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Abstract

We study the problems of controllability and ergodicity of the system
of 3D primitive equations modeling large-scale oceanic and atmospheric
motions. The system is driven by an additive force acting only on a
finite number of Fourier modes in the temperature equation. We first
show that the velocity and temperature components of the equations can
be simultaneously approximately controlled to arbitrary position in the
phase space. The proof is based on Agrachev—Sarychev type geometric
control approach.

Next, we study the controllability of the linearization of primitive
equations around a non-stationary trajectory of the randomly forced
system. Assuming that the probability law of the forcing is decomposable
and observable, we prove almost sure approximate controllability by using
the same Fourier modes as in the nonlinear setting. Finally, combining
the controllability of the linearized system with a criterion from [KNS20al,
we establish exponential mixing for the nonlinear primitive equations with
a random force.
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The system of 3D primitive equations (PEs) of meteorology and oceanology is an
important model of geophysical fluid dynamics. Today, most numerical weather
prediction and climate simulation models are based on them. This system is
derived, using hydrostatic approximation, from the 3D Navier—Stokes equations
with Coriolis force coupled with the thermodynamic equation (see the book by
Zeitlin [Zeil8]). The mathematical study of these equations has attracted a lot
of attention in the last two decades. Following the framework introduced by
Lions, Temam, and Wang [LTW92a, LTW92b], we consider in this paper the



PEs written in the form:

O+ Liv + (v,V>v+wazv+va‘ + Vp = hyq, (0.1)
d.p+0=0, (0.2)

dive + 0, w = 0, (0.3)

00 + Lo + (v, VY0 + w 0,0 = ha + 1. (0.4)

The unknowns are the 3D velocity field of the fluid (v1, v, w), where! v = (v1, v2)
and w are the horizontal and vertical velocity components, the temperature 6, and
the pressure p. The number f is the Coriolis rotation frequency, the functions hy
and ho are given source terms, and 7 is an external perturbation—a control or
a random noise. The operators

Li = —1A— 10,
Lo = —1voA — ,u25zz

are the viscosity and heat diffusions, where the numbers vy, u; > 0 are the
horizontal and vertical viscosities, while v,, uo > 0 are the horizontal and vertical
heat diffusivity coeflicients. We denote by A, V, div the 2D (horizontal) Laplacian,
gradient, divergence operators:

A:8f1+ayyﬂ V= (8”638.7!)7 div = <V7'>a

and (v, V) = v10; + v20,,.

The space variable (z,y, z) is assumed to belong to the torus T3 = R3 /2773,
i.e., all the above functions are 27-periodic in z,y, and z. Furthermore, we
assume that the functions v, p, hy are even and the functions w, 8, ho,n are odd
in z. As a consequence, w, 0, ho,n vanish at z = 0.

The unknown functions in system (0.1)-(0.4) can be divided into two types:
the prognostic unknowns v and 6, which are determined through an initial
boundary value problem, and diagnostic ones w and p, which can be expressed
as functions of v and 6. Indeed, from the conservation of mass equation (0.3)
and the boundary condition w|,—¢ = 0 it follows that

wltiap2) =~ [ diveltop,5)ds (05)
0
and from the hydrostatic balance (0.2) that

p@m%dzm@%w—/9%%%ﬁ%- (0.6)
0

Using equalities (0.5) and (0.6), the following equivalent formulation is obtained

'We denote v+ = (—wvg, v1).



for the PEs:
O+ Liv+ (v, Vv — /OZ divo(t,z,y,3)d; 0.0 + fot
+Vps(t,z,y) — /OZ Vo(t,z,y,3)ds = hq, (0.7)
010 + L6 + (v, V)0 — /OZ divo(t,z,y,3) d3 0,0 = ha + 1. (0.8)

The well-posedness of these equations has been studied by many authors. The
existence of weak solutions is known from the works of Lions, Temam, and
Wang [LTW92a, LTW92b], but the uniqueness is still an open problem. In this
paper, we deal with strong solutions whose global existence and uniqueness is
established by Cao and Titi [CT07] in the case of Neumann boundary conditions;
see also the paper by Kobelkov [Kob07] for a different proof. In the case of
periodic boundary conditions, the global existence of strong solutions is considered
by Petcu [Pet06] and in the case of Dirichlet boundary conditions, by Kukavica
and Ziane [KZ07]. The existence of a global attractor is obtained by Ju [Ju07]
and Chueshov [Chul4]. We refer the reader to the reviews [TZ04, PTZ09] for
more details and references.

In the periodic setting, the PEs (0.7), (0.8) are considered in the function
spaces H and V recalled in Section 1. To formulate the first main result of this
paper, we assume that the couple of source terms (hq, hs) is a smooth element
of H, and 7 is a control taking values in the space H = span{¢; : i = 1,...,10},
where ¢; are the following eigenfunctions of the heat diffusion operator Ls:

cosjxrsinz, sinjxsinz, cosjysinz, sinjysinz, sinjz, j=1,2.

Theorem A. Problem (0.7), (0.8) is approzimately controllable by H-valued
controls. More precisely, for any € > 0, any time T > 0, any initial condi-
tion (vo,6p) € V, and any target (v1,61) € H, there is a controln € L*>([0,T], H)
such that the unique strong solution (v,0) of problem (0.7), (0.8) satisfies

(v(0),0(0)) = (vo,00), (0.9)
[((T),0(T)) — (v1,61) |2 (12 R3) < €. (0.10)

Note that the space H of admissible values for the control n is independent
of the physical parameters hy, ho, f,v;, s, @ = 1,2. A more general version of
this result is formulated in Theorem 2.3, where a saturation property is specified
that ensures the approximate controllability of the system. We also show that
if some controlled Fourier modes are added in the velocity equation (0.7), then
approximate controllability holds with respect to the stronger norm of the
space H'(T3 R?).

Approximate controllability of PDEs by additive finite-dimensional forces has
been studied by many authors in the recent years. The first results are obtained
by Agrachev and Sarychev [AS05, AS06], who considered the Navier—Stokes (NS)
and Euler systems on the 2D torus (see also the review [AS08]). Their approach



has been generalized by Shirikyan [Shi06, Shi07] to the case of the 3D NS system;
see also the papers [Shil4, Shil8] by Shirikyan, where the Burgers equation is
considered on the real line and on a bounded interval with Dirichlet boundary
conditions. Rodrigues and Phan [Rod06, PR19] established approximate con-
trollability of the NS system on 2D and 3D rectangles with Lions boundary
conditions. In the periodic setting, Nersisyan [Ner10, Ner11] considered 3D Euler
systems for perfect compressible and incompressible fluids, Sarychev [Sar12]
studied the 2D cubic Schrédinger equation, and Nersesyan [Nerl5] considered
the Lagrangian trajectories of the 3D NS system.

The proof of Theorem A is based on a technique of applying large controls
on short time intervals. Previously, such ideas have been used mainly in the
study of finite-dimensional control systems; e.g., see the works of Jurdjevic and
Kupka [JK85, Jur97] and the references therein. Infinite-dimensional extensions
of this technique appear in the above-cited papers of Agrachev and Sarychev.
More recently, this approach has been used in the paper of Glatt-Holtz, Herzog,
and Mattingly [GHHM18], where, in particular, a 1D parabolic PDE is considered
with polynomial nonlinearity of odd degree, and in the paper of Nersesyan [Ner20],
where the nonlinearity is a smooth function that grows polynomially without
any restriction on the degree and on the space dimension.

The main difficulty of the problem considered in this paper comes from
the highly degenerate nature of the control system. The form of the saturation
property and the argument for its verification are more complicated than in
the previously studied situations. When the control acts directly only on the
temperature equation, we are able to check the saturation with respect to the
L2-norm. The latter is known to be poorly adapted for the stability properties
of the 3D PEs and is a source of many difficulties in different parts of the proof.

To formulate our second result, let us assume that 1 is a Haar coloured noise
taking values in the same space H as above. This means that n has the form

10
n(t)=> '), (0.11)
i=1
where {1’} are independent copies of a random process 7 defined by

()= &bolt—k)+> 79> &ubult). (0.12)
k=0 =0

j=1
Here ¢ > 1, {{k,&;:} are independent identically distributed (i.i.d.) scalar random
variables with Lipschitz-continuous density p, and {ho, h;;} is the Haar system
defined by
1 for0<t<1,
0 fort<Oort>1,

0 fort<i27ort>(1+1)277,
hut)=4 1 fori2=7 <t< (I+3)277,

—1 for (I+21)279 <t<(+1)277

ho(t) = {



with j > 1 and 0 <1 < 27 — 1. Note that, for any k& > 1, the functions
{ho(- —k+1), hjy, j>1, (k—1)27 <1<k2/ -1}

are supported on the interval [k — 1, k] and form an orthonormal basis in the
space L?([k —1,k]).

Let (7,0) be a trajectory of problem (0.7), (0.8) with process n defined
by (0.11).

Theorem B. Under the above conditions, the linearization of problem (0.7), (0.8)
around the trajectory (0,0) (see system (1.8)) is almost surely approzimately
controllable by H-valued controls.

See Theorem 3.3 for a more precise formulation of the result. It is proved
by showing that the kernel of the random Gramian operator is almost surely
non-trivial. The latter is derived from the observability property of the Haar noise.
Let us emphasize that on a non-empty, but zero-probability event (depending on
the reference trajectory (0, 6)), the linearized problem is non-controllable. Indeed,
assume that the source terms hy and hq, the noise 7, as well as the trajectory (9, 9~),
are identically zero. Then the space H is invariant for the linearized problem, so
the attainable set from the origin cannot be dense in H.

Controllability properties of nonlinear and linearized equations have appli-
cations to the study of randomly perturbed problems. Indeed, it is well known
that approximate controllability implies, for example, irreducibility of the as-
sociated Markov process when the support of the law of the noise is the whole
space L>([0,T],H) (see Section 6.3 in [KS12] for more details). As it is shown
in the recent papers by Kuksin, Nersesyan, and Shirikyan [KNS20a, KNS20b],
the controllability of the linearized system can be used in the analysis of the
ergodicity problem when the system is perturbed by a bounded degenerate
noise. In these papers the NS system, complex Ginzburg-Landau equations,
and parabolic PDEs with polynomial nonlinearities are studied. See also the
papers [KZ20] and [Ner19] for some related situations where the noise is non-
degenerate. In our third result, we show that the approach of these papers
can be extended to the more degenerate case of PEs. To formulate the result,
let ((vk,0r), P(s,0)) be the Markov family obtained by restricting the trajectories
of system (0.7), (0.8), (0.11) to integer times. Recall that p is the density of the
random variables {{,&;;} in (0.12).

Theorem C. In addition to the above conditions, assume that (hy,hs) =0, the
support of the density p is bounded, and p(0) > 0. Then the family ((vi, Or), Pv.0))
has a unique stationary measure on V. which is exponentially mixing in the dual-
Lipschitz metric.

See Section 4 for more details. In the case of the 3D primitive equations
with spatially regular white noise, existence of stationary measure is established
by Glatt-Holtz, Kukavica, Vicol, and Ziane [GHKVZ14]. As far as we know,
uniqueness of stationary measure for that situation is still an open problem due to
rather weak tail estimates for solutions. The boundedness of the noise allows to



reduce the study of the system to a compact phase space. This naturally eliminates
the problems coming from the tail estimates. On the other hand, bounded
noises are well-accepted and commonly used in the physics literature (e.g.,
see [Onol3] and the references therein). In the case of non-degenerate bounded
kick force, uniqueness and exponential mixing are proved by Chueshov [Chul4].
Let us also recall some previous results considering the problem of ergodicity
for PDEs driven by a degenerate noise. Hairer and Mattingly [HM06, HM11]
used Malliavin calculus to study the ergodicity for the NS system with a white
noise which is degenerate in the Fourier space. Féldes, Glatt-Holtz, Richards,
and Thomann [FGRT15] considered a similar problem for the Boussinesq system.
Using controllability methods, Shirikyan [Shil5, Shi20] studied the NS system
with a noise that is localized in the physical space (distributed in a subdomain
or on the boundary). For more results and references, we refer the reader to the
book [KS12].

This paper is organized as follows. In Section 1, we recall the functional setting
for the PEs and formulate perturbative results with respect to the initial condition
and control. In Sections 2 and 3, we discuss the problems of controllability of
nonlinear and linearized PEs and prove Theorems A and B. In Section 4, we
consider the randomly forced PEs and prove Theorem C. Examples of saturating
spaces are provided in Section 5. Finally, in Section 6, we establish a perturbative
result formulated in Section 1.
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in stochastic systems.

