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Discrete wave turbulence for the Benjamin-Bona-Mahony
equation, Part I: oscillations for the correlations between the
solutions and its initial datum

Anne-Sophie de Suzzoni*

June 8, 2023

Abstract

We investigate different problems regarding wave turbulence for the Benjamin-Bona-
Mahony (BBM) equation in the context of discrete turbulence regime. In the part I, we
investigate the behaviour of the correlations between the solution to the BBM equation at
latter times with the initial datum.

1 Introduction

The object of weak turbulence is to study the dynamics of the statistics of solutions to equations
coming from fluid mechanics or quantum mechanics when the initial datum is chosen random.
Namely, one considers a nonlinear Cauchy problem with an initial datum whose Fourier coefli-
cients are chosen Gaussian and independent (see [26] for an extension to random phase approxi-
mation). Here, we consider the Benjamin-Bona-Mahony equation :

iex ey

atuL’g + E)t(')iuL,g + 6qu,s + %6,\1(”%’5) =0 onlLT
u(t =0) = ar = Y1z a€) Grpm8Le

where a is some even, real-valued bounded function and the (gi)ren+ are independent complex
Gaussian variables, and g_; = g. Here, we are interested in the evolution of the correlations

n(e,&.¢) = lim limE(aL .0, 80671 ¢)

where E is the expectation with regards to the underlying probability space defining the initial
datum, where iy .(¢, €) is the Fourier coefficient of the solution u; . at time ¢ for the wavenumber
&

For symmetry reasons, namely the law of the initial datum and the equation are invariant under
the action of space translations, when & # &’ the above quantity is null at all times. Therefore, we
consider only

n(t,€) = Jim lim B(i, o(0, )i o(e™1,€)).
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Note that we have two asymptotic regimes. One is L — oo which corresponds to taking the size
of the torus to co. The second one consists in taking the size of the nonlinearity € to 0. This means
that for the correlations to display some nontrivial dynamics, one should consider the solution at
very large time in terms of the size of the nonlinearity, £2, in order to witness some nonlinear
effects.

We mention that wave turbulence has been introduced by Peierls in the late 1920s, in [27]]
for cristals, a work that was followed by works by Brout and Prigogine, [2]. In the 1960s, wave
turbulence was developed for plasma physics [29, [31]], and in the context of water waves and
primitive equations, for example the works by Benney and co-authors [[1]], by Hasselman [20} 21]].
Finally, it was popularised by Zakharov in the 60s. Zakharov introduced in particular the now-
called Kolmogorov-Zakharov spectra, [30], that models a specific momentum transport. This is a
very active field in physics.

In recent years, an interest has been developped for weak turbulence in the mathematics com-
munity. For instance, Lukkarinnen and Spohn, [24] described some mixing effect of the dynamics
for discrete Schrodinger equations. Nikolay Tzvetkov and the author studied the small nonlinear-
ity limit in [LO} [7]] for fluid model equations (Kortweg-de Vries, Benjamin-Bona-Mahony, etc). It
was then followed by series of works on Schrédinger equations which culminated on the one hand
with the derivation by Deng and Hani, [[14}[13]] of the kinetic equation (the equation describing the
evolution of correlations in the kinetic limit) for cubic Schrodinger equations when the size of the
torus and the nonlinearity relate in ways called mesoscopic and kinetic in the physics literature;
and one the other hand by this same type of derivation for some model fluid equations by Staffi-
lani and Tran, [28]] in the kinetic regime (first large box limit, then small nonlinearity). We also
mention [12} 5L 111316, 18}, [17, 8]]. The kinetic equation per se has been studied in [4} [25]].

Another topic is the study of finite box effects, see [22} 23] in the physics literature. Kinetic
equations are derived in the kinetic regime (first L — oo, then € — 0). However, one may consider
the opposite regime that is taking first the nonlinearity to 0, and then the large box limit. Practically
speaking, this means that one is conducting an experiment in a large tank of water, with a small
initial datum, such that the water tank’s size is very small in front of the inverse of the size of the
initial datum. This regime induces finite box effects (a chaotic behavior) that have been observed
experimentally, see [15]. This is a phenomenon observed in [9], where the author proved that for
the Schrddinger equation, the derivative of correlations had an infinite number of singularities in
the finite box regime. This regime was also studied for the Schrédinger equation with a forcing
term in [19].

Here, we consider this discrete wave turbulence regime for BBM. From the physics literature,
it is believed that what is driving the dynamics are resonances of order 1. But BBM does not
display such resonances. Here, we prove that the first nonlinear effect we observe is a phase
dynamics. We observe that the correlations between the solution at time =2 and its initial datum
differs from its initial value by a phase. We can compute it explicitely when the initial datum has
for law an invariant measure for the BBM equation. In the work by Lukkarinnen and Spohn [24],
the initial datum is an invariant measure for the Schrédinger equation in a discrete setting. The
kinetic regime was considered and the result was of a substantially different nature.

1.1 Framework and result

Writing W the operator defined as
W=(-06)"o,



which is a Fourier multiplier by iw(¢&) with

__¢
oo =1
we can rewrite Equation () as
Orutgr + Wug 1, + sW(ui ) =0. (2)

We write its flow W, 1.

Let (gn)n>1 be a sequence of independent complex Gaussian variables on a probability space
Q,7,P)and set g_, = g,. Letp € ({-‘)_ILZ(R) even and bounded. We assume that the derivative
of ¢ is a bounded function.

Alternatively, we assume that ¢(&) =

We define

1
&
inx/L

n_e
or(x) = )  gnp(7) :
,;Z* "L V2nL
This sum converges in L*(Q, H(LT)) for all s < %
We write its law u;. Namely, for all A in the Borel sigma-algebra of N_ 1 H?, we have

pi(A) = P(g; ' (A)).

In the case that ¢(¢) = (¢)~!, we write the corresponding measure v; .

In [6], we proved the invariance of v, under the flow of BBM. For v, almost all ug € Ng<1/2H°,
the flow ¥, . of (2) is globally well-posed and we have for all 7 € R, all A in the Borel sigma-
algebra of OK%HS,

vi(Per ()7 (A)) = vi(A).

Of course, the proof in [6] requires some adaptation to L and &, but it is based on the conser-
vation of the H' norm under the flow of BBM on the torus, which is still valid for @])

We are interested in the behaviour of the correlations of the initial datum ¢, and the solution at
ulterior times &2, ‘P&L(ta‘z)(goL) in the discrete weak turbulence regime. The linear flow induces
rapid oscillations, we remove it to observe the next order. Set S () = Wo 1.(¢).

Theorem 1.1. There exists C such that for all L > 1 such that L? is not algebraic of degree less
than 2, for all t € R, there exists fr; : Ry — Ry that goes to 0 at 0 such that for all ¢ € %Z*, all
e >0, we have

A . C(1+t])
E(S D@0)@Wor(te72)(p1)©) — e“¥Olp(e)P] < 7 (@) + fr&)lp©).
where ) )
2 le(mI=(1 + 1)
(D(f) = _fdn 2.2 2 2.2 2
V.4 G+ &4 ;(5—77) Y3 + &+ E(§+n) )

In the case that o(€) = (£)~', we have

O(£)

1
B+ +E/4)

We deduce in particular the following corollary.



Corollary 1.2. Let (L,), be a sequence of number such that above a certain rank ny, all L2 are
not algebraic of degree less that 2 and such that L, — oo, let (£,), be a sequence of real numbers
such that for alln e N, &, € LinZ* and such that (¢,), converges to some & € R. We have

Jim lim B(S (0)(p)@) P (te7)pL)(€)) = T Olp(&)P.

Remark 1.1. The reason why we do not allow L?* to be algebraic of degree less than 2 is to
avoid non trivial resonances of degree 2. The proof is relatively robust in the sense that it could
apply to many models displaying the following properties : no resonances of order 1 and only
trivial resonances of order 2. We believe that the result would probably still hold with non-trivial
resonances of order 2, but the result would be implied by more involved probabilistic cancellations.

Opposite to standard results on discrete wave turbulence, because we have no resonances of
order 1, they do not play an important role in the description of the dynamics. This is why we
move to second order resonances.

Remark 1.2. We compare our result with the one in [24]. The nature of the equations are very
different because in [24], the equations are discrete and cubic while we have a quadratic and
continuous equation. The main difference comes however from the fact that Lukarinnen and Spohn
consider the kinetic regime (first L — oo, then € — 0). We do the opposite, which is referred to as
discrete wave turbulence. This is why Lukarinnen and Spohn observe some mixing effect and we
observe phase oscillations.

What is more, the liminf in A in [24|] is comparable to the fact that we avoid certain sizes of
the torus.

Finally, our result is global in time, whereas the result in [|24)] is in finite time.

The strategy of the proof is the following. First, we adapt normal forms to suit our purpose and
get local well-posedness up to times of order £~ (but badly behaving in L), see Section [2| Then,
we describe the solution thanks to Feynmann diagrams, here binary trees with an order on nodes
that respect the parenthood order, see Subsection Then, we describe the leading order term
in each tree and estimate the remainder, see Subsection [3.2] In particular, we use the invariance
of the measure or of the H' norm under the flow to propagate the estimate of the remainder up
to any time in Subsection We exhibit a first cancellation between the trees and realise that
there are only a few trees participating to the leading order in Subsection [3.3]and more precisely
in Proposition The key argument in this paper is that because the order two resonances are
trivial, we can exhibit a second cancellation between trees, which is that only combs participate
to the leading order, see Subsection [3.4) and more precisely Proposition |3.20| and Remark
Finally, we estimate the measure of the set of initial data we consider in order to propagate our
estimates on the remainder and conclude.

The paper is organised as follows : in Section[2] we perform a normal form argument to expand
the solution as Dyson series up to times of order £72; in Section [3, we expand the solution into
trees and identify the leading order in our analysis; in Section ] we estimate the set of initial data
that are appropriate to our problem, and in Section [5] we give the final lines of the proof of the
result.



1.2 Notations

Notation 1.3 (Fourier coefficients). We take the following convention : for u € L*(LT), and
fe %Z*, we set

u(x)e " *dx.

co
we) = V2rL JrT

We often write the Fourier transform directly on flows or on operators. This should be understood
as describing flows or operators in Fourier mode.

Notation 1.4 (Sobolev spaces). Let s > 0, and L > 0, we say that u € L>(LT) belongs to H*(LT)
if #(0) = 0 and
sy = D @M@ < oo

Ls
e

In the following, we often omit the dependence in L of the Sobolev space H*(LT) and write
H*® = H5(LT).

Notation 1.5. For any x,y € R, we set [|x, y|] = [x,y] N Z.
Constants may depend on the regularity s at which we work and on the function ¢ but not on
any other data of the problem unless it is specified.

1.3 Acknowledgements
The author is supported by ANR grant ESSED ANR-18-CE40-0028.

2 Normal forms

We consider the Cauchy problem

{ Ortte.r, + Witep + Wi ) =0 3)

Uug(t = 0) = a, € HY(LT), s> 1.

We prove that it is locally well-posed up to times of order £ and that the flow associated can be
written in the form of a convergent series using normal forms.

We remark that the quantity
f ug 1 (t, x)dx
LT

does not depend on time. We assume implicitely in all the rest of the paper that fLT a(x)dx = 0,
that is a(0) = 0 and thus that &, ;(#)(0) = 0. Hence we consider only non zero frequencies.

