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Use of Screw Theory in Proximity-based Control

John Thomas, Frangois Chaumette

Abstract—In this short paper, we discuss the utility of
screw theory in proximity-based control. In this scheme, a
task function is defined based on the proximity signals, whose
regulation obtains the appropriate robotic behavior. Screw
theory can be used in modelling a multi-sensor arrangement
of proximity sensors. Additionally, it can also be used in
identifying the set of control directions that result in identical
path in sensor-space while the task is being executed.

Index Terms - Sensor-based Control, Proximity-based Con-
trol, Plane-to-Plane Positioning Task, Screw Theory.

I. INTRODUCTION

Proximity sensors can be considered as devices that enable
the detection of local objects through non-contact interac-
tion [1]. Main technologies such as capaciflective, infrared
optical, and ultrasonic sensors [2] provide relative geometric
data consisting of distance and orientation. In this work,
we consider proximity sensors with thin field assumption
where the distance measurements can be approximated along
proximity axis. In recent years, proximity perception has
been envisioned as a complementary bridge between vision
and touch [3]. Robotic tasks involved with detection within
50 cm range of the target object could be considered ideal
for use of proximity sensors.

Proximity-based Control (PBC) is considered here as a
part of Sensor-based Control (SBC) framework that enables
the user to define specific sensor-based task functions [4].
The regulation of such tasks enables a robot to achieve
its desired behavior. Tasks executed using this framework
have high robustness, reactive nature, accuracy and minimal
dependence on prior knowledge of the environment. The
most popular scheme in SBC is visual servoing [5], which
refers to the use of camera data in closed loop control.

II. MODELING

Let us consider the modeling of a proximity sensor. We
look at a thin field range finder in which detection occurs
along the axis of the sensor. As depicted in Fig. 1, ng denotes
the unit vector indicating sensor axis and & the distance
measured by the sensor wrt. the target. nr is the unit vector
direction of the target surface normal at point T. Let Fg
denote the frame attached to the proximity sensor at point
S.

A sensor feature s is a function of sensor signals that are
C? functions with range in R and domain in SE(3) [4]. Its
derivative wrt. time can be represented as a screw product,

s=H-V 1)
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Fig. 1: Thin field proximity sensor reproduced from [4]. The
blue rectangle indicates the sensor and red ellipse the target
detected.

where V represents the velocity screw of proximity sensor
(frame Fy) wrt. target object (frame Fr) and H = (H(.),u)
denote the interaction screw that characterizes the variation
of sensor feature. It has u as its vector and H(.) as the value
of the corresponding vector field and is defined as an element
of se*(3), the dual space of lie algebra of SE(3). For a choice
of sensor feature s = 8, we obtain H [4] as,

— nr
YT g
H(S) =0dngxu 2

In the above formulation, a further simplification is consid-
ered for the context of current paper by assuming the target to
be static. V becomes the velocity screw of proximity sensor
wrt. a fixed frame, whereas in the general case target tracking
requires to be considered [5].

The corresponding matrix representation is,

§=Lv (3)

where L is called interaction matrix and v is the vector rep-
resentation of the velocity screw. L is related to interaction
screw as follows

L=[u" H()] 4)

By applying the shifting law in screw theory, we can evaluate
the screw value at the target point T. It becomes clear that
H is a slider through point T with direction along the local
normal at point of detection [4] since

H(T)=H(S)+TSxu=0 (5)

The above property can be effectively used at modeling stage
for a system consisting of multiple proximity sensors. To
evaluate the interaction matrix at any point in space, all we
must do is to translate this slider from target point T to the
desired point where we wish to control the spatial velocity.

We now introduce a proximity sensor system that could
be attached to the arm of a manipulator or as an end-effector



to perform various robotic tasks including plane-to-plane
positioning, guidance and obstacle avoidance. As depicted
in Fig. 2, let us consider an array consisting of n rings with
radii r; and centers at R; where j = {1, 2,..., n}. Each ring
consists of m; proximity sensors arranged in such a way that
the axis remains radial and passes through center point R;.

