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LOGARITHMIC STABILIZATION OF AN ACOUSTIC SYSTEM WITH A
DAMPING TERM OF BRINKMAN TYPE

KATS AMMARI, FATHI HASSINE, AND LUC ROBBIANO

ABsTrACT. We study the problem of stabilization for the acoustic system with a spatially
distributed damping. Without imposing any hypotheses on the structural properties of the
damping term, we identify logarithmic decay of solutions with growing time. Logarithmic
decay rate is shown by using a frequency domain method and combines a contradiction
argument with the multiplier technique and a new Carleman estimate to carry out a special
analysis for the resolvent.
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1. Introduction

We consider the following system of equations:
ug +Vr+bu=0, in Q x RT,
(1.1) ry +dive =0, in O x RT,
’ u-n=0, onI'xRT,
u(0,z) = u%(z), r(0,z) = r°(x), z € Q,
where  is a bounded domain in R% d > 2, with a smooth boundary I', div = V- is the
divergence operator and b € L>°(£2), with b > 0 on © and such that

(1.2) 3 b_ > 0 such that b > b_ on w.

Here w # () stands for the open subset of € on which the feedback is active. As usual n denotes
the unit outward normal vector along I'.

arXiv

The system of equations (1.1) is a linearization of the acoustic equation governing the propa-
gation of acoustic waves in a compressible medium, see Lighthill [21, 22, 23], where bu represents
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a damping term of Brinkman type. This kind of damping arises also in the process of homog-
enization (see Allaire [1]), and is frequently used as a suitable penalization in fluid mechanics
models, see Angot, Bruneau, and Fabrie [4]. Our main goal is to prove the logarithmic decay of
solutions of (1.1) with growing time.

Let L?(Q) denote the standard Hilbert space of square integrable functions in §2 and its closed
subspace L2 (Q) = {f € L*(Q) : [, f(z)dz = 0}. To avoid abuse of notation, we shall write
|| - || for the L?(2)-norm or the L2 (Q)d—norm.

Denoting H = (L?(2))? x L2 (Q), we introduce the operator

A= ( gv OV > : D(A) = {(u,7) € H, (Vr,divu) € H,u-npr =0} C H — H,

and

= (") couur@)m. B = (VB 0) e L (L))

We recall that for u € (L*(2))? with divu € L*(Q), u- njr make sens in H~'/2(T") (see Girault-
Raviart [13, Chp 1, Theorem 2.5]).

Accordingly, the problem (1.1) can be recasted in an abstract form:

Z(t)+ AZ(t) + BB*Z(t) =0, t > 0,
{ Z(0) = 2°,

where Z = (u,r), or, equivalently,

(1.4) { (E)t)) AdZ()t>o,

with A; = —A — BB* with D(A,) = D(A).

(1.3)

It can be shown (see [2]) that for any initial data (u”,r?) € D(A) the problem (1.1) admits
a unique solution
(u,) € C([0,00); D(A)) N C*([0,00); H).

Moreover, the solution (u,r) satisfies, the energy identity

(1.5) E(0)— E(t) = /0 H\/Eu(s)H?N(Q))d ds, forallt >0
with
(16) B(#) = 5 (@), r@)l Ve >0,

where we have denoted

(). 00y = | (ula)o(o) +r@)pla) da )]y = \/ [ () +12@)) aa.

Using (1.5) and a standard density argument, we can extend the solution operator for data
(u®,r%) € H. Consequently, we associate with the problem (1.1) (or to the abstract Cauchy
problems (1.3) or (1.4)) a semi-group that is globally bounded in H.

As the energy FE is nonincreasing along trajectories, we want to determine the set of initial
data (u°,7°) for which
(1.7) E(t) — 0 ast — oo.

Such a question is of course intimately related to the structural properties of the function b,
notably to the geometry of the set w on which the damping is effective. In fact, when the damping
term is globally distributed Ammari, Feireisl and Nicaise [2] showed an exponential decay rate of
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the energy by the means of an observability inequality associated with the conservative problem

of (1.1). Besides, it is also shown that if the damping coefficient is not uniformly positive definite

(i.e ingb(x) = 0) then the system (1.1) is not exponentially stable. In this paper we consider
xE

a damping which is locally distributed over the domain 2 without any geometrical control
condition in particular this including the case when the damping coefficient is not uniformly
positive defined. So we expect to prove a weaker decay rate then given in [2]. More precisely,
we prove a logarithm decay rate of the energy. Our approach is based in the frequency domain
method which consist to prove an exponential loss on the resolvent estimate |7, 6, 10] where the
main tool for establishing a such decay is the Carleman estimate.

The theory of Carleman estimates for scalar equations is rather well developed by now. We
refer to Hormander [14] and Lebeau and Robbiano [17, 18, 19] for the second-order elliptic and
hyperbolic PDE’s and to Isakov [15] second-order parabolic and Schrodinger operators. However,
it turned out that Carleman estimates for systems in more than two variables are difficult to
obtain and still somehow very limited: The first results to systems go back to then Carleman’s
original work [9] which is written for a system in two independent variables, and we refer to
Calderon [8] and Kreiss [16] for more relevant systems. Recently, Eller and Toundykov [11] have
established a Carleman estimate for some first-order elliptic systems. This estimate is extended
to elliptic boundary value problems provided the boundary condition satisfies a Lopatinskii-type
requirement. In this paper we provide a Carleman estimate for a system of first-order which does
not fit into the same framework as that of Eller and Toundykov [11]. Unlike their approach, our
method is based into the Hérmander approach which is essentially based on the sub-ellipticity
condition and the Garding inequality in order to control the non-elliptical regions.

The paper is organized as follows. Section 2 summarizes some well known facts concerning
the acoustic system (1.1). In section 3, we establish a new Carleman estimate needed for the
stabilization problem of the system (1.1). In Section 4, we prove the logarithmic stability for
the system (1.1).

2. Preliminaries

We start with a simple observation that the problem (1.1) can be viewed as a bounded (in H)
perturbation of the conservative system

(2.8) ug+Vr =0, in Q x RT,
' ry +dive =0, in Q x RT,
which can be recast as the standard wave equation
T+t — Ar = 0.

Consequently, the basic existence theory for (1.1) derives from that of (2.8). Hence A, generates
a Cp-semigroup (S(t));>0 in H that is even of contraction because Ay is dissipative (see (1.5)).

The first main difficulty is that the operator Ay possesses a non-trivial (and large) kernel
that is left invariant by the evolution. Indeed if (u,r) belongs to ker A4, then it is solution of
the “stationary” problem

(2.9) Vr+bu=0, divu =0, in €.
Thus multiplying the first identity of (2.9) by T and integrating over 2 yields
/ (Vr @+ blul?)dz = 0.
Q

By an integration by parts, using the fact that u is solenoidal and the boundary condition

u-n=0onT, we get
/VT-Hd:Z::O,
Q
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/ b|u|2dx =0.
Q

u =0 on suppb,

and therefore we obtain

In other words, we have

and coming back to (2.9), we find
Vr =0.
Accordingly, we have shown that
ker Ag = {(u,0) € D(A) | divu =0, u|supps =0, w-n|r = 0}.
For shortness set E = ker Ay and introduce also its orthogonal complement Hy in H.
It is easy to check that
(Ada(w,s), (u,r)) ; =0 for any (w,s) € D(A), (u,r) € E;

in particular, the semi-group associated with (1.1) leaves both E and Hy invariant. Consequently,
the decay property (1.7) may only hold for initial data emenating from the set Hy.

The following observation can be shown by a simple density argument:

Lemma 2.1. The solution (u,r) of (1.1) with initial datum in D(A4) satisfies
(2.10) E'(t) = —/ blul? dz < 0.

Q
Therefore the energy is non-increasing and (1.5) holds for all initial datum in H.