We set u,(t) = Y. 1,(¢)(a) the following sequence. Writing S (f) the semi-group S (f) = eV,
we set
ug = S(a,
and for n € N,
t
Upsl = € f WS- > @y, (D)]dr. (4)
0 ni+ny=n



If the series converges, we have (formally) setting u = Y, uy,,

u=S@{a+e¢ f t WS (1 = 7)(u*(1))dt
0

and thus u is indeed the solution to (3).
Definition 2.1. Let s > %. We define the bilinear map
N, :H'x H® - H*

as for u, v € H® and in Fourier mode

N 1
0O = i ;f “;(i) 2ENHE)
where
A g = (@) —w(é) ~w(E) # 0
and where

1 . 1
a(s) =4 1225 if s S_?
3 otherwise.

Proposition 2.2. For all £1,&,,& € R* such that &1 + &) = &, we have

§2+§f+§§).

8 ¢, = ~0@wEwE) (3 + ——

Proof. Straightforward computation. O

Proposition 2.3. Let s > }‘. There exists C such that for all L > 1 and all ¢ < 1, for all

u,v € HS(LT),
Nt Vs < CL2&™ 2|l s |Vl s

Proof. We have for ¢ € %Z*,

. 1 w(@) .
No(u,v)(€) = \/ﬁll‘flsgam fl%: f Agl . ——ME)V(&2).

Set s* = min(1, 5). Since we have for all &1, &,

& <5 ENTT HEYTY

we deduce

(&) < (O E) T EN 6.

By triangle inequality, we deduce

Iw(f)l

fl &2

@ IN:(u, v)(€)] < 1|§|<g ats) Z @ EE EDlEDKE) (E)-

V2 &1+62=¢

We have
W@l _ 1

f 224 2
Az & |w(§1)w(§2)|(3 + %)
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and, since |¢1], |&] >

> L, |
lw(&I = @l 2y
and thus
Iw(f)l 12 (E1)é2)
| §1 §2| (3 + §24—6’32%%5)
We deduce

1-s s 1=
& ED T @) Iw(f)l 1280 ) (&)

- §2+§2+§ 172
& le (3 2)
Because s +1 — 5"+ 1 — s =2 — s/, we deduce that

& @ e L < cpag

51 £2
Therefore, by Cauchy-Schwarz, we have

EVIN, )@ < CLYE ™ Vg pmoo lull s my IVl a5 )
Since we have

ot Le—(s)(1/2-5)
Z <é‘:> -2 1|f|<8_"(5) < C Lf |X|_2S dx<C

if s < 2,
—a(s)LIne if s = 2,
gelz L otherwise.
We deduce
Le~@@1/2=9) i 5 < %,
INe(u, Vllgsery < Cs -3LIne

1
if s = 7
L otherwise.

If s < =, we have a(s)(1/2 —s) = 1/2, if s € [1/3, %), we have a(s)(5 —s) = 3(1/2 - 5) < 1/2
which concludes the proof.

|
Notation 2.4. We set vg = ug and forn € N

Vntl = Upyl + € Z Ns(unl,un2)~

ni+ny=n

Proposition 2.5. Assume a is a trigonometric polynomial. Then all the u,, are smooth functions
of time with values in trigonometric polynomials. So are the v,

equation.

2
atvn + Wy, =¢ Z Qs(”m s unz) +& Z Ps(um s Uny s Mng)
ny+ny=n—1

ny+ny+n3=n—2
where Q. and P, are respectively bilinear and trilinear maps defined in Fourier mode by

. We deduce that v,, solves the

Onlu)(©) = —i-28) 1

hT Ligspat a(&)ué)
& +Z§21 3
and

v O = e > XX e oy

E1+6+83 A,f 1,62+63



Proof. Because v, is a smooth function of time with values in trigonometric polynomials, we can
derive it explicitely :
Ovn =ty +5 D ONelitn, ),

ni+ny=n—1

Since N, is bilinear, and the sum is symmetric in ny, n, we get

0V, = Oy, + 2& Z Ne(uy,, Oiup,).

ny+ny=n—1
We now recall that u, satisfies () and get
0, = —Wu, — We Z Up, Un,
ny+ny=n—1
2
=2 > NG, Wit,) =28 > NGty Wittty ).
ny+ny=n—1 ny+ny+n3=n—2

We set
P.(u,v,w) = =2N.(u, W(yw)).

Let us verify that it corresponds to the definition in Fourier mode of the proposition. For ¢ € %Z,
we have

Po(u, v, w)(€) = —2N:(u, WOw))(&).
Using the definition of N, we get

R 2 w(€) .
Po(u,v, w)(€) = ————=1jg<cats (&Diw(E)vw(ér).
u,v,w Al K= <>§1§:§ A§1 fzu EDiw(&E)vw(ér
‘We use that
W) = = DL HEE)
§2+E3_52
to get

R 1 wWEWE+E)
Peu, v, w)(€) = —i— Lo Z #”@1 WEIWE).
L _ A
E1+6+83=¢ E1.62+E3
We now compute
I =2¢ Z Na(um s W”nz)'

ny+npy=n—1

By symmetry in the sum in ny, 1, we have

I=z > (Nelt, Witn,) + Ne(Wity,, upy).

ni+na=n—1

We use the definition of N, to get, in Fourier mode, for £ € %Z,

w(&)) +iw(é) .
i© = sw(®) \/_1|§|<5 w Yy R, e,
ny+ny=n—1&+&=¢ AE] &
Using the definition of Af & We get that
w) +iw&) . wé)
— it
Aé"l £ Afl &2



We deduce

i) = ~izw() \/_1|§|<€ w D Dy @)@

ny+np=n—1&+&=¢

o (@)
i) —=Ngegoer D Y. i (€D ().
2nL ni+ny=n—1§&+&=¢ A.{f] ¥

We recognize

1=—gW)(€( Z unlun2)+8W Z Ne(un, , ttn,)

ny+ny=n—1 ni+na=n—1

where y; is the orthogonal projection over Fourier modes lower than £,
We deduce that

0vy = —Wu, — We Z Ns(unla Mnl) —&(l = xo)W Z Un, Un,

ny+ny=n—1 ny+ny=n—1

2
te Z Ps(unlvunz’ Mn3)-

ny+ny+n3=n—2

‘We have that
Oc(u,v) = =(1 = xo)W(uv)

which concludes the proof. O

Proposition 2.6. Let s > ;. There exists Cg such that for all € € (0,1) and all L > 1, and for all
u,v € H*(LT), we have

1Qe(u, V)llas < Coéllulls VIl
Proof. Leté € %Z. Since for all £1,&; € %Z, we have
€1+ &) < C(E) + (&),

we have

(€)°1Q6(u, v)(©)| < \/_l\g|>g aw|w(§)] Z EDlaEDIPED] + aé DK€Y [D(E)D).
S1+6=¢

By Cauchy-Schwarz, we get

@106, V@) < ==Ly pmae(€) lull s 1Vl s

\/_

We have that
1|€|>8w(x)<§>—1 < 1|§|25’“(f)<§>_1/H(S)<§>_1+1/Q(S) < 8(._’,:)_1“/&(3).
For s € (4, z), we have —1 + — a(s) =-25< -3 L and for s > é,wehave -1+ W = —% < —%.
It remains to sum on ¢ to get the result. O

Proposition 2.7. Let s > 0. There exists Cg such that for all € € (0,1) and all L > 1, and for all
u,v,w € H(LT), we have

1P, v, wllzs < CoLllullsIVIasIwlls.-



Proof. Leté e %Z. By definition of P, we have

1P, v, W)@ <

1 ’ / 7 a
= Y @@ %&*f)'@s EDIE + &7 PEWE)
§1+6r+863=¢ E1,62+83

where s’ = min(s, 1).
Since

O = E +E+ET S CUEYT HEYTT HET), (& +E) < C(EY + (&),

using Cauchy-Schwarz, we get

A 1 y y J
1Pl v WO < Co S @)y L)

z EDlaEDIVIasIWllzs.
&1+n=¢ |A€“1ﬂ

We have that for all 1,7, such thaté +n =¢,

Iw(f)gw(n)l < 2L6 2<§1>2 .
AL +E+n 8
Therefore, we have that

>l—s'<§>1/2+3s'/2<n>(1—s')/2
6+&2+m2+ & ’

<§“>S'<§1>_sl<n>_s'Iw(gz&M < 20(g)"1+2 gy (1412 (&
&1
Sincel—s’+%+37"'+1—7s’ = 2, we deduce
lw(&)w(n)]
13

<‘§>S’ &1 )_S,<7]>_S, A—| < 2L<§>_(1+S,)/2<7]>_(1+S,)/2.
S

By Cauchy-Schwarz, we get
EV1Pau, v W)@ < C VLE™ M ull g IVl
It remains to sum on ¢ to get the result. O

Definition 2.8. We define ¥, 1 ,,(¢) the flow corresponding to u,, that is for a € H?,

YeL0((@) = S(1)(a),

and for n > 0,

W1 (D(a) = £ fo WS- > Perm@@¥eLm(T)a)|dr.

ni+ny=n

We often write for short ¥,, = W 1.,.

10



Proposition 2.9. Let s > JT. There exists Cg such that forallL > 1, D > 1, all T < To(L, D) =

ﬁ and for all € < (L, D) = ﬁ, for all a € H® such that ||a||gs < D VL, then for alln € N,

all t € [-Te™2, Te 2], we have
(D)@l < 8 "D VL

where (cy), are the Catalan numbers.
What is more, for all b € H® such that ||b||gs < D VL, we have

I¥(1)(@) = ¥ @Bl < 8" cnlla = lls-

Proof. We work by induction on n. For n = 0, we have that Wy (¢) = S (¢), which preserves the H*®
norm and thus the inequalities are verified.

Assume the inequalities are true for all n” < n. We prove them for n + 1.

