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ON THE INVISCID LIMIT CONNECTING BRINKMAN’S AND
DARCY’S MODELS OF TISSUE GROWTH WITH NONLINEAR
PRESSURE

CHARLES ELBAR AND JAKUB SKRZECZKOWSKI

ABSTRACT. Several recent papers have addressed modelling of the tissue growth by the
multi-phase models where the velocity is related to the pressure by one of the physical
laws (Stoke’s, Brinkman’s or Darcy’s). While each of these models has been extensively
studied, not so much is known about the connection between them. In the recent paper
(arXiv:2303.10620), assuming the linear form of the pressure, the Authors connected two
multi-phase models by an inviscid limit: the viscoelastic one (of Brinkman’s type) and
the inviscid one (of Darcy’s type). Here, we prove that the same is true for a nonlinear,
power-law pressure. The new ingredient is that we use relation between the pressure p and
the Brinkman potential W to deduce compactness in space of p from the compactness in

space of W.

1. INTRODUCTION

Last years brought deep understanding of mechanical models of tissue growth. These models

are based on the continuity equation for the density p
Op + div(pv) = 0,

where the velocity v is linked to the pressure p which is assumed to be a power-law function
of density pi.e. p(p) = p? for some v > 1. The most widely studied one, Darcy’s law, asserts

that the velocity v = —Vp. Such approach has been thoroughly studied [1326132148/49], also
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in the context of two populations [5,27],1341441[45][52], presence of a nutrient [141/50], more
general Patlak-Keller-Segel equation [28] or additional advection effects [15,[36]. Another
approach is the Brinkman’s law [20],21,37,51,55]. Here, velocity equals v = —VW where

W solves an elliptic equation

—c AW + W = p,

for some small ¢ > 0. In this approach, the velocity enjoys higher regularity due to elliptic
regularity theory. Last but not least, one can consider the Stoke’s law where the velocity is
given by the corresponding Navier-Stokes(-Korteweg) equation [39/43.56] or with additional
surface-tension effects [18,22H24] by including Cahn-Hilliard-type terms.

Most of the studies discussed above have been carried out to in the context of so-called
incompressible limit. This procedure links mechanistic models and free-boundary problems
extensively used in the context of tumor growth [7]. Mathematically, the limit corresponds
to sending v — oo in the pressure relation p(p) = p?. In the limit, p < 1 and the zone
Q= {x : p(t,x) = 1} is interpreted as a tumor resulting in the free boundary problem
which has been extensively studied, see for instance [33}[35/3846]. In this context, it is worth
mentioning another form of the pressure p(p) = ¢ 1Tpp which enforces the density to stay be-
low 1 so it is useful for modeling populations with congestion constraints, see [34119,30,47).

For such pressure laws, one can also study incompressible limit by sending € — 0.

In the present work, we are interested in linking the two populations model of Brinkman’s

type with the one of Darcy’s type. Hence, we consider the system of PDEs posed on [0, T] x R%
Oy — div(ue VW, ) = ug F(ps), Oy — div(v, VW,) = v, G(ps), (1.1)

where u,, v, are densities of two populations of interest, p = (u, + v,)7 is the pressure,

~v > 1 and W, is the solution of the elliptic equation

—0 AW, + Wy = ps (1.2)
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corresponding to the so-called Brinkman’s law. Our target is to rigorously justify the limit

o — 0 where we expect the Darcy’s law W = p = (u + v)? and the densities u, v satisfy
O — div(uVp) = u F(p), O — div(vVp) = v G(p). (1.3)

In [12], the case of v = 1 was established. Here, we study the nonlinear case v > 1. As
discussed above, from the point of view of free boundary models, large 7 is more physically

relevant and this motivates our studies.

We first list the assumptions which are standard in the theory of (LI]).

Assumption 1.1. We assume that:

(A) The nonlinearities F', G belong to C*(R) and they are strictly decreasing: F’, G’ <
—a < 0 for some a > 0. Moreover, there exists pg > 0 (the so-called homeostatic
pressure) such that F(py) = G(pm) = 0.

(B) The initial condition (u®,v%) is nonnegative and satisfies the following: the upper
bound (u? + v%)7 < pg, the mass bound [p,(u® +v°)dz < C and the tail estimate
Jra(@® 4+ 00)|z*da < C.