As already shown in the above, the strong stability result (1.7) may hold only if we take the
initial data

(u®, %) € Hy = ker[A4]™".

There are several ways how to show (1.7), here we make use of the following result due to Arendt
and Batty [5]:

Theorem 2.1. Let (T'(t))i>0 be a bounded Cy-semigroup on a reflexive Banach space X . Denote
by A the generator of (T'(t)) and by o(A) the spectrum of A. If o(A) NiR is countable and no
eigenvalue of A lies on the imaginary axis, then , ligrn T(t)x =0 for all x € X.

— 400

In view of this theorem we need to identify the spectrum of A4 lying on the imaginary axis,
and we have according to [2]:

e Suppose that |w| > 0. If A is a non-zero real number, then i) is not an eigenvalue of Ay.
e Suppose that |w| > 0. If \ is a non-zero real number, then i\ belongs to the resolvent

set p(Aq) of Aqg.
Now, Theorem 2.1 leads to

Corollary 2.1 ([2]). Let (u,r) be the unique semi-group solution of the problem (1.1) emanating
from the initial data (u®,r") € H. Let Pg be the orthogonal projection onto the space E = ker[A4]
i H, and let

(’LU, S) = PE(uoa TO)'
Then
[[(w, ) (¢, ) = (w, 8)||lg — 0 as t = oo

We now state the main result of this article. We begin by a proposition on an estimate of the
resolvent.
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Proposition 2.1. There exist C > 0 such that for every |u| > 1, and (f,g9) € H = (L*(Q))4 x

L2,(Q), the solution (u,r) € D(A) of (Ag +iu)(u,r) = (f,g) satisfied

(2.11) ()l < Ce“ N (f,9)]
or equivalently
(2.12) 1(Ag + i)~ oy < CeCM,

We recall the following result.

Theorem 2.2. Let B a generator of a Cy-semigroup (T'(t))i>0 on H, a Hilbert space.
assume

(2.13) |T()| 2y is uniformly bounded with respect t > 0,
(2.14) B + iy is invertible for every p € R,
(2.15) There exists C > 0 such that ||(B + ip) "l gy < CeClH,
Then there exist C; > 0 such that for all u € D(B) we have
[ Bull#
T(t <Ci——,Vt>0
IOl < LB v

One has also, for every k > 1 there exists Cy > 0 such that if u € D(B¥), we have
1B ull 1

T)uly < C —1
IT @l < O et 5

t>0

We

A weak version of this theorem was first proven by Lebeau [17], next Burq [6] gives the precise

statement. We also refer to Batty and Duyckaerts |7] for some generalizations.

On Hy = ker[A4]t, as seen above Ay + iy is invertible on Hy, in fact A4 is invertible on
Hy and Ay + ip is invertible on H for p # 0. The semigroup is bounded as the norm on H is

non-increasing by (1.5). With Proposition 2.1, we can apply Theorem 2.2. We then obtain.

Theorem 2.3. Let (u,r) be the unique semi-group solution of the problem (1.1) emanating from
the initial data (u®,7°) € D(A). Let Pg be the orthogonal projection onto the space E = ker[Ag]

i H, and let
(wa S) - PE'(U’O)TO)'
Then
[[Aa(u®, ) | e
) — < oWe 7 JiA
7)) = (w9l < CR S

or some C' > 0 independent of (u°,r°).
[ » ;

, V=0,

Proposition 2.1 is obtained from Carleman estimates. We need two kinds of such estimates,
first an estimate far away the boundary, second an estimate up to the boundary. Both estimates

are proven in the next section.

3. Carleman estimates

Let  be an open bounded subset of R%. Let (u,r) be a solution of the resolvent problem

(Ao +ip)(u,m) = (f,9) € (L*(Q))* x L7,(€), that is

{ —Vr+ipu = f in Q,

(3.1) . . .
—divu +iur = g in .
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Here we moreover assume that (u,r) are supported in K C € where K is a compact set. Taking
the divergence of the first line and using that divu = iur — g, we obtain
(3.2) — Ar — p%r = ipg + div f in Q.

We have to give a Carleman estimate for the solution of this type of equation. This is done in
Section 3.2. to do that we need some tools on pseudo-differential operators we recall below.

3.1. Pseudo-differential operators. We start this section with some useful notations. If

a=(ay,...,a,) € N* is a multi-index, we introduce the following notation:
Y =& g, 0% =050 .05, D* =D7" ... Dy and ol = o 44y
0
where Dy, = —ia— = —i0y,. We denote by €°(V) the set of functions of class 6> compactly
Ty

supported in V. For a compact subset K of R"™, we note by €°>°(K) the set of functions
in €>°(R") supported in K. The space L?(V) is equipped with the usual norm denoted by
|lullo. For s € N we set H*(V) = {u € 2'(V); 0%u € L*(V) V|a| < s}. The Schwartz space
Z(R™) is the set of functions of € class with rapid decay rate. Its dual, ./(R™) is the
set of temperate distributions. If u € #(R™) its Fourier transform denoted by # is defined

by a(¢) = / e~ W-Su(y) dy where y.& = Zyi&- stands for the euclidean inner production in
R i=1
R™. Let f and g be two smooth functions defined in V' x R™, we define the Poisson bracket

by {f,g} = Z(@Ej [.0,9 — 02, f.0¢;9). And if A and B are two operators we define there
j=1

commutator by [4,B] = Ao B — Bo A.

Definition 3.1. Let a(., .,7) € €°°(R™ x R™) where 7 > 1 is a large parameter, such that for
every muti-index o, B € N™ we have

0208 a(x,€,7)| < Cap (6,7 1P, VzeR" VEER", V7 >1,

where we denoted by (€,7) = (|£|? +T2)%. In this case we say that a is a symbol of order m and
we write a € S™. We call principal symbol of a € S™ the equivalence class of a in S™/S™~1.

We also define S7°° = m S” and SH° = U ST
reR reR
Definition 3.2. We define the pseudo-differential operator of order m by
1 / 2.6 N

e ca(x, &, m)u(€)dé, Vue (R,
o L e ata i) ®")
where a € ST. The set of the pseudo-differential operator of order m 1is denoted by W'. If
A € U, we denote by o,(A) his principal symbol.

T 7

a(z, D, m)u(x) = Op(a)u(z) =

Remarks 3.1. Let s € R for u € /(R"™) we set the following norm
[ullz,s = IAZullo with A7 := Op((&, 7)°).
Hence we can define the corresponding space
HIR") = {u e (R"); [[u]ls < oo}

Theorem 3.1. Let s € R and a(x,&,7) € S, then the operator Op(a) : H: — HE™™ maps
continuously and uniformly for T > 1.

Lemma 3.1. Let m € R and a; € S™~7 with j € N. Then there exist a € S™ such that

N
VN eN, Q—Zaj € gm—N-1,
=0
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We then write a ~ Zaj. The symbol a is unique up to S=°° in the sens that the difference of

J
two symbols is in S;M for all M € N. Hence, we identify ao with the principal symbol of a.

Theorem 3.2. Let a € S™ and b € S™, then Op(a) o Op(b) = Op(c) with ¢ € S™™ which
admits the following asymptotic empansz’on

c(x,&,7) Z m a(w, & m)0;b(x, &, 7).

Theorem 3.3. Let a € S7 and b € S™, then [Op(a), Op(b)] = Op(c) with ¢ € STT™ =1 and
principal symbol

7)€ 7) = +{a b}z 7)

which admits the following asymptotic expansion
1 (0% (0% (0% (0%
C(.’L" 57 T) ~ Z M (65 G(LL', 57 T)ax b(iC, 57 T) - 6& b(.’II, 57 T)ax G(ZE, 57 T)) :

Theorem 3.4. Let a € S,
asymptotic expansion

then Op(a)* = Op(b) with b € ST which admits the following

b(:c,g,T) NZZ\M (9 0y d(m,f,T).