We first deal with the cases a, b trigonometric polynomials. We set u,(¢) = ¥,,(¢)(a) and

Vp = Up + & Z Ns(unly an)
ni+ny=n—1

as before.
We have that

W1 (D(@) = 1 (1) = V1 () =& D Nelttn, (0, 4y (1),

ni+ny=n

We use that v, is a solution to the equation described in Proposition[2.5]to get

— ' _ 2
Va1 (1) = f(; S(t T)[ Z 8Q8(un|7 unz) +& Z Pa(unp Up,, un3)]dT~

ni+ny=n ny+ny+n3=n—1

We get the induction formula

W1 (1)(a) = fo St-Dle D Q¥ (@), ¥y ()(@))]

ny+ny=n

+ fo SE-vfe? D Pe¥n (@), Py (1)(@), ¥ (1))

ni+ny+n3=n— 1

—& > Ne(W,(0)@), ¥, (@),

nypt+ny=n

On the one hand, we have for all 7, thanks to Proposition [2.3]

le D0 Nelo (0@, ¥ (@Dl < Coe 2L " I, (@ls ¥y (@)1

ny+n=n ny+ny=n
We also have

lle Z Ne(Fn, (@), ¥, (1)(a)) - & Z Ne(W, ()(D), ¥, (D)D) s

ni+ny=n nit+ny=n

<CEPL Y (¥ D@l + ¥, (OO, (@) = Wy (B 125

ni+ny=n

11



Using the induction hypothesis for appropriate times, we get

le Y, N (0(@), W (0@)lls < C87"DL6(1 3" ey, )D VL.

ny+ny=n ni+ny=n
Taking & small enough such that DL>/?g!/2C, < ﬁ and by definition of the Catalan numbers, we
get
1 —(n+1)
le D) NoC¥, (0@), ¥rs @)l < 87" DVL,

ni+ny=n

For the same reasons, we have

1
le D) Nel¥ (0@, ¥r@) =& Y Ne(¥o (). ¥rs OB < 38" Veralla bl

Set
A(t)(a) = Ai(1)(a) + Ax(1)(a)
with .
A(t)a) =& fo SE=0 D Q¥ (T)(@), ¥, ((@))]dr
and

f
Ax(1)(b) = & fo St-0] D Pe¥n (1)@, Yy (D)), Py (D)(@)]-

ny+np+nz=n—1

Fort € [-T& 2, Te 2], we have

A (O@lls < 7' T Z sup  [[Qe(Wn, (1)(@), ¥, (D) (@)l 15

ny +my=n T€l-Te2,Te2]
Using Proposition [2.6] we get

lA(O)(@llas < CsT Z sup [, (D(@|lzs [, (T (@)l

n+ma=n T€[-Te2.Te2]
We use the induction hypothesis and get

1A O@lgs < CT )" cnyen,8"DL.

ny+nz=n

Choosing 7 small enough such that 24C,TD VL < 1, we get
A1 O@lr < 308 DVL
Similarly, using the bilinearity of Q. and the bilinear estimates on Q,, we get
I410@ = A1 O < S8 lla = bl

Fort € [-T& 2, Te2], we have

A2 @llgs < T Z sup  |IP(Pn, (1)(@), ¥, (1)(@), ¥y (D) (@) 15

ny+ny+ny=n—1 T€[-Te 2. Te7?]

12



Using Proposition 2.7, we get

A2 (@llgs < CLT Z sup  [[Wn, (D@5 [[¥n, (D@l 5 [y (D (@) 25

ny+ny+nz=n—1 T€[-T& 2.T&7?]
Using the induction hypothesis, we get

2@l < CLT > 87 ey 0, DL,

ny+my+nz=n—1
Taking 7 small enough such that 192C,TD*L? < 1, we get
lA2()(@lpzs < 187" DL,
Similarly, using the trilinearity of P, we get

142(1)(@) — Ao (t)(B)llgs < 187" Hla = blls.

Assume a is not a trigonometric polynomial. There exists a sequence (a;,);, such that a,, — a
in H¥, and such that for all m
lamllrs < DVL.

By definition, we have
!
Yo (@) = -2 Y. fo S(t = YWy, (D@, (D)(@)]dr.

Therefore, we get that

Vp1 (@) = Vp1(D(am) = —€ Z v[; St =Wy, (T)(a) - ¥y, (T)(am))‘Pnz(T)(a)]

ny+ny=n

-€ Z fo St = DWW, (D)(am)(¥n, (T)(@) = ¥, (T)(am))1dT.

ny+ny=n

We deduce that for 7 € [-Te™2, Te2], we have

¥ ns1(D(@) = Wps1 (O (am)ll s
<Te! Z sup  [[[¥n, (1)(@) = W, () @m)llas 1V, (D) (@) 15
]

ny+my=nT€[-T& 2, Te™?

+Te™! Z sup W, (D@l W, (T)(@) = W, (T) (@)l 5]

ny+my=nT€[-Te72,Te72]
By the induction hypothesis, we get

1 (1)(@) = Pt @)l < Te'$DVL Y enyenlla = anllr-

ni+ny=n

We deduce the continuity of W¥,;1(¢) and thus that the induction hypothesis is satisfied for any
a,b € HS and forn + 1. ]
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Corollary 2.10. The Cauchy problem () is well-posed in C([—&%Ty(L, D), e 2To(L, D)], H®) for
initial datum a € H® such that ||a||gs < D VL, its flow ¥ 1 can be written as the series

lPs,L = Z \PS,LJZ
n

and we have

sup IWeLa(®)@llgs <27"D VL.
te[-e2To(L,D),e2To(L,D)]

Proof. Existence : Catalan numbers satisfy the estimate

cp, <4

We deduce that
I¥ern(@llas <27"DVL

and thus the series 3, W1 .., converges, which gives a solution up to times of order £72.

Uniqueness : the uniqueness can be deduced by solving the fixed point problem
t
u(t) = ApLan@)(t) = e OV — gW f e TP () dr
1o

in L>(LT) for times of order |t — ty| < &', which is sufficient to get uniqueness by standard
connectedness arguments.
Continuity in the initial datum : from the estimates on the Catalan numbers, we get that

I¥e,Ln()(@) = YL n@OB)las < 27"la = bllgs.

Summing on n, we get
We.L(D)(@) = ¥eL(DB)lEs < 2lla = bl

3 Trees

In this section, but in this section only we use the letters A and A to denote trees and sets of trees,
the letter 7" being already taken by time.
3.1 Trees describing ¥, ; ,

We recall that the sequence (W,(¢)(a)), for a € H® (we omit the dependence in (g, L)) is defined as
follow:

Yo()(@) = S, Paer(1)(@) = —W fo St-0] Y ¥ @@¥n1)@)]dr.

ny+na=n

We set y(t)(a) = S(—HY(¢)(a) and ¢, (t)(a) = S (—1)¥,(1)(a), we get

Yo(D(@) = a,  Yni1(1)(a) = —eW fo tS(—r)[ D0 S@OUn @) S @)Y, (@) |dr.

ni+ny=n

14



In Fourier mode, this becomes for & € %Z*,

Jo(@)(€) = a&),  Fni1(t)(a) = %w(g)n1;=n§1§:§ fo 587 (D@ (D@,

Let A, be the set of binary trees with n nodes. We denote by _L the tree with 0 node such that
Ao = {1}, A ={L, L)}

etc... We recall that #A, = ¢, < 4" and that a tree with n nodes has n + 1 leaves.

/\ A] A2
(L,1)

Above, we have represented the tree with 0 node L, the tree with one node (L, L), one tree
with two nodes ((L, 1), L) and the generic way of writing binary trees by induction (A1, A;). For
instance ((L, 1), L)) = (A,Ay) withA; = (L, L)and A, = L.

We describe ¢, thanks to A,,.

Proposition 3.1. Letn e N, ae€ H* and ¢ € %Z, we have

n+1

N (—ie)" .
I@© = oo AZﬂ g > ] FAa,fl,...,an)]ja(fz)
EAn E1+.+Enr1=E =1

where Iy is defined by induction as F, (t,€) = 1 and for all Ay € A,,, Ay € Ap,, n1,n2 €N,
7
F(Al,Az)(t’ ‘fl’ ey ‘fn1+n2+2) = (l.)(-f)e 142 FA] (T’ fla ey §n1+1)FA2(T, ‘fn]+2’ ey §n1+n2+2)d7-
0

where we used the notations & = Z?;f"ﬁz &, & = Z?jl &and & = € - &).

Proof. By induction on n. For n = 0, we have

Un(D(@)(€) = a(é).

Assume that the formula is true for m < n and let us prove it for n + 1. We have

A —ie ! NS A A
D (@) = «/ﬁw@m;:n&;:g fo M55 (D@ (D)@
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We use the induction hypothesis and get

lffn+1(t)(a) =

ni+l1

! iAE (_. )n| P
Z j(;eAs‘lfz (ﬁ Z Z FAI(T,m,---JImH)ga(m))

ni+ny=n & +6H=¢ A1€A M+ H1 +1=€

ny+ny+2

(—ige)™ .
X (W Z Z FAz(Ta r]ﬂ1+27 ey §n1+n2+2) r[ a(ﬂl))dT
AZEﬂnz 77n1+2+~~-+7]n1+n2+2:§ I=n1+2
We recognize
. ( 18)n+1 n+2
hnO@=0 s 2 2 2y 2y Faanmeme) | o,
ny+m=nn+...4+110= §A1€ﬂn1 Azeﬂnz =1
It remains to use that
ﬂn+l = {(AlaAz) Iv.]: 1a2’ Ajeﬂnjanl +n2 :n}
to conclude. m]

We label the nodes in a tree A.
Definition 3.2. Let A € UA,. We define N(A) the set of node labels of A as
N(L) =0, N((A1,A2) ={0} {1} X N(A;) U {2} X N(A2).

Remark 3.1. We interpret this label as follows: m € N(A) is the label of the root if m = 0, it is the
label of the m’ node in Ay if m = (1,m") and it is the label of the m’ node in Ay if m = (2,m’). We
give two examples below.

Above, we used :

(2.0)
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Definition 3.3. Let <4 be the (partial) order on N(A) defined for A = (A, A3) as
m<sj e j=0ordke{l,2}, m=(k,m'), j=(k,j)andm’ <4, J.
We also set for ¢t > 0,
I2(®) = {tm)mena) | 0 < t9 <t and VYm <y j, 1, < 15}

Remark 3.2. The order on N(A) corresponds to parenthood. We explain why it is an order by
induction on n.

Forn =0, we have N(L) = (.

Assume that <, is an order for any A in A, with m < n, we prove that <, is an order for any
A€ Ay, Let A = (A1, Ap) € Ayq1. We have that <4, and <4, are orders.

Reflexivity : We have that 0 <4 0. Then if m = (k,m") with k = 1,2, by reflexivity of <a,, we
have that m" <, m" and thus m <4 m.

Skew-symmetry : Let m, j such that m <4 jand j <4 m. If j = 0 then 0 <4 m and thus
m = 0 = j. Otherwise, there exists k = 1,2 such that j = (k, j') and m = (k,m") and m" <,, j’ and
J' <a, m'. By reflexivity of <4,, we deduce j' = m’ and thus j = m.

Transitivity : Let m, j, 1 be such that m <4 jand j <q L If| = 0thenl >4 m. If | # O then
there exists k = 1,2 such that | = (k,l'), j = (k, j') and j' <a, I'. Because m <, j, we deduce that
m = (k,m’) withm’ <, j'. By transitivity of <a,, we have that m" <, I’ and thus m <4 L.

Definition 3.4. Let A € A, forn > 1 and set A = (A}, Ay) with A; € Ap;. Letgz E1,...,&m41) €
17" and set € = 3, &, & = Yjan, 11 &1 and & = € — &. We define for m € N(A),
£ e
N Be ko itm =0
AA(m’é‘:): AA](m,’é‘:l7"',é‘:}’l|+l) lfm: (l’m/)
AAz(m,a fn1+2, .. ’§n+l) lfm = (2’ m,)

and
w(@) ifm=0
(L)A(m,é)): { wA[(m’vfls""§n1+l) lfm:(19m,)
U-)Az(m,’ §n1+2, o 7§n+1) itm= (29 m,)

Remark 3.3. The quantities Ay(m, 5) and w4 (m, 53) are the w and A that appear when we do the
interaction described by the node m.

