If v # 0, then taking the module of both terms in (3.18) yields L = 0, which is impossible.
* Assume now that ug = —%. Then, proceeding as above, we obtain that § = Lvye'/ V3 and
that

(—iVBLy +7)e' V5 = 7e V5.
Again, we see that we obtain a contradiction for v = 0 or for v # 0. The proof of Theorem 3.7
is complete. (Il

With Theorem 3.7 at hand, we deduce that (2.17) is exactly controllable in X_; with g2 as
unique control (case 1) when L ¢ N. On the other hand, the exact controllability fails when
L € N according to case 4.

Let us turn our attention to the cases 6, 7, 8 and 9 for which we have added one Dirichlet
control to the Neumann control go. First, we notice that in case 1, we have for L ¢ N the exact
controllability in X 5 by picking the controls go in H _%(0, T). Indeed, from (3.9), we have for
(90, uo) € Xy

T
A0, )%, < C / 6,0(t, ) Pt
0

and hence
16%, ") 1%, < CllO( D)1 0.1)- (3.19)
By interpolation between (3.9) and (3.19), we infer that for all (8°,u%) € Xo,
0 ,0y)2 . 2
160 w) 1R, < G DR,y (3.20

The observability inequality (3.20) implies the exact controllability in X_o in case 1 (with
g2 € H*%(O, T)) as well as in cases 6 to 9 for L ¢ N. It remains to show that any L € N is still
a critical length in cases 6 to 9. We claim that in each of those cases, the corresponding spectral
problem has for L € N a nontrivial solution (6, u), so that the corresponding observability
inequality fails for the exponential solution Re[e* (8, u)].

Proposition 3.8. Let L € N. Then
1. (case 6) there exist A\ € C and (0,u) € X3\ {(0,0)} satisfying (3.11)-(3.14) and u”"(L) = 0.
2. (case 7) there exist A € C and (0,u) € X3\ {(0,0)} satisfying (3.11)-(3.14) and 08" (L) = 0.
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3. (case 8) there exist X € C and (0,u) € X3\ {(0,0)} satisfying (3.11)-(3.14) and u”(0) = 0.
4. (case 9) there exist A € C and (6,u) € X3\ {(0,0)} satisfying (3.11)-(3.14) and 6”(0) = 0.

Proof. Let L € N. Then we can write L = 277\/W with k,1 € N*. Following [30], we
introduce the numbers

1 2T 2T 27
=——(2k+1)— = k— = = =i\ = — .
Ho 3( +)L’ M1 i= Ho + I M2 = p1 + I pi=1 Lo b1 2
We use again the notations in the proof of Theorem 3.7 (Claim 2). Let
1 .
f&) = m—F—(a+Bil+ye ),
i , .
9(=6) = F—g = pig+ye"),

B —&+p

where a = u”(0) + 6”(0), o := u"(0) — 6"(0), 8 := «'(0), v := —u"(L) — 0"(L), and +' :=
—u"(L) 46" (L). We know that we can find coefficients «, 3,7, @', not all zero so that the two
functions f(£) and g(—¢) are entire, the roots of Q(&) = £3—&+4p being jug, ji1, pt2. Furthermore, it
follows from Paley-Wiener theorem (see [30]) that the spectral problem (3.11)-(3.14) has indeed
a nontrivial solution. Our concern is to prove that we can as well impose the addition condition
in each case.

From our choice of the py’s, we have that the quantity e *%#* is independent of k. Set

C = e tro — gmilm — o=iluz,

We shall pick g = 0 in all the cases.

1. The additional condition u”(L) = 0 is equivalent to 4 = —y. We can pick v = 1, 7/ = —1,
a=—-C,and o =C.

2. The additional condition #”(L) = 0 is equivalent to 4/ = v. We can pick y =+ =1, a = —C,
and o = —C.

3. The additional condition w”(0) = 0 is equivalent to o/ = —a. We can pick & = 1 and o/ = —1,
v=-C,and v/ =C.

4. The additional condition 6”(0) = 0 is equivalent to o/ = a. We can pick a = o/ =1,y = —C,
and v = —C. O

3.2. Dirichlet controls. We consider the cases in which only Dirichlet controls are involved.
We start with a preparatory result which is an observability inequality with the measurement
of three traces.

Proposition 3.9. For all L >0 and T > 0, there is a constant C = C(L,T) > 0 such that
T
(6%, u%)|%, < 0/ 00 (6, )P + Juga(t, D) + 102 (6, D)) dt,  ¥(6°%) € Xoo  (3.21)
0

Proof. First, we introduce the space

Y == L2(0,T, [H1(0,L))?) N C([0, T], [H*(0, L)]?)
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which is a Banach space when endowed with the norm
2 g 2 2 2 2
106, w)lly :/0 oG I, 7 + llult I, ]dt+ S OGNz =+ et )z ]-

Pick any (6°,u°) € X, and let (6, u) denote the solution of (2.18). Taking the derivative w.r.t.
x of each term in the two first equations of (2.18) results in

Oiz + Uze + Uzgze = O, te (0, 7)), z € (0,L), (3.22)
Uty + Opg + Opza =0, ¢t €(0,T), x €(0,L). (3.23)

Multiplying (3.22) by zug, (3.23) by x0,, integrating by parts over (0,7) x (0, L) and adding
the two equations, we arrive to

[/ azﬂuxdx] —// 02 + u?]dxdt + = // 02, + 2| dedt
0

—/ [ (02 + u2) + 0,000 + Uptizy + (92 + u? )}Odt:(). (3.24)
0

Combining (3.24) with the forward/backward wellposedness in X5 and Sobolev embedding, this
yields

1(6%,u)1%,

IN

T 2
c / 16, 0))[%, dt

// 02, + ) dedt

< C (\\(Q,u)H%Jr/O [02,(t, L) +u? (t,L) +u2,(t, O)]dt) . (3.25)

Multiplying the two first equations in (2.18) by wu,, and 6, respectively, integrating by parts
over (0,7) x (0, L) and adding the two equations, we obtain

IN

1 (T L T 4T 1 (T
/ 02, 4+ u2,)bdt — / Oy d +/ 02(t, L)dt — / u?(t,0)dt = 0, (3.26)
2 Jo 0 o 2Jo 2 Jo
and hence
T T
[ o v o <o (l0.0k+ [ Ben o). e
0 0
Combined with (3.25), this gives

T
0 U,O 2 u 2 2 u2 ) ]
", >||X2sc(|<e, 2+ /0 62,( L) + m<t,L>}dt) (3.28)

The result is also true for (Go,uo) € Xo, by density of Xy in Xs. It remains to “remove” the
term ||(6,u)||? in (3.28). Assuming that (3.21) is not true, we can find a sequence (6%, ud),cn
such that

T
= [1(6n, un) I, > n/o [105,(t, L)I? + [ty (8, L) + |03 (¢, L) ] dt. (3.29)
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Extracting a subsequence if needed, we can assume that (6%, u0) — (8°,u%) weakly in X5 (hence
strongly in X;). As the corresponding solution (6, u,) of (2.18) is bounded in C([0,T], X2)
and in H'(0,T,X_1), and since the first embedding in X» C [H1(0,L) N HE(0,L)? C X,
is compact, we infer from Aubin-Lions’ lemma (see e.g. [34, Corollary 4]) that the sequence
(0, un)n>0 admits a subsequence, still denoted (6, un)n>0, Which is strongly convergent in

([0, 17, [HE(O,L) N H(0,L)]?), hence in Y. It follows then from (3.28) that the sequence
(02, u2),,>0 is strongly convergent in Xy. Thus its limit (8%,u°) is such that [|(6°,u%)||x, = 1
and the corresponding solution of (2.18) satisfies

Opa(t, L) = tga(t, L) = 04(t, L) = 0.

We infer that the function y(¢,z) := 0(t,x) + u(t, z) (resp. y(t,z) == 0(t,L — z) — u(t,L — x))
solves the linearized KdV equation y; + Yz + Yzzz = 0 and satisfies the boundary conditions
y(t,L) = yx(t, L) = yzz(t, L) = 0 (resp. y(t,0) = yx(t,0) = yz2(t,0) = 0), and hence it vanishes
in (0,7") x (0, L) by Holmgren’s theorem. We conclude that § = u = 0 and this contradicts the
fact that ||(6°,u®)|x, = 1. O

We are in a position to investigate the case 5. The following observability inequality improves
those in Proposition 3.9.

Corollary 3.10. For all L >0 and T > 0, there is a constant C = C(L,T) > 0 such that
T
H(Ho,uo)]@{2 < C/ Uem(t,L)\Q + Uz (¢, L)]Q] dt, v(0°,u%) € Xo. (3.30)
0
Proof. We proceed in two steps as in the proof of Theorem 3.7.

STEP 1. REDUCTION TO A SPECTRAL PROBLEM.
If (3.30) is false, then one can pick a sequence (09, u2),en such that

T
L= 1|(6n, up)l%, > n/o [16n00(t, L)I? + ltnea(t, L)|] dt. (3.31)

Extracting a subsequence if needed, we can assume that (62,u%) — (6°,u%) weakly in Xo.

Denote by (0, u,) (resp. (6,u)) the solution of (2.18) with initial data (69, u%) (resp. (°,u?)).

Extracting again a subsequence, we can assume that (6,,u,) — (6,u) in Y. By (3.28) and
(3.31), we have that (62,u2) — (0% u®) strongly in X5. Thus [(0°,u%)||x, = 1 and 0,,(-, L) =
Uzg (-, L) = 0 a.e. in (0,L). The same argument as the one in Step 1 of the proof of Theorem
3.7 shows that there exist A € C and (6,u) € X3\ {(0,0)} (superscript 0 dropped for simplicity)

which solve the spectral problem:

—u' —u" =N, xe(0,L), (3.32)
—0' — 0" = \u, xz € (0,L), (3.33)
6(0) =0(L) = 6'(0) = 0" (L) = 0, (3.34)
u(0) = u(L) =u/'(L) =u"(L) = 0. (3.35)

We show in the next step that system (3.32)-(3.35) has no nontrivial solution for any L > 0.
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STEP 2. STUDY OF THE SPECTRAL PROBLEM.