In particular we have o,(Op(a)*) = a.

Theorem 3.5 (Garding inequality). Let K be a compact subset of R™ and a(x,&,7) € ST, of
principal symbol a,,. We suppose that there exist C' > 0 and R > 0 such that

Ream($,§,T)ZC<§7T>m, V(EEK, §€Rn7 7-217 <§7T> ZR
Then for any 0 < C' < C there exists 7. > 0 we have
Re(Op(a)u, u)r2mny > C’Huﬂi%, Vue € (K), 7> ..

3.2. Local Carleman estimate away from the boundary. We set the operator
P(z,D) = —p? — A,
a real values function ¢ and then we define the conjugate operator by
P,(x,D) =e"¥P(x,D)e” "%
where p is a parameter that depends on 7, precisely we suppose that
(3.3) coT < lu| < cpr VT >1,
for some constants cf > ¢ > 0. Then we have
P,(z, D)w = —p*w — Aw + 27Vp.Vw — 72| Vp|>w + TApw
whose symbol is given by
o(P,) = [€|* + 2iVp.£ — T°|Vp|? + A — i
and with principal symbol D, given by
Po(@,&,7) = € +iTV|* — i = [€]* + 2TV £ — 7| Vel* — pi°.
We define the followmg self-adjoint operators

P, + P} P, — P

= d = hid
2 2 and Q1 2

with principal symbols respectively
Q2($7§7T) = |§|2 _7—2|v90|2 _/1’2 and Q1($7§=T) = 2TV§0§
Noting that P, = Q2 +iQ1 and p, = g2 + iq1.
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We assume that the weight function ¢ € €°°(R",R) satisfies the following sub-ellipticity
condition in K a compact set of R, if

(3.4) V| >0in K
V(z,&,7) € K x R" x [1,400); po(x,&,7) =0 = {qo, q1 }(z,&,7) > C¢,7) > 0.
Note that the constant C' does not depend on g assuming (3.3).
Remark 3.1. Noting that
Po(2,6,7) =0 = || = 7%|Vp|? + u? and Vp.£ = 0.
Lemma 3.2. Let ¢ € € (R",R) such that V| > 0 in K. Then for X large enough o = eV

satisfies the sub-ellipticity assumption in K.

Proof. We can assume that v > 0, as we can add a constant to 1) and ¢ is multiplied by a
constant $. Changing 7 in 7/ we can see that sub-ellipticity condition is also satisfied for a
different constant C'. A straightforward calculation shows that

{a2, a1} (@, &, 7) = 47 (€€ + 72 (V)" Vip) .

Using the fact that ¢ = e*¥ then we have
Vo =AVie, ¢ =et) and @y = Aoyl + Nowiy, 1< jk <n,
therefore we obtain
{@2, 01} = 47X°0° (A |VO [ + 72 H(V)0" Vi + Mgl 72 €96 + A7 | 2|V £]?)
Now if p, = 0 then [£]? = 72|Vp|? + p? = 72X2?|Vep|? + 12, which gives that
|72 fey”e > — "] (T2 VI + Mg 2p®) 2 =C7* ([Ve* +A72).
Besides, we have
T (VI > O VY.
Then it follows from these estimates that
{a2, @} > 470%0° (A2 |Vl + 72 LV Vi + [Ap| 72 1€4"€)
> 4N} QP (AT [Vy[* — CT2|Vy|* — CT2A72).

Since V4| > 0 in the compact set K then for A large enough we have {q2,q1} > O\7> > 0. As
|¢] is comparable to T on p, = 0, we obtain the result. O

Lemma 3.3. Let f and g be two real continuous functions defined in K such that f is positive
on a compact subset K of R% and verifies that

VyeK, fly)=0=g(y) > L > 0.
We set hy, = kf + g, then for k sufficiently large then h,, > C' for some constant C' > 0.

Proof. Let yo € K to prove the result we distinguish two cases.

Case 1: We assume [(yo) = 0. Then according to the assumption made in this lemma we
have h,(y0) = g(yo) > L. Then there exists a neighborhood of yg, V;, such that for y € V,,, and
every £ > 0, h(y) > g(y) > L/2. Let Ky, = 1.

Case 2: We assume f(yo) > 0. Since f and g are continuous, there exist V;,, a neighborhood
of yo and C1,C2 > 0 such that f(y) > Cy and |g(y)| < Cs for all y € V,,. Then for all
K> (L+ Cg)/cl, hn(y) > L. Let Kyg = (L+ Cg)/cl

We cover K, by compactness argument, by a finite number of such neighborhoods V., ..., V,_
with associated x; = k,,;. Taking K = max {k;}, we have h,(y) > L/2 on each V,, then on K.
<ji<p

This completes the proof. O
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Lemma 3.4. Let V an open bounded subset of R and x > 0. We suppose that ¢ verifies the
sub-ellipticity assumption on K and we set p, = r(¢3 +q3) +7{q2,q1}. Then for k large enough
there exists C > 0 such that for all (z,£) € K x R? and 7 > 1 we have p,(z,£) > C({&,7)4.

Proof. First we assume |£| large with respect 7, that is |£] > 87 for § sufficiently large, to be
fixed below. We have
pﬁ(xv 5) = H(q% =+ q%) + T{q27 Q1}
2
=k ([P = (Ve + 12))” + 4r7*(Vp.£)® +47° T6p"E + 71 H(Vp) "V

T2 2 2
(35) = n(c, ) (1 _(a +<|§V;P;|2) +412)

> ', T) - Or?E)? - Crt,

(1 + [Vol*) +12)

(€,7)2
If 3 is sufficiently large we obtain C72|¢|? + C7* < C'(€,7)*/2, from (3.5) we obtain p,(z, &) >
C"(&, )4, for C"” > 0. This fixes 3.

2
) + 47 (Vip.£)? + 477 fep"e + 71 1(Vip) ' Vo

if 3 is sufficiently large such that < 1/2 and for some constants C’,C > 0.

Second we assume |£| < B7. As p, is homogeneous of degree 4 in (£, 7, 1), we can prove the
estimate on K’ = {(2,&, 7, 1) € K x RIx [0, +00) xR, |2+ 72+ p? =1, |¢| < BT, cor < |u| <
¢y7} taking into account of (3.3). As K’ is a compact set, we can apply Lemma 3.3 by taking
f=q¢ +qi and g = 7{q2, 1 }. This completes the proof. O

Theorem 3.6. Let Q) be an open bounded set of R™ and ¢ be a function that satisfies the
sub-ellipticity assumption in K. Then there exist 7. > 0 and C > 0 such that

(3.6) T emer(lg + il Vrlg + 7t Y [l Drlg < Cllem Pr3.
a=2

forallr € €°(K), T > 1. and p satisfying (3.3).

This theorem is classical, and we can find in Hormander [14]. Here we give a proof to be
complete.

Proof. Let’s take w = e"%r then Pr = f can be written as follow P,w = g = fe”%. Since
g = Qw4+ 1Q1w and @1 and @2 are symmetric then we have

l9ll5 = 1Q2wl§ + [Quwllf + i(Q1w, Qaw) — i(Qaw, Qrw)
= (Q2Q2w, w) + (Q1Q1w, w) + i(Q2Q1w, w) — i(Q1Q2w, w)

(3.7) = (@2 + Q3 +i1Q2, Qu]) w,w).