Proposition 3.5. We have, with the above notations for all A € A,, n > 1, t > 0,
Fa(t,8) = f l_[ (wa(m, &)eBatmdin dty)
140 imena)

Proof. We proceed by induction on n. If n = 1, then A = (L, 1). We have N(A) = {0}, 14(2) =
[0.7], wA(0,é1.62) = (&1 + &) = w(@ and finally, Ay (0,61, 62) = AL 2> = AL . and the above
equality corresponds to ’

2 ! = iA'é o
FA(I,§)=fw(§)e 2 dty
0

which is true.
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Assume the equality is valid for m < n. We claim that it is valid for n + 1. By definition, we
have, setting A = (A1, A»),

" T\
FA(t9 g) = f (,l)(é")e fl.ézTFA] (T’ é:l’ LR ,§n1+1)FA2(T, §n1+2’ “e. ,fn1+n2+2)d7--
0

We recognize

1 o
Fa(t,&) = f wa (0,8 O, (1,81, En i) Fay (T Enysas - o o nyinye2)dT.
0

We use the induction hypothesis and get

/ . L )
FA(I,?)ZIwA(O,é?)eiAA(O’SC)Tf 1—[ (wAl(m,fl)e’A*‘l(m’f')S'"dsm)
0

141 men(ay)

f [ (0a0méneutmeiias, )iz
14, (D) jen(Ay)

where & = (£1,...,&n41)s &2 = Ensas -2 Ensa).

Setting t(1 my = Sm. ta.m) = Sy, and 1y = T, we get

! 5 o 2
Fa(t,d) = f diowa (0, §e 1040 f [T (watt,m),&er@moramay,,))
0 141 (10) jmeN(A )

x f [ (wac@ m), & @moemays, ).
I, (10) ymeN(Ay)

We recall that

IA(t) = {(tmenay | Ym <4, 1ty < 1)
And thatm <4 jiff j=0orm = (k,m’) and j = (k,j’) and m’ <, j fork = 1 ork = 2. We
deduce

I4(1) = {(twdmencay | 10 € [0, 2] A (1 m)mencay) € 1a,(F0) A (t2m))meN(A,) € 1a,(20)}

Therefore,

FA(t’ g) = flv l—[ dtm l_l ((,_)A(m’ g)eiAA(mag)tm).

O meN@A)  meN(A)
m]

Notation 3.6. For a given tree A € A,, n > 0, we set S, the set of bijections ¢ from [|1, n|] to
N(A) such that
Y(m, j) € N(A), m <4 j= o (m) < o7 ()).

By convention, we have that S, = {0} where 0 is the empty map 0 : O — 0.

Remark 3.4. The set G4 is the set of all the total orders on N(A) that respect the partial order
<a. Below, we give an example of all the elements of S4 for A = ((L, (L, 1)), (L, L)).

18



oc1(4) =024)=034) =0

71(3) = 02(3) = 03(2) = (1,0), gi(l) = 02(2) = 033) = (2,0)

1(2) = oa(1) = o3(1) = (1,2,0)

A priori, if we do not require that o has to respect the parenthood order, then we can choose
4! different bijections from [|1,4|] to N(A). But o~ 1(0) has to be bigger than any of the other
which imposes = '(0) = 4. Then, (1,0) is bigger than (1,2, 0) but (2,0) is not comparable to (1,0)
and (1,2,0) which means that we can choose any value among {,2,3} for o=(2,0) and that sets
completely o. Therefore, we have three elements in Sy.

Proposition 3.7. We have forall A€ A, n>1,1t>0,
Fat.&) = ) Fi(t.d)

O’ESA

n
F(,8) = f [ ]dm
0<t<..<f<t )

=1 m

with

n
(wa(or(m), ™7 m),
=1

Proof. We have
no={J 150
TeSy
where
IX(Z‘) ={tmmena) | 0 < tey £ .o S g < ).
Indeed, the (f,,)men(a) might be in any (total) order that respect the (partial order) of parenthood.
We have that I (1) N IX' (1) is of null Lebesgue measure if o # ¢, therefore,

Fat,d) = ) F5t.9)

€Sy
with
FeH= [ ] d [] @stm e,
LW meN@A)  meN(A)
We rename the variables 1, = () to get the result. O

3.2 Estimates on V¥,

Proposition 3.8. There exists C such that for all n € N, for all L > 1,for all R > 1, there exists
C(L,R,n) such that for allt > 0, forall A € A, 5 € ([-R,R]I N %Z)””, and for all o € Sy, we
have

IFS(t,8) < C"L¥"#""V2C(L, R, n)

if nis odd,
n/2 2 2
v 2 13 @ale@m), Buaom -1, . N
Fo(t.8) - . §(Aa(2m = 1),8) + A((2m),
e - I g e DE deem O

< C'LPM DL, R, n)
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To prove this proposition, we use the following lemma.
Lemma 39. Let L > 1, R > 0, n > 2, there exists C(R,L,n) > 1 such that for all A € A,,
S 1
my # my € N(A), and let ¢ € [[—R, RIN %Z]M , we have either
Aa(m, &) + Aa(ma, &) = 0,

or
|AA(m1, &) + A(ma, &) = C(L, R, n)™ .

Proof. 1t is sufficient to see that if L, R, n are fixed, then the set
> > l n+l
((A.my.mo. &) | A € Ay my # my € NA). € € [[-RRIN ZZ] )

18 finite.
O

Proof of Proposition[3.8} To lighten the notations, we set wy = walo(k), &), Ay = A(o(k), ) and

k

Fi(t) = f [ [ ome™.
0t <..<p <t m=1

We have that
FY(t,&) = Fu(@).
Ifr <1, then
t
[Fe(@] < o

from which we deduce that
|Fx(t)] < CK* D22 C(L, R, n)

if k is odd.
If k is even, we remark that
’ﬂ’ <412
A

Since we have
/2

k/2
’ ﬁ W mW2m-10(Aom—1 + Aoy < Ik
fol iAom—1 k2

we deduce that

< CHED212kC(L, R, n)

k/2
Fu(t) - 2 ﬁ WomWam-16(Axm—1 + Ag)
(k/Z)' m=1 iBom-1

if k is even.
If ¢t > 1, we prove by induction on k that

|Fu(0)] < CK{*=D22kC(L, R, n)
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if k 1s odd and

< CK{* =222k C(L, R, n)

k/2
Fu() - 2 ﬁ W2mWom-16(Axm—1 + Ag)
(/2! 1 1 iAgm-1

if k is even.
If k = 0, we have Fy(r) = 1 and

1

/2
l_[ W2 Wam-16(Bom-1 + Aom)
foll 7A) S
hence the result is true.

If k =1, then
iAlt_l

Fio)] = Jon = | <81

which makes the result true if C > 8.
If k is even, we write

Gy

k/2
_ 1 ﬁ W mWrm—-10(Dom—1 + Aoy
(k/2)! iAom—1 '

m=1

‘We have
G| < 4% L%,

Let k > 2, we have

t
Fk(t):fdtkwke’A”"Fk_l(tk).
0

We integrate by parts and get

eiAktk 1 eiAktk
Fi(t) = [wk——Fr-1(0)1} —f wy——F_, (t)dt.
A, 0 iAg

This yields

oiDkt ! PUGYRIAVEL
Fr(t) = wg——Fi1(0) - f wiwk-1 ———Fira(ti)dty.
A, 0 iAg

Assume that k is even. Then k£ — 1 is odd and we get

iAgt
|a)k ¢ Pl (t)‘ <41 DR 2D e, R, n),
[7AVS
that is A
iAx
o Fiao)] < 40 2R LACL R,
[7AVS
‘We divide
! PUGVAIAVE)L
f Wi ———Fra(tp)dy = 1+ 11
0 7AV?
with

! i(Ag+Ag-1)tk

e k=2)/2

I= f Wi ———— (Foa(ty) = Gt )ty
0 iAg
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and

! (Ap+Ar—1)ty
e _
1l = f wkwk—l.—Gk—Zt](ck 2)/2dl‘k.
0 Ay

We have that
|[Fr2(ti) — Gk—zt,(ck_z)/zl < CR2{k=D2 206D (L R, n)

from which we get
[ < 4C* 2% 26D (L, R, ).

For 11, if A + Aj_; = 0, then
11 = Gy*/>.

Otherwise, if k = 2, we have

2
II<4l>—=  <AI*C(L,R,n)
|Az + Aq]

and if k > 2, we can integrate by parts and get

PGSV B+ A1)t k—

!
2
Il = i G K2y +f ~ G (K=D12 40
[wrwy 1—Ak(Ak+Ak—1) k=21; 1o ; Wi Wy lAk(Ak+Ak—1) k275 k

‘We have .
UGSV

— | <4L’C(L,R,n)
Ar(Ax + Ag—1)

IGra| < 457212 [}=2, ’wkwk—l

from which we deduce
II <2 - 452 [kC(L, R, n)i*=2/2.

Summing up, we get
|Fi(0)| < 4C 222 26D (L R, n) + 2 - 42 LFC(L, R, n)

and therefore
IFi()] < (4C*72 + 29X C(L, R, m).

If C* > 4C*%2 + 21 for instance if C > 2 V3, we get the result.
Assume now that k > 3 is odd. We still have

Fr(t) = wy

iAt ! PGSV

—Fi_1(1) — f Wk Wi—1 ———— Fira(tr)d1.
iAg 0 iAg

We have that k — 1 is even, and therefore,

eiAkt

iAg

‘wk Fk—l(l)’ < 4L2(Ck‘1t("‘3)/2L2(k‘1)C(L, R,n) + Zk_lL(k_l)t(k_l)/z).

We deduce .
elAkt

iAg

|a)k Fk_l(t)| < (VR4 OC(L, R, m) + 25 L),

We also have
|Fioa(tp)] < C2EDP 26D 0L, R, n)
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from which we deduce
! ei(Ak+Akil)tk 2 ~k—2 (k—1)/2 y 2(k—2)
wkwk_l—_A Firo(tydt| < 4L°C* ¢ L C(L,R,n).
0 [ZAVS

Therefore, we get
F(n)] < (D2 LRCL, R, m)(4CH" + 251 4 4C42)
and we get the result if (4Ck‘1 42k 4Ck_2) < C* for instance if C > 10. O

Definition 3.10. Letn € 2N, A € A,, o € S4. Let 5 € (%Z*)"Jrl and r € R,. We set

n/2 2 2 n/2
- > wa(c(2m), E)wa(o(m — 1),€) IR 5t
Fed=]] S(Aa(c@m - 1),8) + A(o2m), .
A T a0 oeemm DO A Gm. O

Forn € 2N, t € R and a € H®, we define accordingly ¥,(t)(a) in Fourier mode as

n+1

BO@© =0 S Y ) Fio.8] Jac

A€eA, 0€Cy E1+.. +Epr1=E

Forn € 2N, t € R and a € H®, we set accordingly ¥, (1)) = SO0 (a).

Proposition 3.11. Let s > }‘. Let L,D,R > 1. Let a € H® such that ||a||gs < D VL. Set ag defined
in Fourier mode as

ar(é) = Lig<ra(é).

For all n € N, there exists C(L, D, R, n) such that with the notations of Proposition we have
that for all T < To(L, D) and for all € < ey(L, D), all t € [-T& 2, Te™?), all Alf <s <y,

I¥.()(@)llgye < 8"c,D VLR™™) + £C(L, D, R, n)
if nis odd, and
W, (1)(@) — PO (ar)llyy < 8"cuD VLR + £2C(L, D, R, n)
if n is even.

Proof. Because of Proposition [2.9] we have
I¥n()(a) — Vu((ar)llys < 8 "culla — arllys -
We have |la — agllys < R™™lallys < R-67"D VL, which yields
¥, (D)(a) = Wn(D(ap)ll s < 8"caR D VL.
If n is odd, we estimate

¥ (D (ar)llys = ln(D(ar)llys -
‘We have

n+1

A (—is)" o > N
IO@@ =555 D D D FA<r,§>E1[aR<§z).