CrLAaM 3. Let L > 0. If A € C and (6, u) € X3 satisfy (3.32)-(3.35), then 6 = v = 0.

Let us prove Claim 3. Pick (A, 0,u) as in Claim 3, and extend 6 and u to R by setting 6(z) =
u(z) =0 for ¢ [0, L]. Then we have

N+ + " = W (0)8] + u”(0)dp,

Au+60 +60" = —0'(L)d}, +0"(0)d,
where d; denotes the Dirac measure at = ¢, and the derivatives u/(0),«”(0),0'(L),6"(0) are

those of the functions u and 6 when restricted to [0, L]. Taking the Fourier transform of each
term in the above system, we obtain

M(&) + ia(€) + (i€)*a(¢ u'(0)i€ + u”(0),
Xi(€) +ig0(8) + (i€)0(¢ —0'(L)(i&)e™ " +6"(0).
Setting A = —ip, f(€) := 0(€) + a(€), and g(€) := 0(€) — 0(€), we arrive to

_ . I —iLg
f(&) f3_§+p(oc+ﬁzf+v(2€)e )

)
)

ﬁ(a’ — Bi& ++/(i&)e )

where « := u”(0) 4+ 0”(0), o := u"(0) — 6"(0), 8 :=4/(0), and v := —6'(L). It follows that
i / 1
f&)+9(=¢ = m@é + o'+ 27/(i€) cos(LS)) (3.36)
J€) —9(-8) = gyl =o' +28i — 27 (i) sin(Lg)). (3:37)

Let Q(&) = &3 — ¢ + p and let g, ju1, 2 be the roots of Q.
1. Assume that the three roots po, p1, 1 are simple. If £ € {uo, 1, 2}, then & must be a root
of the numerators of f(§) + g(—¢) and f(§) — g(—£), so that

2v'i€cos(LE) = —a—d, (3.38)
2i¢sin(LE) = S o

Taking the square in both equations and summing, we obtain

+ 28¢. (3.39)

7

_47/252 _ (Oé—i—O/)Q _ (06—0/)24-4,82{24—41&(06—0/)

and hence

(B2 +~)€* + %

As the three numbers pg, 11, 2 satisfy (3.40), we infer that all the coefficients in (3.40) are null;
that is

(o — ') +aa’ =0. (3.40)

B2 4+ =B(a—a') = ad =0.
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If 4/ = 0, then the solution (0, u) of the system (3.32)-(3.33) of order 3 satisfies (3.34)-(3.35)
together with ¢'(L) = 0 and is therefore null, by Cauchy-Lipschitz theorem (Cauchy data taken
at . = L).

If o' # 0, then 8 = +i9’ # 0 and thus @ = o’ = 0. Assume that 8 = i7/. From (3.38)-(3.39),
we infer that

gcos(LE) =0, &(sin(LE) —1) =0 for € € {po, 1, pa}.
If 0 € {po, p1, 2}, say po = 0, then sin(Lp;) =1 for j = 1,2, and hence

Ly = g + 2k, k€ L.

Therefore L(po + p1 + p2) = m(1+ 2(ky + k2)), but this contradicts the fact that the sum of the
roots of @ is 0.
If O & {10, po1, 2}, then for j =1,2,3 we have sin(Lp;) =1 and hence

Ly; =5 +2km, k€ L.

Then L(po + pi1 + po) = 7(3 +2(ky + k2 + k3)) # 0, a contradiction. Similarly, we obtain also a
contradiction when 3 = —iv/.

2. Assume now that @ has a double root py = p; and a simple root ug # po. Then (uo, p2) =
i(%,—%). We shall consider the case (o, p2) = (%,—%), the case (uo, u2) = (—%, %)

being similar. As ug is a double root of @, it should be a root of the numerators of the functions
f(&) +g(=¢) and f(§) — g(=&) (see (3.36) and (3.37)) and of their first derivatives, so that

i Lo
2y 7 COS(%) = —(a+a), (3.41)
oy Lin(ly = 2= 58 (3.42)
, L i L.
2 zcos(ﬁ) + 2y %(—L sin ﬁ) = 0, (3.43)
201 + 29 sin(\%) + 27’\% cos(\%) = 0. (3.44)

On the other hand, the number ps is a simple root of @), and hence it should be a root of the
numerators of the functions f(§) + g(—¢) and f(§) — g(=¢), so that

;0 2L

—4y 7 cos(%) = —(a+d), (3.45)
A L, a-d B
—4y 7 sm(—Q%) = - 4\/§. (3.46)

Note that (3.43)-(3.44) can be rewritten as
L

cos(5) —sin(J5) ( y >:< 0 >
sin(L)  cos(&) 7% —Bi
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This yields

" = —jBsin —L
gl B sin( \/3), (3.47)
/—L = —18cos —L .
Vs T () (3.48)

If 4/ = 0, then we infer as above that (0%, u°) = (0,0).
Assume that 4" # 0, so that 3 # 0. Without loss of generality, we can assume by linearity that
B = 1. It follows from (3.47) and (3.48) that

1

Vi+L
Let X := cos(L/v/3). Then we infer from (3.48) and (3.49) that L?/(3X2) = 1+ (L?/3), so that
L 1
X = cos(—=) = cos(————
() = oosl s
On the other hand, from (3.41) and (3.45), we obtain that cos(L/v/3) = —2cos(2L//3), and
hence X satisfies 4X2 + X — 2 = 0. We denote the two roots of this equation by

—14++/33 —1—-+/33
= % ~ 05931, X_:=—"""~ _0.8431.

8
Then we obtain by using a numerical computation that

1 1
VX2 -1 VX2 -1

This proves that the assumption 7’ # 0 leads to a contradiction.
3. The polynomial function @ cannot have a triple root g = p1 = po, otherwise 0 = Q" (uo) =
6o yields pp =0, p =0, and Q(§) = £(§ — 1)(¢ + 1), a contradiction. O

v == (3.49)

X+Z

cos( ) & 0.7408 # 0.5931,  cos( ) ~ 0.0032 £ —0.8431.

We now turn our attention to cases 2 and 3. We need the following estimate, whose (long)
proof is postponed in an appendix.

Theorem 3.11. For all L € (0,400) \ 27Z and all T > 0, there is a constant C = C(L,T) > 0
such that for all (6°,u") € Xo, we have

T
WWMW%SC<A\%WJWﬁ+WWWW@Jy (3.50)

T
16,1, < ([ 10t 0Par+ 16001, ) (3.51)
We first consider case 2.

Corollary 3.12. For all L € (0,400) \ (NUR) and all T > 0, there exists a constant C =
C(L,T) > 0 such that

T
)%, <C [ laalt D at. (352)
0
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Proof of Corollary 3.12: We proceed in two steps as in the proof of Theorem 3.7.

STEP 1. REDUCTION TO A SPECTRAL PROBLEM.

If (3.52) is false, then one can pick a sequence (62, u2),en such that

T
1= (60, u0)|%, > n / O (£, D)2 . (3.53)
0

Extracting a subsequence if needed, we can assume that (62,u%) — (6°,u%) weakly in Xo.
Denote by (0, u,) (resp. (6,u)) the solution of (2.18) with initial data (69, uY) (resp. (8°,u?)).
Extracting again a subsequence, we can assume that (6,,u,) — (0,u) in X;. By (3.50) and

(3.53), we have that (6%, u0) — (8°,u%) strongly in X5. Thus ||(6°,u°)||x, = 1 and 0.(-,L) =0
a.e. in (0,7). The same argument as the one in Step 1 of the proof of Theorem 3.7 shows that
there exists A € C and (0,u) € X3\ {(0,0)} (superscript 0 dropped for simplicity) solution of

the spectral problem

—u' —u" =0, wx€(0,L), (3.54)

—0' — 0" = \u, xz € (0,L), (3.55)

6(0)=6(L) =6'(0) =0"(L) =0, (3.56)
u(0) = u(L) = /(L) = 0. (3.57)

We show in the next step that (3.54)-(3.57) has no nontrivial solution for any L € (0,400) \
(NUR).

STEP 2. STUDY OF THE SPECTRAL PROBLEM.

Proposition 3.13. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of
(3.54)-(3.57) if and only if L € NUR.

Proof. For 0 and u € H3(0, L), we still denote by § and u their extension by 0 on R. Then
u" =1 pyu" +u"(0)0 — u"(L)dr + u'(0)d) — w' (L)}, +u(0)dy — w(L)dy  in 8'(R),

where the derivatives of u at 0 or L stand for the derivatives of v,y viewed as traces and 1 r,
denotes the characteristic function of the interval (0, L). Assume that

A eC, 3(0,u) € X3\ {(0,0)} such that (3.54)-(3.57) hold. (3.58)
Note that (3.54)-(3.55) yields

N+ +u" = W"(0)60 — " (L)d + 4/ (0)5, in §'(R), (3.59)
Au+60 +0" = 0"(0)5 —0'(L)5;, in 8'(R). (3.60)
Conversely, if a pair (6,u) in L?(R)? with Supp # U Supp v C [0 )

, L] satisfies (3.59)-(3.60
for some A € C and some complex coefficients (instead of u”(0),u”(L), etc.) in the r.h.s. of

(3.59)-(3.60), then 6,u € H3(0, L) and (3.54)-(3.57) hold.
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Let 0(¢) = Jg 0(x)e~*dz denote the Fourier transform of 6. Introduce f(£) := (&) + (&)
and g(€&) := 0(&) — a(€). Then (3.59)-(3.60) give
M(©) + (i€ + (i€)*)a(¢) = o' (0)i& +u"(0) —u"(L)e ", (3.61)
Na(€) + (i€ + (i€)1)0() = —igt'(L)e™ ™ +6"(0), (3.62)
and hence
1O = gy (O 0(0) +u0)ig — (L) et (1)) (3.63)
1 " —i e —i
96 = gy (O =0 + (i€ (L) g (L)) (3.64)
Set A = —ip. By Paley-Wiener theorem, we conclude that (3.58) is equivalent to the existence

of numbers p € C and (o, o/, 8,7,7') € C°>\ {(0,0,0,0,0)} such that the two functions defined
for £ € R by

O = @ggy (ot fiEtae 4/ ig)e ), (3.65)
906 = G, (o B+t ) ™) (3.66)
fulfill the conditions
f and g are entire; (3.67)
(f,9) € L*(R)?; (3.68)
HC,N) € (0,+00) x N, ¥ € € [f(O)] +g(€)] < CAL+[g))e ™ (3.69)
(We have set a := u”(0)+6"(0), o/ := u"(0)—6"(0), 5 :=u/(0), v := —u”(L) and v/ := —6'(L).)