To obtain a common spatial velocity representation, we
evaluate the model at an arbitrary point E on the proximity
array i.e., either attached as an end-effector or to an interme-
diate link. In terms of interaction, it means that we should
shift the screw from target point to point E. The interaction

Fig. 2: Proximity sensor array consisting of n rings

screw value for the ith proximity sensor is obtained as [6],

ng;
g = —
nz; - N,
H,(E) = mz XW (6)

mry, is essentially the displacement vector in shifting the
slider from the target location to point E. For the proximity
array frame considered in Fig. 2, which is also used in
Sec. IV, we have,

my; (5,~+rj)nsi+E_Rj
ng, = cos(x,'ersinaij
ER; = d;j (7)

III. CONTROL SYNTHESIS

In PBC, we define a task function (e) using several sensor
features represented as s. A simple definition of the function
can be considered as e =s —s*, where s* is the desired sensor
features at equilibrium. Control synthesis in PBC can be
interpreted as to finding a suitable velocity that would obtain
a desired behavior (€*) in task space. This would correspond
to the solutions of the linear equation shown below,

¢*=Lv ()

The general solution to the above equation can be expressed
in terms of a generalized inverse G, which satisfies the

condition LGL =L [7] as,
v=Gé* )}

For minimal tasks, where the dimension of the task function
correspond to the number of controlled DoF, one set of
generalized inverse solutions can be represented as,

G=PL" (10)

where P; is a matrix that satisfies the property LP; = L. and
L™ is matrix that satisfies the property LL™ =1, where I
is the identity matrix. L~ can be obtained from the screw
system formed by the proximity sensors used in the task
function using the reciprocity property. Here G is a reflexive
generalized (left-)inverse [7] of L since it satisfies

LGL = L
GLG = G
(LG)T LG (11)

A generic control law that leads to identical path in task
space would be,

v=Gé =PL & (12)

Knowledge from screw-system enables us to obtain
closed-form equations of the closed loop system formed
based on the above feedback law. In a practical task in SBC,
it is common practise to choose desired task behaviour as
exponential reduction (¢* = —Ae), to obtain straight line path
in task space in ideal case. This leads to the following closed
loop system,

é¢=_ALGe = —ALPIL e (13)

where symbol ~ indicates estimation or approximation of
the corresponding matrices.

A. PLANE-TO-PLANE POSITIONING TASK

In this subsection we apply the above approach to Plane-
to-Plane positioning task. It refers to the convergence of a
robot end-effector to a relative pose wrt. a planar surface.
The interaction screw attains a special form as the target
normal at the point of detection is the same as the normal of
the plane, i.e., nT; = nt in (6). Since the interaction screw
is a slider at target point 7;, we have a special 3-system
of screws with a maximum dimension of three [8]. This
allows us to control a maximum of 3-DoF of the system
which consists of pure translation along the target normal
and rotations perpendicular to it. Additionally, at equilibrium
we are able to perform planar motions. This allows us to
implement a complementary task such as surface inspection.

To achieve this task we consider detection from three
proximity sensors attached to two rings from the proximity
array shown in Fig. 2. The task function for the case of
minimal sensors is built based on the current proximity signal
values O; and their desired value J;,

e=| 66 (14)

3x1



The first order kinematics of the task can be represented
using interaction matrix L corresponding to the task and
proximity array velocity vg at point E,

é=Lvg (15)
where
L=|u H(ET (16)
3x6
From the screw system we can consider the following,
u/ (npny”) = ul =u/1;
H,'(E)T(IITIITT) = OT (17)

Therefore, we can identify the set of matrices P; € Q as

nTnTT 0 IlTl‘lTT 0
{167 _ T|>
0 13 nrnrt 0 13
I 0 )
10 I3fnTnTT >

Q =
(18)
L™ can be obtained by observing the interaction screws

at the target. As depicted in Fig. 3, the red lines indicate the
screws aligned along plane normal.

ny

ny

Fig. 3: Interaction screws and control directions at target
plane (top), and equivalent mechanical structure (bottom).

The column vectors of L~ are in fact pure rotations
passing through pairs of target points. We denote them as
K; = (Ki(.),v;), which indicate pure rotation non-reciprocal

to interaction screw H; at target point 7; and reciprocal to
the other interaction screws, i.e., such that

Ki=(0, my, —mr,, ), alongi,-, i+ (19)

where i+ refers to the number after i and i— refers to the
number before i, when 1,2,3 are represented as a circular
stack.