AEA, 7€, £1+..+Ens1=E
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Because of the support in Fourier mode of ag, we have for some C(L, R, n),

n+1

In@@) < PCLR W=D S S S [Tl

n/2
(Zﬂ-L) A€A, o€y é1+.. 4 1= =1

The cardinal of {(A,0) | A € A, o € S4}is n!. We deduce that for 7 € [-Te 2, Te™2],

n+1

|l/A/n(f)(aR)(§)|Sn!C(L,R,n)T(”‘l)/ZmSC Zg: _g]l:[m(fm.

Summing in &, we get

(O ar)llyy < n'C(L, R,m)T"~ D/

<zni)n/z”“R”Hs'(;@V'I&R@»)".

We have

1 o 1 ,_on1/2 fol
ﬁz@s ar@1 < (57 D &™) llalls < Cooy RO Dl
e €<k

We deduce
(@Rl < n!C?_S,Rmax(o,s’—s+1/2)nC(L’R, n)T=D2g /241 .
Because T < Ty(L, D), we get indeed
ln(®(ap)llys < €C(L, D, R, n).

We proceed in the same way to estimate ¥, (¢)(a) — WP, ()(ag) when n is even.

3.3 Trees describing ¢, ,
Definition 3.12. Let A, be defined for n € N as
Ap ={(A,0) | A€ Az, € Gy, Vj=1,..., 0(2j— 1) <p o (2))}.

Remark 3.5. Ifn =0, we have
Ao ={(L,0)}.

Proposition 3.13. We have for n € 2N,

n+l

Lo@o =2 S S Fad| ae.
=1

QrLy/?
(27TL) (A )R €1+ FEn1 =€

Proof. We recall that

— ~ (—i8)2n s R 2n+1 R
D O@E) = 7 AGZ% UZ: 5; , F{(t.9) H aé).
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with

n

o 2 wa((2m), O wa(o(2m - 1), )
Fot,8) = a
o =] iA(o(2m — 1), &)

2 5 1"
6(Aa(o(Zm = 1),8) + Ao (2m), et

m=1
Let j € [|1,n]]. If o € G4 is such that o(2j — 1) is not comparable in A with o(2j), then o =
oo (2j—1,2j) where (2j — 1,2]) is the transposition between 2j — 1 and 2 still belongs to S4.
Indeed, assume that [ <4 m. If both o' (I) and o~ (i) do not belong to {2 — 1,2}, then
@) ') =0"' D<o m) = @) (m).

If both o~ '(I) and o' (m) belong to {2 — 1,2}, then because o(2j) and 0(2j — 1) are not compa-
rable, we get [ = m and thus (¢)~1(]) = (¢7)~'(m).

If c7'(1) € {2j - 1,2j) and o' (m) ¢ {2j — 1,2j}. We have (¢/)"'() € {2j — 1,2/} and
o~ Y(m) > o1(]) and thus o' (m) > 2 J. We deduce

@) 'm) =07 m) > 2j > () D).

If c7'(m) € {2j - 1,2j} and o' () ¢ {2j — 1,2j}. We have (o) '(m) € {2j — 1,2/} and

o~ '(l) < o' (m) and thus o~'(I) < 2j — 1. We deduce
@)D= D) <2j-1< () (m).
What is more,
Fg(t’ g) = _FX (¢, é‘:)
Set
AL = {(A,0) | A € Agy, 0 € Gy, (1) £4 T(2))

and by induction on j € [|1, n]

AP = (A, 0) | A € Ay, 0 € By, (2j = 1) £a 2} 0 (ALY

such that
Ay = (AP
We deduce
. (—i8)2n n 2n+1
~ _ ~o - N
@& =50, 2, ), Fed||a@
j=1 (A,O')Eﬂglj) E1+. A+ =€ =1
(_l.g)zn 2n+1
S R
‘o 2 2 FHes]|ae.
(A,0)eA, E1+.+émr1=€ =1
‘We have
> FwhH= ) FrETwE
A,0)eAd (A,0)eAY
== > Fwd
A,c)eAY
=0
‘We deduce the result. O
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Definition 3.14. Take n € 2N. Set now for (A, o) € ﬁn/g, and £ € %Z*, a€ H’,

QrL)"* G5 (a)(¢) =
n+1

n/2 2 2
AT ONTEM = D) 5 (cr2m — 10,8 + An(orem), D) [ | acén.
=1

E1t ot =E m=1 iMa(o(2m — 1),8)

By definition, we have
n/2

7, F )\ ! o
I@ = i)' o ), Gh@.

(Aﬂ-)eﬁnﬂ

Remark 3.6. We remark that

n/2 3 “1.& n/2
Fat.d) = | | AT DTN DD 5in (2 = 1), + AaCor@m), )~
et ibalom—1).9) /)]

Proposition 3.15. Let (A,0) € A,. Assume n > 1. We have either c(2n — 1) = (2,0) or
o2n—-1)=(1,0). Ifc(2n - 1) = (2,0), then set

A =(A1,(A2,A3))
and (01,0, 03) the orders on the nodes of (A1, Ay, Az) induced by o, that is for m € N(Ayg),

(1,a1()) = o(e1())
2, (1,02() = o(e2()))
(2,(2,03() = o(e3())

where @y, is the only increasing bijection from [|1, 2ng|] to o 1 ({1}x N(A))) C[|1,2n-2]] ifk=1,
o (12) X {1} X N(A2)) if k = 2, ' ({2} X 2} X N(A3)) if k = 3.
Ifc(2n—-1) = (1,0), we set
A = ((A2,A3), A1)

and (01,07,03) the orders on the nodes of (A1, A3,A3) induced by o. In both cases, we have
(Ar, o) € jlnk withny +ny +n3 =n— 1.
We have
G5(a) = iK(G5(a). G72(a). G5 (@)

where K is defined in Fourier mode by

1
Ku,v,w)=—

w(@)w(& + &£3)
2nL Z

- O, £ye, + Ap g BEDVEII(ES).
§1+6+83=¢ Aé—' 1:62+63

Lemma 3.16. Assume that (A,0) € A,. For all Jj € I, n|], we have that there exists no m €
[I1,2n|] such that
0(2j—1) <a 0(m) <a 0(2))

where <, is the strict order associated to <4.
With the above notations, for k = 1,2,3, ¢ respects parity.
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Proof. For the first part of the lemma, we argue by contradiction. If there exists m € [|1, 2n|] such
that
0(2j—1) <a 0(m) <4 0(2))

them m # 2j — 1,2j. We deduce that m > 2j or m < 2j — 1. In both cases, this violates the fact
that o € S, and thus if [,/ € N(A) are such that [ <4 I’, then o~ (I) < o' (0").

For the second part of the lemma, we treat the case o(2n—1) = (2, 0), the case c(2n—1) = (1,0)
being similar.

On the one hand, because ¢ is increasing, we have by induction

©1(Zny) = max{l € [[1,2n = 2[]|o() € {1} x N(AD)},
Vj<2ni, ¢i(j) = max{l € [|[Lo1(j+ 1) = 1I|o(]) € {1} x N(A)}.

For the same reasons, we have

©2(2nz) = max{l € [|1,2n = 2[]|o(]) € {2} x {1} X N(A2)},
Vj<2n, @) =max{l€[|l,2(j + 1) = I[I|o(]) € {2} x {1} X N(A2)},
@3(2n3) = max{/ € [[1,2n = 2[]|o(]) € {2} x {2} X N(A3)},
Vj<2n3, ¢3()) =max{l €[|l,@3(j+ 1) = 1[]|o(]) € {2} X {2} X N(A3)}.

One the other hand, we have that for all j € [|1,n — 1|], since 07(2j — 1) <4 0(2)), the nodes
o(2j— 1) and o(2j) belongs to the same subtree of A (either A, A or A3).

Therefore, we prove by (decreasing) induction that for all j € [|1,n — 1]], there exists k €
{1,2,3} and ji € [|1, ng|] such that

2j=@o2ji),  2j—1=¢@(2jx—1).

For j = n — 1, we have either 07(2)) € {1} X N(A}) or 0(2)) € {2} X {1} X N(A3) or 0(2)) €
{2} X {2} X N(A3). In the first (resp. second, resp. third) case this ensures that ¢;(2n1) = 2j, (resp.
©(2ny) = 2j, resp. ¢3(2n3) = 2j). From the remark above we have that o(2j — 1) € {1} X N(A)
(resp. 0(2j — 1) € {2} x {1} X N(Ap), resp. o(2j — 1) € {2} x {2} x N(A3)). We deduce that
©012ny —1)=2j—1(resp. po(2ny — 1) =2j— 1, resp. ¢3(2n3 — 1) =2j - 1).

Let j € [|1,n — 1|] and assume that the induction hypothesis is true for all / € [|j + 1,n — 1]].
Assume that 07(2)) € {1} X N(A}), then there exists j| such that ¢1(j}) = 2j. Let m = ¢1(j] + 1).
We have that m > 2j. If m is even, from the induction hypothesis, we have that ¢(j}) = m — 1
which contradicts the fact that ¢(j}) = 2j. We deduce that m is odd. But since m > 2j, by the
induction hypothesis, we get that j| + 1 is odd and thus j| is even. We write j; = 2j;. From the
remark above, we get that 0(2j — 1) € {1} X N(A1) and thus ¢ (2j; — 1) =2 — 1.

With similar arguments, we get that if 0(2f) € {2} X{1}XN(A3) (resp. 0(2)) € {2} x{2} X N(A3))
then there exists j, € [|1, n2]] (resp. jz € [|1, n3]]) such that

02122 =2j, @Q2p-1)=2j-1

(resp.
w3(2j3) =2j, w32jz—-1)=2j-1)

Therefore, ¢y, @2, @3 respect parity. O
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Proof of Proposition[3.15] To prove that the discussion on cases is exhaustive, we use the first part
of the above lemma. Assume by contradiction that (2n — 1) # (1,0), (2,0) then we have either
o2n—-1) <4 (1,0) or c(2n — 1) <4 (2,0). We get that

o(2n—-1) <4 (t,0) <4 0(2n)
with ¢ = 1 or 2. Hence there exists m = o~ !(, 0) such that
on—1) <4 o(m) <4 0(2n)

which is absurd.
We set K the function defined by induction on A as

KE =a
and
K{ = iK(K3', K2, K)
And we prove by induction that K§ = G%(a). For A = L, this is by definition.
Let (A, o) € A,. We treat the case o(2n — 1) = (2,0) and we set
A= (A1, (A2,A3))

and (o1, 02, 03) the orders on the nodes of (A}, A», A3) induced by o. Let k € {1,2,3} and j; €
[11, ng|]. Because ¢y respects parity, we have

o(er2jxk — 1) <a o(@r2ji — D + 1) = o(@r(2 i)

‘We deduce that
ok 2jr = 1) <4, ok (2ji).