Notation

Throughout this paper, we use the following notation.
7%, d > 1 is the integer lattice in R?, and T¢ is the torus Rd/27er.
LP(T4,R™), p>1, n>1and H*(T4 R"), k > 0 are the usual Lebesgue and

Sobolev spaces of functions g : T? — R™ endowed with the norms | - ||z»
and || - ||, respectively. If p = 2, we write || - || instead of || - ||,z and denote
by (-, -) the corresponding scalar product. If p = 400, we write || - || instead
of || [

C>(T4,R") is the space of infinitely differentiable functions g : T¢ — R™.

Let X be a Banach space endowed with the norm || - || x.

Bx (a,r) denotes the closed ball of radius r > 0 centred at a € X.



B(X) is the Borel o-algebra on X, and P(X) is the set of Borel probability

measures on X.

LP(Jp,X), 1 < p < oo is the space of measurable functions u : Jp — X endowed
with the norm

1/p

T
lullzer,x) = (/0 lu(®)% dt) , Jr=[0,T].

C(Jr, X) (resp. L>®(Jr, X)) is the space of continuous (resp. bounded measur-
able) functions u : Jy — X endowed with the norm

llullc(rr,x) (resp. [|ull Lo (77, x)) = sup [lu(t)x-
teJr

1 Preliminaries on primitive equations
We consider the system of PEs in the spaces H*, k > 0 defined by
H* = closure of V in H*(T? R?)

and endowed with the Sobolev norms | - || (with L?*norm || - || if & = 0),
where V = V; x V5 and V; and Vs, are the spaces given by

V1 = {v € C™(T3,R?) : v is even in z,/
T

divedz = 0,/ vdrdydz = O},
’]I‘3

Vo = {9 € C®(T*R):0isoddin z, [ Odrdydz = 0}.

T3

The condition [ divedz =0 in the definition of V; comes from equality (0.5)
at z = 2m, the fact that w is 2m-periodic, and the boundary value w|,—g = 0;
see [CT07, PTZ09] for more details. We will mainly consider the spaces? H =
H xHy=H V=VixVy=H',and U =U; xUy; = HS. Forany T > 0,
we set

Xp = C(Jr, V)N L*(Jr, H?)
and endow this space with the norm
lull xr = Jullcry, vy + llull L2 (gp, m22) -

The Leray-type orthogonal projection onto Hy in L?(T3,R?) is denoted by II.
Applying this projection to Eq. (0.7), we eliminate the pressure term and
transform problem (0.7), (0.8) into an evolution system which can be written in
the following dimensionless form:

i+ Lu+ B(u)+ Qu="h+mn, (1.1)

2The subscripts 1 and 2 are used with H,V,U to denote spaces of velocity fields and
temperatures, respectively. The superscript k& > 0 is used with H to indicate the Sobolev
regularity.



where the unknown is the couple u = (v, 6), and the linear terms L and @ and
the nonlinear term B are defined by®

Lu= (Lqv,Ls0), B(u)=(B1(v),Ba(u)), Qu=(Q1u,0),
Bl(”) =1I (<’U, V>U - / diVU(t>$>ya3) d3 827)) )
0

Bs(u) = (v, V)0 — / divo(t, z,y,3) d3 0.0, (1.2)

0
Qru—TI (fvl - / VO(t,2,,3) d3> . (13)

0

Eq. (1.1) is supplemented with the initial condition

u(0) = up. (1.4)

Proposition 1.1. For any T >0, ug € V, n € L>®(Jr,H), and h € H, there is a
unique solution u of problem (1.1), (1.4) belonging to Xr. Let S be the mapping
taking the couple* (ug,n) to the solution u. For any r > 0, there is a constant

C=C(r,T) > 0 such that

1S (uo,1,m) — S(uo2, m2)laer < C (luoy —uo2lly + llm — m2ll Lo (sr.m)) »

provided that ug; € V, n; € L™(Jp, H), and h € H satisfy
lwo,ills + Imillpee (gp, ey + IR <7y i =1,2.

Existence and uniqueness of solutions is established in [CT07, Pet06, KZ07],
and the local Lipschitz property in [Ju07].

Inspired by ideas from [AS05, AS06, Shi06], together with Eq. (1.1), we will
consider a more general equation with additional control (:

G+ Lu+ )+ Bu+)+Qu+{)=h+n. (1.5)

The well-posedness of problem (1.5), (1.4) with ¢ € V follows from that of prob-
lem (1.1), (1.4) using a change of unknown « = u + ¢. We denote by S(uo, (,n)
the corresponding solution and by Si(ug,(,n) its restriction at time ¢ € Jr.
To avoid any ambiguity, in this and next sections, we write S(ug,0,7) instead of
S(up,n) defined in Proposition 1.1. Let m : H — H; and 7o : H — Hs be the
projections (v, ) — v and (v, ) — 6. The following result is proved in Section 6.

3With a slight abuse of notation, instead of elements like Ba(u), Q(u), Q1 (u) with u = (v,0),
we will often write Ba(v,0), Q(v,0), Q1(v,0). Note that the term B; does not depend on 6, so
we write Bi(v).

4In what follows, the source term h will be fixed, so we shall not indicate the dependence
of S on it.



Proposition 1.2. For any vy € H* and (,n,& € H® with & = 0 and 7o = 0,
the following limits hold in V as § — 0T

Ss(u0,072¢,6 ) = uo + 1 — B(C), :
Sﬁ(u07 6_165 O) — ug — Lf - (0’ \Il<u07£)) - Qg’ (17)
where W(ug, &) = Ba(miug — 3Q1€, m28).

Now, let @ = (9, é) = S(up,0,7n) be a trajectory of Eq. (1.1) corresponding
to initial condition ug € V and control n € L*°(Jr, H). The linearization of
Eq. (1.1) around @ is given by

w+ Lw + b(t,w) + Qw = g, (1.8)
where w = (v, ) and the term b(@, w) = (b1(0,v), b2(4, w)) is defined by

by (0,v) = H((f}, Vv + (v, V)0

—/ divﬁ(tw,y,g)dg@zv—/ divv(t,x,y75)d58217),
0 0
bo (i1, w) = (0, V)0 + (v, V)6
—/ divﬁ(tw,y,g)dg@ﬁ—/ divo(t, z,y,3) d30.6.
0 0

Using standard techniques (e.g., see Chapter III in [Tem79]), one shows that,
for any wg € V and g € L?(Jr, H), the linear equation (1.8) has a unique
solution w € Xp issued from wy.

2 Controllability of the nonlinear system

2.1 Saturation property and the result

In this section, we formulate a controllability result for Eq. (1.1) that is a
generalization of Theorem A given in the Introduction. We start by introducing
some definitions and notation.

Definition 2.1. Let A be a finite-dimensional subspace of U. Eq. (1.1) is said
to be approximately controllable in H by H-valued controls if for any € > 0,
any time 7' > 0, any initial point ug € V, and any target u; € H, there is a
control n € L>°(Jr,H) such that

[1S7(u0,0,m) —wa| <e. (2.1)

In a similar way, Eq. (1.1) is said to be approzimately controllable in V if
inequality (2.1) holds with respect to the H!'-norm | - ||; and the target u; is
arbitrary in V.

5In (1.7), we denote (0, ¥) the element ¥ € H such that 71 ¥ = 0 and mo¥ = . Likewise,
in what follows, we will often have terms of the form (v,0) that denote an element ¥ € H with
710 = v and 70 = 0.

10



Let us assume that H = Hy X Hs, where H; C U;, i = 1,2 are finite-
dimensional subspaces. We denote by JFi(H) the largest subspace of U; whose

elements can be approximated, within any accuracy with respect to the H'-norm,
by elements of the form (cf. [AS05, AS06, Shi06])

Q1(0,40) + G — > Bi(G), (2:2)
=2
where m > 2, (o € Ha, and (q,...,(m € Hi. As H is finite-dimensional, @y
is linear, and Bj is bilinear, it is easy to see that Fi(H) is well defined and
finite-dimensional.
Let F2(H) be the subspace spanned by all the vectors of the form

&0 + B2(Q1(0,£1),&2), (2.3)

where &g, &1, &2 € Ho are such that B2(Q1(0,&1),&) € Us. We denote by F(H)
the product F1(H) x F2(H), and define a non-decreasing sequence {H(j)} of
finite-dimensional subspaces of U by

HO)=H, H()=FH(G-1), j=1 (2.4)
Let us set

mw:UHm. (2.5)

Definition 2.2. A subspace H C U is H-saturating (vesp. V-saturating) if the
following two conditions hold:

(a) H =H1 x Ho, where H; C U;, i = 1,2 are finite-dimensional subspaces;
(b) the vector space H(o0) is dense in® Hy x V; (resp. in V).
We are now ready to formulate the main result of this section.

Theorem 2.3. If H C U is an H-saturating subspace, then Eq. (1.1) is approxi-
mately controllable in H by H-valued controls. Moreover, if H is V -saturating,
then the equation is approzimately controllable in V.

Examples of H and V-saturating subspaces are given in Section 5. When the
control acts directly only on the temperature component (i.e., H; = {0} in (a)
in Definition 2.2), we provide an H-saturating subspace—the ten-dimensional
space considered in the Introduction. In particular, Theorem A is obtained as an
immediate consequence of Theorems 2.3 and 5.1. We do not have an example
of V-saturating subspace acting through the temperature component only. The
example we provide is less degenerate and combines few modes from velocity
and temperature components (see Theorem 5.5). Furthermore, in the case of
the 2D and 3D NS systems, there are necessary and sufficient conditions on the
Fourier modes to use in order to have approximate controllability (see [AS05,
AS06, Nerl5]). It would be interesting to obtain similar precise description in
the case of 3D PEs.

6The reason why we take Hj x V2 and not the space H is explained in Remark 2.8.

11



2.2 Proof of Theorem 2.3

The proof of Theorem 2.3 is divided into three steps. We first show that the
temperature and velocity components can be separately controlled in small
time. Then we derive simultaneous controllability of both components in arbitrary
fixed time.

2.2.1 Controllability of #-component

Let us set H;(j) = mH(j) for 7 > 0 and ¢ = 1,2. In this subsection, we prove
the following proposition.

Proposition 2.4. Let H; C U;, i = 1,2 be arbitrary finite-dimensional subspaces
and H = Hy X Ha. For any ug € V and n € Ha(o0), there is a family of
controls {(; }r>0 C L>°(J1, H) such that

S, (u0,0,¢) = ug+7n inVoast— 0T, (2.6)
where ) = (0,n) € H.

Proof. We first prove the result in the case ug € U. It suffices to show that
for any N > 0 and n € Ha(N), there are controls {(;} C L*°(J;,H) such that
limit (2.6) holds. We argue by induction on N > 0.