It is clear that for f and ¢ given by (3.65)-(3.66), (3.67) implies both (3.68) and (3 69) (with
N =1). Clearly, (3.67) holds if and only if the two following functions
1 .
f@+9(=8) = m—Fr— (a+a +2(y+7i€)cos(LE)) , (3.70)
£ —&+p

f&) —g(=¢ = &ty (a =o' 4 28i€ — 2i(y + 7/i€) sin(LE)) (3.71)
are entire. Let Q(&) = €3 — ¢ + p and let po, p1, pio denote its roots. The polynomial function
@ cannot have a triple root (see the proof of Corollary 3.10), so either the roots g, k =0,1,2,
are simple, or there are a double root ug = p1 and a simple root us # po.
1. Assume that the roots pg, p1, po of Q are simple. If £ € {ug, 1, p2}, then from the fact that
the functions in (3.70)-(3.71) are entire, we infer that

2(y +9'i€) cos(LE) = —a—d, (3.72)

a—a

2(y ++"i€) sin(LE) = + 23€, (3.73)

and hence
Ay +7'i€) = (a+a')? = (a — o) + 487 + 4%@ —a).
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The polynomial functions in the two sides of the above equation are of degree two and they take
the same values on the numbers py, K = 0,1, 2. Therefore, they must have the same coeflicients;
that is,

P (3.74)
ad = A% (3.75)
Bla—d) = —2v9. (3.76)
(a) Assume that 8 =i/, so that (3.76) becomes
iy (o — ') = =29 (3.77)

(i) If v/ = 0, then 8 = 0 and (3.65)-(3.66) read

i —i
(&) = §3_§+p<06+7€ L§>a (3.78)
g(—=€) = m(a’+ryem€). (3.79)

It follows from Lemma 3.5 that there exist p € C and (a,y) € C?\{(0,0)} such that the function
f defined in (3.78) is entire if and only if L € N. If it is the case, then the roots pg, 1, p2 of Q
are simple and real, and g(—&) defined in (3.79) is also an entire function if we pick o/ = @y/7.
(ii) Assume now that 4" # 0. From (3.75) and (3.77), we infer that

!/

o = -1y, o =1y.
Then (3.70)-(3.71) become
21 Iy
f&)+9(=¢&) = mﬁ +7'i€) cos(L¢), (3.80)
2 ,. .
(&) —g(=¢) = —@(VJrW&)(l—Sm(L&))- (3.81)

e Assume that —% & {10, ft1, pr2}, then each root p; of @ should also be a root of 1 — sin(L&)
by (3.81), and hence it could be written as

s

5 +2k‘j7'(', k‘j e 7.

L,uj =
We arrive to the conclusion that
3
0= L(po + p1 + p2) = 7T(§ +2(ko + k1 + k2)),

which is impossible, for 2(kg + k1 + k2) € 2Z.

o Assume that — 17 € {0, p1, p2}, say po = —7v/(i7'). Then both f(§)+g(—¢) and f(§) —g(=¢)
are entire if and only if the other roots 1 and ps of @ satisfy both equations

cos(L&) = 0 and 1 —sin(L&) = 0.
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We arrive to the system
v

Hoo= o5 (3.82)
Ly = g 1 2%k, ki €7, (3.83)
Lpy = g + 2kom, ko €Z. (3.84)

With those expressions, pg, p1, to are roots of @ if and only if
€8 — (o + pn + p2)€ + (popn + propz + prp2)€ — popps = € — €+ p, VEEC,

or
po+p+p2 = 0, (3.85)
pok1 + pope + pape = —1, (3.86)
—popipz = P (3.87)

We note that p (and hence v, if we pick 4/ = 1) is defined in terms of k1 and ko by (3.83)-
(3.85), while p is defined in terms of k; and ks by (3.83)-(3.85) and (3.87). Replacing o by
—(p1 + p2) in (3.86) results in

13+ pape + 3 = 1. (3.88)

Substituting the expressions of p; and pg given in (3.83)-(3.84) in (3.88), we obtain the critical
length

2 2 2 2

Finally, the roots g, 41, 2 are pairwise distinct if and only if k1 # ko. Indeed, if k1 # ko, it is
clear that py # uo, while

L=m <(1 + 2k1)? + (1 + 2k2)? + (1 + 2k1)(1 + 2k2)> ’) (3.89)

T w1
=——1+2(k +k = —(= 4+ 2k; =1,2.
Ko L( + ( 1+ 2))#/"] L(2+ .7)7 J )
(b) Assume now that 8 = —iy/. The analysis is completely similar to the one in case (a), so

that we only sketch the main facts. Here iy (o — ') = 29/.

If 4/ = 0, we obtain again that the existence of a nontrivial solution p € C, (a,o/,7) € C3\
{(0,0,0)} of the spectral problem is equivalent to L € N.

If 4" # 0, then we obtain that o/ =iy, a = —iy, and

2 N
f(&)+9(=¢) = m(’Y + 7'i€) cos(Lg),
2 s .
(&) —9(=¢§) = @(’Y + 7€) (1 + sin(Lg)).
As in case (a), we can see that the assumption —g, & {po, p1, po} leads to a contradiction.

Assume thus that —% € {uo, u1, 2}, say po = —y/(#y’). The other roots p; and ug should
solve the equations

cos(L&) =0, sin(Lf) = —1.
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Writing
T T
LM1=—§+21€17T, Lu2=—§+2/€27r, ki # ko € Z,

we obtain as critical length

1 1 1 1.\2
L=m(2k —2)%+ 2k — 2)*+ (2k1 — =) (2ka — =
(2 = 5+ (k= 4 2l - k- )

and we notice that L € R.

2. Assume that @ has a double root pp = p; and a simple root s # po. Then (ug, p2) =
:l:(%,—%). We shall consider the case (ug, u2) = (%,—%), the case (uo, p2) = (—%, %)
being similar. As pg is a double root of @, it should be root of the numerators of the functions
F(&) +g(&) and f(&) — g(—&) (see (3.70) and (3.71)) and of their first derivatives, so that

2('y+’/\;§)cos(j§) — _(a+d), (3.90)
. )l . L _ —d ﬁ
2i(y + %)Sln(%) = « —1—2\/3, (3.91)
. L Y L.
2’)/ZCOS<%)+2(7+Z%)(—L81n%) = 0, (3.92)
2Bi—|—2fy’sin(j§)—2i(7+i}§)LCOS(\§§) = 0. (3.93)

As ps is a simple root of @, it has to be a root of the numerators of the functions f(&) + g(—¢)
and f(€) — g(—€), so that

23 2L
2(y =7 —=)cos(—=) = —(a+da), 3.94
(v =~ \/g) (\/?j) (a+a) (3.94)
2 L ]
2i(y — y'7%) sin(—QE) = a—d - 4\5/%. (3.95)
Note that (3.92)-(3.93) can be rewritten as
cos(%) —sin(%) i ( 0 )
sin(%) COS(%) L(7+i%) A\
Picking 8 = 1, this yields
L
iy = sin(—), 3.96
gl (75 (3.96)
/
L
L(v+i%) = cos(2) (3.97)
In particular, (i7',v) € R2. From (3.90) and (3.94), we infer that
? L 2 2L
+v'—=)cos(—=) = (y — v —=) cos(—=).
(47 m)eos(Z2) = (v =7 ) cos(7)
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Combined with (3.96) and (3.97), this yields
L L 2L
%) = (cos(\[) fLSln(ﬁ)> cos(ﬁ). (3.98)

As the set of solutions of (3.98) cannot have a limit point, we conclude that on any segment
[0, R] there are at most finitely many L satisfying (3.98).
From (3.91) and (3.95), we infer that

cos?(

L /BZ— iy — o 2L sin L ﬁ
2(7+7\[)Sln(\f) 7 2i(y 7\/3) (2¢§)+4\/§

Combined with (3.96) and (3.97), this yields (With Bg=1)

! L L):(L 1cos(

L~ cos(ﬁ) sin(%

) — \fsm(\/g)> sin(—~=) + V3. (3.99)

V3 V3

We claim that
L

R #0

Indeed, otherwise we would have either cos(%) = 0 and then sin(—) +1, so that L = 0 by

(3.98), which is impossible, or sin( f) = 0 which is impossible by (3.99).
We infer from (3.98) and (3.99) that

cos(—=) sin(

g

L cos?(
V3 V3 )= cos(
On the other hand, it follows from (3.98) that

1 L. cos’(5)
\/§L=Sin(\%)<cos(\/§) o ) (3.101)

)
Replacing the last term in (3.100) by its expression in (3.101), multiplying the equation by

Sle

)sin(_ L) +V3L. (3.100)

2
) sin(— ) 7

cos(—

Sl

a\ﬁ Sle

cos(\Q/Lg) sin( \f) and simplifying by cos( \%) we arrive to
2L 2L L
.2 2 .2
sin“(—=) cos(—=) = —2cos”(—=) sin“(—=) + cos(—=) — cos(—=),
() eos(2) () sin*(J2) + cos( ) = cos(2)
or
L L L 3L L
.2 2 . .
sin®(—=)( cos +2cos’(—=)) = —2sin(——=) sin(—=)-
() (cos(22) + 2eost( 1)) = ~2sin(z 1) sin( )
Letting z := 2\/5, we obtain that
sin?(2z)(4 cos®(22) — 1) = —2sin(3z) sinx = —2(3sina — 4sin® ) sin .