Therefore, (Ax, 0k) € HAy.
We pass in Fourier mode and get

5 1 w&w(m +n3) ¢ 5 5 5
RlO=37 D T 0 + ARG DR )R] 1),

m+m+m=¢ n1,2+13

By the induction hypothesis, we have for k = 1,2, 3,
QrLY" K (m) = rLY"* G (a)m) =

2ny+1

(A, (@i2m = 1), 1) + Ag (om0 [ | )

D ﬁ wa (T 2m), iwa, (T (2m — 1), )
i (e 2m = 1), 772)

= m=1 I=1
where 7k = (k.15 - - - » Nk2ne+1)- By definition of o, we have
N 2
wa, (ok(m), k) = wa(o(pr(m)), &)
S
where & = (115« oo M2 +15s M2ls -« s D224 1s M1 -+ s M3 2mg 1) € (FZF)HMTMANNEI = (Liz)2n+]

‘We also have that
W(E) = wae2n), &), W +m) = walo@n - 1), ).
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Using the lemma, we have that for all m € [|1, ng|], we have
ok(2m—1) = g(2m) — 1 € 2[|1,n - 1]] - L.
We deduce that

A (0k2m = 1), 711) = Aa(o(@r2m) — 1),8),  Aa (0%(2m), i) = Aa(o(p(2m)), &)
with ¢ (2m) € 2[|1, (n — 1)|]. We also have that

AS

e = MA@ @), &), AP = Ay(o(2n - 1),8)

m2.113

What is more, we have that

@121, ni|D) U221, na|]) L 3(2[[1, n3]]) = 2[|L, n = 1]].

And finally, we remark that renaming the variables as 5 = (é1,...,&m41) We get that the sets
of

1
#\2n+1
(15 s M 2m 102,05 - s 2200415 113,15+« - s 1]32n34+1) € Z(Z )"

such that there exist (171, 172,73) € %Z such that n; + 2 + 3 = &€ and such that for all k = 1,2, 3,
we have i1 + ..., Mk 2m+1 = Mk 1s equal to

(€1 bom) €1+ o =€)

which allows to conclude noticing that if for some k = 1,2,3, 1, = 0, then either w4((2,0)) or
wa(1,1,0) or wy(1,2,0) is null.

The case o-(2n — 1) = (1, 0) is similar. O
3.4 Exact computation of ¥

Proposition 3.17. Let (A, 0) € A, and a € H*. We have that G (a) is real valued and for all &,

G5(@)§) = I"US(a, a¢)

where U{(a, §) is real, from which we deduce that Uj(a,—&) = (-1)"U{(a,§). From this we get
that U§ (a, §) is obtained by induction (with the notations of Proposition[3.15)) by

1 3 2

1
Uf(@.8) = 5= > Fn.OUS @)U (@U@ &) + UT @U@ 6) )t
n

where ol — )
Fo.8 = YEOLETT,

A,

n&-n

Lemma 3.18. Assume (£1,£2,&3,8) € R* are suchthat &, + & + &3 =&, & + & # 0and
W)~ WE) — W(E) ~ WE) = AL o, + AT =0,
Then, we have either

e H =6 8G=-6,
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e &3=¢§86=-¢6,

f—& 1 (1+§2>(1+§2)
&H = 5\/(6 £ -8+4—F—— 7 —4&é,
5= SF 1\/@ P PPRRA T 52)(”52)—455
2 1 &6 !
assuming that
1+ + &
<§—§1>2—8+4%—4§6@0,

and £ # 1.

Proof. For the sake of the proof, we write 7 = & — & # 0. We have w(—x) = —w(x) therefore, we
know that the first two items are solutions to the equation

W) — w(&)) — w(é2) - w(é3) =

The only solutions in R* of w(x) = w(y) are x = y or x =
If w(€) = w(&)), we have either £ = & or & = f—ll What is more, w(&;) + w(£3) = 0, which

yields w(&y) = w(—&3), that is either & = —&3 or &) = 4}3 Since & + &3 # 0, we have & + gfls =0.
This implies that ’

==

6oL
2 52—77

which admits two solutions & = £ or & = —£|. This yields one of the two first items.
We assume now that 6 = w(€) — w(é1) # 0. We look for the zeros of the function

R* - R
X oX)+own-X)-6 "

Multiplying the function by (1 + X2)(1 + (7= X)?) = 1 + 7> = 2pX + X>(2 + %) — 2nX> + X*, we
get the polynomial

X1+@-XH+@-X0+X>) -6 +17 -2nX + X>Q2 + 1> - 2nX> + X4,
We divide by —¢ and get the polynomial
P=X'-X3+X*Q+n* -6+ X' -2p+A+nH-6"n.
Because P has & and —¢ as roots we get that
P=(X-&X+&)X?+aX +b) = (X2 —nX — €6)(X? + aX + b)

witha = —-pandb—an—&& =2+n* -6 'nthatis b =2 — 1 + £,.
The polynomial Q = X? — X + b admits roots in R if

772—41720
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that is
n2—8+4g — 4¢¢1 2 0.

We notice that 5 5
n _ (+&)(1+&Y)

s 1-¢4

Hence the condition writes

5 8+4(1+§%)(1+§2)

n - -4, —4£6, > 0.

and in this case the roots write

n 1 (1+&H +&%)
X—Eiz\/n2—8+41_—§§1—4§§1.

Lemma 3.19. If L? is not algebraic of degree less than 2 then the system

Ei+&E+EH=¢
H+E#0
W(E) — W(E) — (&)~ WE) = AL o + AT =0

admits as solutions in %Z*,
e Hr=¢ &6 =&,
4 63 :‘f’ 63 = _gl'

Proof. We know that the only other possible solutions are

_ 1 1 2 1 2
§z=§ 5115\/(6—51)2—84'4M_4f§1’

2 1 -¢6
g (1 +&)(1+8)
H=0 5\/(5-51)2-“4% - a8,
(46D +£2

assuming that (¢ — 51)2 —-8+4 =73 ) _ 4&€1 > 0and &€ # 1,

If there are such solutions then

&—&
2

(L+EH+&Y)
1 -¢&

(- 50) = (e-ar -8 +4 - 4¢6))

which is equivalent to

(1—€ENEE +E - ) = 2+ + (L +ED(L + &) - €28

‘We write X K
_ _ho ke
é: - ’ §1 - L ’ 52 L



with k, ki, k, € Z*. Multiplying the above identity by L*, we get
(L? — kki)(ky + ky — k) = =2L* + kky L? + (L + kK})(L? + k) — kK3
which is equivalent to
L* + L (ka(ky + ky — k) — kky — k3 — k%) — kkyka(ky + ko — k) = 0

which implies that L? is algebraic of degree less than 2.

Proof of Proposition By definition, we have

X 1 +E34 A o N
R = — Y LOUARTD ¢ A iy

2L
d E1+6r+E3=¢ Afl £2+E3

Assume that u, v, w are real-valued, we have

ML L D) SAE, e, + A EUE)IEDMES).

&1+&H+E53=—¢ Af 1.62+&3

N 1
K(I/l, v, W)(_f) = ﬁ

We do the change of variables 7; = —¢; and get

N 1 — -1 — _ e
Ruvow(-6=5= 3 l i)f;’( ) SN AT )= (ns).

ni+m+n3=¢ —N1,—M2-13

We use that w is odd, which implies AZ{ _ = w(—x) — w(-y) — w(-z) = —Aj  and get

-

5 1 w(&)w(m +13) . . .

Ruvon(6)= 5= 3, BTN - A0 (-n2)i(-s).
m+m+n3=¢ _Am T2+

We now use that u, v, w are real-valued and get

- 1 I . .
Ruvw)(-6)=-5— > wwimw + AP )2 (g3)

m+m+n3=¢ Am T2 +13
and thus _
K(u, v, w) (=) = =K(u, v, w)(&)
which implies that K(u, v, w) is imaginary and thus by induction and using Proposition G4(a)
is real-valued.
Assume that u, v, w write in Fourier mode as

&) = Uu(a®), (&) = Una&), wE)=Un&alé)

with Uy (&), Uy(§), Uy(§) real.
Again, we have

S UBTD) G L+ A EE).

&1+6+83=¢ Af 1.62+&3

. 1
K(u’ v, W)(é:) = E
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We apply Lemma [3.19]and get

K@u,v,w)(&) =

o Z MA(@@( —mW(§) + W(=mH(&)).

nfn

We use the hypothesis on u, v, w and get

1 Z w(f)w(f n)
T

R(u,v,w)(¢) = L lamP Uu)(U(~mU () + Un(=mU(€)aé).

nfn

Therefore, we have

k(u’ v, W)(‘f) = UK(u,v,W)(f)a(f)

with
1 —
Ukiusso® = 57 3, SOl PU U UnE) + Un(1) (€,
d R ]

Because if A = (A1, (A2,A3)) or A = ((A2,A3),A1) we have n = ny + np + n3 + 1 (where (A, o)) €
flnj), the powers on the imaginary i match and we get by induction that

G5(@)(§) = I"UZ(a, H)a(¢)

with U{{(a, §) real and satisfying the induction definition

1 _
U @8 =5 “’@Z’;@ D apPUT U UE + UL U @)
1 n.é-n

with initial condition U%(a,¢) = 1.
Because G (a) and a are real-valued, we get

Ui(a,=¢) = (-1)'U(a,&).

Proposition 3.20. Letn € N and ¢ € %Z*. We have that

> US@d = U
(A,0)ed,
with

2 2 -
Ua.§) = — ; laPFEn) = — ; la(PE &, n)

with
E1+1)

F(f,?])z Y ) 2
(3+77+§;(§ ) )(3_’_77"".’5‘;(5’5‘*'77))

What is more,

Z<§>|U<a ol <
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Remark 3.7. The standard reason for this is that the contributions of most trees cancel each other

out. The only ones that do not cancel out are the combs.
The condition Ap(c(2j — 1),5) + As(o(2 j),g) = 0 imposes a coupling on the leaves. In
particular, for the trees in Ay, the coupling takes the following form.

& &
- & -1
& &
n n
&
£ - -

Those are the building blocks of trees in A,. They all contribute in the same way to Up.
Therefore, we will discuss only the blocks of the first form, obtaining the other ones by symmetries

left-right. By symmetry left-right, we mean the one obtained by exchanging the tree to the left with
the tree to the right at any node as

(A1,A2) < (A2, Ay).

Up to symmetries, all the trees in Ay are of the forms described below.

4
4
n
'3
¢ 3
— n
-n

A



We remark that with the constraint of the order of the nodes inherent to A,, there is only one
o possible which is the order of the nodes written in bold figures.

The two trees of the first line, A; and A,, have contributions in > that compensate each other.
Indeed we have

wa(01(4)) = w(§) = wa, (-(4),

wa,(01(3)) = w(& = 1) = wa,(0+(3)),

wa,(01(2)) = w(=1) = —w(1) = —wa,(T-(2)),

wa (D) = w(d =) = —w(@ = ) = —wa, (1))

and

Ap (D) = w(&) — () — W& = 1) = Ap,(0+(4)),
Apn(01(2)) = w(=1) = w(={) = w({ = 1) = (W) — W({) — w1 = {)) = =Dy, (0+(2)).

The tree of the second line A, is what is called a comb and is the only one to contribute to ;. We
also note that only one leaf in each tree is left uncoupled.
More generally, in a tree of A, with the constraints of the A, all leaves are coupled but one.
To build a tree in Ay, from the tree in A, there are two ways. Either we add a building block
to the uncoupled leaf or we take two coupled leaves and we add a building block in the following
ways.
-n
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Ay
The two trees A, and Ay, have contributions in Y, that compensate each other. Indeed we
have

wa,(0a(2) = w(=1) = —w()) = —wa,(0u(2)),
wa(04(1)) = w({ =) = @ = {) = w4, (0u(1))

and
Ap (04(2) = (1) — w(=0) — w({ — 1) = —(w() — w({) — w(n — ) = —Aa,(Tu(2)).