We fix k large enough such that the statement of Lemma 3.4 is fulfilled, then for 7 sufficiently
large satisfying x7~! < 1 then from (3.7) we obtain

(3.8) T ((K(QF + Q3) +i7(Q2, Q1)) w, w) < g3

Since the principal symbol of x(Q34+Q3)+i7[Qa, Q1] is given by p, (z, &, 7) = k(g2 +¢3)+7{q2, ¢1}
then from Lemma 3.4 we have p,(z,&,7) > C{£,7)* therefore by Géarding inequality (Theorem
3.5) it follows that

Re (((Q? + Q3) + ir[Qs, Qul)w,w) = ],

Combining this inequality with (3.8) we find

(3.9) T HwllZ 5 < llgllf-
which reads
(3.10) Plwllg + 7IVwl§ + 771 > 1D w|§ < Clle™ £

| =2
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Since we have
e"?Dir = (D; +iT0j0)w, €"?D;Dyr = (D; + i10;¢)(Dy + iTOxp)w,

then we have

(3.11) Tlem#vrllg < C (P llwl§ + 7l VwlF)
and
(3.12) 7Y e Drlls < O | Pllwll + T Vellg + 7 Y Dl
|a|=2 |a|=2
Thus, estimate (3.6) follows by replacing (3.11) and (3.12) into (3.10). This concludes the
proof. O

Theorem 3.7. Let Q be an open bounded set of R?, let K € Q and ¢ be a function that satisfies
the sub-ellipticity assumption in K. Then there exist 7. > 0 and C > 0 such that

Tlle™r(§ + rllem?Vrl§ < Cr* (lle™gll§ + lle™ £115)

for all r € €2°(K) which satisfies (3.2), 7 > 7. and p satisfying (3.3).

From this theorem we can deduce this corollary.

Corollary 3.1. Let Q be an open bounded set of R?, let K € Q and ¢ be a function that satisfies
the sub-ellipticity assumption in K. Then there exist 7. > 0 and C > 0 such that

Tllem?ullg + 7 lemrl[g + Tlle™ Vrll§ < C7 (e gllg + lle™ £1I5)
for all r,u € €°(K) which satisfies (3.1), 7 > 7. and p satisfying (3.3).
Proof. As r satisfies (3.2), with Theorem 3.7, we only have to estimate 73|/e”#ul|3. From the

first equation of (3.1) we have 73|[e™?ul|3 < 73||e™?u =1 (f + Vr)||3, which gives the result using
(3.3). O

Proof of Theorem 3.7. We set P, = e"?Pe™ "%, w = e™%r, F = —e"?f and G = iue™%g +
7e™?V.f. Then from (3.2) we have
P,w =G +div(F).

Let Ky be such that K € Ky € Q and let x € €>°(K;) be such that y = 1 on K. Setting
v = xA7'w with A, = (12 — A)'/2 and we write

Pyov = XA Pow + [Py, x AL w = xAZH(G + div(F)) + [Py, XA,
then we find
(3.13) [Povllo < C (r7HIGllo + 1 Fllo + llwllo) -
Applying Estimate (3.9) in the proof of Theorem 3.6 to v then we obtain
%[0z < C|[Pyvlo
We have v = A7 1w + [x, A7 w then ||w|;1 < ||v]lr.2 + ||w]lo. That together with (3.13)
1 _
T2 Jwll-1 < C (7 Gllo + 1Fllo + [lwllo) -

Multiplying by 7 which is chosen sufficiently large then we obtain

1 T T

T2 ||lwllry < C(IGllo + 7l[Fllo) < C7 ([[e™gllo + l[e™ fllo) -

As ||wl|+,1 is equivalent to 7||e™?r||o + ||e7?Vr||p arguing as in the proof of (3.11) we obtain the
result of the theorem. O
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3.3. Local Carleman estimate at the boundary. In this section because the boundary,
we use a tangential pseudo-differential calculus. This calculus is completely analogous to the
one presented in Section 3.1 except that a function a(z’,z4,&’) is a symbol in (2/,¢’) in the
sense of Definition 3.1 where x4 is a parameter and the estimates given in Definition 3.1 are
uniform with respect z4. To avoid confusion we denote by ST’ the class of tangential symbol
of order m, Op(a) the operator associated with the symbol a € S7*.. The class of operators
associated with symbols in S7* is denoted by Wi . We refer to [20] for details on these symbols
and operators. We consider functions in a half space R9~! x (0, +00) = R4, and we denote
by |||+ = H'”L?(Ri) the L?-norm and (.,.)4 = (.,.)LQ(Ri) the associated inner product. At
the boundary x4 = 0 we denote the L?-norm by |g|* = [p._. [g(2")|?dz’ and the inner product
associated by (.,.)o = (.,.)r2ma-1y. A set W = w x T in R? x R?~! x Rt is called a conic
open set, if there exist w an open set in R?, and T an open set in R%! x RT such that for all
(§,7) € I'and A > 0 then (X', A7) € T'. For s € R we denote by A} _ the tangential operator
defined by A% . = Op(({',7)°).

We recall the following microlocal Garding inequality obtained, for instance, by applying
sharp Garding inequality.

Theorem 3.8 (Microlocal Garding inequality). Let K be a compact set of R% and let W be a
conic open set of RT x R4~ xRt contained in K x R~ xR*. Let also x € S%T be homogeneous
of order 0 (for (¢/,7) > 1) and be such that supp(x) C W.

Let a(x,&',7) € ST, with principal part a,, homogeneous of order m. If there exist Co > 0
and R > 0 such that
Ream(xuglaT) 2 CO <§/7T>m7 (x7§I7T) S VV7 T E [17+OO)7 <§Ia7—> 2 R7
then for any 0 < Cy < Cy, N € N, there exist Cy and 1. > 1 such that

Re (Opy(a)Opy(x)u. Opr (X)u) , > C1l[ATL20p;(x)ull2. — Cw A7 Y ul2,
foru e (R and 7 > 7.

As we want to change the variables in order to have a flat boundary which is convenient to
do the computations, we use the language and usual tools of Riemannian geometry. In this
framework the gradient and divergence operators keep forms we can follow after a change of
variables. Our purpose is to use these tools locally and we do not use manifold tools as charts,
atlas and etc. To fix the notation, let V' be an open set in R9. Let g(xl)‘: (945 (x))lgmgd be a
positive symmetric matrix called the metric, we denote by g~ 1(z) = (g” (x))l <ij<d the inverse
of g(x). For a smooth function 7, we denote by (V,r(x))" = di<i<d 9" (x)8,,7(x) the gradient
of r. We have V,r(z) € TV, this means that V,r is a tangent vector field.

For u(z) = (ul (2),... ,ud(x)) a smooth tangent vector field, we define the divergence operator
by

divgu(z) = (det g(z)) /2 Z Oz, (( det g(z)) l/zuj(:zr)) .
1<j<d
For a smooth function » and a smooth tangent vector field u, we have
(3.14) divy(ru) = rdivyu + g(Vyr,u), where g(Vr,u) = Z gii (Vyr) 'l
1<i,j<d
For two smooth functions r; and ro we have

(315) Vg(rlrg) = ’f‘1ng‘2 + rgvgrl.

It is well-known that there exist coordinates (called normal geodesic coordinates) such that the
boundary is defined locally by x4 = 0, the open set 2 NV is defined by x4 > 0, the metric g is
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such that g;q = ga; =0 for i =1,...,d — 1 and, gqqa = 1. We denote by § = (gij)1<i,j<d—1 the
metric g on x4 fixed.

We can define on each manifold x4 = const the gradient and divergence operators associated

with ¢ and for r a smooth function and @ = (u',...,u%"!) a smooth vector field on z4 = const,
we have
(Vor)t = Z 970, rfori=1,...,d—1, divya = (det g)~Y? Z O, ((det §)1/2uj>-
1<j<d1 1<j<d1

In such coordinates, we have det ¢ = detg. The gradient and divergence operators take the
following form.