Step 1. Base case: N = 0. Let us check that limit (2.6) holds in the case N = 0,
i.e., for any n € Hy. Indeed, by limit (1.6) with ( = 0 and 7 = 1), we have

Ss(ug,0,67'7) = ug+7H inVasd— 0T,

Taking § = 7, we obtain the required limit with controls ¢, = 7 17.
Step 2. Inductive step. We assume that the limit is proved for N — 1, and
take any n € Ha(N) of the form

n =& + Ba2(Q1(0,&1), &) (2.7)

with some &y, 81,8 € Hao(N — 1). Let us set &= (0,&) € H,i=1,2,3. Using
limit (1.7) with & = &, we get

S (un,071E1,0) = ug — L& — (0, ¥ (ug, &1)) — QE;. (2.8)

By the uniqueness of the solution of the Cauchy problem, the following equality
holds for any t > 0:

Se(uo +071€1,0,0) = Sy(uo, 67161, 0) + 6716, (2.9)
Taking here ¢ = § and using (2.8), we obtain the limit
S5(uo +674£1,0,0) —ug + Léy + (0, W (o, £1)) + Q€ ~ 5 [y = 0 (2.10)

as 6 — 0F. The fact that & € Ha(IN — 1) and the induction hypothesis imply
that, for any d > 0, there is a family of controls {C;(;} C L*(J1,H) such that

S (u0,0,¢} 5) = uo + 573 inVasrt—0".
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From Proposition 1.1 it follows
S5(Sr(u0,0,CLs),0,0) = Ss(ug + 87 2£1,0,0) inV as 7 — 0%,
Combining this with (2.10), we find a family {¢}} C L>(J1,H) verifying

1S5 (10, 0,¢3) — o + L& + (0, ¥ (ug, &1)) + Q€ — 67 &1 — 0

as § — 07. Using one more time the assumption & € Ho(N — 1), the induction
hypothesis, and Proposition 1.1, we find {¢2} C L°°(J;,H) such that

Sr (10, 0,¢2) — ug — L& — (0, ¥(u,&1)) — Q& inVasT— 07, (2.11)
Now we use the following lemma.
Lemma 2.5. Let us denote
Fe, (uo) = ug — L& — (0, ¥(ug,&1)) — Qéy.
Then
Flg,(Fg, (Fe, (Fe, (w0)))) = uo + (0, B2(@Q1(0,&1 — &), & + &), (2.12)

Using (2.12) and iterating four times the argument of the construction of the
family {¢3}, we find a family {¢?} C L®(J;,H) such that

ST(IUJOvaCﬁ) — Ug + (OaBQ(Ql(Ougl - 52)751 + 52)) inVast— 0+'

This and the induction hypothesis imply that, for any &g, &1,& € Ha(N — 1),
there are controls {2} C L*°(Jy,H) such that

ST(UO707§7E—)) — U + (0750 + BQ(Q1(07§1)7£2)) inVast— 0+'

Iterating this argument, we show that the system can be controlled in small time
to any target of the form wug + 7 (in the sense of limit (2.6)), where 7} is now
a linear combination of vectors of the form (2.7). This completes the proof of
the proposition in the case of a regular initial condition ug. In the case ug € V,
it suffices to take control equal to zero on a small time interval, to use the
regularizing property of the PEs (e.g., see Theorem 3.1 in [Pet06]), and apply
the already proved result for regular initial condition. O

Proof of Lemma 2.5. For any smooth u in H, we have
F—fl (F§2 (U)) = Ffz (u) + Lél =+ (07 lII(FSQ (U)7 él)) + Qél

=u+ L(& — &) — (0,¥(u,&)) + (0, U(Fy, (u),€1)) + Q&1 — &).
(2.13)

Replacing in this equality u by F¢, (ug), we obtain
F—§1 (Ffz (Ffl (UO))) =Uup — LéQ - QéZ
= (0, W (ug,£1)) — (0, ¥(Fg, (o), 2)) + (0, ¥ (Fe, (Fy, (UO))EE)) |
2.14
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Note that
U(u, &) does not depend on mau and mLé =mLés =0, (2.15)
so using (2.13), we get
\II(F& (UO)aEQ) = \I’(UO - Qélaé?)7
\I’(Ffz (Ffl (UO))aél) = \D(UO + Q(él - 52)’51)'
Thus (2.14) can be rewritten as
F*ﬁl (F§2 (F51 (UO))) = Up — LéQ - QéZ
+(0, U (up + Q&1 — &2), 1) — Ulup — Q&1,&2) — W(uo, &1)),
hence
F*ﬁz (Ffﬁl (F€2 (F§1 (UO)))) =uo + (07 \IJ(F*& (F€2 (F& <UQ))), 52))
+ (0, (up + Q&1 — &2),&1) — T(uo — Q€1 &2) — U(ug, &1))
= ug + (0, ¥(ug — Qé%&))

+ (Oa ‘I’(Uo + Q(& - 52),51) - lI’(Uo - Qéhé) - ‘I’(UO,&))
=ug + (0,b2(& — &, & + &2)),

where we used again (2.15) and the equality

W(F-g, (Fe, (Fg, (u0))), &2) = W(uo — Qs, o).

2.2.2 Controllability of v-component
Here we prove the following version of Proposition 2.4 for the v-component.

Proposition 2.6. Let H; C U;, i = 1,2 be finite-dimensional subspaces, let
H = Hyi x Ha, and assume that Ha(co) is dense in Vo. For any ug € V
and n € Hi(00), there is a family of controls {&;}r>0 C L>(J1, H) such that

S (u0,0,&) = ug+9 inV oast— 0", (2.16)
where 7 = (n,0) € H.

Proof. The argument is close to the one used in Proposition 2.4. Again, without
loss of generality, we can assume that uy € U. We prove limit (2.16) for
any 1 € H1(N), arguing by induction on N > 0. The base case N = 0 follows
from limit (1.6) with ¢ =0 and n = #:

Ss(u0,0,67'9) = ug+7 inVasd— 0T,
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Taking § = 7, we obtain the required limit with &, = 77 14.
Assume that the limit is proved in the case N — 1, and let € H;(N). By
approximation, we can suppose that 7 is of the form

n=@Qilo+G — Y Bi(G)
=2

for some m > 2, gco =(0,¢0), Co € Ha(N — 1), and (1,...,Cm € H1(N —1).
Step 1. Direction (1 —Y 1wy B1(¢;). Limit (1.6) with ¢ = ¢ = ((2,0) and =0
implies that

Sg(UO,(S_%éQ,O) —ug—B(() inVoasd— 0t (2.17)
The equality
Ss(uo +67265,0,0) = Ss(ug, 0 2(s,0) + 6726,
and limit (2.17) show that
IS5 (uo + 5_55270,0) —ug + B(CAQ) — 5_%52H1 —0 asd—0T.

The fact that (o € H1(IN — 1) and the induction hypothesis imply that, for any
& > 0, there is a family of controls {¢! 5} € L>(J;, ) such that

Sy (ug,0,&} 5) = ug + 5720, inVast—0".
Then Proposition 1.1 implies that
S5(Sr (ug,0,€L5),0,0) = Ss(ug + 8 2(2,0,0) inV as 7 — 0%,
Combining this with (2.17), we find a family {2} C L>(J;,H) verifying
1S5 (10,0, €3) — o + B(C2) — 67 2ot = 0

as § — 0T. Using the assumption (;,¢s € H1(N — 1), the induction hypothesis,
and Proposition 1.1, we find a family of controls {¢3} C L°°(J;,H) such that

1S (u0,0,6%) — ug — (G — B1(¢2),0)[[i = 0 as 7 — 0%,

Iterating this argument with (3, . . ., (n, we construct a family {¢™ 1} € Lo°(Jy, H)
such that

1S5 (10, 0, &) —ug — (G = > Bi(¢:),0)[1 =0 as7—0".  (2.18)
=2

Step 2. Direction Qléo. Let @ € H*. By limit (1.7) with ¢ = (o and n = 0,
we have

S5 (119, 6o, 0) — @o — Lo — (0, ¥ (i, Co)) — QLo
= Gig — (Q1C0, LaCo + (g, (o).
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The equality
Ss(tio + 67Co,0,0) = S5(t10, 60, 0) + 0~ ¢o
implies that
1S5 (4o + 670, 0,0) — g + (Q1o, LaCo + (4o, (o)) — 6" Collr — 0

as § — 0F. Combining this with the assumption that Hz(oco) is dense in V5 and
Propositions 1.1 and 2.4, we construct a family of controls {£7+2} € L*°(J;,H)
such that

ST(ﬁo,O,fz_nJ'_Q) — Uy — (Qléo,()) mVast— 0+.

Taking
it = uo + (C1 — Y B1(G:),0)
i=2
and using (2.18), we find a family of controls {&;} C L°(Ji,H) such that
limit (2.16) holds. O

2.2.3 Completion of the proof

Assume that H C U is an H-saturating (resp. V-saturating) subspace, and
let e >0,T >0, ug €V, and u; € H (resp. u; € V) be arbitrary. Then there
is n = (m,n2) € H(oo) such that

€ €
Sz (u0,0,0) + 1 = wil| < 5 (resp. 17 (o, 0,0) + 1 — w1 < 5) . (2.19)
Let us denote @y = St(uop,0,0) + 1 and take ¢y > 0 and r > 0 so small that
IS¢ (1, 0,0) — dig|1 < g for t € [0, ) and u € By (ilg, 7). (2.20)

This is possible by Proposition 1.1. Choosing, if necessary, ty smaller, we will
also have .
||ST_t(u0,0, 0) - ST(U(], 0, 0)”1 < 5 for t € [O,to}. (221)

Now applying Propositions 2.4 and 2.6 with initial condition Sy_;,(ug,0,0), we
find a time 7 € (0,tp) and a control £ € L>([0, 7], H) such that

r

5

In view of (2.21), this implies that S;(S7—¢,(ug,0,0),0,&) € By (io,r). Finally,
using (2.19) and (2.20), we conclude that

||ST(ST—1‘/0(U0’070)707§) - ST—to(u0a070) - (7717772)“1 <

157 (u0,0,¢) —u1l| <& (resp. ||S7(uo,0,¢) —uill1 <¢),

where ((t) = Ijp—sy,7—tg+r§(t =T + to), t € Jp. This completes the proof
of Theorem 2.3.
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Remark 2.7. Note that the above proof gives approximate controllability to any
target u; in Hy x V5 with respect to the norm of that space.

Remark 2.8. The assumption that H2(oo) is dense in V2 (see (b) in Definition 2.2)
plays an important role in the above proof. We use it in Step 2 of the proof
of Proposition 2.6. If Ha(co) was dense only in H, we would need a version of
Proposition 1.1 with respect to the L?-norm. The latter is an open problem.

3 Controllability of linearized system

3.1 Saturation for linearized system and the result

Before formulating the main result of this section, let us define a saturation
property for linearized system (1.8), which is different from the one used in the
nonlinear case (cf. Definition 2.2), and recall the concept of observable measures
introduced in [KNS20a].

We assume that H = Hj X Hz, where H; = {0} C Uy and Ha C Us is a finite-
dimensional subspace. Let us define vector spaces G1(oc0) C Uy and Go(00) C Us
as follows:

® Ga(00) = U32(G2(j), where G2(0) = Ha and Ga(j), j > 1 is the space spanned
by all the vectors of the form

o + b2(&1,&2),

where &, &1 € Go(j — 1) and & € Ho are such that
b2(&1,&2) = Ba(Q1(0,&1), &) — B2(Q1(0,£2),&1) € Us;

e Gi(o0) is the space spanned by all the vectors of the form

Q1(0,¢0) + b1(Q1(0,¢1), Q1(0,¢2)),

where (g, (1 € G2(00) and (o € Ho are such that
Q1(0,¢0) + b1(Q1(0,¢1),Q1(0,(2)) € Uy
We set G(00) = G1(00) x Ga(00).

Definition 3.1. A finite-dimensional space H as above is said to be saturating for
linearized system (1.8) if G(oo) is dense in H.

We will see in Section 5 that the ten-dimensional subspace defined in the
Introduction is saturating in the sense of Definition 3.1. Let us take any T > 0,
denote & = L>®(Jr,H), and let {¢;}%_, be a basis in H.
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Definition 3.2. A function ¢ € £ is said to be observable if for any continuously
differentiable functions a; : Jp — R, i € [1,d] and any continuous function
ao : J7 — R the equality

d
Z a;(t){C(t), pi) —ao(t) =0 for almost every ¢t € Jp
i=1

implies that a;(t) = 0 for any ¢t € Jr and 7 € [0,d]. A measure ¢ € P(E) is said
to be observable if /-almost every trajectory n € £ is observable.

It is easy to see that the observability does not depend on the choice of
the basis {¢;} in H. See Section 5 in [KNS20a] for examples of observable
measures. In particular, it is shown there that the law of the Haar noise defined
by (0.11), (0.12) is observable.

Let w € U, and let D, Sp(u,n) be the derivative of Sp(u,n) with respect
to n € £. Then the linear mapping

DySr(u,n): €=U, g~ w(T)

is the resolving operator for Eq. (1.8), where u(t) = Sr(u,n), (u,n) € U x &,
and t € Jp. Let K* be a Borel set in £ defined by

K" = {n € &€ : the image of D, St(u,n) is dense in U}. (3.1)

The following theorem can be seen as a non-Gaussian extension of the non-
degeneracy property of the Malliavin matrix. The latter is known to be an
important ingredient in the study of ergodicity and existence of positive densities
for stochastic equations driven by a white-in-time noise (see [MP06, HMO06,
HM11, FGRT15, HM15)).

Theorem 3.3. Let ¢ € P(E), and let H be a saturating subspace in the sense
of Definition 3.1. If there is T € (0,T) such that the restriction” ¢ of £ to the
interval J; is observable, then £(K*) =1 for any u € U.

In other words, the conclusion of this theorem is that Eq. (1.8) is approxi-
mately controllable in V' by #H-valued control g for any v € U and f-a.e. n € £.