The only way to form trees whose contributions do not compensate each other is to add a
building block to the uncoupled leaf, meaning that up to symmetries, the only tree contributing to

Unis :

m

-

Tn

The proof, however; is a lot more simple than this because we observe this compensation at a
global level. But the local phenomenon that is encompassed is the one we have just described.

Proof. As we have seen previously if (A,0) € A, then there exists a unique triplet
(A1, 01), (A2, 02), (A3,03)) € Ap, X Ay X Ay,

such that ny + np + n3 = n and either A = (A1, (A2,A3)) or A = ((A2,A3),A1) and o is an ordering
on the nodes compatible with 0|, o5 and o3 satisfying o/(2j — 1) <4 o(2)).

Conversely, if nj + ny +n3 = nand (Aj,07;) € A,, we can build several trees (A, o) € Apso.
Indeed, we can build either A = (A1, (A3,A3)) or A = ((A2,A3),A1) and o should be compatible
with 0, 0, 03 and such that 07(2j — 1) <4 0(2j). We note this property o >A (o1, 02, 03).
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We deduce
At ={((A1, (A2, 43)),0) | A1) =123, 11 + 12 + 13 = 1, 3(0)) =123, (A}, 7)) € Ay 0 >4 (01,0, 03))
U{(((A2,A3), A, 0) | A()) jm103. 11 + 1o + 13 =, (0 )) jo123, (A, 7)) € Ay o > (01,00, 03))

Therefore, writing

Ua,©) = > U8

(A,0)eA,

U@ = ) D D Ulhi 4240

MAMAISEN (A j.0)ER, ; o> A1 A2A3) (0 0 073)

Y 2. 2 Ultasan.a:

MAMA=N (A .0 ))eA, ; o>A2A34 (0y,07,073)

we get

If o >4 (071,02, 03) for A = (A1, (A2, A3)) and o >4 (071, 02, 03) for A’ = (A2, A3), A}) we have

1

1
Uf@.§) = 5= ) FEmlaoPUy @ n(Uga.-nU @€ + Upa. HUT (. ~n))
n

= U§(@a.é).

We compute the cardinal of {o >A (0r1,02,03)). We treat the case A = (Aj, (A2, A3)), the other
one being similar. Take o >4 (01, 02,03). We have 0(2n +2) = 0 and o(2n + 1) = (2, 0). Now,
to describe o (1), ...,0(2n), because of Lemma [3.16] it is equivalent to choose (¢1, 2, ¢3) three
increasing functions such that for k € {1, 2, 3},

@i+ L ml] = (11, n]

and such that
e1([I1, n1[D) W2 ([I1, n2f]) U @3([|1, n3]]) = [|1, nl].

Then, for j € [|1,n]|], there exists a unique k € {1,2,3} and a unique j; € [|1,n]] such that
Jj = ¢ox(jx) and we set

(1,01(2j1)) ifk=1, (1,01(2j1 = 1)) ifk=1,
o(2)) = { 2,(1,0212j0))) ifk=2, ocQ2j-1)= { 2,(1,0222j> = 1)) ifk=2,
(2,2,(03(2j3))) ifk=3, 2,2, (0323 = 1)) ifk=3.

To build such maps, because they are increasing, it is sufficient to decide for each element
of [|1, n|] if it will correspond to an element or [|1,7n[], [|1,n2|] or [|1, n3|], that is, we choose n;
elements among n then ny among n — n; and n3 elements are left.

We deduce

A n!
#Ho >" (o1,02,03)} = BB
ni'ny!ns!

Therefore, we get

1 n!
U ,6) = — _
n+1(6,€) L Z Z . ny'nylng!

nitny+nz=n (Aj,a-j)eﬂnj

D laPFEDUS @ n)(UT @, -nUS @, 8) + U (a, U (@, -n)).
n
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The summand is symmetric in A, and Az, we deduce

2 n!
U = — -
n+1(@,€) L Z Z ny!nylns!

nytny+n3=n (A; (T,)e?ln

> laPFEDUS @, U (a, ~mUT (@, €).
1
The sets A ; are finite, therefore we can exchange the sums on %Z* and &fln_/.
2
Umi@d = ), ,n - Z laIF (& MU, (@)U, (@, =) Uy (@, €).

np+ny+n3=n

We prove by induction on n that

Up(a,&) = U(a,&)".

For n = 0, we have indeed Uy(a, &) = U"i(a, & =1
By the induction formula, we have

2
Unii(@,§) = = > laPFEm ) —U’“ (a, U™ (@, - U"(a, ).
n

\n-nx!
ny+ny+n3= n 122 n3

‘We deduce that

2
Unni(@.8) = — 3" laGDPFEm(Ua.n) + Ula. =) + U@, )"
n

We now remark that U(a, —17) = —U(a, n7). Indeed, by the odd character of w, we have

F(&,n) = -F(=¢,-n)

and thus ) )
Ula,-n) = — ; Fe-n.0la@)f = -— ; F(1, -Ola)P

and we do the change of variables, { < —{ to conclude.
We deduce

2
Uni(@.§) = — Zﬂ] laPFE mU(a, &' = Ua, &)™,
Now we have that

Ula, &) = (U(a £) - Ula,—¢)) = Zla(n)l (F&.m - F(=£m).

We have |
F(f, 7]) = 2., &2 )2
w(n)(3 + n°+& ‘;('f n) )
We deduce ] | | 1
_ 2 _
U@ = — Zn] (e e "5, BT )
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and thus )
(I+n)¢
+ 712+§2;(§_77)2 )(3 + 772+§2;(§+77)2)

2
Ua.&)=— >l 3
n

where we recognise

Pt = (1+7)é
’ (3 + 772"'52‘;(5—77)2 )(3 + 772"'52‘;(5‘“7)2).
We deduce 5
8 . Slal,
< — e
U, &) < 1 % la(n)| 7

4 Estimate on the remainder

4.1 Comparison between i and

From the previous computation, by definition of i,, we have

—~ _ (=igtU(a, &)
(@) = /2! at)

and thus

8e7tlall?, \n/2 Ja(e)|
o ) Wl

We deduce that at all times the series Y, ¥, converges in H® and we set

7,(0@©) < (

OEIAGIR

that is .
J(0)(@)@) = V@),
Note that
U@ 0@, &) = Ula,é)

and that i conserves any H* norm. We set
‘i’s,L(t) = S(t)l;”s,L(t)-

Proposition 4.1. There exists C such that for all D, all L, all T < T\(D) = &5 for all t €
[-Te2,Te2), forall s > 0, and all a such that ||allgs < D VL, we have

. 1
(D (@] s < Y DVL

and for all b such that ||b||gs < D VL,

() (@) = @YD)l < 2lla — bllps.
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Proof.
n/2 ||allgs

(n/2)!"

WD @ls- < [ suplUta £)e’s|

We have
sup|U(a,&)le’t < Cllall,L™'T < CD’T
3

which is less than 1 if the constant defining 7' is well-chosen.
What is more, we have

IF(t)(@) = JO)B)llas < [slgp |U(a,&) - Ub, )l llallas + lla = blls.

We have )
U@.§) = Ub.6) = — > FEm(atmf ~1bmP)
n

with
(1 + )

Fén =
(3 + 772‘*',52‘;(5—77)2 )(3 + 772"',‘52‘;(5*'7])2)

which is uniformly bounded in £ and 7, we deduce by Cauchy-Schwarz,
U(a,€) = Ub,&)| < TClla = bll2(llall> + 1bll2)L™" < CTDL™la = bl 2.
This concludes the proof. O
Proposition 4.2. Let s > % and ‘—i <s§ <s. Forall L,D, all
T < T>(L, D) = min(To(L, D), T1(L, D)),

all N € N and R > 1, there exists C(L,D,R,N) such that for all € < €(L,D), for all t €
[-Te72, Te™2] and finally, for all a such that ||al|lgs < D VL, we have

(1) (@) — P(B)@llye < DVL(27™ + Z % +3R° ) + £C(L, D,R.N).
n>N/2 "

Proof. We have

(@) = g @O@lle

IA

W@ = Y v @Il

n<N

+ > (@) = (D) (@r) s

n<N

HOar) = Y InD@Rllye

n<N

HIg(O)(ar) = PO} (@l -

By Proposition 2.9] we have

()@ = > vnd@llye <27DVL,

n<N
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By Proposition [3.T1] we have
W ()(@) = Fn(®)ap)llgs < 27"R-“"'DVL + £C(L, D, R, N).

By the previous proposition, we have

- - 1
G (r)(ar) ~ ngn(r)(amnm < NZ T
and
1§ (ar) = PO@le < 2lla - agllye < 2R7'DVL,
We sum and get the result. O

Proposition 4.3. Lett € Ry, let L, D > 1 (with L not algebraic of degree less than 2), set

M([, L, D) = Lﬁ]

Assume that for allm =0, ..., M, we have
Iy (mT>(L, D)e~)(a)llgs < DVL

which allows to define the flow up to te~2. We have that for all N, R, there exists C(L, D, N, R) such
that for all € < €(L, D),

ly(i7)@) = Jiee @)l e <2/ [DVIQN + l, +3R™™) + £C(L, D, R, N)|.

n=N/2 n:
Proof. Set
1 J
X =[DVLE™ + Z — +3R™) + &C(L, D, R, N)|
n!
n>N/2
with the constant of Proposition[4.2] and form = 0,..., M,

X, = sup ¥ (7)(@) = Y@l -

te[mTre72 (m+1)Tre72]
Let 7 € [mT2e™2, (m + 1)Tre72], we have
¥ (7)(@) — J(D@)llyy < (T — mTae™ ) W(mT2e™2)(a)) — Yt — mTre™ ) (W(mTre™ ) @)y
+ 1 (r — mTae™2)(W(mTre>) (@) — Yt — mTae 2 )P (mTre™2) (@)l -
By the previous proposition, we have
(7 — mToe™2)((mT2e™2)(a)) — Yt — mTre™ ) W(mTre™2)@))llye < X.
By continuity of i, we have
107 — mT2e™2)(Y(mT2e™)(a)) — Y(t — mTare™2)J(mT2e2) (@)l v
< 2\l (mTare™2)(a) — J(mTre™>) (@)l s -

‘We deduce
X <X +2X,-1.

Because X < X, we deduce by induction
X, < X2M < x2'/72

which concludes the proof. O
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4.2 The set we work in
We recall that yy is the law of the initial datum. When this law is invariant, we write it vy.