Simplifying in the above equation by sin?z (which is different from 0 since sin(L/+/3) is), we
arrive to

4(1 —sin®z)(3 — 16sin® z + 16sin* z) = —2(3 — 4sin” z).
x, we obtain the polynomial equation

32y% — 64y +42y —9=0

Setting y := sin?
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which has y = 3/4 as a double root and y = 1/2 as a single root. But y = 1/2 would
give cos(L/v/3) = cos(2x) = 2cos?z — 1 = 0, which is impossible, and y = 3/4 would give
cos(L/v3) =1 —2y = —1/2, cos(2L/V/3) = —1/2, sin(L/+/3) = ++/3/2. Plugging those values

in (3.98) would give

1 1 V3 1

2 V3L (X2 )] (=2
and hence L = 0, which is impossible. The proof of Proposition 3.13 and of Corollary 3.12 is
complete. O

Next, we investigate the spectral problems associated with cases 10 and 11.

Corollary 3.14. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of
(3.54)-(3.57) together with u”(0) =0 if and only if L € R.

Proof. We use the same notations as in the proof of Proposition 3.13. The additional condition
u”(0) = 0 is equivalent to the condition o/ = —a. When +" # 0, we obtained that (a,a’) =
(i, —i7y) for 8 = iv' (case (a)), and that (a, ) = (—iv,iv) for 8 = —iy’ (case (b)). Thus the
condition o/ = —« is automatically satisfied for the critical lengths L € R.

Consider now the case v/ = 0 with 8 = +i7/ = 0 corresponding to the critical length L € N.
From [30, Lemma 3.5], we know that the three roots pg, u1, p2 of @ can be written as
—%(%H)%ﬂ, o =u0+k2%, M2=M1+l2%7 (3.102)
for some k,l € N*. From (3.70), we know that the p; have to be zeros of the function v cos(L¢).
If v = 0, then we infer from (3.65)-(3.66) that 0 = a = o/, and hence (6°,u°) = (0,0). If v # 0,
from cos(Lpg) = 0, we infer the existence of some p € Z such that Lug = 7(5 + p), so that
%+p = —2(2k+1)/3. This gives 3/2 = —3p—2(2k+1) where k,l,p € Z, which is impossible.

Corollary 3.15. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of
(3.54)-(3.57) together with 0”(0) = 0 if and only if L € N3.

fio =

Proof. The additional condition 6”(0) = 0 is equivalent to o/ = .
If v/ # 0, then we have that o/ = —a = =iy, so that « = o/ = v = 0. If § = i9/ and
0= —7 € {no, 1, p2}, say po = 0, then by (3.82)-(3.84)

0= —Lpo = L(p1 + p2) = 7(1 + 2(k1 + k2))

with k1, ke € Z, which is impossible. If 3 = —iy’ and 0 = —% = pg, we arrive to

0= —Lpo = L(p1 + p2) = (=1 + 2(k1 + k2))
with k1, ko € Z, which again is impossible.
Thus no L € R is a critical length for (3.54)-(3.57) with the additional condition #”(0) = 0.
If 4/ = 0, then 8 = 0 by (3.74), and (3.78)-(3.79) hold with o = . For each root & € {po, 1, p2}
of ), we have that ' ‘

a4 ye =0 = a + ellt,

This is equivalent to (3.102) together with the the condition 2Lu; € 27Z for j = 0,1,2. With
(3.102), the latter condition is equivalent to 2Lug € 27Z, i.e. there exists ¢ € Z such that
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(—(2k 4+ 1)27/(3L))2L = 2mq, or 3¢ = —2(2k + ). This is possible if and only if 3|2k + [, i.e.
L € Ns. ]

We now turn our attention to case 3.

Theorem 3.16. For all L € (0,400) \ NUSUY) and all T > 0, there exists a constant
C =C(L,T) > 0 such that

T
6z, <€ [ 6aalt.0) at. (3.103)
0
Proof of Theorem 3.16: We proceed in two steps as in the proof of Theorem 3.7.

STEP 1. REDUCTION TO A SPECTRAL PROBLEM.

If (3.103) is false, then one can pick a sequence (69, u?),cn such that

T
1= (6, up)l%, > n/ 1012 (£, 0|2 dlt. (3.104)
0

n» -'n

Extracting a subsequence if needed, we can assume that (09,u0) — (6°,u®) weakly in Xo.

Denote by (0, u,) (resp. (6,u)) the solution of (2.18) with initial data (69, u%) (resp. (8°,u°)).

n»-n

Extracting again a subsequence, we can assume that (62,42) — (0°,u°) in X;. By (3.51) and

(3.104), we have that (62, u2) — (6°,u°) strongly in X5. Thus ||(6°,u%)||x, = 1 and 0,.(-,0) =0

n»-n

a.e. in (0,7). The same argument as the one in Step 1 of the proof of Theorem 3.7 shows that
there exist A € C and (0,u) € X3\ {(0,0)} (superscript 0 dropped for simplicity) which are
solution of the spectral problem:

—u' =" =0, x€(0,L), (3.105)

-0 —0" =X u, x€(0,L), (3.106)

0(0) =0(L) = 0'(0) = 0"(0) =0, (3.107)
u(0) = w(L) = u'(L) = 0. (3.108)

Proposition 3.17. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of
(3.105)-(3.108) if and only if Le NUGU Y.

Proof. We use the same notations as those in the proof of Proposition 3.13. Consider the
property:

INeC, 3(0,u) € X3\ {(0,0)}, (3.105)-(3.108) hold. (3.109)
Note that (3.105)-(3.106) yields
N +u +u" = W"(0)6 — v (L)d + 4/ (0)8, in §'(R), (3.110)
Au+6 +60" = —0"(L)or —0'(L)d;, in 8'(R). (3.111)
Conversely, if a pair (0,u) in L?(R)? with Supp # U Supp u C [0, L] satisfies (3.110)-(3.111

for some A € C and some complex coefficients (instead of u”(0),u”(L), etc.) in the r.h.s. of
(3.110)-(3.111), then 0,u € H3(0, L) and (3.105)-(3.108) hold.
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Let f(£) := 0(¢) + a(¢) and g(&) := (&) — @(€). Then (3.110)-(3.111) yield

AO(€) + (i€ + (i€)*)a(¢) = u"(0) —u"(L)e"H* +u/(0)ic, (3.112)
Na(€) + (i€ + (i€)*)0(¢) —0"(L)e™ "¢ — g0/ (L)e™"", (3.113)
and hence
1O =~ (00 — (D) + 0 (D) 4 (0 = ig0/(D)e~) (3.114)
9(&) = 153_1%“ (u”(()) + (—u"(L) + 0"(L))e™ "¢ + 4/ (0)i€ + iga'(L)e—iLﬁ) (3.115)

Set A = —ip. By Paley-Wiener theorem, we conclude that (3.109) is equivalent to the existence
of numbers p € C and (o, 3,71,72,7") € C®\ {(0,0,0,0,0)} such that the two functions defined
for £ € R by

1O = a—gry (ot BiE+ e 4/ (ig)e ), (3.116)
96 = mogg (0= AiE+ (n =) 1)) (3.117)
fulfill the conditions
f and g are entire; (3.118)
(f,9) € L*(R)%; (3.119)
3(C,N) € (0,+00) x N, Ve € C|f(€)] +|g(&)] < CA+[ghVe ™5 (3.120)

(We have set « := u(0), 8 := 4/ (0), y1 := —u"(L), v2 := —0"(L) and 7' := —0'(L).) It is clear
that for f and ¢ as in (3.116)-(3.117), the condition (3.118) implies both (3.119) and (3.120)
(with N =1). Clearly, (3.118) holds if and only if the two following functions

FEO +g(=6) = ﬁ (20 — 2y9i sin(LE) + 2(m1 + i) cos(LE)),  (3.121)
&) —g(=¢ = gg_iﬁp (2Bi€ + 272 cos(LE) — 2i(m ++/i€) sin(LE))  (3.122)

are entire. Let Q(¢) = &3 — € + p and let po, 1, g2 denote the roots of Q. The polynomial
function ) cannot have a triple root, so either the roots ur, K = 0,1,2, are simple, or there are
a double root pg = p1 and a simple root g2 # po.

1. Assume that @ has three simple roots. Let £ be a root of ). Setting
a:=y+714, b=iy,
we infer from the fact that the numerators of the r.h.s. of (3.121) and (3.122) vanish at £ that

(0 D) (=8)=(5)

—aa + bBE
a? + b?

This yields

cos(L&) = ,  sin(L§) =
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Expanding in the identity cos?(L¢) + sin?(L€) = 1 gives a® + b> = o® + 32€2, i.e.
—(V)?€ + 2mYiE + 17 — 73 = o + B2

Since () has three different roots, we arrive at

-y = B, (3.123)
ny = 0, (3.124)
V-~ = o (3.125)

a. If 4/ = 0, then 8 = 0, and the existence of p € C and of (a,71,72) € C3\ {(0,0,0)} such that
both f(§) and g(—¢) are analytic in C is equivalent to the fact that L € N, by Lemma 3.5.
b. If 4/ # 0, then 1 =0, 8 = iy’ # 0 and o = +ive.

CasE 1. B =i and a = ive.
Then
]

F(&) = m(z’ +e ) (v +4/(i€)), g(—€) = & _¢t1p

If, each root p; (0 < j <2) of Q is such that v +ipjy’ # 0, then

(i — €"%) (72 — ¥/ (i€)).

et — _j = 72

and hence Lu; = 5 + 2k;m, for some k; € Z. This contradicts the fact that po + p1 + p2 = 0.
Therefore, there exists some root p; of @, say jo, such that v2 +ipgy’ = 0. In the same way, we
can prove that some root py of @ should satisfy vo — iy’ = 0. If pp = o, then y9 = pg = 0,
and hence p = 0 and {1, 2} = {£1}. Then we should have i + e~*F#1 =i  e~i12 =, ie
el = et = —j, and this is impossible. If pj # po, say pr = p1, then p1 = vy2/(iv") = —po,
and thus ps = — (g + 1) = 0. But then i + e~ #2 = § #£ 0, and ps is a pole of f, which yields
a contradiction.

CASE 2. = —iy and a = —ivs.
It is similar to Case 1 and is impossible.

CaAst 3. B =1y and a = —iys.

Then
[ = @_Z%er (—m + i/ (i€) + yae e + 'y/(zf)e_iLg) : (3.126)
g(=¢) = @—Zﬂ? (—iw — i/ (i) — 2™ + 7’(i§)em> : (3.127)
If 5 = 0, then
FO) + 9(~€) = 2t —gcos(LE).  F(€) — g(—6) = — (1 — sin(Lg)).