3.16) V,r = (Vir,0,,7), divyu = divg @ + 0y, u? + hu?, where h = (det § 129, det g 172,
g g d g ) d d

We recall that the equation of the resolvent problem (Ag + ip)(u,7) = (f, g) locally takes the
form

—V,r +ipu = fin x4 > 0,
(3.17) —divgu +ipr =g in xq > 0,
u? =0 on x4 = 0.
We have the following theorem

Theorem 3.9. Let xp € R4 x {0}, we assume there exist a neighborhood of xo where ¢
satisfies (3.4) the sub-ellipticity condition and 0y,(x¢) > 0. Then there exist Vi be an open set
of R such that x¢ € Vo, C >0, and 7. > 0 such that

7217 r ol + T2l + TR e T el < O (€T F Il + e gl ),

for u,r € €= (R?) supported on Vo, satisfying (3.17), for every T > 7. and p satisfying (3.3).

Let v = e™u and w = e"¥r. We have from (3.14) and (3.15)
Vyr = e T (Vyw — TwVe),
divgu = e 7 (divg v — 79(Vye,0)).
Then System (3.17) takes the form
—Vyw + 717wV +ipv = F in xq > 0,
(3.18) —divgv + 79(Vp,v) +ipw = G in x4 > 0,
v!=00onz4=0,
where F' =€"? f and G = e"¥g.
In the following, we denote by F = (F',...,Fi= Y and by o = (v!,...,v%1), then we have
F = (F,F?%) and v = (9,v?). Multiplying (3.18) by i, we have
—iVzw + iTwVip — o = iF in zq > 0,
(3.19) —z:agfdw—l—iT.wf?mdgoiuvd.: iF?in x4 > 0, -
—idivy v +i7G(Vyp, 9) + iTv%0,, 0 — pw = iG in x4 > 0,
v =0 on zg =0.
For this system we prove the following Carleman estimate.

Proposition 3.1. Let 29 € R9™! x {0}, we assume there exist a neighborhood of xo where ¢
satisfies (3.4) the sub-ellipticity condition and 0y,p(xo) > 0. For s € R, there exist Vi be an
open set such that xo € Vo, C >0, and 7. > 0 such that

+1/2 -
AT 2y, ol + T2IAS ol + 2 AT ] < C(IATFlls + A3, G,

for v,w € .Z(R?) satisfying (3.19), supported in Vi, for every 7 > 7. and u satisfying (3.3).
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From this proposition we deduce Theorem 3.9 taking s = 0. Indeed we have 7'/2|w),,_o| <

|A$)/T2w|wd:0| and from (3.17) we have
T2 Nl S 1€ (Nor — dpu)ll o+ T 2 e ully S e S 1 4 T2 el
from (3.3).

We begin by reducing the system in a 2 x 2 system. We denote by (’ € S’{T the tangential
symbol of the operator —iV; + i7Vz. We have

G= Z g (& +i10y, ) fori=1,...,d— 1.
1<j<d—1
Let Op;(0) := —idivg +iTg(Vzp,-) where § € S7 . The principal symbol of the operator § is
(& +i702,, ..., €a—1 + iTOs,_, ) modulo symbol in S? .. The first equation of (3.19) reads
Op+(¢")w — pv = iF. Applying in both side of this equation the operator Op;(d), we obtain

(3.20) Op(6)8 = —ip~ ' Opr(8) F + = Op(8)Op (¢ uw.
From (3.16) we have

—idivy v+ it§(Vp, ) = Op; ()0 — i0,,0% — ihv®
= Dy v" — i Opr(8)F + i~ Opr(8)Opr (¢ )w — iho®.
From this equation and second and third of (3.19) we obtain two equations on w and v?, that is
(3.21)
Dy w + itwd,, o — pvt = iF4in 24 > 0,
Dy, v 4+ = 0p;(8)Opy (¢Nw — pw + iTv%9,, 0 — ihv? = iG +ip = Op;(8)F in x4 > 0,
v =0on x4 =0.

Let U = (w,v?), the system (3.21) has the form
D,, U+ BU = H, where H = (iF%,iG + = *Op(0)F),

and B is a tangential matrix operators with principal symbol

b= ( iTazd<P ) —H )
p (e, &) —p im0, 0)°

modulo p~'S7 ., where ¢(z,¢') = Z 97 (2)(& +i105,0(2)) (& + i70x,¢(x)). The char-
1<i,j<d—1

acteristic polynomial of b is given by P(\) = (A —i70,,0)> + ¢ — p?. Let a € C such that
a? = g — p? with Rea > 0. The definition of « is ambiguous when ¢ — 2 < 0 but in this case
if ¢ — p? < 0 the root are simple and the analysis below is independent of the choice of root. In
particular the roots are smooth, or if ¢ — 12 = 0 the root is double and below, we give a specific
analysis in this case. The root of P(\) are i70,,¢ £ i« and the analysis in what follows depends
on the location of roots in complex plane. We have the following result, denoting s = t?> where
t,s € C we have for ro > 0,

=

(3.22) | Ret| § ro <= 4rZRes —4rj + (Ims)? = 0.

Indeed, let t = x+iy, we have Re s = 22 —y? and Im s = 2zy, we obtain 472 Re s— 473+ (Im 5)? =
4(r¢ + y*)(2® — r3) which gives the result.

From (3.22), we obtain that | Re o § 7|0x, ] is equivalent to

(3.23) 47%(05,)*(Req — i) — 474(95,0)" + (Imq)? S 0,

VIIA
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where, from the definition of ¢, we have

Req(e, &)= 3. ¢7(@)(6& — ™0n, ()0, 0(x)).

1<i,j<d—1

ImQ(xvgl) =T Z g”(m)fjamlgo(x)

1<i,j<d—1
We prove a microlocal Carleman estimate.

Lemma 3.5. Let xg € R x {0}, we assume there exist a neighborhood of xo where @ satisfies
(3.4) the sub-ellipticity condition and O.,p(x¢) > 0. Let (&),70) € RI™!L x R* be such that
101? + 73 = 1. There exist W be an open conic set of (xo, &y, 70), X1 € SY, be an homogenous
symbol of order 0 for (§',7) > 1 supported in W and x1 = 1 in a conic neighborhood of (zo, &}, T0)-
For s € R, there exist C' > 0, and 7 > 0 such that
1/2 _
ATEY 20D (x1) W) ,=o| + 7V/2[1A%,,Opr (X1 )vll+ + 772 AT Opy (X1 )|+
< C(IAL, Flly + 185, Glls + A wly + A3, v7])4),

for v,w € .Z(R?) satisfying (3.19), for every T > 7. and u satisfying (3.3).

This lemma implies Proposition 3.1 as we can cover (¢/,7) = 1 by a finite number of open
sets given by the statement of Lemma 3.5.

For the proof of Lemma 3.5, we distinguish two cases, o # 0 and o = 0.

Assume that «(zo,&),70) # 0. By continuity and homogeneity in (£/,7), @ # 0 in a conic
neighborhood W of (0,&), 70). Let xo € 52, be an homogenous symbol of order 0 for (¢, 7) > 1
such that yo = 1 in a conic neighborhood of (xg, &), 70), supported in W and x; supported on

xo = 1. Writing
b iTOp, 0 —H
pwta? itdy,p)
the left eigenvector associated with i79,,p+ia (resp. iT0,,p—ia ) is (—ic p) (resp. (ia  p)).

Let & = xoo, as « is a smooth homogenous function of order 1 in W, & € St .. Recall the
notation A% = Op((¢',7)%), according with the above algebraic computations and with the
left vector found, we define

(3.24) { 21 = —i770pr(@)Opr (xa)w + phr - Opr (x2)v
23 = 1A :Opr(@)Opr(x1)w + pA7 - Opr(x1)o®.