3.2 Proof of Theorem 3.3

We follow the scheme used in the case of the complex Ginzburg-Landau equa-
tion considered in [KNS20a]. Let w(t;wp, g) be the solution of Eq. (1.8) cor-
responding to initial condition wg € H, control g € &, and reference tra-
jectory a(t) = Si(u,n), t € Jp. Our goal is to prove that the vector space
A ={w(T;0,9),9 € £} is dense in U for any v € U and f-a.e. n € £.

A well-known property of approximate controllability by initial condition,®
applied to Eq. (1.8) with g = 0, shows that the vector space {w(s; wg,0),wg € H}

"This means that ¢ is the image of ¢ by the mapping 77, : € — L= (J, H), n+— 0|7, .
8In the case of Eq. (1.8), this can be proved by literally repeating the arguments of Section 7.2
in [KNS20a], where a similar result is proved for linear parabolic equations.
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is dense in U for any s € [0,T]. Let us apply this result for the interval 7,77,
where 7 is as in Theorem 3.3. Furthermore, the resolving operator for Eq. (1.8) on
the interval [7, T] with g = 0 is continuous from H to U. Hence, to show that A is
dense in U, it suffices to prove the density of the vector space {w(7;0,¢),9 € £}
in H.

For any 0 < s <t < 7, we denote by R%(t,s) : H — H the two-parameter
resolving operator for the homogeneous problem

W+ Lw 4+ b(@,w) + Quw =0, w(s) = wo. (3.2)

Let G% be the controllability Gramian for Eq. (1.8) (see Chapter 1 in [Cor07]):
G = [ RiroPuR (0 at
0

where R%(7,t)* : H — H is the adjoint of R%(7,t), and Py is the orthogonal
projection onto H in H. It is easy to see that the required assertion will be
established if we show that Ker G is trivial for f-a.e. n € &.

It is easily seen that p(t) = R%(r,t)*wy is the solution of the dual of prob-
lem (3.2) given by

p - Lp - b(ﬁ>*p - Q*p =0, p(T) = Wo, (33)

where b(@)* and Q* are the adjoints of b(4,-) and @ in H.
Let us fix any observable n € £ and show that Ker(G") = {0}. For any
wo € Ker(G®), we have

(GPwo, wo) = / |P3 R (7, 1) wo dt = / IPap(t)|2dt = 0,
0 0
which implies that Pyp(¢t) = 0 for ¢ € J,. Thus,

(Cpt) =0, tel: (3.4)

for any ¢ € H. From this we are going to derive that mjwg and mwy are zero.
Step 1. Proof of mawy = 0. Let us denote p;(t) = mp(t), i = 1,2. In this

step, we show that
p2(t) =0 forte J,. (3.5)

Choosing t = 7 in this equality, we get mowy = 0. To prove (3.5), let us take
¢=¢=1(0,6) € {0} x Hy in (3.4). Then?
(&p2(t) =0, te . (3.6)

This shows that py(t) is orthogonal to Hs for any ¢ € J,. In what follows, we
prove that ps(t) is orthogonal to all subspaces Ga(j),j > 1. By the saturation
assumption, the subspace Ga(00) is dense in Ha, so we get (3.5).

9We shall use the same notation (-, ) for the scalar products in the spaces H, Hi, and Ha.
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We proceed by induction on j > 0. The case j = 0 is already considered
above. Assuming that (3.6) holds for any & € Gy(j — 1), let us prove it for
any € € Go(j). Taking ¢ = £ = (0,€) € {0} x Hy in (3.3), differentiating the
resulting equality in time, and using (3.3), we obtain

(@€, p1(1)) + (L2 + ba((t),€),p2(t)) =0, te€J,. (3.7)

Note that, as 7€ = 0, we have by(a(t),€) = Ba(0(t),€), where 9(t) = ma(t).
Thus (3.7) becomes

<Qlé,]31(t)> + <L2€ + BQ(ﬁ(t)vg)aPQ(t» = 07 te J‘I"
Taking the derivative in time of this equality, we get
(@€, p1(8)) + (Ba(0(t),€), p2(t)) + (Lo + Bo(0(t),€), p2(t)) =0, t € J,.

From the equations for ¥ and p and the fact that myn = 0 we derive

(L1(Q1€) + b1(0(t), Q1€) + Qud(t), pr (1)) + (Lag(t) + ba(a(t), 4(t)), pa(t))
— (Ba(L19(t) + B1(0(t)) + Qua(t) — ha,§), p2(t)) =0, (3.8)

where ¢(t) = Ly& 4 By(3(t),€) and §(t) = (Q1€,q(t)) € H, t € J,. Setting

sy =i = [ aas =i =Y e [ g6 G

ba(a(0),4(8)) = Ba(6(t), (1)) + Ba(@ré, mi(t))
_ Ba(3(0).4(t) + Bal @ may(®) + 3" Ba( @ may) | s,

=1
(3.10)

we rewrite (3.8) as

(Ly(Q1€) + b1 (3(t), Qi€) + Qu1d(t), pa (1))
+(Lag(t) + Ba(9(t), q(t)) + B2(Q1€, m2y(t)), p

( 2(1))
—(Ba(L10(t) + Bi(0(t)) + Quy(t) — 7, §), pa(t

)
d R t
+ 3 (Ba(Q1€, mapi) — Bz(Ql@uf%lb(ﬂ)/g n'(s)ds = 0.

i=1
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Taking the derivative in time of this equality and setting
a;(t) = (Ba(@1€, mapi) — Ba(Qui, €),p2(t)), i € [1,d],
ao(t) = 5 (1E4(@i) + b0, @16) + Qud(0) pa (1)

Lag(t) + Ba(o(t),a(0) + Ba(Qu€, may(t)), pa (1)

+
— (Ba(Lai(t) + Ba(i(1)) + Quy(t) — b1, &), p2(1)))

(

(
d ) + ‘

3 (BaAQu, mapi) — Ba(Qupis €),5(1)) / i (s) ds,

i=1

we obtain 4
ap(t) + Z ai(t)yn'(t) = 0.
i=1

The functions {a;}¢_; are continuously differentiable and ag is continuous. The
observability of n implies that a;(¢t) = 0 for ¢t € J, and 7 € [0,d]. Thus (3.6)
holds with £ replaced by

By(Q1&, mapi) — Ba(Q1ps, €) = ba(€, mapy).- (3.11)

We conclude that (3.6) holds with any & € G2(j).
Step 2. Proof of mywy = 0. In this step, we show that

pi(t) =0 forte J,. (3.12)

Choosing t = 7, we get mywg = 0, which will complete the proof of the theorem.
We prove (3.12) by repeating the arguments of Step 1. In view of (3.5)
and (3.7), we have

for any € = (0,€) € {0} x Ga(c0). Taking the derivative in time, we obtain
(L1(@Q1€) + b1(8(1), Qu€) + Qud(t), pa(t) =0, e T,
where q(t) = Ly + Ba(0(t),€) and 4(t) = (@1&,q(t)) € H, t € J,. Taking
another derivative and using the equality
d )
an(j(t) = Q1(07 BQ(ﬁ(t% 6))7
we get
(b (D(t), Q1€) + Q1(0, Ba(6(t),£)), p1(t)) + (r(t), (1)) =0, te Jy,

where r(t) = L1(Q1€) + by (3(t), Q1€) + Q14(t). Now, we use the equations for
and py:
—(b1(L1d(t) + By(9(1)) + Qui(t) — b1, Qu€))
— Q1(0, Bo(L19(t) + B1(0(t)) + Quu(t) — b1, §)), p1(1))
+ (Lar(t) + b1 (0(1),r(t) + Qui(t), pr(t)) =0, t €y,
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where #(t) = (r(t), Lag(t) + b2(@(t),4(t))). Combining this with (3.9), (3.10),
and (3.11), we arrive at

—(b1 (L& + Bi(8) + Quy — 11, Qi)
— Q1(0, B2(L10 + B1(0) + Q1y — h1,€)), p1)
+ (Lyr + b1(8,7) + Q1(r, Lag + Ba(v,q) + B2(Q1€, m2y)), p1)
d t
D00 Q1) + Q0. ba(é mag)) [ () ds =0
i=1
Taking the derivative in this equality and denoting
a)z(ﬂ = <_b1(Q1§0ia Qlé) + Ql(oa b2(€77r290i))7p1>v (S [[17 d]]a
do(t) = (= (L + Bu(®) + Quy — . Qi)
— Q1(0, Bo(L19 + B1(9) + Q1y — h1,€)),p1)

+ (Lar + b1(0,7) + Q1(r, Lag + Ba(,q) + Ba(Q:, 7T2y))a101>)

d ¢
+Z<_b1(Q1§0i7Qlé)+Q1(Oa [’2(577T2<Pi))7151>/0 7' (s) ds,
i=1
we obtain 4
ao(t) + Y _ai(t)n'(t) =0
i=1

Again the functions {a;}% ; are continuously differentiable and &g is continuous,
so the observability of n implies that a,;(t) = 0 for ¢ € J; and i € [0,d]. We have

b2 (&, map;) € Ga(o0) for any £ € Ga(00). Hence, Q1(0, b2(§, map;)) € G1(00), and
from (3.13) it follows that

(Q1(0,b2(&,m204)),p1(t)) =0, teJ.
Combining this with the equality a;(t) = 0 for ¢ € J,, we derive that

(01(Qrpi, Q1) pr (1)) =0, te J,.

Thus (¢, p1(t)) = 0 for any ¢ € Gi(o0) and t € J,. The saturation assumption
implies that (3.12) holds.
4 Ergodicity of primitive equations

4.1 Abstract result

Here we formulate an abstract sufficient condition for exponential mixing which
is applied in the next section to the randomly forced primitive equations. It is
derived from Theorem 1.1 in [KNS20a].
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Let H and E be separable Hilbert spaces, let £ be a dense Banach subspace
of E, and let X and K C £ be compact sets in H and F, respectively. Assume
that S : X x K — X is a continuous mapping, {7} is a sequence of i.i.d. random
variables in £ with common law ¢ and K = supp/, and consider a random
sequence defined by

up = S(ug—1,M%), k>1, ug=ue€ X.

Then (ug,Py), v € X is a Markov family in X, let 5, and B}, be the associated
Markov operators. A measure p € P(X) is said to be stationary for (ux,Py,)
if P3p = p. Recall that the dual-Lipschitz metric on P(X) is defined by

I = polly = sup — |(fspa) = (f, p2)]
FEL(X),IIflL<1

where (f,n) = [y f(u) p(du) and L(X) is the space of functions f : X — R
such that

Ifle = sup [f@)] +  sup =IO
ueX

o< |ju—v||g <1 lu—v|lg
Theorem 4.1. Assume that the following conditions hold.

(Hy) There is a Banach space V' compactly embedded into the space H such
that X C V. There is an open set O = Oy x O in H X E containing X x IC
and an extension S : O — V of S that is twice continuously differentiable
with derivatives that are bounded on bounded subsets of O. Moreover,
for any u € Og, the mapping n +— S(u,n), Op — H is analytic, and all
the derivatives (D%S)(um) are continuous in (u,n) and are bounded on
bounded subsets of O.

(Hz) There are a € (0,1), 7 € K, and 4 € X such that

|S(u,n) —dl|lg < allu—a|g for anyu e X.

(H3) For any uw € X and f-a.e. n € E, the image of the linear mapping
(Dy,S)(u,n) : E— H is dense in H.

(Hy) The random variables ny, are of the form n, = Zj‘;l b;&jrej, where {e;} is

an orthonormal basis in E such that e; € £ and sup;> [lejlle < oo, {b;} are
non-zero numbers satisfying Z;’il b? < o0, and {1} are independent
scalar random variables with Lipschitz-continuous density p; such that

supp p; C [-1,1].

Then the family (ug,Py.),u € X is exponentially mizing, i.e. it has a unique
stationary measure p € P(X), and there are numbers C' > 0 and ¢ > 0 such that

IBpA —pll; <Ce™*, k>0 (4.1)

for any initial measure A € P(X).
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This theorem is a slight modification of Theorem 1.1 in [KNS20a]. The
difference is in Condition (H;) which is a localized version of the condition used
in [KNS20a]. Indeed, it is not clear whether in the case of primitive equations
this regularity condition holds with O = H x E (see Theorem 3 in [Bou20]).
Condition (Hs) is usually satisfied with @ = 0 if the origin is an exponentially
stable equilibrium for the unforced equation and 0 € K. Condition (Hj) is a
Hormander-type condition, and (Hy) is quite usual decomposability assumption.
We refer the reader to Section 1 in [KNS20a] for a detailed discussion of these
conditions and for a short scheme of the proof of the original version of the
theorem.