These control directions can be called as actuation twist
from its similarity in logic to actuation wrenches in parallel
robotics. At the proximity array point E, these screws can

be evaluated from shifting law (5) as
Ki = (mTI.Jr xXmr,_ , my_ — mm) (20)

By scaling the above screws using the norms of interaction

screw directions u; and quantity / to obtain LL™ = I3 we
get,
1 m7;, Xm7;_
L =-| [T Q1
l mTF —mT,.Jr
[ui]

where [ = n7 - (m7; X mz, +my, X my; +my; x my,). The
term (m7, X mz, +mg, X mz; +mz, X my,) in [ has a geo-
metric meaning. It is twice the area (a;) sum of three sides
of a tetrahedron containing point E. We can recollect here
that the sum of vector area of a closed surface is zero and
hence as shown in Fig. 4 we get,

I = nr-(2a;+2a+2a3)=nr-(—2a4)
= Dy (7 (mTz *st) x (mTl *mTa))

> 0 (22)

Singularity for this task would occur when the points are
collinear and this would correspond to / = 0. Since [ appears
in the denominator, this would result in infinite velocity input
while using L™ in control law. As pointed out in [4], the

ny

Y Ts

Fig. 4: Tetrahedron formed during plane-to-plane following
task.

formalism of screws can also be used to describe rigid body
contact. When proximity sensors are used, the interaction
screw is along the surface normal at the point of detection,
resembling frictionless single point contact [9]. This has
been identified in [10], [4] while describing sensor-based



primitives. For our specific task, since there are three points
of detection through three different proximity sensors, we
can imagine an equivalent mechanical structure such as three
legged stool resting on a frictionless floor, as shown in
Fig. 3. Such a visualization of mechanical structure has
become insightful in SBC in recent years through hidden
robot concept [11] [12], where an equivalent parallel robot
is used for analysing visual servoing tasks.

Among the several control directions the unique inverse
that satisfies all four of Moore-Penrose conditions for the
task considered is,

L™ = PL™ 23)
where r 0
__|mrnr
P= 0 13 — nTnTT (24)

Matrix P is an orthogonal projection matrix as it is idempo-

tent (P2 = P) and symmetric [13]. The first submatrix of P

is a projection along target normal n7. The second submatrix

is a vector rejection operation from target normal nr.
Matrix LT in addition to (11) also satisfies,

(L'L)" =L'L (25)

While using L™ in (12), extrinsic parameters of the proximity
array contribute significantly to control directions through
displacement vector my. In case of L™, due to the involve-
ment of n7 in the projection matrix P, target normal would
contribute more.

IV. SIMULATION RESULTS

= 2 J
Fig. 5: Simulation setup in Coppeliasim. It consists of a
proximity array system consisting of two half rings and
three sensors attached to the end-effector of a 7 DoF serial
manipulator.

In this section we provide simulation results while assum-
ing that we have perfect knowledge of the model. Simulation
was done using FrankaSim [14], a simulator based on ROS
and Coppeliasim for Panda robot from Franka Emika. The
simulator is integrated with ViSP [15], which is used as the
main software library for programming. Fig. 5 displays the
simulation setup in Coppeliasim. It consists of Panda robot
with proximity array as the end-effector, detecting a planar
target at an orientation of 30° wrt. lateral axis of the base
frame of the robot. The array consists of two half rings with
two sensors on the first and remaining one on the second.
Extrinsic parameters of the proximity array are shown in
Table I for the task considered. The desired configuration

is chosen as a parallel configuration with a distance of
20 c¢m along the y axis of the frame Fg. The initial pose
is chosen such that the proximity signal readings are near to
50 c¢m, which is considered a suitable operational range for
proximity sensors [3]. The gain A for both control scheme
is set to A = 0.8. We execute the task using two controllers,
one with L™ and the other with L™. As shown in Fig. 6, we
obtain identical path in task space while the output of the
control scheme, and thus the robot trajectory, are different.

o = 250°
o = 290°

o3 = 270° di=55cm

d) =—55cm

ri=7cm
rn="7cm

TABLE I: Extrinsic parameters of proximity array.
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Fig. 6: Simulation results for perfect model with minimal
number of sensors using both L™ and L~. Task function
components (cm) versus time (s) on the top, end-effector
velocities (cm/s and dg/s) versus time (s) in the bottom.

V. CONCLUSIONS

In this work, we emphasis on the utility of screw theory to
design control schemes using proximity sensors, that behave
as a closed loop system with the environment. It aids in the
modelling stage and also in choosing the appropriate control
law. In addition, the closed-form equations of the closed loop
system can further enable in the study of stability of the task
execution wrt. model parameters. It would be interesting to
see if such solutions are also obtained in situations when the
screw-systems get slightly more complex.
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