As v =0 on 24 = 0 we obtain 21 + 22 = 0 on #q = 0. Applying +iA7~Op;(&)Op(x1) to the
first equation (3.21), pAT, lOpT(xl) to the second equation and summing up, we obtain
(3.25) Dy zj + Opr(it8,,0 + (—1)7id)z; = H; where

I3 Hle S IASFO0 o+ AS, Gl + A%, By + 1A ]y + 1A3, 07
We compute
(3.26) 2Re(H,,iA3F'25) 1 = 2Re(Dy,zj + Opg (i85, + (—1)7id) 25, iAT T 25) 4

= (AT (2)) jmumo? + 2Re(AX 1 ODy (70s, 0 + (— 1)) 25, 25) 1,

using that
(3.27) 2Re(Dg, h, iAFh) 4 = |AY hyy,—ol?,
for h € Z(RY).

If j = 2, we have 70,,¢0 + Rea 2 7+ || in W. Let x2 € 59 supported in xo = 1 and
x2 = 1 on the support of x;1. From symbolic calculus we have

(3.28) 1A% - (22 = Opr(x2)22) I+ S IIA7 w4 + AT Y v |
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Then the tangential Garding inequality of Theorem 3.8 applies and we have
2Re(AT 0Py (705, + G) 22, 22)+ > C1l[ AT 22|} = On (A7 wIf + |A7 T 0?)13).
From (3.26), we then deduce

(3.29) 2Re(Hy,iA¥} ! 20) . >
Cr(IATE 2 (22) gm0 + [AH 22]2) — On (IAT N wlf + AT )12),

for C7 > 0, for every N > 0 and C'y > 0, uniformly with respect to 7 chosen sufficiently large.
This implies

(3.30) ATEY2(20) jmumo| + AT H 201+ S AT Hlly + IIAT N w]l 4+ A7 Y vl
Lemma 3.6. Assume that o # 0 in W.

If Reaw — 0,0 # 0 on W, we have
(3.31) I AsE 2l < O A3 H s + AT 2 (20) jaamol + A5 0]l + A3 0]14),
for some C > 0.

IfRea — 70y, = 0 at (x0,&),70), we have
(332) | ATEZal < Ol AL Hlls + AT (200l + 1A% 2wl + A7 %),

for some C > 0.

Proof. We have to distinguish three cases, that is | Re o § 7|0z, at (zo, &), T0)-

o If |Rea| < 7]0y,¢|, from (3.23) this is equivalent to
47%(05,0)*(Req — p*) — 474(05,0)" + (Im ) < 0.

We have 70,,p—Rea 2 7+|¢'| in W. Then we have the same computations as in (3.29)
and (3.30), and we have

AT 2 (1) famol + AT 2114 S AT H 4 + (AT N wlly + [[A7 Y o)+

which is a better estimate than (3.31).
o If |Rea| > 7|0y, |, from (3.22) this is equivalent to

47%(05,0)*(Req — p*) = 474(05,0)" + (Im ) > 0.

Observe that this case contains the case where 79 = 0 as [¢}| = 1, and in W we have
a(,€,7) > cl€]? and [¢/] > 7.

As =70, p+Rea 2 7+|¢'| in W, from (3.26), we can introduce a cutoff as in (3.28)
to apply the tangential Garding inequality of Theorem 3.8, we deduce

—2Re(Hy, iA% T 21) o + AT 2 (1) joumol® 2 1A5H 2013 — On (IAT N w]? + AT Y )12),
and then
s s+1/2 _ _
1A 21l S AT Hll+ + (A2 (21) fpamol + IIAT Y w]l s + AT |,

which implies (3.31).
e If Reaw = 70, at (z0,&),70), from (3.22) and as Rea and 9,,¢ are positive, this is
equivalent to

4T2 (awd(p)2(Req - /1'2) - 4T4(a$d(p)4 + (Im Q)Q = 07 at (:I:Oa 667 TO)'
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We use Carleman technics to obtain an estimate. Before doing that we must translate sub-
ellipticity assumption (3.4) on p, on analogous condition on «. First observe that

Po(x,&,7) = (€4 + iT02,0)* + a2 = (Eq + iTOp, 0 + i) (Eq + iTOr, 0 — iV).

As 11905, p(x0) — ia(z0, &), 70) € R, pp, = 0 is equivalent to & + i70,,¢ — ia = 0. Noting that
10,0 + iov & R thus &g + i70,,0 + i # 0 in W. Second, for a smooth function ¢ = ¢, + i¢;
where ¢, g; are real valued, we have {¢, ¢} = 2i{¢;, ¢-}. Thus on p, = 0 we have

(P, P} = [€a + iT0n,p +ia* {€q + iTOr,p — iar, Eq — iTOy,p + 00}
= 2i|¢4 + 17020 +ia)?* {10, — Rea, &g + Im a}.
Thus sub-ellipticity condition reads in W, there exists C' > 0 such that
(3.33) o+ 1m0p,0 —ia=0= {4+ Ima,70,,0 — Rea} > C(, 7).

At (20, &), 70), observe that we can choose &g such that £+ Ima = 0 and as 790, — Rea =0,
the condition (3.33) means, by continuity and homogeneity, there exists C' > 0 such that

(3.34) {&a+Ima, 70,0 — Rea} > C,7) in W,
eventually shrinking W.
Let

A= = (Op(iT8y,p — i) + Opr(iT0z,p — id)*),

N =

1 . . . N
B = % (Opr (705, — i@) — Opy (T, — i@)*).
We have A = A*, B = B*, Op(iT0,,¢ — i&) = A+ iB, and principal symbol of A is Im & and
principal symbol of B is 70,,¢ — Re .
Now from (3.25) we compute for z = Op(x0)A7 .21
(3.35) I(Day + Opr(i705,0 = i@)) 2|13 = [[(Day + A) 2|13 + B[
+ 2Re ((Dmd + A)z, iBz)
+

We have

2 Re (Dggdz,iBz)Jr = ([Dmd,iB]z, z)Jr + (B2|2,=0 Z|zy=0)a-
As the principal symbol of B is 70, — Re &, we obtain
(3.36) 2Re (Dy,z, z'Bz)Jr > Re (i[Da,, Opr(70z,9 — Re @]z, z)+

+ Re(Op1 (702,90 — Re @) 2|z,—0, 2|z,=0)0 — C’Hz”?F - C|z‘md:0|2,
for some constant C' > 0. We also have
2Re (Az,iBz)+ = (i[A,B]z,z)+ > Re (i[Op(Im &), Op(70z, ¢ — Red)]z)+ - C|lz|I3.

Then from this estimate and (3.36), we obtain

(3.37) 2Re ((Dzd +A)z, iBz) > Re (i[Da, + Opy(Im &), Opr (18,9 — Red)]z, 2) ,
+
+ Re(OpT(Taﬂﬁd@ —Re 6‘>Z\md:0a Z|md:0>8 - OHZ”?i- - C|Z\md:0|2'
The principal symbol of i[D,,, + Op;(Im &), Op (7., — Red)] is {4 + Im o, 70,0 — Re v},
then from (3.34) and microlocal Garding inequality of Theorem 3.8, we have

(3.38)  Re (i[Dy, + Opr(Ima), Opy (70, — Red)]z, 2) | > C1f| AY/22||2 — On[|ATY 2 3.

We have
-~ 1/2
(OPr(Tssp — Re @)2j0y05 Zwa=0)a] S IAT 2 2100l
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then from (3.35), (3.37) and (3.38) we obtain
(3.39) I AYZ2 04 S 1[(Day + Opr(i70,p — i) 2|, + A7 210,m0] + AT Y 21|+,

as we can absorb the remainder term ||z||3 by the left hand side. Recalling the definition of z;
given by formula (3.24), the symbolic calculus yields

1/2 s s+1/2 s—1/2 s—1/2
IATZ0Dr (x0)A% 21 = ATE 2214 S IIAT Pl + [1AT 0.
From z = Op;(xo0)Af .21, we deduce

(3.40) AT 22y S I A2 2l4 + AT 2wl + A5 20 4.