E—¢+p E—¢+p
If p# 0, then 0 & {po, 11, po} and cos(Lpj) = 0 yields Lu; = (7/2) + 2k;m with k; € Z for
k =0,1,2, contradicting the fact that pug + @1 + uo = 0.
If p = 0, then we have (after relabeling) up = 0, u1 = 1 and p2 = —1. Then both p; and
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po = —py should solve 1 — sin(L§) = 0, which is impossible. We conclude that v2 # 0 when
B =iy #0and a = —ivs.
Dividing in (3.126)-(3.127) by +/, we can assume that 4/ = 1. Each root £ of @ should satisfy

Yo(—i 4 e ) 4ig(i + e ) = 0, (3.128)
Yo(—i — e8) 4 ig(—i+ %) = 0. (3.129)
Then system (3.128)-(3.129) is equivalent to
cite = 2l (3.130)
Y2 + i
etle M (3.131)
—Y2 + 1§

(Note that both v 4 i€ and —v9 + & are different from 0, otherwise we would infer from (3.128)-
(3.129) that v2 = 0.) We notice that (3.130) and (3.131) are equivalent, so that we can focus on
(3.131). Using basic algebra, we have that
ekt = ot Bl — ettt =14 e
—v2 + 1§ Yo — i€
20 .
m -+ 15 =Y = CO’I’LSt.
Thus, the existence of p € C, v9 € C* and pyg, p1, p2 such that (3.85)-(3.87) hold together with

2iu0 . 21',u1 . o 22#2

ieitno 1 1 M0 U= Ty

= el _ 1 o2 =72

is reduced, by letting a := iLug, b := iLu1, to the existence of a,b € C such that

2a n 2b b 2(—a —b)
a = =
1% — 1 ieb —1 je—a~b 1

L? = —(a® + ab + b?).

—a—b#0,

Thus, this is possible if and only if L € G.

CAsE 4. (= —iy and a = ivs.
It is similar to Case 3. We find, instead of (3.130)-(3.131), the system

_iLe _ 2 t¢
Yo + i€’
77 S iv2 —¢§
—v2 + 1§
which can be reduced to its second equation equivalent to
2i&

m +’L£ =2 = Const.

Introducing again a := iLug, b = i Ly, we see that the existence of p € C, v9 € C* and o, p1, 2
(the roots of Q) holds if and only if L € §'.
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2. Assume that @ has a double root pg = p; and a simple root ps # po. Then (ug, p2) =
i(%,—%). We shall consider the case (o, 2) = (%,—%), the case (uo, u2) = (—%, %)
being similar. As ug is a double root of @, it should be a root of the numerators of the functions
f(&) +g(=¢) and f(§) — g(=&) (see (3.121) and (3.122)) and of their first derivatives, so that

—fyzz'sin(\%) +(n + 7’\%) cos(\%) = —aq, (3.132)
meos( ) —iln +7/ ) sin( ) = —h—, (3133)

(—yoiL + +'1) cos(\fg) —L(m + \7%) sm(\%) = 0, (3.134)
(v —2L) sin(\%) —i(m + %)L cos(\%) = —Bi. (3.135)

As ps is a simple root of @, it has to be a root of the numerators of the functions f(&) + g(—¢)

and f(§) — g(=¢), so that
L2 oL

.. 2L
—"21 sm(—%) +(m—7 ﬁ) cos(%) = —a, (3.136)
20 2% L. _Bi
Yo cos(%) —i(y1 — ﬁ) s1n(—2%) = 2—\/3. (3.137)

Note that (3.134)-(3.135) can be rewritten as

cos(%) —sin(%) ’Y2ZL+W
sin(%) cos(%) Vl"_l

If 3 = 0, then we obtain —vy9iL + iy = v + 27—\[/ = 0, and (3.133) gives o cos(L/v/3) = 0.
Then either cos(L/v/3) # 0 and 42 = 0, or cos(L/+/3) = 0 and (3.137) gives again 7o = 0. Thus
0= =9"=m, and (3.132) yields a = 0, so that (6,u) = (0,0), which is impossible.

Assume now that 8 # 0. Picking § = 1, we obtain

3.
3.

—yoiL + iy = sin(jg), (3.138)
Y cos( 2.
L(v1+zﬁ) = cos(\/g) (3.139)

We can compute all the coefficients in (3.132)-(3.137) in terms of L. Indeed, we infer from
(3.133) and (3.139) that cos(L/v/3) # 0 and

7 sm( L ) — 7
2= V3 \/gcos(

Combined with (3.138), this yields

)

é\h

1L

v —ng—zsm(\f) \/gcos( )

%\
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It follows that

21 L
- + ) By = 7 cos(—7=) = .
From (3.132) and (3.136), we infer that
.. L , i L .. 2L , 20 2L
— Yot sin(—=) + + v —=) cos(—=) = yeisin(—=) + — v —=) cos(—=). 3.140
Substituting the values of 9, v1 + ' ﬁ and v —«/ \2/3 in (3.140), we obtain the equation

1 1 L 1 L L 2L
i ( SID(T) \/§>COS(L)> . (sm(\[) —i—sm(\[)> < cos(%) — cos(\%)) COS(%)

V3

7 COSQ(;g) 0
Simplifying the above equation, we arrive to
ll;cos(\fg) <cos(\§/§)(1 - 4sin2(\L@)) - 1) - Lcos(f/%) + \}§ (sin(jg) + sin(zL?))> = 0.
W)
From (3.133) and (3.137), we infer that
— 2799 cos(—= L )+ 2i(y1 + 4 )Sln( ) =72 COS(%) +i(y — ) Sm( ) (3.141)
V3 \f V3 V3 \f V3

Substituting the values of yo, 71 +«/ % and vy — 7’\2} in (3.141), we obtain the equation
i i 2L L 1 L L 2L
—sin(— ——— | - [cos(—=) + 2cos(—=) | + ¢ | = cos(—=) — ——— | sin(—=
( (\f) ﬁcos(%)) < (\/3) (\/§)> (L (\/3) cos(\%)) (\/3)
2i L
— —cos(—=)sin(—=) =0
(Jg)sin(2)
After some simplifications, we arrive to
1 2L 1 2L
— + L)sin(—=) + —= | cos(—=) + 2cos(—=) | = 0.
(57 + DsinC2) 4 o (cost 22 4 2cos( 1) )
k(L)
Let (L) := h(L)? + k(L)2. Then ¢(L) = L>+ O(L) as L — +00, so that the equation ((L) =0
has no root L > 1. Using a numerical computation, we see that inf;~o (L) ~ 5.3333 > 0. Thus

the system

h(L) =0,

kE(L)=0
has no solution L > 0. Therefore, there is no critical length in the case of a double root. The
proof of Proposition 3.17 and of Theorem 3.16 is complete. O
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Next, we investigate the spectral problem associated with case 12.

Corollary 3.18. Let L > 0. Then there exist A € C and (0,u) € X3\ {(0,0)} solution of
(3.105)-(3.108) together with v"(L) =0 if and only if L € GUG'.

Proof. We use the same notations as in the proof of Proposition 3.17. The extra condition
u’(L) = 0 means that ;3 = 0. As for Proposition 3.17, the case when @ has multiple roots is
impossible. We therefore assume that () has three different roots.

a. If v/ =0, then 8 = 0 and for each root £ of @, we have that

o+ 726—1’L§ =0=a- 'eriLg.

We assume v, # 0 (otherwise all the coefficients are zero), and we arrive to e**¢ = —1 and
2L¢ =+ 2wk, k € Z. Since the sum of the three roots of @) is 0, we arrive to a contradiction.
b. If 4/ # 0, then we have (still) 3 = 0, = +iy’ # 0 and a = +i7y9, a case already considered
in the proof of Proposition 3.17. The cases 1 and 2 have to be excluded, while the cases 3 and
4 are valid and they lead to L € GU G'. O

4. PROOF OF THEOREMS 1.1 AND 1.2.

We shall first investigate the wellposedness of system (1.20) when picking g2(t) = —an,(t, L)
as control input, with o > 0. We first notice that a global Kato smoothing effect holds, thanks
to which we can derive the wellposedness of the system in the energy space X = [L?(0, L)]?.

Let us first pay our attention to the linearized system

M+ Vg + Vgge = 0, te(0,T), z € (0,L),
Ut+77x+77x:px:0, tE(O,T), .QTE(O,L),

n(t,0) =0, n(t,L) =0, ny(t,0) =0, t e (0,7), (4.1)
v(t,0) =0, v(t,L) =0, vy(t,L) = —any(t,L), te (0,T),

n(0,z) = n°(x), v(0,z) = vo’(x), x € (0,L).

We introduce the operator

A(n,v) = (—vz — Vgaz, —Ne — TMraz)
with domain
D(A) := {(n,v) € H*(0, L)% n(0) = n(L) = n:(0) = v(0) = v(L) = 0, vz(L) = —ans(L)} C Xo.
Proposition 4.1. Assume that o > 0. Then the operator A generates a semigroup of con-

tractions (etA)tzo in Xo. Furthermore, for any T > 0 and any (n°,v°) € Xo, the solution
(n,v) := (0, v0) of (4.1) belongs to L*(0,T,[H' (0, L)]?) and we have

T prL 2
2 T La®+1
[ [ o ana <2 (14 3+ KDY jpaog,. (1.2

Proof. Tt is clear that D(A) is dense in X and that A is closed. Let (n,v) € D(A). Then we
readily obtain that

(A(Thv)a (777 U))Xo = _anx(L)Q < 07
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so that A is a dissipative operator. Introduce the operator B(0,u) := (ug + gy, 0z + Orzr) with
domain

D(B) :={(6,u) € H*(0,L)?; 6(0) = 0(L) = 0,(0) = u(0) = u(L) = 0, uy(L) = ab,(L)} C Xo.

We easily obtain that (B(0,u),(0,u))x, = —ab,(L)? < 0, so that B is also a dissipative
operator. We claim that B = A*. First, for all (n,v) € D(A) and all (§,u) € D(B), we have by
integration by parts that

(A(nv U)v (97 u))Xo = ((7% U)v B(97 u))Xoa

which shows that B C [1*.~ }
Let us now check that A* C B. Pick any (0,u) € D(A*). Then, we have for some constant
C > 0 that

((0,u), A(n,v))xo| < Cli(m,v)llx, ¥(n,v) € D(A),

l.e.