Proof of Theorem 4.1. Truncating the mapping S, we easily obtain an extension
S:Hx E — V of § satisfying (Hy) with O = H x E. Note that the family
(ug,Py), u € X does not change if we replace S by its extension S. In view of
Conditions (H;)-(Hy), the hypotheses of Theorem 1.1 in [KNS20a] are satisfied
for the random dynamical system uj, = S(up_1, 7). Applying that theorem, we
prove the mixing (4.1) for (ug,P,), u € X. O

4.2 Application

In this section, we combine Theorems 3.3 and 4.1 to prove the exponential mixing
for the randomly forced 3D primitive equations. More precisely, we consider
Eq. (1.1) with h = 0 and random process 7 of the form

n(t) = Zﬂ[k—l,k) One(t —k+1), t=0,
k=1

where ;1 ) is the indicator function of the interval [k —1, k), {nx} is a sequence
of i.i.d. random variables in the space & = L>(J,H), J =1[0,1], and H C U is a
finite-dimensional subspace. In what follows, we denote by ¢ the law of the random
variable 7, and assume that I = supp £ is compact in £. The restriction to integer
times of the solution of Eq. (1.1) satisfies the relation uy = Sy (ug—1,7x), k > 1
and defines a family of Markov processes (u,P,) parametrised by the initial
condition ug = u € V. The following lemma is proved by using standard
arguments based on dissipative and regularizing properties of PEs.

Lemma 4.2. The family (ug,P,) admits a closed invariant absorbing set X in U
in the sense that, for any R > 0, there is an integer ko = ko(R) > 0 such that

Pu{ur € X, k>ko} =1 forue By(0,R),
Plupe X, k>0}=1 foruelX.

The following theorem is a more detailed version of Theorem C formulated
in the Introduction.

Theorem 4.3. Let a finite-dimensional subspace H C U be saturating in the sense
of Definition 3.1, and assume that the following two conditions are fulfilled.
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Decomposability. The random variables ny, are of the form m, = Z;’il bi&;re;s,
where {e;} is an orthonormal basis in the Hilbert space E = L*(J,H)
such that sup;>1 [|ej| e (1,2) < 00, {b;} are non-zero numbers satisfying
Z;’;l b3 < oo, and {&x} are independent scalar random variables with
Lipschitz-continuous density p; such that supp p; C [—1,1] and p;(0) > 0.

Observability. There is 7 € (0,1) such that the law ¢’ of the restriction of the
random variable ny to the interval J, is observable.

Then the family (ug,P,),u € X is exponentially mizing.

Proof. By Theorem 3 in [Bou20], there is an open set Og in E containing K and
an extension S : H2 x O — H3 of S that is twice continuously differentiable
with derivatives that are bounded on bounded subsets of H? x Q. Moreover,
for any u € H?, the mapping 1 — S(u,n), Op — H? is analytic and the
derivatives (D%S )(u, n) are continuous in (u,n) and bounded on bounded subsets
of H? x Op. Thus Condition (H;) in Theorem 4.1 is verified with H = H?, V =
H3, and O = H? x Op.

Next, for any § > 0, we define a norm on H? by |uls = (|ul|* + 5||u\|§)1/2.
Then for any bounded set B C H?, there are numbers § > 0 and a € (0,1)
such that

|S1(u)|s < alulg for u € B, (4.2)

where S (u) = S1(u,0). This inequality with B = X shows that Condition (Hs)
is verified with @& = 0, 7 = 0, and the norm | - |s. To prove (4.2), we use the
following inequalities (see [CT07, Ju07, Pet06, Bou20]):

II1S1(w)]| < gllu|| for we H,
[I1S1(w)|l2 < Cpllul] for u € B,

where g € (0,1) and Cp > 0. These inequalities imply that
1S1(u)[5 = [1S1(w)[I” + 0 [[S1(w)[l3 < ¢*[lull® + 6 CRlull® < (¢° + 6CE) |ul3-

Choosing 6 > 0 so small that a® = ¢*> + 6C% < 1, we obtain (4.2). Finally,
Condition (Hs) is established in Theorem 3.3, and Condition (Hy) is verified by
the decomposability hypothesis. Applying Theorem 4.1, we complete the proof.

O

Theorem 4.3 is formulated for initial measures A supported by X. As a
consequence of Lemma 4.2 and Theorem 4.3, we obtain the following result.

Corollary 4.4. Under the conditions of Theorem 4.3, the measure p is the
unique stationary measure for the family (ug,Py) in P(V). Moreover, inequal-
ity (4.1) holds for any R > 0, A € P(V) with supp A C By (0, R), and k > ko.
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5 Saturating subspaces

In this section, we show that the ten-dimensional subspace defined in the Intro-
duction is saturating in the sense of both Definitions 2.2 and 3.1. We also give
an example of V-saturating subspace.

5.1 H-saturating subspace
Let us consider the subspace

H =span{(0,¢;) : ¢ € [1,10]} C H, (5.1)
where ¢; are the eigenfunctions of the operator Lo given by

¢1 =cosxsinz, ¢ =sinxsinz, ¢3 = cosysinz, ¢4 = sinysinz,
¢5 = sinz, ¢g = cos2xsinz, ¢7 = sin2xsinz, ¢g = cos2ysin z,

P9 = sin 2y sin z, P19 = sin 2z.
Theorem 5.1. The subspace H is H-saturating in the sense of Definition 2.2.
To prove this theorem, we introduce the following two orthogonal bases:
e in Hy, composed of eigenfunctions of the operator Lq:
mem(z,y) cos pz, m s, (z,y) cos pz, micy,(x,y) cospz, mLs,,(z,y) cos pz,

e in Hy, composed of eigenfunctions of the operator Lo:

cm(z,y)sinpz,  sp(x,y)sinpz, sinpz meZ? p>1,
where we denote m* = (—msy, m1), 2 = (1,0), 7= (0,1) € R?, and
em(z,y) = cos(myz + may), Sm(x,y) = sin(myz + may).
The following two propositions are established in the next two subsections.
Proposition 5.2. Any vector of the basis in Hy belongs'® to mHl
Proposition 5.3. Any vector of the basis in Ho belongs to Go(00).

These propositions and the inclusion Go(00) C Ha(00) readily imply that H(oo)
is dense in Hy x V5 and prove Theorem 5.1.

——H,

10Here H1 (00) is the closure of H1(oc0) in Hi.
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5.1.1 Saturation in 6-component

In this subsection, we give a proof of Proposition 5.3.

Proof of Proposition 5.3. Step 1. We first show that sin 2 sin pz € Ga(00) for any
integer p > 1. Indeed, as ¢2, ¢5 € Ga, we have ba(¢2, ¢5) € Ga(1). The equalities

Q1(0,2) =1cosxcosz, Q1(0,¢5) =0,
b2(¢2, ¢5) = B2(Q1(0, ¢2), ¢5) = %sinxsin%

imply that sinzsin2z € Go(1). A simple computation shows that

1
Q1(0,sinxsin2z) = F1co8 T Cos 2z,
ba(sinzsin 2z, ¢5) = B2(Q1(0,sinz sin 2z), ¢5)

1 . .
= 1 sin x sin 2z cos z

1
=3 (sinz sin z + sinx sin 32) € Go(2).

This implies that sinzsin3z € Gy(2). Iterating this argument, we see that
sinz sinpz € Go(00) for any p > 1. In a similar way, we can prove that cos z sin pz,
cosysinpz, sinysinpz € Go(oo) for any p > 1.

Repeating the above arguments and using the fact that sin 2z sin z, cos 2z sin z,
sin 2y sin z, cos 2y sin z € o, we can obtain also that sin 2z sin pz, cos 2x sin pz,
sin 2y sin pz, cos 2y sinpz € Ga(oo) for any p > 1.

Step 2. Let us show that sinpz € Gy(00) for any p > 1. The equalities

1cosxcosnz = Q1(0,nsinzsinnz),

1sinz cosnz = Q1(0, —n cos x sinnz)
and the fact that coszsinnz, sinxsinnz € Go(oo) imply that

ba(ncoszsinnz,dy) + ba(nsinxsinnz, ¢o)
n?—1
2n

((n—1)sin(n— 1)z — (n+ 1)sin(n 4+ 1)z) € Ga(0).

Thus nsinnz — psinpz € Go(00) for any integers n > p > 1 that are both even
or both odd. As sin z, sin 2z € Gy, we obtain sin pz € Gy(00) for any p > 1.
Step 3. Now we prove the following property P(m) for any m > 1:

P(m) : for any p > 1 and ¢ € [1,m], we have sin gz sin pz € Ga(c0).

We argue by induction on m. The cases m = 1,2 are considered in Step 1.
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Assuming that P(m) is true for m > 2, we prove it for m + 1. Note that

n . .
1cosmz cosnz = —Q1(0,sinma sinnz),
m

(m —n)(m + n?)
4mn
2
N (m + Z),,(;Z +n?)
(m+ n)(m —n?)
4dmn

m —n)(m —n?
Jr( ) ) sin(m — 1)z sin(n — 1)z € Ga(c0)

4dmn
(5.2)

bo (E sinmzx sinnz, qSl) = sin(m + 1)z sin(n + 1)z
m

sin(m + 1)z sin(n — 1)z

sin(m — 1)z sin(n + 1)z

for any n > 1. By the induction hypothesis, we have sin(m — 1)z sin(n + 1)z,
sin(m — 1)z sin(n — 1)z € G3(00). Thus (5.2) implies that

(m—n)sin(m+1)zsin(n+1)z+ (m+n)sin(m+1)xsin(n—1)z € Ga(co) (5.3)

Taking here n = 1, we obtain sin(m + 1)z sin 2z € G(00). It follows that

2 1
by sin(m + 1)z sin2z, ¢5 | = (m+1) sin(m + 1)z (sin 3z + sin z) € G2 (0).
m+1 4
Thus
sin(m + 1)z sin 3z + sin(m + 1)x sin z € Ga(00). (5.4)

Taking n = 2 in (5.3), we get
(m —2)sin(m + 1)xsin 3z + (m + 2) sin(m + 1)z sin z € Ga(c0).

This and (5.4) imply that sin(m + 1)z sin z € G2(00). Repeating the argument
of Step 1, we show that sin(m + 1)xsin pz € Ga(c0) for any p > 1. Thus P(m)
is true for any m > 1

In a similar way, cos ma sin pz, cos my sin pz, sinmy sin pz belong to Ga(00)
for any m,p > 1.

Step 4. In this step, we show that s,,(z,y)sinpz € Ga(c0) for any p > 1
and m = (mi,ms) € Z2. We confine ourselves to the case mo > 0, the
case mg < 0 being similar. Arguing by induction on ms, we prove the following

property:

P'(mg) : for any p > 1, my € Z, and ¢ € [0, mz], we have s, (z,y)sinpz €
Ga(00), where m = (my, q).

The case ms = 0 is considered in Step 3. Assuming that P’(ms) is true for ms > 0,
let us prove it for mo + 1. We first consider the case m; # +1. Let

01 = —ncos(myx + may) sinnz,

0> = nsin(myx + may) sinnz.
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Using the equalities

we get
b (01, sinysin z) — ba (02, cosysin z) = ay sin(mix + (mg + 1)y) sin(n + 1)z
+ ag sin(myz + (me + 1y) sin(n — 1)z € Go(00), (5.5)

where

alz%( P —n(n—1)ms —mi —m3),

1
az = —o- (n® 4+ n(n+ 1)mo +mi +m3).

Taking n = 1 in (5.5), we obtain
(1 —m? —m3)sin(mix + (my + 1)y) sin 2z € Gy(c0).

As my # £1, we have 1 —m?2 —m3 # 0, so sin(myz + (ma + 1)y) sin 22 € Ga(00).
The latter implies that

m2 + (mo +1)2 |
% sin(myz + (m2 + 1)y)

x (sin3z + sin z) € Ga(0c0). (5.6)

[]2(2 sin(mlx + (m2 + l)y) sin 22a ¢5) =

On the other hand, taking n = 2 in (5.5), we get
ay sin(myz + (me + 1)y) sin 3z + ag sin(mix + (mg + 1)y) sinz € Go(00). (5.7)

When n = 2, we have a1 — ag = 4 + mg # 0, since mg > 0. Combining (5.6)
and (5.7), we see that sin(mixz + (ma + 1)y)sinz € Go(00). Now applying the
argument of Step 1, we infer that sin(miz + (mg + 1)y)sinpz € Ga(oo) for
any p > 1 and my # +1.