Symbolic calculus also gives

(3.41) [(Day + Opr(i70n,0 — i) 2|, < MG Hlls + [AF w4 + [|AF 074,
and

(3.42) AT 2 2100l S AT (21) jgamol-

Then from (3.39)—(3.42) we obtain
(3.43) 1Al S IAR Al + AT (@m0l + 1A%yl + 1A%, 0,
which is (3.32). This achieves the proof of Lemma 3.6 as we have treated the three cases. [

We can prove Lemma 3.5 in the case a # 0.

If Reaw — 0,0 # 0 on W, from (3.30), Lemma 3.6, and as z; + z2 = 0 on 24 = 0, we deduce

ATE (22)1wamol + AT 22l + A5 21+

< IS Hall s + A3, Hy s + A% wlly + A%, o]l
From (3.25) we deduce
s+1/2 s s s s s I
(344)  [ATEY 2 (20) mumol + NS 2014 + 1A 20 e S 1A%, Gl + A5 FOl 4 + (A3 P+
145,07y + 145, 0]l

We have from (3.24), 21 + 22 = 2uA7 +Opy(x1)v? and from (3.3) we deduce
(3.45) 7IA%, O Oe )l < [llIAS, Opr (x1 vy S IIASH 14 + ASH 2 ]+

We have Opy(@)*As A5 Opr(@) = Opr((¢',7)**G?) modulo an operator of order 2s +1. As &
is not 0 on the support of X1, the tangential Garding inequality of Theorem 3.8 yields

1A% -0p+(&)Opr (x1)wll+ + AT Y wll4 2 AT - Opr (x1)wll+,
for every N > 0. From this and as zo — 21 = 2iA{lOpT(6¢)OpT(X1)w from (3.24), we deduce
(3.46) AT O (xa)wll+ S AT 2alls + AT 224 + [IAT Y]]+
From the first equation of (3.19) and from (3.3) we have
TA3 O (x1)8ll+ S IIAF5 Opr (xa )wll+ + AT Fll+ + [|AT -]+
(3.47) S AT 2l + AT  2oll4 + AT - Fll+ + AT fwll+

From (3.24), (22)jz,—0 = iA{TOpT(&)OpT(Xl)w‘M:O, arguing as from above and using the
Garding estimate of Theorem 3.5, we have

(3.48) AT 20D (X1 )wj—ol < IATE (22) 0l
From (3.44)—(3.48) we obtain Lemma 3.5.
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If Reaw — 70,0 = 0 at (x0,&), 70), adding (3.30) to £(3.32) for € > 0, we deduce
AT 2 (2 wamol + IATE P2l 4 + AT 22
< 103, Hals + el A3 Hi Ly + 183, + 45,007 + el (1) o]
From (3.25) and as 21 + 22 = 0 on x4 = 0, we deduce for € small enough tat
(349) AT (22) wamol + AT 2ol + AT 220+
SIAGGlly + A5 Fl4 + A5 Flly + 185 0% 4 + 185wl +-

We have from (3.24), 21 + 20 = QMA{lOpT(Xl)vd. Let x2 € SY . supported in xo = 1 and x2 = 1
on the support of y;. From symbolic calculus we have

||(OPT(X2)AS+3/2 (AT Opr (x1)od) — A5 20p () ol |+ S AT Yo

As OpT(xz)As+3/ ~1 is an operator of order s + 1/2 as |u| and |¢{'| are comparable on the
support of x2, we deduce
(3.50)

s+1/2 s+1/2 s+1/2 _
TV2)A3, Opr (x)vlll+ S A0 ()t ll+ S AT 2ol + 1A 22l + AT Y 0?4

We have 77 'Opy(@)*As (A3 Opr(a) = 77 'Op;((¢',7)?*@?) modulo an operator of order 2s.
As @ is not 0 on the support of x1, the tangential Garding inequality of Theorem 3.8 yields

77 2)|A3 ,Opr(@) Oy (x1)wll+ + IAT Y wll+ Z 772 AT Oy (1wl

for every N > 0. From this and as 2o — z; = 2iA7 ~Op;(&)Op;(x1)w from (3.24), we deduce,
using symbolic calculus and x2x1 = X1,

(3.51) 7 2ATHOpr (xa)wll+ S AT Opr (x2) AT 1 OPr(@) Opr (xa Jw [+ + | AT Y el
SIATE 2aills + AT 22l + A7 Y wll
as T_l/zAiﬁ.lOpT(xz) is an operator of order s + 1/2.
From the first equation of (3.19) and (3.3), we have
(352 rV2A%, Opr ()il S IAFE A7 20p, (crJulls + A5, Pl + A5 s
SIATE P+ IATF 22l + 1A% cwll 4+ A5 Fl
from (3.51).
From (3.24), (22)|z,—0 = iA{lOpT(&)OpT(Xl)w‘wd:O, arguing as from above and using the
Garding estimate of Theorem 3.5, we have
(3.53) |AS“/2OpT<xl>wm ol S IAT 2 (z2) ngmol-
From (3.49)—(3.53) we obtain Lemma 3.5.
Now we consider the case ¢—u? = 0. Let ¢ > 0, we can shrink W such that |¢—p?| < (¢, 7)?

in W. Note that |u| ~ 7 ~ [¢'| on W. Let x1 be the cutoff defined previously supported on W
and xo supported on W and xo = 1 on the support of x;. By symbolic calculus we have

(3.54) Opr(x1)Opr(8)Op+(¢’) = Op(8)Opr(¢")Opy(x1) + [Opr(x1), Opr(6)Op+(¢")]
= Opr(9)Op+(x1) + Op+(r1)Op+(x1)
+ Op+(x0)[Op+(x1), O (8)Op+(¢")] + Opr(r—n),
where 1 € S’%)T and r_y € ST_iV Observe that p=1y; € S’T_}. for j =1,2.
From (3.21), (3.54), and by symbolic calculus we have
Dy, Opr(x1)w +i7(9s,9)Opr (x1)w — pOpr(x1)v? = Hy in 24 > 0,

D, Opr(x1)v? + 1 Opr(q — 1) Opr(x1)w + i7(Dry0)Opr(x1)v? = Hy  in x4 > 0,
vt =0 on zg =0,
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where
(355) NS H s < Ce(IA3 Fl + A5Gl + A5 il + 1470 + 1A, P,
for j = 1,2 with C; depends on €. We compute
(3.56) 2Re(Hi,iAT ' Opr(x1)w)+

= 2Re(Dy, Opr(x1)w + i7(92,0)Opr(x1)w — pOpr (x1)v?, iAF5 Opr(xa)w) -
By microlocal Garding inequality of Theorem 3.8 we have, using 7 ~ [£'| on W
(3.57)  2Re(i7(r,0)Opr (x1)w, iAF5  Opr(x1)w) 4 > Col| AT Opr(xa)w|} — Cn[|AT Y w|?
for Cy > 0, for all N > 0 and Cy > 0.

From this, (3.27) and (3.56) we obtain

(3.58) 2Re(Hi,iAT ;' Opr(x1)w)+
> AT 20D (X1 wpe—o |+ C1 AT Oy (x1 )|} = 12Ca [ A3, Op (x1)0? |3 — O || A7 N w2,
for C7, Cy >0, for all N > 0 and Cn > 0.

We then obtain
(3.59)  [ATH20pr (x1)wpe,mol® + A5 Opr (x1)wl|2. < 12C5)| A3 Opr (x1)v? 12
+ Co (A5 Fly + 1A Glly + 1A% cwll s + 1A% 0% + A5 Fll ),
for C3 >0, for all N > 0 and Cy,C: > 0.