L L 2 ~
/ [0(vs + vaaa) + (s + Tse)|d| < C ( / o2 + UQ]dx) Wnv) € D(A).  (43)
0 0

Picking v = 0 and 1 € C2°(0, L), we infer from (2.7) that u, + uzze € L?(0, L), and hence that
u € H3(0,L). Similarly, we obtain that § € H3(0, L). Integrating by parts in the left hand side
of (4.3), we obtain that

|0(L)vga (L) — 0(0)v22(0) + abz(L)72(L) + 02(0)vz2(0) + w(L)nea (L) — w(0)722(0) — ua(L)ne(L)]
<C (/OLW + v2]dx> Y(n,v) € D(A).
It follows that
0(0) = 0(L) = 0,(0) = w(0) =u(L) =0, ux(L) = aby(L),

so that (6,u) € D(B) and A* = B. We conclude that the operator A is m—dissipative in X
and that it generates a semigroup of contractions in Xj.

Pick any (1°,v°) € D(A) and let (n,v)(t) := e*4(n° 1°). Scaling the two first equations in
(4.1) by n and v respectively, and summing the two obtained equations we arrive to the energy
identity

T

B /OLW + v2]dx]0 + a/OT na(t, L)*dt = 0. (4.4)

Scaling the two first equations in (4.1) by zv and a7, respectively, and summing the obtained
equations, we arrive to

L Ty (TrL 3 (T rL I T
[/ (xm))dx} // (n2+v2)d:pdt+// (nngvz)dazdt(aerl)/ n(t, L)?dt = 0.
0 o 2JoJo 2JoJo 2 0
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Combined with (4.4), it yields

3 T rL L T 1 (T rL I T

// (2 4 v)dzdt = — [/ (xnv)d:ﬂ} +// (772+112)dxdt+(a2+1)/ ne(t, L)2dt
2 Jo Jo 0 o 2JoJo 2 0

< LMz, v (D) 20,0y + 17°1 20,0100 22(0,2))

T L
+ (2 + @(a2 + 1)> ("1 Z20,) + 11°1Z2(0,1)

T L
< <L + =+ —(a*+ 1)> ‘|(770:U0)|’§(07

2 A«
as desired. 0
We search a solution of
N+ Vg + (MV)g + Vazo = 0, t € (0,00), = € (0,L),
Ut + Nz + VU + Nage = 0, te (0,00), S (O,L),
v(t,0) =0, v(t,L) =0, v,(t,L) = —am(t, L), te€ (0,00),
1(0,2) = n°(z), v(0,z) = v%(x) z € (0,L),
as a solution of the integral equation
. t .
(n,0)(t) = e (n°,0°) —/ e TA((o)o (1), (vvg)(7))dr, >0, (4.6)
0

Introducing the map I' defined by

. t -
L(n,0)(t) = (1, 0°) —/O UTDA((v)a (7). (v0,) (7))dr,

we will show that for any (sufficiently small) time 7" > 0, the map I" has a unique fixed-point in
some closed ball B(0, R) in the space

Er :=C([0,T],Xo) N L*(0,T, [H(0,L)]?)

endowed with the norm
1

T 2
1(n, )| &7 := sup II(U(t),v(t))llonr(/O I(nx(t),vx(t))||§(0> :

t€[0,T]
Such a fixed-point yields a local solution of (4.5).

Proposition 4.2. For any (n°,v°) € Xq, there are some positive numbers T and R such that
the system (4.5) has a unique (integral) solution (n,v) € B(0,R) C Er.

Proof. The proof is very similar to those of the wellposedness of the KdV equation with the
boundary conditions u(t,0) = u(t, L) = ug(t, L) = 0 (see [29, 30]). First, we can prove as in [30]
that for some constant C; > 0, we have for all T € (0,1] and all (f,g) € L*(0,T, Xo)

t -
I [ gDl < OO0 (4.7)
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Following [29], one can find a constant C'(L) > 0 such that for all 7" € (0, 1] and all (n,v) € Er,
it holds

T 1 1 1
/0 [(nv)zxodt < CT3 (”nar:”L?(O,T,L?(O,L))HU”Zoo(omp(o,L))Hvaz%g’T’m(o,L))

1 1
+va”L2(O,T,L2(0,L))HnHioo(o,T7L2(o,L))|’77r‘|12,2(07T7L2(07L))>- (4'8)

It follows that there are some positive constants Ca(L), C3(L) such that for all 7" > 0 and all
(nlavl), (772,122) € Er we have

1
Tt o)ller < Call (0, 0°)llx, + CsT 5| (0", ) 1y (4.9)
1
P ") =T v)lle, < CsTa(ll(n", o) ler + 110, v) el =07, 0" = v*) [l -(4.10)

Picking R = 2Cs]|(n°,v°)| x, and T > 0 such that 2C5T1R = 1/2, we see that the map I' is a
contraction in the closed ball B(0, R) of Ep, and hence that it has a unique fixed point by the
contraction mapping theorem. [l

Let us now proceed to the proof of Theorems 1.1 and 1.2. Assume that L € (0, +00)\N. First,
we show that the semigroup (et"i)tzo is exponentially stable in X; that is, for some constants
C, p > 0 it holds i

e (n°, %)y < Ce™ (0% )|, VEERy. (4.11)
It is actually sufficient to prove that for some 7' > 0 and some C' = C(T) > 0,

T
16, 0)1%, < C /0 ne(t, L)?dt. (4.12)

Indeed, combining (4.12) with (4.4), we obtain ||(77(T),U(T))H§(O < (1- 2aC_1)||(n0,v0)||§(0
which yields (4.11) by the semigroup property.
To prove (4.12), we proceed by contradiction. If (4.12) is not true, one can find a sequence

O,n’ UO,n) tA(T]O’n, ,UO,n)

n>0 in Xg such that, denoting (n™,v")(t) :==e , we have

T
L= (0" ™) [%, > n /0 o (¢, L2t (4.13)

Scaling the two first equations in (4.1) by (T' — t)n and (T — t)v respectively, and summing the
two obtained equations we obtain

I, o), = 5 // 7+ 0 d:cdt+a/ (T - tya(t, L2t (4.14)

Since by (4.1) and (4.2) the sequence (n",v™) is bounded in L?(0,T,[H:(0,L)]>)NH(0,T,
[H~2(0, L)]?), we infer from Aubin-Lions’ lemma that a subsequence (1™, v") is convergent in
L?(0,T,[L?(0, L)]?). Combined to (4.13)-(4.14), this yields that (n%", v%™) — (n°,v°) strongly
in X, for some (n°,v") € X satisfying ||(n°,v°)|lx, = 1 and 7,(-, L) = 0. Taking into account
(4.1), we infer that v, (-, L) = 0 as well. But since L ¢ N, this is impossible by Theorem 3.7.

Thus (4.12) is established. Proceeding in much the same way as for [28, Theorem 1.1], we
can derive Theorem 1.2. (The proof is omitted for the sake of shortness.)

(n
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Let us now proceed to the proof of Theorem 1.1. We first notice that the linear system

Nt + Vg + Vzgz = 0, t e (O,T), x € (O,L),

V¢ + Nz + Nzza = 0, t e (O,T), T € (O,L),

77(75»0) =0, n(taL) =0, nx(tvo) =0, te (O?T)a (415)
v(t,0) =0, v(t,L) =0, vy(t, L) = —an,(t,L) + h(t), te (0,T),

1(0,x) = n°(x), v(0,2) = (), z € (0,L),

is well posed for (n°,v%) € Xgand h € L?(0,T). Clearly, the wellposedness can be derived for h €
C?([0,T]) by performing the change of unknowns 7(t, z) := n(t,z), 9(t, L) := v(t, L) + h(t)g(z),
where the function g € C*°([0, L]) is such that g(0) = g(L) = 0 and ¢’(L) = —1. To extend the
result from C?([0,7T]) to L%(0,T), we need to derive some a priori estimates. Scaling in the first
(resp. second) equation of (4.15) by n (resp. v), we obtain after some integrations by parts

T

[; /0 "+ ﬂdx] ta /O it Lt~ /0 "t LA()dL = 0.

This yields for all T'> 0

T T
T, o T B+ [ el 22 < O, + 5 [ bR (436)
0 0

and thus (n,v) € C([0,T7], Xo) if (n°,v°) € Xo and h € L?(0,T). Scaling now in the first (resp.
second) equation of (4.15) by zv (resp. xn) yields for some constant C' = C(L,T) > 0

T pL T
Iy <n§+v§>dxdt§0<||<n°,v0>|%<0+ / h(t)?dt),
0J0 0

so that (n,v) € B if (n°,v%) € Xo and h € L%(0,T).
The same computations as in the proof of Theorem 1.2 show that the operator

A(U? U) = (_U:v — Vggz, — Tz — nxzx)
with domain
D(‘A) - {(77,1)) € H3(07L)2; 77(0) = 77(L) - nx(L) = U(O) = U(L) =0, Uw(o) = anx(o)} C Xo

generates a semigroup of contractions in Xg. Next, performing the change of variables t — T —t
and x — L — x, we infer that for any (6',u') € Xp, the backward system

9t+um+uzl"$:07 tG(OaT>7 .’L'G(O,L),

ug + Oy + Ozz0 = 0, tG(O,T), .’L'E(O,L),

0(£,0) = 0, O(t, L) = 0, 6 (t,0) = 0, te(0.7), (4.17)
u(t,0) =0, u(t,L) =0, u,(t,L) = ab,(t,L), te (0,7T),

Q(T,JJ) = 91(£)7 U(T,.ﬁlf) = u1($)7 (S (07L)7

has a unique solution (0, u) € C([0,T], Xo), which belongs to C([0, T, [H3(0, L)]*)nC*([0, T], Xo)

if (01(L — ), u'(L — ) € D(A).
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We now prove the exact controllability in X of the linear system (4.15). Scaling in the first
(resp. second) equation of (4.15) by 6 (resp. u), we obtain after some integrations by parts

{/OL[UG—i—vudx} /0 (t, L)h

By the Hilbert Uniqueness Method (see [23, 21]), the exact controllability of (4.15) holds in X
with control inputs h € L?(0,T) if and only if the following observability inequality holds

10", uh)|%, < c/ 2 (t, L)|?dt (4.18)

for the solutions of the backward system (4.17). Again the backward system enjoys the global
Kato smoothing property:

10, ua)ll 20,7, x0) < CNO", uh)llxo-

Proceeding as in [30], we easily see that if (4.18) is false, then we can find a pair of data (', u')
in X, such that [|(6',u")||x, = 1 and 6,(-, L) = 0. But this is impossible by Theorem 3.7, for
L&N.