Finally, computing the term by (sin(£2x 4 (mo + 1)y) sinnz, ¢1), one easily
shows that sin(+x + (ms + 1)y)sinpz € Ga(oo) for any p > 1. Thus P’'(ms)
holds for any mg > 0, and we conclude that that s,,(z,y)sinpz € Ga(o0) for
any p > 1. The proof of ¢, (z,y) sinpz € Ga(00) is similar.

Thus all the vectors of the basis in Hy belong to Ga(c0). This completes the
proof of Proposition 5.3. O

5.1.2 Saturation in v-component
Here we prove Proposition 5.2. We first establish the following lemma.
Lemma 5.4. For anym € Z2, p > 1, and i € [1,4], the following properties hold:

(a) the functions m ¢y (x,y) cospz, m sm(x,y) cospz belong to Hi(co);
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(b) the functions

C

m,p,i = bl (m Cm(x, y) Cos pz, wz)v wfn,p,i = bl (m Sm(xa y) Cos pz, 1][)1)
belong to H1(co), where

11 = LCOST COS 2, Py = LSIN X COS 2, Y3 = JCOSYCOSZ, Yy = JSINY COS 2.

Proof. By Proposition 5.3, we know that s,,,(x, y) sin pz, ¢ (2, y) sinpz € Ha(00).
Recall that Q1(0,0) € H1(o0) for any § € Ha(o0). So property (a) follows from
the equalities

mCm(l', y) Cospz = Ql(ovpsm(xa y) SiIlpZ),
m Sm(x,y) cospz = Q1(0, —pey, (x,y)sinpz), m € Z2, p> 1.

To prove (b), we take any € > 0 and a € R and note that

By(emem(a,y) cospz + =) = =By (ath) + 2B (m e (i, ) cosp2)
+ bl(m Cm(x7 y) Cospz, a¢l)

Using the fact that Bj(1;) = 0, we obtain the following limit in V; as ¢ — 0*:
Bi(em e (2, y) cospz + ag™ ;) = bi(m cn(z,y) cospz, aty;) = aty, ;.

As a € R is arbitrary, this shows that ¢ € H1(c0). Repeating these

m,p,t

arguments with s,,(z,y) instead of ¢, (z,y), we prove that 3 . € Hqi(oco). O

m,p,t

Proof of Proposition 5.2. Step 1. Let us show that tcospz € Hp(o0) '
any p > 1. To this end, we take any n > 2 and compute the term

for

1
b1(vcosx cosnz,s) = ucos 2z (cos(n + 1)z + cos(n — 1)z)

n2

1cos 2z (cos(n — 1)z — cos(n + 1)z)

n?—1

+2n

1(cos(n — 1)z — cos(n + 1)z).

By property (a) in Lemma 5.4, we have 2cos 2z cos(n £ 1)z € H1(c0), and by
property (b), that by (2 cos x cosnz,2) € Hi(co). It follows that

1(cos(n — 1)z — cos(n+ 1)z) € Hi(oo) for any n > 2,

S0
1 (cospz — cos qz) € Hi(o0), (5.8)

provided that p,q > 1 are both odd or both even. Passing to the limit as ¢ — oo,
we see that, for any p > 1, the function zcospz is in the L?-weak closure of

— W
H1(c0), hence in Hi(0o) , since Hi(o0) is a vector space.
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Computing the term by (7 cosy cos pz, 14) and repeating the above arguments,

—  _H

we infer that jcospz € Hi(o0).
Step 2. In this step, we show that m=s,,(z,y) cos pz belongs to H1(c0) !
for any m € Z2 and p > 0. Let us take any m = (my,mg) € Z2 and n > 1, and

use the equality

by (sm+y (2, y) cosnz, Ya) + br(Cmy (2, y) cosnz, ¥3)
= —(mg + D)II (s (2, y) cosnz cos 2)
+II(A,(m,n)sin(miz + mey) sinnzsin z) , (5.9)

where A,(m,n) =n"t(min?, (ma + 1)n*> — m? — (m2 + 1)?). By Lemma 5.4, we
have that the functions II (s, (z, y) cosnz cos z), b1 (Sm+,(x, y) cosnz, ¥4), and
b1 (Cm+,(x,y) cosnz, 13) belong to Hq(co). Hence,

IT (A, (m, n) sin(miz + moy) sinnzsin z) € H1(co). (5.10)

The vector A,(m,n) is parallel to m if and only if one of the following two
conditions hold:

e my; =0 and my # 0;
e my # 0 and n? = m? + (ma + 1)%

Let us denote by A, the set of couples (m,n) such that A,(m,n) is non-parallel
to m. From (5.10) we derive that

M8, (2, y)(cos(n + 1)z — cos(n — 1)2) € Hy(oo) (5.11)
for any (m,n) € A,. In a similar way, we compute the sum

b1 (Smro(,y) cosnz, ) + b1(cmy.(2,y) cosnz, P1)
= —(my + DI (s (2, y) cosnz cos 2)
+II(A,(m,n)sin(miz + maoy) sinnzsin z) , (5.12)

where A,(m,n) = n=t((m1+ 1)n? —m3 — (my +1)%,man?). As above, A,(m,n)
is parallel to m if and only if one of the following conditions hold:

e mo =0 and my # 0;
e my # 0 and n? = (my +1)2 +m3.

Let A, be the set of (m,n) such that A,(m,n) is non-parallel to m. From (5.12)
it follows that (5.11) holds for any (m,n) € A,.
Let us go back to (5.9), and replace m by —m. We see that

II(A,(—m,n)sin(mix + moy) sinnzsin z) € Hi(00),

and A,(—m,n) is parallel to m if one of the following conditions hold:
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e my; =0 and my # 0;
e my # 0 and n? = m? + (mg — 1)2.

We denote by A" the set of (m,n) such that A,(m,n) is non-parallel to m.
Again (5.11) holds for any (m,n) € A;. The set A" is defined in a similar way,
by replacing m by —m in (5.12). Then (5.11) holds for any (m,n) € A, .

It is easy to see that the union of the sets AF, AF is Z2 x N,, so (5.11) holds
for any m € Z? and n > 1. Tterating (5.11), we obtain

mL s, (x,y)(cos pz — cos qz) € Hi(c0), (5.13)

provided that the integers p,q > 0 are both even or odd. Passing to the limit

as ¢ — 0o, we conclude that m=s,,(z,y) cos pz belongs to the L2-weak closure
—H

of H1(o0), hence to Hy(oc)  for any m € Z2 and p > 0.

- H
A similar argument shows that m=>c,, (z, ) cos pz € Hi(co)  for any m € Z2
and p > 0. This completes the proof of Proposition 5.2. O

5.2 V-saturating subspace

We do not know whether the subspace H defined in (5.1) is V-saturating. The
main difficulty comes from Proposition 5.2, which only implies that Hi(o0)
is dense in Hy. In this section, we add new vectors to H with non-zero v-
components. This results in a larger H;(co)-space that contains all the vectors of
the basis in H;. As a consequence, we get V-saturation property. More precisely,
we define the space

H = span{(¢;,0),(0,¢;) :i=1,...,6, j=1,...,10} C H,
where the functions ¢; are as in Section 5.1 and

q~51 = JCos z, q~52 = jcos 2z, ég =1C0S 2, &4 =1cos82z,

¢5 = jcosz, ¢ = jsinz.
Theorem 5.5. The subspace H is V -saturating in the sense of Definition 2.2.

Proof. Let H(j) be the subspaces defined by (2.4) and (2.5) with H = H, and
let H;(j) = mH(j), i = 1,2. From Proposition 5.3 it follows that Ha(c0)
is dense in V5. The proposition will be proved if we show that any vector of
the basis in H; belongs to H;(c0) (cf. Proposition 5.2). By Lemma 5.4, we
have m ¢, (x,y) cospz, m s,,(x,y) cospz € 7:11(00) for any m € Z2 and p > 1.
Combining (5.8), the version of (5.8) with j instead of ¢, and the assumption
that (¢;,0) € H, i = 1,...,4, we obtain that 2cospz, jcospz € Hy(oc) for
any p > 1. For any m € Z2 and p > 1, the following equality holds:

bl (Sm—i-L(x; y) Cos pz, &6) + bl (Cm—H(‘Tv y) Cos pz, Q/;S)
= I (A(m) sin(myz + may) cos pz) , (5.14)
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where A(m) = (—(m1+1)ma, m; +1—m3). Note that the vector A(m) is parallel
to m if and only if A(m) = 0, i.e., m = (—1,0). Assume that m # (—1,0).
Since Bi(¢s) = Bi(¢s) = 0, as in the proof of (b) in Lemma 5.4, we show
that by (sm.(2,y) cospz, ¢6),b1(cmy.(x,y)cospz, ¢5) € Hi(oo). As A(m) is
non-parallel to m, from (5.14) we derive that m™ts,,(z,y) cospz € Hi(cc) for
any p > 1. From (5.13) it follows also that mts,,(z,y) € Hi(co). Finally,
if m = (—1,0), then m*s,,(z,y) = ¢¢(x) € H, and (cf. (b) in Lemma 5.4)

bi((1,1) cos pz, §s5(x)) = —m* sy (x,y) cospz € Hi(oc), p= 1.
With similar arguments one proves also that m*c,,(z,y) cospz € 7:[1(?0) for

any m € Z2 and p > 0. Thus any vector of the basis in H; belongs to H1(o0).
We conclude that #H;(c0) is dense in V5 and H(oo) is dense in V. O

5.3 Saturation for linearized system

Now we turn to the saturation property for the linearized system.

Theorem 5.6. The subspace H defined by (5.1) is saturating for linearized sys-
tem (1.8) in the sense of Definition 3.1.

Proof. This theorem follows from the proof of Theorem 5.1. Indeed, by Proposi-
tion 5.3, Ga(00) is dense in Hy. The computations in Section 5.1.2 show that

————H
any vector of the basis in H; belongs to Gi(c0).  We conclude that G(oo) is
dense in H, so H is saturating in the sense of Definition 3.1. O

6 Proof of Proposition 1.2

We confine ourselves to the proof of limit (1.7), which is relatively more com-
plicated; see Remark 6.1. Let us take any ug = (vg,0p) € H* and ¢ € H®
such that m& = 0 and consider the function w(t) = w(dt) — ¢(t), where

u(t) = Si(uo,d71¢,0), q(t) = (a1 (1), ¢2(1)),

q1(t) = vo — tQ1¢, (6.1)
2
B1) = b — 1 (LoC + Bo(uo, ) + 5 Ba(Qu, O, (62)
and ¢ = me&. For any r > 0, we show that
w(l) -0 inVasd— 0" (6.3)

uniformly with respect to ug and ¢ satisfying
l[uolla + [I<lls < 7 (6.4)

Note that v = mw is a solution of the following equation:

ov+dLi(v+q1)+6{v+q,Vy(v+aq1) — 5/ div(v +q1)d3 0. (v + q1)
0

+(5f(’U + (]1)l + 5Vps — (5/ V(e + g2 + (5_1C) d3 + 815(]1 = (5]11
0
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Using (6.1) and (1.3), we see that this equation is equivalent to
O+ 0L1(v+q1) +6(v+q1, V) (v +q1) — (5/ div(v+q1)d3 0z (v + q1)
0
+0f(v+q1)* + dVps —6/ V(0 + g2) dz = dh;. (6.5)
0

In a similar way, # = mow is a solution of the equation
040 + 6La(0+ g2 + 1) + (v + g1, V)(0 + g2 + 67 1C)

s / div(v+ 1) d3 0. (8 + gs + 571C) + Drgs = Sha,
0

which, in view of (6.2) and (1.2), can be rewritten as follows:
010 + 0L2(0 + q2) + 0(v +q1, V)(0 + q2)

—5/ div(v+q1)d38z(9+q2)+<v,v>c—/ divod; 0.¢ = 6hs.  (6.6)
0 0

The initial conditions are v(0) = 0 and #(0) = 0. Using Egs. (6.5) and (6.6),
we estimate the norms of v and §. We begin with estimates for L2-norms of
v and 6, where we use standard energy methods. Then, following the ideas of
Cao and Titi [CT07], we estimate the L®-norm of v and H'-norms of v and 6
using specific barotropic-baroclinic formulation of PEs. The latter consists in
representing the velocity field v as follows v = v + v, where ¥ is the vertical
average of v and ¥ is the remaining part. The average v is two-dimensional, so
it is treated by usual 2D NS methods, and the advantage of the reminder v is
that it satisfies an equation without pressure. We provide a very detailed proof
of limit (6.3) that is divided into nine steps.