Now we compute

(3.60) 2Re(Ha,ipA?> Opr(x1)v?) 4 = 2Re(Dy,Opr(x1)v?, ipAT>, Opr(x1)v?) 4
+2Re(u” 1OpT(Q)0pT(X1)w — 1OPr (x1)w + i7 (82, 0) O (X1 )07, 1A% Op (X1 )0 ) 4
From (3.27) we have 2 Re(D,,Opr(x1)v?,iA%5 Opy(x1)v?) 1 = 0 as v? = 0 on z4 = 0.
As Ce2 (¢, 1) = 2(q — p2)? > 2(¢',7)%, on W with C > 0, using that 7 ~ |u| ~ |¢/|, we
have by microlocal Gardlng inequality of Theorem 3.8
2Re(n~"Opr(g — #?)Opr (x1)w, AF 1~ Opr(g — 1%)Opr (x1)w) +
< Cue®[ATE Opr(x1)wl[} + On el A7 Y wlf3-
Then we have
(3.61) 2Re(u'Opr(q)Opr (x1)w — pOpy(x1)w, inAT>, Opr (x1)v?)+
< elp|Cs]| AT, Opr ()0 |1+ (AT Opr (x1)w|+ + On el A7 Yl +),
for C5 > 0.

From microlocal Garding inequality of Theorem 3.8 and as 9,,¢(x¢) > 0, we have
(3.62)
2 Re(i7(9z,%)Opr (x1)v?, inAT% Opr (x1)vh)+ = 12Cel|A7 Opr (x1)v? 1} — On[|A7 Y03,

where Cs > 0 is independent of ¢, for all N > 0, Cy > 0.
From (3.55) and (3.60)—(3.62) we obtain
2 A7 -Opr (x1)v? I3 < |uleCal|AT - Opr (x1)v? [+ (IATH Opr(xa)wll+ + OnellA7 Yl +)
s 2
OIS A8 G+ (Nl + A5+ A5 )
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We deduce
#2(IAF - Opr (x1)v? |2 < e2Cr (A5 Opr(xa)wl%)

s s s s s I 2
(3.63) £ (IS F Ly + 185, Gl + 185 0l + 145,074 + 145, FL4)%

By the linear combination (3.63)+¢(3.59) and fixing e sufficiently small, from (3.3) and 7 suffi-
ciently large, we deduce
s s+1/2 s

(3.64) 7 A3,Opr(x1)vll+ + [ATH20Dr (x1)wjayo| + [IATS ODr (1)l

SIATFo4 4+ A3 Gy + AT pwll + AT 0%+ + AT L F 1+
From the first equation of (3.19) and from (3.3) we have
(3.65)  7]|ATOpr(x1)0ll+ S IIATH Opr(xa)wll+ + AT Fll4 + [AF ;w4

SIAT A Fs + A3 . Gll4 + AT APl + 1A% jwll4 + A7 07+,
from (3.64). From (3.64) and (3.65) we obtain Lemma 3.5 in the case a = 0.

4. Logarithmic stability

The exponential estimate of Proposition 2.1 is the consequence of the two following results.
First a global Carleman estimate with an observability term and second an estimate of the
observability term coming from the dissipation.

Let wo and wy be open sets such that w; € wy € w, and, from (1.2), we have b(xz) > b_ >0
for x € w. In what follows we denote by ||.[[o := ||.||L2(q)-

Theorem 4.1. Let Q be an open bounded set of R? with smooth boundary. Let ¢ € € (R?) be
a function that satisfies the sub-ellipticity assumption in Q \ wi. Then there exist 7, > 0 and
C > 0 such that

242 el < © (rllemgllo + 7€ flo+ 721 oy + 72 e P uloguny)
for all u,r € €>°(Q) which satisfies (3.1), u-n|pr =0, T > 7., and u satisfying (3.3).

Remarks 4.1. [t is classical that there exist ¥ such that O, (x) < 0 for x € 9Q and Vi # 0
forx e ﬁ\wl_(see Fursikov-Imanuvilov [12] ). From Lemma 3.2, ¢ = eV satisfies sub-ellipticity
condition in Q\ wy for X sufficiently large. In what follows we fix such a function .

Proposition 4.1. Let (u,r) € D(A) solution of (Aq+ iu)(u,r) = (f,g) € H. Then we have

(4.1) il [Voull§ < Cll(w, ) el (£, 9) 1
71120y < CllCw, D EIE ) a,

for some constant C > 0.
From these two results we are able to prove Proposition 2.1.

Proof of Proposition 2.1. Noting that the resolvent problem (A —iu)(u,r) = (f, g) is written as
follow

Vr+ipu=f—bu in )

div(u) +iur =g in Q

u.n =0 on I
This allows us to apply Theorem 4.1. So let Cy = max, g ¢(x) and C; = min 5 e(z) we
deduce from the Carleman estimate of Theorem 4.1 that

(4.2) I7llo + lullo S =7 (llgllo + ILf + bullo + 17[l 22 (wo) + Il 2(0)) -
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Taking 7 = |u|/co accordingly with (3.3), by the estimates of Proposition 4.1 and as [|bullo <
|vbul|o, we have

(4.3) )l S CeR (10 )l + 11w ) N 911
which yields ||(u, )|z < eX'1#|(f, ¢)|| . This is the sought result. O

Proof of Proposition j.1. From equation, we have —Vr + ipu — bu = f taking the inner product
with u, we obtain —(Vr,u)+iu||u|?— (bu,u) = (f,u). Integrating by parts, we have —(Vr,u) =
(r,divu) as u-n = 0 on 0. Using the second equation — div u + iur = g, we have —(Vr,u) =
(ryipr — g). We thus obtain

—ipllr* = (r,g9) +ipllull® = (bu, u) = (f, ).

Taking the real part of this equation we have |u|[|[vbul|? < |(f,u)| + |(r,¢)|. This implies the
first estimate of (4.1).

Let x € €>°(RY) such that x(z) = 1 for z € wy and y supported in w. Taking the inner
product between —divu + ipr = g and x?r, we obtain (—divu, x*r) + iu|xr||* = (g, x*r).
Integrating by parts we have (—divu, x>r) = (u, x>*Vr) + (u,2xrVx) and by equation —Vr +
ipu — bu = [ we have

=il xul® = (u, x*bu) = (u, x*f) + (u, 2x7Vx) +ipllxr|* = (g,x%r).
Taking account that b > b_ in w, thus on the support of y, we have
el 1 S G ) L G @)l + IV Xl + Ll xul® + 1 voul.

We can estimate ||uVy|| and || xu|| by ||vbu|| and by the first estimate of Proposition 4.1 we
obtain the second estimate. 0

Proof of Theorem 4.1. Let zo € Q\ wy, from Corollary 3.1 if 2y € Q or from Theorem 3.9 if
xg € 02 we obtain, in both cases, an open neighborhood (in R?) of 2, V such that

(4.4) T2 emrlo + 702 e ullo < O (rllemgllo + 7™ fllo)

for u,r € €>°(V). By compactness of 2\ w; we can find a finite recovering (V;);cs of Q\w;. Let
(X;j)jes be a partition of unity subordinated to (V;);es such that >, ; x;(z) = 1forz € Q\wi.
Let u; = xju and r; = x,;r where (u,r) solution to (3.1), u - n|p = 0. We have

—Vrj+ipu; = x;f —rVx;
—divu; +ipr; = xj9 —u-Vx;.
We can apply the Carleman estimate (4.4) in each V; and we obtain
T2 e rjllo + 2l usllo S TP (a9 — w - Vxi)llo + 7lle™ (i = rVx;)llo
S 7le™gllo + Tlle™ullo + Tlle™ fllo + Tlle™ 7 [lo-
We have
T2 emr o + 72 e ullo

Sy (lle7rgllo + e usllo) + 752170 L2 (o) + T2 [l€TPull L2 )
jeJ
Slemgllo + llemullo + 7€ fllo + Tlle™rllo + 727 L2 o) + T2 ll€TFul L2 (o) -

This gives the sought result as we can absorb the term 7|le™u||g 4+ 7||e"#7||o with the left hand
side. O
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