We have established the exact controllability of the linear system (4.15). The (local) exact
controllability of the nonlinear system (1.20) in Xy follows at once by applying the contraction
mapping theorem as in [30] for KdV. (Note that n,(-,L) € L*(0,T) by (4.16), and hence go =
—ang(-, L) + h € L*(0,T) as well.) We omit the details for the sake of shortness. The proof of
Theorem 1.1 is complete.

APPENDIX: PROOF OF THEOREM 3.11.

The proof of Theorem 3.11 is not based on the multiplier method, but on the analysis of
the spectral properties of the operator A. More precisely, we estimate the asymptotic be-
havior of the eigenvalues of A and use it to establish the observability inequalities (3.50)-
(3.51). The proof of Theorem 3.11 is outlined as follows. In Step 1, we introduce the operator
By = —y"(L—x)—4y/(L — x) with domain D(B) = {y € H3(0, L) H}(0, L); v'(L) = 0}, which
is closely related to the operator A (but more easy to handle). We prove that it is selfadjoint
and that it has a compact resolvent, so that it can be diagonalized in an orthonormal basis in
L?(0,L). In Step 2, we estimate the asymptotic behavior of the eigenvalues of B. Finally, in
Step 3 we show that A can be diagonalized in an orthonormal basis of [L?(0, L)]? and use the
expansions of the solutions in terms of the eigenfunctions to prove (3.50) and (3.51).

STEP 1 (STUDY OF THE OPERATOR B)
Let

(By)(w) = —y" (L =) —y/(L—=) forye D(B)=:{y € H*0,L) N H(0,L); y'(L) =0},
where ' = d/dxz. Then we have the following result.

CLAIM A.1 B is a selfadjoint operator in L?(0, L).
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Picking any y, z € D(B), we readily obtain by integration by parts that

L L
| -2~ (L - o)s@de = [ @)L - 1) (L - @)z,
0 0

i.e. (By,z)r2 = (y,Bz)2 where (.,.);2 stands for the scalar product in L?(0, L). This means
that D(B) C D(B*) and that B* = B on D(B). Conversely, pick any z € D(B*). Then

L
(By,2)2| = /0 (L — ) — /(L — 2)]2(z) dx

<Cllylz: Vy € D(B).

Setting w(z) = z(L — ), we arrive to |(y" + v/, w)r2| < C|ly||z2, or equivalently for y € D =
D(0, L)

"

[(w" + W', y)p p| < Cllyl| L2

It follows that w” +w' € L?(0, L), and hence w € H3(0,L) and z € H3(0,L). Integrating by
parts in (By, )2 and using the fact that v + vy’ € L?(0, L), we arrive to

|=y"( ) +y"(0)2(L) +y'(0)2'(L)| < C"llyllL2. Yy € D(B).

This yields z(0) = 2(L) = /(L) = 0. Thus z € D(B), and we infer that D(B*) = D(B) and
that B* = B.

Cramm A.2 If L € (0,+00) \ N, then B~1 : L?(0,L) — H3(0,L) is a well-defined continuous
operator.

Pick any L ¢ N and any z € L?(0, L). We search for y € D(B) solving the equation By = z, i.e.
—y"(L-z)—y(L-2) = z(x), z€(0,L),
y(0) =y(L)=y'(L) = 0.

We search for the function y in the form y(z) = yi(x) + y2(x) with

L
yi(x) = / [1 — cos(z — s)]z(L — s)ds.

We see at once that y; € H?(0, L) with y{"(z) + v;(z) = —2(L — x) a.e. in (0,L) and y1(L) =
yy(L) = y{(L) = 0. Thus, it remains to find yo € H3(0,L) such that v}’ + y5 = 0 and
y2(L) = y5(L) = 0, y2(0) = —yl(O) By linearity, there is no loss of generality in assuming that
y2(0) = 1. The three roots of the equation m4+r=0arer =i, ry = —iand r3 = 0. We search
for g9 in the form

3
x) = Zaj [e73% — jemi(L=2)],
j=1
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where the coefficients aj, ag, ag have still to be found. It is clear that yo solves y5' + y5 = 0, and
the boundary conditions ya(L) = y5(L) = 0 and y2(0) = 1 give the following conditions

3

D aj(eit —i) = 0, (4.19)

j=1

3

D aj(l—iet) = 1, (4.20)
7j=1

3

> riai(eit i) = 0. (4.21)
7j=1

Using (4.19), (4.20) and the precise values of r1, 79,73, we obtain that az = % —ay —ag and

1 (i1 .
= - — —1 .
ag e_,LL_l < 2 a1(€ )>

(Note that L & 277, for L ¢ N.) Plugging these expressions of ag and ag in (4.21), we arrive to

.0 4L . €iL—1 N, —ilL . Ny —iL . 1 —1 .
ay { i(e” +1) = ——p— (=) (€™ +9) |+ (=i)(e +Z)m =0.
We readily see that the coefficient behind a; is not zero, for L ¢ 27Z, so that the last equation
for a; can be solved. Claim A.2 is proved.

CLAIM A.3 There is an orthonormal basis (v,)nen in L?(0, L) composed of eigenvectors of B:
for all n € N, v, € D(B) and Bv,, = \,v, for some A\, € R.

It is a direct consequence of Claims A.1 and A.2, since B! is a bounded compact selfadjoint
operator in L?(0,L). Thus B~! is diagonalizable in an orthonormal basis in L?(0, L), and the
same is true for B.

STEP 2 (ASYMPTOTICS OF THE EIGENVALUES OF B)

CrLamM A.4 Using a convenient relabeling, the sequence of eigenvalues of B can be written
(An)nez, with A, < A4 for all n € Z and

T+ 2om(k ’
)\n:<6+ 7721—1-71)) +O0(n) as n— +oo, (4.22)

5 4 9n(ky —n)
)\n:—<6+ W£2 n)) +0(n) as n— —© (4.23)

for some numbers k1, ko € Z.

The eigenvalues of B as given in Claim A.3 satisfy |\,| — +o00 as n — +00. We shall show
that they can be separated into two subsequences, one with the asymptotics (4.22) and another
one with the asymptotics (4.23).
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Assume that (v, \) is a pair of eigenvector/eigenvalue for B; that is, v € D(B), v # 0, and
V" (z) + v/ (z) = =Av(L — x). This yields

0@ 420 4o = —\2p, (4.24)
The roots of the equation
(r* 4+ 1r)% = —\? (4.25)
read 71,719,713, —T1, —T2, —T3, where 11,79, r3 denote the roots of
e =i (4.26)

Note that if the r; are not pairwise distinct, then any multiple root r should also solve 3r24+1=0,
so that r = +i/y/3 and A = +2/(3+/3). Thereafter, we assume that |[\| > 2/(2v/3) so that the
roots 7; (1 < j < 3) of (4.26) are simple. Note that the roots +r; (1 < j < 3) of (4.25) are
also simple, for r; = —r; yields i\ = 1“23 +r; = —(r? +r;) = —iX and A = 0. It follows that the
exponential maps e*"5% (1 < j < 3) are not linked. From (4.24), we can write
3
v(z) = Z[ajerj‘r +bje”"i"]
j=1
for some constants a;,b; € C (1 < j < 3). The equation Bv = Av yields
3
([aj(r +15) + bre ™7 H)e® 4 [agAe’s" — b;(r] +1)]e™7%) = 0.
j=1
This holds if and only if b; = —ieTJ'Laj for 1 < 5 < 3. Thus v takes the form

3
v(x) = Z ajlem® —ieni (L)), (4.27)
j=1
Then the conditions v(L) = 0, v(0) = 0 and v'(L) = 0 are equivalent to

3
> aj(et —i) = 0, (4.28)
j=1

3
a;(1—ie"t)y = 0, (4.29)
j=1
3
eraj(eTjL +i) = 0. (4.30)
j=1
The equations (4.28)-(4.29) yield 2?21 a; = 2?21 aje’it =0, ie.
a3 = —ap — az,
ay (et —emly fag(ent — ey = 0. (4.31)

Substituting the values of az and ag in (4.30) results in

ay [n(e”L + z')(e”L — eTSL) + rg(eTQL + i)(er?’L — e”L) + r3(e’"3L + z')(e”L — e’"QL)] =0.
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Thus if 2% # e, then ay can be expressed in terms of ai, and the system has a solution
(a1,a2,a3) # (0,0,0) if and only if

ri(emE i) (et — ey popg(eml i) (et — e ) (el 4 i) (ent —emE) = 0. (4.32)

The case "l = e™! is actually impossible for || large enough, see below (4.33) and (4.37). We

shall use several times the following classical result.

Theorem 4.3. (Rouché’s theorem, see e.g. [35, 3.42]) Let f and g be analytic inside and on
a closed contour I', and such that |f(z) — g(2)| < |f(2)| on I'. Then f and g have the same
number of zeros inside I.

e Assume that A — +o00. Then |r| — +oco and from the equation r*(1 + %) = i), we infer that
ISENEDY
Then we can choose r1,ro, 73 so that
1~ —iAB, T ~ —ijAB, T3 ~ —ij2A8
where j = ei5 . More precisely, for any C' > 1/3 and for \ large enough, there is only one
solution r of r3(1 + %) = i\ in the disk {r € C; |r — (—z)\%)| < C’)\_%}. Indeed, letting
f(r)=1r3—iX g(r) = r3+r—i), and considering r = —iAT + p with |p| = CA\~3, we have that
[f(r) = g(r)| = |r] = A5 + O(A™5), while
£(r)] = |(—iX5 + p)® —i\| = [3(—=iA3)2p + B(—iA3)p? + p3| = 3CA3 + O(A"3).