Step 1. L*-estimate for v. The goal of the first two steps is to show the
limit [Ju(1)]| + [|6(1)] — 0 as § — 0F. We start by taking the scalar product
in L? of Eq. (6.5) with v and integrating by parts:

1d
5 g PP +omlVoll® + 6 |00l = =3 (Lagr, v) = 8 {(v + a1, V)(v + 1), v)

+5</0Zdiv(v+q1)d58z(fu+q1),v> —§{flv+aq)",v)
7

— 6 (Vps,v) +5</OZV(9+q2)d5,v> +6(h,v) =Y L. (6.7)

i=1

To estimate the terms Iy, Iy, I, I7, we integrate by parts and use'! the Cauchy—
Schwarz and Young inequalities and the assumption that ug and ¢ satisfy (6.4)

11 These inequalities and assumptions are used in almost all the estimates below, so we will
not mention them every time. The same letter C is used to denote constants which may change
from line to line.
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and ¢t € [0,1] :
L] < 6l Laqall o]l < C6]lvll,

[l = 8|(fqi,v)| < dllfarll o]l < Callol],
vy

[Ts| < Co110 + qall [Voll < C (101 +1) + =

[ I7| < éflhall [[o]] < Cé]lv]].

Vol

Integrating by parts and using the condition fT divevdz = 0, we get

=<0 [ iten) ([ ole.nras) aray
T2 T
=46 [ ps(z,y) (/ divo(z,y, 2) dz) dzdy = 0.
T2 T

To estimate I and I3, we note that

</ div(v + q1) d3 8zv,v>
0

1 z
f/ / div(v + q1) d3 0. |v|*dx dy d=
2 Jrs Jo

1
—5/ div(v + q1) [v|*dz dy dz
T3

= <<(’U + Q1)7v>vﬂv> .
Thus
12+ I3| < S ([[v]l + laal) [Varllss ol + C6 (Voll + [Var[]) 10:¢1 (s |Vl

51/1
Combining the estimates for I; with inequality (6.7), we obtain
d
oI+ Vol* + pm [[0:0]* < €8 (flo]]* + 18] + 1) - (6.8)

Step 2. L?-estimate for 0. Now we take the scalar product in L? of Eq. (6.6)
with 6:

1d
§a||'9||2+5V2||V19||2 + 042]|0:0)1* = —6 (L2g2,0) — 6 (v + a1, V)(0 + ¢2),6)

+6 </O div(v + q1) d3 0.(0 + ¢2), 9> — (v, V)¢, 0)
6

+ < divod; azg,9> +6(ha,0) = > ;. (6.9)
0

i=1
We start with the terms Jy, Jy, Js5, Js:
1] < 0| Lage | 10]] < C6|0]],
[ Jal < [l V¢l IOl < Cllvll 18],
[J5] < ClIV[[ 19:Cllss 101l < ClIVolI0]];
| Js| < dl[h2]l [|0]] < C5[|0]].
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To estimate Jo and Js, we use the equality

z 1 z
</ div(v+q1)d38Z9,9>:/ / div(v + g1) d3 . (6%) dz dy d=
0 2 T3 JO
1

=5 div(v+ q1) (0%) dw dy dz
T3

={((v+q1),V)0,0).
Then

|J2 + J3| < 6 (vl + llgrl) Va2l 101 + C5 (IVoll + [Varl]) 0=z2ls 161l
< C8 ([[olf* +110]1 + 1) + 6w || Vol >
The estimates for J; and (6.9) imply that
d
&H@II2 + 0w VO + 0p12]18-60]1* < C (J|vl” + [|Vol* + 10]* + 1)
+ CS ([o]* + |0]1> + 1) + 11 || V||
Combining this with (6.8), we get
d d
101 + (Cn0) 1) Sl + 50 [V + Sy o-0]
<C+36) (lv]>+ 10> +1). (6.10)
Integrating in time, we obtain
t
10)|1* + @) < C(1 + 5)/0 ([ol* + (161> + 1) ds.
The Gronwall inequality implies

sup ([0 + lv(®)]*) < oo.
te[0,1],5€(0,1]

Going back to (6.8) and (6.10), we see that
t
o)1 + 10()]* +/ (Ilvllf + [161IF) ds < €8 for ¢ € [0,1]. (6.11)
0

Step 3. Barotropic-baroclinic formulation. Following [CTO07], next we estimate
the L%-norm of v and H'-norms of v and € by using barotropic-baroclinic
formulation of PEs. More precisely, we denote

o=n [yt b=o-6
T
Then the barotropic mode v satisfies the following system of equations:

0 — o AD+q)+50+q,V)(OT+q)
+6(0+q, V(T + @) +div(e+ @)@+ q) +0f(0+ q)*

+6Vp, — 6/ V(0 + q2)d3 = 6hy, divo =0, (6.12)
0
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and the baroclinic mode v the following one:
00+ OLu(0+ @)+ 800+ 41, V)0 + @) —6 [ div(s +2) 0. (5 + )
0

+0(0+q1, V)(0+ q1) + 06(0+ G1, V)(V + q1)
—5(0+ G, V)@ + qu) +div(d+ @) (0 + Gu) + (0 + G1) "

—5/ V(0+q2)d3+5/ V(0 + q2) d3 = 5y (6.13)
0 0

(see [CT07] for details). The advantage of this representation is that there is no
pressure term in Eq. (6.13) and the barotropic mode depends only on horizontal
variables (z,y) (its properties are similar to the ones of 2D NS system).

Step 4. LS-estimate for 9. We take the scalar product in L? of Eq. (6.13)

with |o|*:

1d
6dtHU”L5 + o [|[Va] 521 + o [lo [V |02
+ 0pa|[0-0] |02 )1* + dpa[|510:10|1* = =6 (L1da, ]0|*)
< 04+ q, VY0 +q1) — / div(ﬁ+§1)d38z(@+d1),ﬂ|ﬁ|4>
0
— 6 (T4 q1, V)(0+q1),0[o]*) = 6 ((0+ G, V)@ + @), 0l0]*)
+ 3 (G +a, V)@ +a) + v+ a0 +an). ool
+6</V9+q2 dg—/ (6 + g2) dg,,v|v>
0
8
-6 (f( o+ q)t, oot >+5<h1,v|v| )= Zli' (6.14)
=1
Then

[L] < 8] L1 s [1Bll76 < C8]3]|7,

\I7| = 0|(fai, o]0 *)| < O3l e ||8]|36 < O35,

8| < 6l o [[B]126 < CO3]2s-
Integrating by parts, we see that

<<@ + 3. V) —/ div(s + @) ds 8217,1717|4> _

0
which implies (again by integrating by parts)
L] < a([19]lcs +lldillze) [Vallooll9] 76
+C6 (9] 2o + 11d1 ]l 26) [V [loo |51 76

+ GO (|IDllzs + l|aullze) 181176 10:1llo V3] [

ov
< O3 ([ol%e +1) + =51Vl [2]>
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As divo = div g; = 0, we have that
((v+ @, V)s,8[5|*) =0,
hence
[Is] < 6 (0]l e + 1]l 2e) V@ llool|Tl| 76 < C8 (0]l 2o + 1) [|9] 7.
To estimate I, we first integrate by parts:
=0((0+q)div(T+aq),00") + 6 T+, V)(@]), 0+ q@ ).
We decompose I as Iy = I} + I3, where
I} = =6 {(8,V)v,8]5|*) = 6 (vdiv e, 8|5|*) + 6 (8, V)(]5]*), 0) .
It is proved on pages 255-257 in [CT07] that
121 < s (ol 1wl 131 1V al 5120 + o 19l 2 515 )

(51/1

< Co ([BIP Vol + 1) [13l1ze + =5~ V8] 9]

Then, integrating by parts, we estimate the term I3 as follows:
1131 < Co ([0l e [V arllsollol s + laulloo | 1V8] 1517 ]11]9] 76
|Gl IVallze 19126 + N@lloo 18176 11V D] [ (17] 2o + Gallze) )

_ ~ _ ~ ~ 5V1
< Co ([ollollBlize + IBl1Zs 1911 ze + 19117s + 1) + =5~ Vo] [B[1*.

To estimate I5, we first integrate by parts:

Iy=6 <<f; YL VY0 + @) + div(o + 41) (0 + 51),@|a|4>

:_52/ (5 + 300 (0 + 320,04 (8]0]).

k,j=1

where 01 = 0, and 0> = 0. We write I5 = I} + 12, where

=—6 Z / O 0;0n(05]0]%).
kyj=1

By the computations on pages 255-257 in [CT07], we have
15| < Cdllallgs (1]l + [Val) Vol o]
~ ~ - oy 1|~
< Cé)lallgs (I19)1* + 1Val?) + - Vel 9212
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Then we estimate I2 as follows:

2
12| < Co ((/(|ﬁ|+1) dz) /|V17||€)|4dz> dz dy
T2 T T

gca/ (/ |@|2dz/|w|@|4dz) dxdy+06/ |Vo||o|*de dy dz.
T2 T T T3

The first term on the right-hand side is estimated exactly in the same way as I}
(see [CT07]), and the second term by

e A N . ov —
cs [ 19illst*ds dydz < O8IVl 5P 53 < Cllgs + g 131 o1

It remains to estimate Is. To this end, we write Is = I} + I2, where

Ig=5</ vedg,—/ V9d3,17|17|4>.
0 0

Again we refer to pages 255-257 in [CT07] for the proof of the following inequality:

1 L At~ s U S 1 ~12
1131 < C810)13 190012 51, (1211 + 1al1?) 1193 o)
51/1

< C3 (101 1VOI® + 18116 1911” + 13112 1V2 %) + =5~ 1V 3l B[]

Then we estimate IZ as follows:
1G] < COlIVaalloo 181|725 < COl1BII7s-
Combining all the above estimates for the terms I; with (6.14), (6.11), the Sobolev
embedding H'(T?) C L5(T3), and the Gronwall inequality, we conclude that
t
15(6)]] o +/ 1IV3| [5P)2ds < G5 for t € [0, 1]. (6.15)
0
Step 5. Estimate for V. Here we take the scalar product in L? of the first
equation in (6.12) with —Aw:

1d

5 g I VoIl +0mlIAD)? = —0vi (A, Av) + 5 (0 + @1, V)(+ @), Av)

+ (5<<17 + 41, V) (0 + q1) +div(0 + 1) (0 + 61),A6>
+0(f(0+ @), AT) + 6 (Vps, Ad)

_5</ZV(9+qz)d3,Aw>—6(711,Av>:ZIZ-. (6.16)
0 =
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We estimate!? I, Iy, I as follows:
ov
|| < dnflAq|[|[Av]| < C6 + T(;HAT)HQ,
L _ (51/1 2
[la| = ol(far, Av)| < C6 + S| ATl
T _ (51/1 12
[I7] < ol |Av]| < €8 + [ AD]%

Integrating by parts and using the fact that divo = 0, we get I5 = I = 0. Next
we use the Hélder inequality, the Sobolev embedding H'(T?) C L*(T*), and the
interpolation inequality to estimate I5:

L] < 8|5+ Gu |l e | V(@ + @)l e |AD]| < 8]lo + @2 V(5 + @) | As 2
o
10

Finally, we use the Holder inequality to estimate I3:

< CS (| Vo]|° +1) + —[|Av|>.
|I3|§C<5/ (/ |z7+(j1||V(f)+(jl)|dz> |Av| dz dy
T2 T
gca/ (/(|@|+1)(|W|+1)dz) AT dz dy
T2 T
<o (/(|W| + 1)dz> (/(m +1)%(|Vi| + 1)dz> AT dz dy
T2 T T

oy
10

Combining the estimates for I; and inequalities (6.16), (6.15), and (6.11), we get

< G ([Val® + [[oll7s + I1Val |81 + 1) + —— [ Ag]|.
d o2 — 112 ~116
S IVoI? + o[ Av)* < 05 (| Vol +1). (6.17)
This inequality implies that
t
| Vo(t)|? +/ |Av|2ds < C§  for t € [0,1], (6.18)
0
provided that & > 0 is sufficiently small. Indeed, to see this, let As = C'§ and
t
B(t) = Ay +A5/ IV3]l° ds.
0
By inequality (6.17), we have
d 3 Al
—d | < AP
(@) =ato

12Tn the estimate for Iy, we use the equality (o1, AT) = 0 which is easily verified by
integration by parts in  and y.
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or, equivalently,

Integrating this, we obtain

@(t)gAg(l—QAgt)_% for 0 <t<1A i.
243

Thus

3
Choosing dp > 0 so small that

3

@ >1 ford e (O,(SO),

we arrive at

®(t) <245 forte0,1], 0 € (0,d).