Proposition 4.4. Lett e Ry. Let L,D > 1. Let M(t,L,D) = L%J. Let }‘ <s§5< % in the case of

the invariant measure ¢(§) = <§>_1. Let s = 1 otherwise. Set
B(t,L,D) = {a € H(LT) |¥m = 0,..., M, |Yo(mT»(L, D)e ) @)|lns < D VL}.
There exists C,c > 0 such that for all L, D, t, we have
ur(B(t, L, D)) < MCe ™",
Proof. We have

M
B(t,L,D) = (| Bu(L, D)

m=0

with
By(L,D) = {a € H'(LT) | |W1,.(mT(L, D) >)@)llm» < D VL}.
Therefore, we have y
B(t, L, D) = _] An(L, D).
m=0

We deduce

M
uL(B(t, L, D)) < ) i (An(L, D)°).

m=0

Since the linear flow preserves the Sobolev norms, we get
{1(An(L, DY) = 1 (¥ Lo (mT2(L, D)e (@)lls < D VLY.
Since vz, and the H' norm are invariant under Y, ., we deduce
pL(B(t, L, D)) < Mup(Bo(L, D)°).
We estimate p7(Bo(L, D)°). By definition, we have
By(L, D)’ = {a € H’ | llall= > D VL}.
By Fernique’s theorem, there exist universal constants C, ¢ such that

ur(Ao(L, D)) < Ce¢P*LIrD)

where
r(L) = By, (lallfs) = Edleclls).
We have n n
— 2s) M2 2y _ 2s) M2
(D)= ) (/L p()PE(g) = 3 (/L ()
nez* nez*
and thus
r(L) < C(p)L.
We deduce the result. O
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5 Proof of the result
In the sequel, we identify B(¢, L, D) and goil (B(t, L, D)).

Lemma 5.1. Forallt € R, we have

E(S (~te () Per(-1e2)@r)€) (5
E(ELEe.L(te™)pL)©). (©6)

E(S (te 2(01) (@) Pe L(t272)(01)(©))

Proof. Let Opp be the operator acting on L?>(LT) such that

Opp(u)(€) = iu(~¢).

We have Opp? = Opp, Opp W = —W Opp and Opp(u?) = (Opp(u))>.
Therefore, we deduce that

W, 1(~t7*)(@) = Opp(¥e,.(1s~>)(Opp(a))),
and that
S (~t~)(a) = Opp(S (1™*)(Opp(a))).
What is more, we have

inx/L

n_e
0 = (=
pp(eL)(x) ZZ:g Sy

and since the family (g_,)nez+ has the same law as (g,),ez+ we deduce that ¢;, and Opp(¢r) have
the same law.
Because S (ts‘z)(tpL) and lI"‘;,L(te‘z)(gaL) are real-valued, we have

E(S (1t 2(p1) (@) Pe.L(te™2)(1)(@)) = B(S (157 (pr)(~€) Ve (157 2)(p1)(-6)).

We recognize the application of Opp as in

E(S (te 2(p1) (@)W, L(t272)(1)(@)) = B(Opp(S (16 X (9))E)Opp(We Lt 2 (pL))E)).

We commute the flows with Opp and get

E(S (16 2(pL)(€)We.1(t672)(@L)(€)) = B(S (—t572)(Opp(pL))(€) Ve L(~16)(OPP(pL))(€))-

We use that the law of ¢, is invariant under the application of Opp and get

E(S (ta~2(pL)(€) Ve te™2)(@L)(€)) = B(S (~t672) (L)) Ve L(~t272) (L) (€))

which is (3).
We have . o L
SOu©S () = e " OuE)e"™@(¢) = a(€)n(é).
Since Vo 1(1) = S ()Y, (1), we deduce yields (6). m|

43



Proof of Theorem[I.1] From Lemmal5.1] it is sufficient to study

E(@r(O)We.r(te™)(@1)(©))

for positive times.
Set zlt <s <s< % in the invariant case and i < s’ < s =1 otherwise and

1) = E@r@¥s,1(16™)(0r)(@) — st ) Ta

‘We have
I(&) = AE) + B(&) + C&) + D) + E(&)

with

AE) = E@r@Pesrte ) er)©) — EApur.oy@r@We (te ) (er)é)),
BE) = Epero@r@erte ) @) @) — Bl peroy@r@W,. (16 (@L)©),

—

C&) = Blpurp@r@We(te @) €) - B@L@W, 1(te D (er)E),

DO = BEL@T. 1)@ - ¢\ B FEmar) o

i\ 2 3, FEmleml? ;
&€ = o5 Femon )|go<§>|2 — D)),
By definition of A, we have

AE) = B ..oy PLEY L (17> ) (@1 )(&))
from which we deduce
WA < 10,200 @I PLEN 3 W6, (187N L)EN 13-

Because S (t672) is a Fourier multiplier by a phase we have

1s,.(te™ ) o)l = I¥erte™ o) )-

(7
®)
©))

(10)

1D

Since either the law of ¢; is invariant under the flow of BBM or the H' norm is defined and

invariant, we have either

I¥5.L(te™)e) Ol @) = 16L@) 30

or
1¥5.L(te™ ) o) Ny < el

and because ¢y is a Gaussian, we have either

3

181l < V3I@LEll 20 = oE

or
||‘10L”L3(Q,H1) < C(e)D \/Z
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We deduce
\AE)| < C()D VLI . 1.pyll 3 1(E)l.

‘We have 5
s.L.0xlls = py (B(t, L, D)) < M(t, L, D)'Pe™"".

(We change c to ¢/3.)
Therefore, we have

A < C(@)D VIM(1, L, D) PP |p(£)!.

By definition of B, (8], we have

B©) = E[ 150 81@)(Jerlte ) p1)©) — T 1157 2)00)@)].

‘We have
1B(&)| < EAp.L.o)l@rE WeL(te ) pr) = Fer(te™ @)l ).

We deduce by Proposition 4.3
1 ,
B <2/ DVLR™N + 3 = + 3R + &C(L, D, R, N)[E(lpL()])
n>N/2 n:
that is |
1B&)| <2/ DVLR™ + 3T — 4 3R7D) 4 6C(L, D, R, N)|l¢(©).

nZN/Zn'

By definition of C, (9), we have

C©&) = Bl pL.oy oL@, 1(te" ) (@1)(E)).

‘We have .
ICé)I < I|13(z,L,D)vI|L3(g>II@L(é)IIp(g)II&g,L(ts_z)(%)(f))IILs(Q)-

Because

U1 (1672) (L))
only differs from ¢ (€) by a phase we get

C@) < 3lp@)P M1, L, D) Pe™”.
We estimate D, we have
EGL@ st ) (@1)@) = BV, )P,
we deduce by expanding the exponential

N U , o
EGL@ Vet ) (en)E) = ) E(%m@ﬂ

Let
Dy = E(U(gr, &))"1LEP).
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‘We recall that )
U@.d) = — ; F& mla@ml?

with )
~ (I'+n7)¢
F(&mn = .
(3 + 772+§2;(f—77)2 )(3 + 772""52‘;(5"'77)2)
Note that
F(&,—-n) = F(,n).
We deduce

n

4 L
Ulpr, &) = > [ Femieani.

Ly
( ) Mseees 77n>0 =1

set
1 * ’ . .y ’
Bp={(7]1,...,17n)€Z(N)"l\ﬂ,ler, Tllznl/,/\VJ?ﬁj,IEPj,lEPjr,n[?f]][r}.

We set accordingly

_ 4 T 7 RN
UreLd) = o BZ H F& mlpLmP.

We have, since E(|g,|*?) = p!,

4n no J
UL O0LOP) = o5 D | [ FemletmPlo@r | ]eppr
Bp I=1 j=0

We assume that Py contains 0. Because the sum is symmetric in the 7, we have

E(Up(pL, E)@LE))
J

4n T -
D [ F@ny®iempFE o lemp*™ | Jepy!

~ (zL)r s 3
(L) nj)j=1,..€NL = j=1 J=0

with

The numbers of partitions of [|0, z|] such that

J
0,21 = |P;

j=0
with 0 € Py and #P; = n; > O is
n! 1
(no — Dnglng! JV
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Indeed, we take ny — 1 elements among n, n; among n — ng + 1 etc, which explains

n!

(l’lo - 1)!711!...1’1]!

and the union is symmetric in 1, ..., J which explains the
1
ﬁ.

We deduce that

4 & ol L ~
=0 Y [ FEapiempPuEE e o).

=
nL)" J!
( ) J=0 n0+...+nj=n+],n_,~>0 (nj)./zlw',]ENL,],;t j=1

Set

4 pl o : 0 e gy n
D=ty 2 " D, | [FEnlempP RE e sy

n0+..A+n]:n+l,nj>0 (7]]')]':1 ..... jEZL"]’¢ j=1

such that

Dy =) Dy

J<n

By definition, we have

miﬁwwémjy@WWMMﬁ
We deduce that
Do = (o Y FEieP) le@F + D,

with 7] .
D= Y, | [Fenlemfieer

)yt =1

We deduce .

D& =3 (D, (== 3 FEnie?) o))

and thus . n

ma=§f2%§ﬁm+5a
It remains to estimate ” '
Z;WQA

and

> :l—n!m.

n
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We have

J
_ 4" n! n; 2n; i no—1 2n
D=ty 2u M0 2y | [FenyempPFeom s@r".
no+...+nJ:n+l,n_j>0 (7]!)/ 1od J :1
We deduce
Z|z>fn|—<
n>J

no—1

4% i | NS A no—1np—1 2ng 4
ﬂL)n_,t”- L& nplM @)™ IFE O 10 p(©)] EATE

i % e 3

: no+...+ny>J (T]j)j 1

and thus by the change of variable k; = n; — 1 we get

Ny |@Jn|— <

n>J

o+ i+ 0 o+ 4%
(ko+1)l_[( L)kﬂ(tlF(f D PR E O P .

ko+..+ky=1,(nj)j=1,..0

We factorize by #/ and get

JZ|1>M|—

n>J
J
4ko

ki+1 2(k; +1) ki ki 2(ko+1)

k PCEEDY ]_[ T L)k +1z IFE I PV RIEE o@D

ot +ky>1 j)j=1...0 j=1

We use that F, ¢ are bounded and that

— Dl < Clg)
n
to get
J k:
(Ct) 4cn*i
S 10515 o > kD] ] L e
n>J ko+...+k;=>1 Jj=0
Because ko + ...+ k; > 1, at least one of the k; is bigger than 1, we get
_ (€1 4ct @cnh - @cntv o
—< ko +2
;| fn| oD 20]< 0+ G ( Dp) ©)

1 ac ECHR (S @CORT o
I oD Z( o+ D h ( D ) le@P.

Therefore, if L > %t, we get

"o .
D Dl < U +1 ( ) Z(ko +2)272 jp(&).

n>J
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We deduce that

33 Ly < M D gy,

J n>J
We have ( N2, 2 ) o
P nin — 2\ 2 2
[Dul < == H—L(E;mw ) (E;w(n» ()P
We deduce
Dl < Cioer?
nl S ("2 .
Therefore,
- " eCt 5
zn] 1Dul > < —le(@)P,
that is

1(1 t) e 2 e 2
|DE)| < C——e"|p(&)|" + |<P(§)| .

Note that if L < %t then we use that

D6 = 20 = 2 Lo < M g + L.
Because for all 17, &, we have
By FlemP) < Cllgmi + "f’?’)

We deduce

2 - 1 _ C
= ; F&mlemP - fR F&mlptnPdn| < 7.

We get, by definition of &, (T1)),

8] < %tlso(f)lz-

Summing up, we get

@< D g + ¢ |¢<f)|

+ Cp)D VLM(1, L, D)1/3 ~eb?

+ 2/ DNLEN + Z — +3R") + £C(L, D, R. N)|l¢(é)l.
n>N/2

Optimizing N, D and R in &, t, we get that for € R, L > 1, there exists f;; : R} — R, such

that f;; goes to 0 at 0 and
C(1+1)

@) < <

P + fr(&lp@)l.
Noticing that

P . 1 11 1
Z dnF (&, = — ’
,rf FED ) V3348 T+ &a

we get the result.
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