The conclusion for r| ~ r] := —i)\3 follows then from Rouché’s theorem. We can do exactly the

same for the two other roots ro ~ r3 := jr} and r3 ~ r} := jr?.
From 73 = i\(1 4+ 77271 =i\(1 —r~2 4 77% +...), we obtain that

1
ro= —iAi(1+ gx% Foo) = —iA3 + O(NT3) ~ —iA3,
1 .
ro = —ijA3(l+ gj_Q)\_% o) = —ijA3 + O(A73) ~ (‘f %)A%,
1 3 )
and 13 = —ij?A5(1+ gj“‘)\‘% o) = —i2A3 £ O(NTE) ~ (—*2[ n %)A%
Clearly,
et 51, |el| = 400 and e — 0. (4.33)
Plugging these expressions in (4.32), we arrive to
1
L (ry — o) +i(r1 — 1) = O(N5e B, (4.34)
On the other, we have that
r—rg = —iX3(1—j) + O(A\3), 11 —r3=—iX3(1— ;%) + O(\"3),
and hence ) )
el = e MLFONT) — 2 1 O(A73) = e + O(ATH). (4.35)
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We infer that for A large enough,
ASL

% + 20 + O(A73)

for some n € Z, so that A\, ~ L3 (% + 2n7r)3. On the other hand, we claim that there is
a simple eigenvalue A\, ~ L~3 (% + 2n7r)3 for all n € N large enough. Indeed, we infer from
73 4+ 1 — i\ =0 that ro +r3 = —r; and rorg = i\/71, so that
L
—riE (] =) 4 (=32 — 4)2

r2,3 = 2 - 9

Since

1
e e T EVBIY =i+ (=302
ro ~ 1) = jrt = 1 1_ N (2(1))7

[\

we have that

D=

- —3r2 —4 —ry — (=312 —4)2
ry — r1+(2r1 )’ py = 1 (2r1 )z (4.36)

Let
9(7"1) — [rl (emL + i)(erzL _ er:sL) + T2(€T2L + Z-)(ergL _ erlL) + T3(€T3L + i)(erlL o e’I’QL)] e—rzL

where ro and 73 are as in (4.36), and let f(r1) = " Fri(1 — j) + r1i(1 — 52). Then for \ large

1
enough, f(r1) = 0 has a solution 7} = —i\3 where A\, = [£(% + 27n)]*>, n € Z. On the
other hand, |f(r1) — g(r1)| = O()\*%) <1 < |f(r1)|if |r1 —rf| = 1/L and A is large enough.
As f(r7) = 0, we infer from Rouché’s theorem that g(r;) = 0 has only one root in the disk
{r1 € C; |ri —rj| < £}. Combined with (4.35), this yields for all n € N large enough an
eigenvalue A\, such that

T fonr+ O(n™Y),

1
AL 5

and hence s
_7-3(T
Ap =1L (6 + 2n7r) + O(n),

and we see from (4.27)-(4.30) that the associated eigenspace is onedimensional.
e Assume that A\ — —oo. We still choose r1, 12, r3 so that

1 S 1 91
1~ —IA3, o ~ —ijA3, r3 ~ —1j°A%.

Then we obtain that

ro= —iA5 + O\ 73) ~i|A[,
ry = —ijA§+0(A—é)~—(*§+;)|A|é,
and 13 = —ij2>\§+0(>\§)~(\é§—;)|)\\§

Clearly,
ler | =1, |el] =0 and |e™F| — +oo. (4.37)
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Plugging these expressions in (4.32), we arrive to

V(g — 1) +i(ra — 1) = O(A[Fe=F ),
On the other, we have that
rg— 1 = —iAI(j7 = 1)+ O(A73), 1o —r = —iA3(j — 1) + O(A73),

and hence

ks

1 _1 .
el = emNLTONTE) — i 1 O(A73) = T + O(A”

wln

).
We infer that -
CNSL = % + 207 + O(A73),
for some n € 7Z, so that

Ae L3 (76” + 2n7r>3 +0(n). (4.38)

On the other hand, we can prove as above that for all n € Z with n < 0 and |n| large enough,
there is indeed an eigenvalue

7 3
A\, = —L73 <6” + 2|n|7r> + O(n),
and that it is simple.

e Finally, we can relabel the \,’s so that the eigenvalues of B form a sequence (A,)necz as in
Claim A 4.

STEP 3. DIAGONALIZATION OF THE OPERATOR A

We denote by (v, )nez an orthonormal basis in L2(0, L) such that Bv, = \,v, for all n € Z.
Let forneZ

. . 1
9+x::—Lan—x,07:c::Lan—x, and ul (z) = u. () = —=v, ().
o (%) ﬁ( ) b (2) ﬂ( ) n (T) = uy () \/Q()
Then (0,7, u,} ) nezU(0;,, u, )nEZ is an orthonormal basis in L2(0, L)x L4(0, L) (endowed with the
natural scalar product ((6,u) fo ) + u(z)w(x)]dz) composed of eigenvectors

of A:
A0 ulh) =i (0, uh), A0, ,u,) = (=i (0, ,u,).

n TL n TL n»-'n n’»-'n

Let (0°,u°) € [L(0, L)] be decomposed as
Z anvn(L — ), u’(z) = Z bp vy (x)
nez nez
(Note that (v5,(L — ))nez is also an orthonormal basis in L?(0, L).) Then we can write

(6% u%) =) len (6 ) + ¢, (6 uy)]

neL
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where
= X ian ), e = (b — i)
n \@ n nj n \/i n mn)-.
It follows that the solution (0, ) of (2.18) can be written as
(6.u) = Y lefe™ (05 uf) + e ™ (6 up)]. (4.39)
nez

Let us show that there is an asymptotic spectral gap for the spectrum.
It follows from (4.22) and (4.23) that

2473

Al — An ~ 73 asn — 00, (4.40)
2473
A — Ap—1 ~ L—ZnQ as n — —oo. (4.41)

On the other hand, for all £ € Z and n € N, we have that
Ao = (=Ak—n) = (@ = b)(a® + ab+b?) + O(n)
where a = (% + 2n(k1 +n))/L, b= (*T + 2m (ks — k +n))/L. Then

2n(ky — ko + k) — 7

—p =
ja—b) 2

>

T
L
and

a® +ab+ b* > %(a2 +b2).
It follows that there is some ng € N* such that for any k € Z and some C' € R,

7T

Combined with (4.40)-(4.41), we infer that for all A > 0 we can find some n; > ng such that we
have the spectral gap relation

[(iAn) — (IAm)| = A, Vm #n with |m| > ny, |n| > nq,

|(iAn) — (—iAm)| = 4, V¥Ym,n with |m|>ni, |n| > n;.

2y 27 (k1 + n) +0(n) > Cn*  for n > ng.

Pick any T > 0. It follows then from Ingham’s lemma that there exist an integer N € N and a
constant K > 0 such that for all (¢,;}),ez, (¢, )nez € [*(Z), we have

-1 Z ’C+’2—|—‘Cn‘ / ’ Z + iAnt+C;e—iAnt)|2dtSK Z (|Cr—&l—|2+’c;‘2)'
>N In|>N =N

Next, we compare |v)(0)] to |v]/(L)| as |n| — +o0.

CrAIM A.5 There are two numbers K, K_ € C* such that v)/(0) ~ K;v//(L) as n — 400 and
vl (0) ~ K_v/(L) as n — —o0.
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It follows from (4.27) that

r .
ga]jl—ze Ea]jj—

where 7; = r;(n) and a; = a;(n). Assume first that n — +oo. Then
a3 = —aj —ag, aj(emt —emh) 4 ay(eml —eml) = 0.
It follows that

V"(0) = a1r?(1 —ie™L) 4 agrd(1 —ie™) 4 agri(1 — ie™sh)

2
= m(r%(l ie" L) 4 rdient — 2 £ O\ o5 3))

= (1= (A +ieE (2 — 1)(=A8) + 0(1)

= (1= A+ 00 ).
But ek ~ =ML o7l = ij2, and hence
o(0) ~ ar(1 = (M),
Similarly, we obtain
V(L) = arri(e™F —i) + agra (el — i) 4 azr’ — 1)

3(e
2 /3,3
= (r%(e”L — i) —r3e"F 4 ir £ O(\e” 23)‘3)>

2)(=Ad) +i(j — 1)(=A

= ai(e"F(1 -3
2
= a(1-7)(=A) (=% =i+ 00w

) +0(1))
))7

w o Swin

and hence

o(L) ~ ar(1 - )i (~AD).

We conclude that v//(0) ~ 3£o”(L) as n — +oo. We can prove in the same way that

17 n

vl(0) ~ K_v!'(L) as n — —oo for some constant K_ # 0.

51
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We are in a position to complete the proof of Theorem 3.11. Pick any (6°,u") € X,. From
(4.39), we have that

O (t, L) = D [che™0} (L) +cpe” "0, . (L)]

ne”L
— + z/\nt ”(0)4—0 e —iAnt //(0)]
v |
nez
eﬂfx(t>0) = \fz + Z)\nt ” )+C € Z)\nt,UZ(L)]v
beZ
uralt D) = = Slete () + el (D)
nez
and  ug(t,0) = \fz cTeirnty, "0) + e —iAnt o(0)].
ne”

Then by (3.30), Claim A.4 and Claim A.5, we have that (with a constant C' that may change
from line to line)

T
(6%, )%, < C/O [1022(t, L) + uao (t, L)|?] dt
T

2
< C / Z[—cf{ei’\”tvg(O) + ¢, ety (0)]| dt
0 nez
T 2
+/ Z[ + 7,/\ tUH(L) —|—C_6_7)\ t’U”(L)] dt
0 lnez

< C 116 u)%, + Z (It PP+ le ) (v (0)] + Jup (L)[?)
In|>N

< C 116 u”)%, + Z (It P + [ 1) un (0)]?
In|>N

<

T
C@WWW&+A\%NJWﬁ>

Thus (3.50) is proved. The proof of (3.51) is similar, and therefore it is omitted. The proof of
Theorem 3.11 is complete. [l
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