Combining this with (6.17), we prove (6.18). Below everywhere we shall assume
that § € (0750).
Step 6. Estimate for 0,v. The function w = 0,v is a solution of the equation

Ow+ 6L (w+G1)+0(v+q, VY (w+¢1) — 6/ div(v + q1) d3 0. (w + ¢1)
0

+o{w—+ 41, V)Y(v+q) —ddiv(v + q1) (w+ §1)
+6f(w+G1)" = 6V(0 + g2) = 6ha, (6.19)

where we denote ¢; = 0,¢; and izl = 0,h1. Let us take the scalar product in L?
of Eq. (6.19) with w:

1d .
5 el + o[Vl + dpn 0l = =6 (Lrdr, w)

= (ot an Dt ) - [ div(o+ @) s, o+ )

—0{((w+ g1, V)(v+q) —div(v + q1) (W + 1), w)

— 3 {f(w+a)*t,w) + (V0 +q2),w) + 6{h1,w) = ZI (6.20)

Then I, Iy, I5, I are estimated as follows:

(L] < 0l Laqul lw]] < Coljw]],
1] = 8(fai s w)| < Sllfaull lwll < Collwll,

ov
|I5| < C8)10 + g2l [[Vw|| < Ca ([|6]1> + 1) + TIHVwHQ,
| Te| < 6]l [lwl]| < CSllw].
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Integrating by parts in z, we get

z
<<v +q,Viw— / div(v + ¢q1) d3 8Zw,w> =0,
0
so we can estimate Is by

(Lo < o (ol + llar D IVarlleollwll + € ([[Voll + [[Vaull) [|0:G1 [l oo |l
< O (JJvfly + 1) [Jeof]-

Integrating by parts in « and y and using the Holder, Gagliardo—Nirenberg, and
Sobolev inequalities, we obtain

L) < 06/ v+ 1] (IV(@ + @)kl + | + 61| Veo]) da dy
’]I‘S

< 05/ (o] + 1) (|| + 1) (|Veo| + 1) der dy =
T3

< GO ([ollze +1) (lwllzs + 1) (V] +1)

< Co ([ollzs +1) (lllFlwllf +1) (19w +1)

(51/1 (5,ul
< O3 (Jlollze lwl® + vl Fe + llwl® + 1) + TIIVWH2 + TIIGZWH2
< o ((Ivoll* + l1al1ze) lwl? + IVol* + o)1 76 + [lw]® + 1)
(51/1 5/1,1
+ THVW”2 + 7“5,%0”2-

Combining the estimates for I; with (6.20), the Gronwall inequality, and inequal-
ities (6.11), (6.15), and (6.18), we obtain

t
Hazv(t)||2+/0 10.0]2ds < €5 for t € [0, 1]. (6.21)

Step 7. Estimate for Vv. We take the scalar product in L? of Eq. (6.5)
with —Aw:
1d

5 g VeIPHon | Al + 0pa | VO-vl|* = 6(Ligy, Av)

+0{{(v+q,V)(v+q),Av)
-4 </0 div(v + ¢q1)d3 0. (v + q1),Av>

+ 5<f(v + ql)J‘,Av> + 0 (Vps, Av)
7

5 </O V(0 + ) d;,,Av> A =YL (622)

=1
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Again the terms Iy, Iy, I, I7 are easier to estimate:!?

ov
1] < 6[|Liqnll [|Av]| < C6 + *1||A 1%,

ov
L] = 6| (fai", Av)| < 6|l faul [|Av]| < C6 + fl||A 12,

5V
[I6] < C6[10 + golly |Av]| < Ca ([10]F + 1) + *1||A 1%,

ov
|| < 8l |Av] < C6+ S| Av].

Integrating by parts in x and y and using the condition fT divodz = 0, we get

=5 [ Vniew ( [ Bvtey dz) d dy
T2 T

T2 T

=—0 [ ps(z,y)A (/ divo(z,y, 2) dz) dzdy = 0.
T2 T
We decompose the terms I and I3 as follows:
Ih=P + P, P1:(5<<’U,V>D,A’U>,
Is=Q1+Q2, Q1= —(5</ divvdg@zv,Av> ,
0

and estimate the quadratic in v terms P, and @2 in the following way:

|Po| <8 ([0l IVarlleo + IVl llarlleo + laall Varlloo) |Av]
< €8 (ol +1) + 22 A,
Q2| < C6 ([|0:-0][ [Varlloo + [Vl 0:01]l00 + V@l 0=1]l00) | Av]|
< 05 (ol +1) + 22 A0l
For Py, we use the Holder, Sobolev, and Gagliardo—Nirenberg inequalities:

1P| < 05/ [v][Vo[|Av|dz dy dz < C6l|v]| s [| Vvl s | Av]|
T3

1 1
< Céllvllzs [Voll2[[Vollf | Av|

5V1

< Co(IIVall* + [I8llze) [Voll* + Col Vool + T Av].

Next, we use the following inequality which is proved in Proposition 2.2 in [CT03]:

\< / div e d; W>\ <Clolf ILdlF el el el (6.23)

13In the estimate for Iy, we use the equality (v, Av) = 0.
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for any ¢ € H?(T3,R?), p € H(T3,R), and v € L*(T? R). Applying (6.23),
we obtain

Q1| < C6[Jv[|F || L1v]| 2 |0-v]| 2 |07 | Av]|
ov
< C6 ([IVoll? + [10-0]” + [[0]|) [|0-0]12 IV 0.0 ||* + C8]|0..v]* + T61||AU||2-

The estimates for Py, P>, Q1,Q2 and I;, together with (6.22), the Gronwall
inequality, and inequalities (6.11), (6.15), (6.18), and (6.21) imply that

t
IOIE +/ |Av|2ds < €8 for t € [0,1].
0
Combining this with (6.21), we get
t
o2 + / lol3ds < C6 for t € [0,1], (6.24)
0

which implies, in particular that |[v(1)|; — 0 as 6 — 0%.
Step 8. Estimate for 0.0. Now we turn to the H'-estimates for 6. To
estimate 0,6, we take the scalar product in L? of Eq. (6.6) with —0,.0:

1d

5&”629H2+5V2HV629”2 + 5M2||8zz9||2 =0 <L2Q27 azz9>

+ d <<U + q1, V>(9 + q2)7 8zz9> + <<U7 V>C782z9>
-5 </z div(v+q1)d3 9.(0 + qg),8z20> = </Z div v d; 6ZC,8ZZG>
0 0

6

— 6 (ha,0:-:0) =Y J;. (6.25)

i=1

We start with the terms J; and Jg:

0
1] < 81| Lagal| 0--61] < €3 + =2 [10:.6],

)
|| < 6llhall 9:-6]] < €8 + =2 0..6]%

To estimate J3 and Js5, we integrate by parts in z and use the Cauchy—Schwarz
and Sobolev inequalities:

|J5] < [ (920, V), 0:0) | + | {{v, V)0, 0.0) |
<100l IV Clloo[[0:261] + [[0]l [V 0:Cll 0 [|0:6]] < Cllvl[1[|0=0],

|J5] < [{divv d.¢,0,0)| + ’</ divvdg@zzc,aze>’
0
< OVl |0:Clool|0:0] + ClI Vo [022C o 10:0]] < Cllv]|1]|020]-
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We write the terms J, and J4 as follows:

J2:P1+P27 P1:5<<’U,V>9,8220>,

Ji=Q1+Q2, Qi=—0 </ div v ds 5z9,3229> :

0
and estimate P, and ()2 as in the previous steps:

|Po| <6 ([[o]l I Vazlleo + VOl grlloo + llarll IV a2lloo) 10220
< Co (I + 1015 + 1) + 22 o..0)2,
Q2| < T ([[V][ [[022]l00 + 10011 [Varlloo + [[Var[l [[02g2]lo0) 1020
<G (ol + 1017 +1) + 2
To estimate Py, we use the Holder, Sobolev, and Gagliardo—Nirenberg inequalities:

10::01.

[P1] < 6l|vll el VOl s 10201l < Colloll [VO]|Z [ VO] 71|00

Op2
12
To estimate @1, we first integrate by parts in z:

</ divvd3829,3zz9>:1/ / dive d; 9,((9.0)%) dz dy dz
0 2 T JO

1
=-3 /Tg(aze)Q divodzdydz,

< CollvlIH161IF + vl A9 + =-110:-0].

then we use the Cauchy—Schwarz and Gagliardo—Nirenberg inequalities:

1 3
Q1] < C3|[ Vo[ [18:0]174 < C3[|[Vol|[10.60]%[|0:0]|F
OV dpe

< a2 , Y2 2, Of2
< Colluld113 + 222V o.0)1* + 2

Combining the estimates for Py, Py, Q1, Q2 and J; with inequalities (6.11), (6.24),
and (6.25), we obtain

1001

t t
10.6()|1> + (5,@/ 0..6]|?ds < C§ + (51/2/ | AG]|ds. (6.26)
0 0
Step 9. Estimate for V6. Finally, to estimate V6, we take the scalar product
in L% of Eq. (6.6) with —A#:
1d

5 3 IVOIP 0l A0]* + 0p1o || VO:0]|* = 6 (Laga, AG)

+0 {(v+q1, V)(0 + q2), A) + ((v, V)(, AD)
- 6</Ozdiv(v +q1)d382(9+qQ),A9> - </0 divvdg@ZC,A9>

6
— 6 (ha, AG) =) " T;. (6.27)

=1
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The terms J; and Jg are estimated as follows:

ova

/1] < dll L2zl | AG] < €6 + 5 1A6]1%,
o
|J6| < dlho|l [[A0]] < C + T22HA9H2-

To estimate J3 and J5, we integrate by parts and use the Cauchy—Schwarz and
Sobolev inequalities:

|J| < Cllv[l1[|0]]1,
|J5] < Cf| Aol [|6]]:-

The terms Jo and J3 are decomposed as follows:
J2:P1+P2, P1:5<<U,V>H,A9>,

J3=01+Q2, Q1=-0 </ divvdg@ZG,A9> ,
0
and P, and ()2 are estimated by

1Pl < 8 (0l 1V oe + 960 s e + 1} V2l ) 126]
< 06 (ol + 1013 +1) + 2 120,

Qe] < C3 (190 10l + 10:01 1V o + 9] [0:01]1) 1 26]
< 05 (ol + 101+ 1) + 22 | a0)”

Using the Holder, Sobolev, and Gagliardo—Nirenberg inequalities, we obtain

|[Pr] < 6lJvll s [ VOl s [ AO] < CéllulL[[VO] = [[ VO] £ [ Ad]

dpi2

On2 e
4

< collolols + -

1022011 + —- 1 20|,

By (6.23), we have

1 1 1 1
Q1] < Collollf |L1vl[Z[10-01|2[|0:6] 7 | A8

dpio

Otz ova
4

12

The estimates of Py, P2, Q1, Q2 and I; and the inequalities (6.11), (6.24), and (6.27)
imply that

< ColulFlILav]*10:011" + == 110:2011* + —- 1 A9]1*.

t
IVOE) 2+ b [ 86]7 ds < €+ by 0.6
0

From this and (6.26) we derive that ||6(¢)||; < C4, so [|#(1)]1 — 0 as § — 0T.
This completes the proof of limit (1.7).
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Remark 6.1. Limit (1.6) can be established by repeating the arguments of the
proof of limit (1.7), by considering the function

w(t) = u(dt) — q(t),

where u(t) = St(UO, 67%@ 5717}), Q(t) = (ql(t),(p(f)),

q1(t) = vo +t(m — B1(¢1)),
q2(t) = by + tn2,

n; = mn, and ¢ = m (. See Proposition 2.4 in [Ner20] for a proof of a limit
similar to (1.6) in the case of parabolic equations with polynomially growing
nonlinearities.
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