The weak solutions to the systems (LI))-(T.2]) and (L3)) are defined as follows:

Definition 1.2 (Weak solutions to the Brinkman system). We say that (uy,v,) is a weak
solution of (LI)-([L2) with initial condition (u°,v°) if us,v, € L>®(0,T; LY (RY) N L>®(RY))
and for all ¢ € C°([0,T) x RY) and ¢ € C([0,T) x R?):

T
/ / ug Opp da dt + / ©(0, z)u’(z) dz =
0o JRre Rd

T T
:/ / Ue VW, - Vo da dt —/ / ue F(py)p dex dt,
0 JR4 0o JRd

/OT /[Rd Vg Oy dx dt + /[Rd ¢(0,x)v0(x) dr —

T T
:/ / Ve VW, - V(bda:dt—/ / oG (pe )@ da dt,
0 JRd 0 JRd

with pe = (ug + v5)Y and =AW, + Wy = py a.e. in (0,T) x R,
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We note that the terms u, VW, v, VW, make sense. Indeed, one can write W, = K, * p,
where K, is a fundamental solution of —cAK, + K, = dy. It is well-known (see, for
instance, [51, eq. (2.6)]) that K, > 0, [ps Kodz = 1 and VK, € L'(R?) where the last
estimate blows up when o — 0. Therefore, for o fixed, VW, € L*(0,T; L(R?%)) for all
q € [1,00].

Definition 1.3 (Weak solutions to the Darcy system). We say that (u,v) is a weak solution
of ([L3) with initial condition (u®,v°) and p = (u+v)" if u,v € L>(0,T; L' (RN L>(R?)),
Vp € L2((0,T) x RY) and for all ¢ € C([0,T) x RY) and ¢ € C([0,T) x R%):

T
/ / u@tgpda:dt—i—/ ©(0,z)u’ (z) dz =
0o JRre Rd

T T
:/ / qu-thdxdt—/ / uF(p)e dx dt,
0 Jre 0 Jre

/OT/Rd”a“ﬁdde/Rd‘b(o’x)"’o(l’)dx=

:/OT/Rdep-ngdxdt—/OT/RdvG(p)QSda:dt.

The existence of weak solutions to the Brinkman system is given by the following result.

Theorem 1.4. Under Assumption [, there exists a weak solution (uy,v,) to the sys-

tem (LI)-(L2) in the sense of Definition[1.2. Moreover, the solution is uniformly bounded

0 < (us +v,)" < ppg. (1.4)

The existence result is fairly standard and it is based on suitable regularizations. Neverthe-
less, it contains few interesting technical difficulties, therefore we present the proof in the
Appendix [Al Let us point that that the uniform bound (I4) is the direct consequence of

the maximum principle in [55, Lemma 2.1].

Our main result is the rigorous justification of passing to the limit ¢ — 0.
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Theorem 1.5 (Brinkman to Darcy). Let (us,vs) be a weak solution of system (LI)-(L2])

as in Theorem[1.J] Then, as o0 — 0, we can extract a subsequence (not relabeled) such that

Uy — u weakly* in L%°((0,T) x RY) and weakly in LY((0,T) x RY) for 1 < q < oo,
Ve = v weakly® in L=((0,T) x RY) and weakly in LI((0,T) x RY) for 1 < q < oo,
pe —p  strongly in LY((0,T) x RY) for all 1 < q < 400,

Wy —p  strongly in L*(0,T; HY(RY)) N LI((0,T) x RY) for all 1 < q < 400,

with p = (u+v)7. Moreover (u,v) is a weak solution of (L3) as in Definition [I.3.

Let us briefly outline the strategy. The main difficulty is to pass to the limit in the terms
us VW, and v, VW,. It seems that there is no hope for the strong compactness of u,
and v, because this requires at least uniform bounds on {D?W,} (cf. [1]) which does not
seem to be available (see (2.2)) for the energy identity). Therefore, we plan to prove strong
compactness of {VW,} in L2((0,T) x R?) by proving weak compactness and convergences

of norms:
: 2 d : 2 2
VWO— — Vp mn L ((O, T) X IR ), 3—% HVWU|’L2((O,T)XRd) — va”Lz((O,T)X[Rd)’

which was recently applied in several problems of similar nature [IT31,44.52]. This can be
achieved if one proves strong compactness of {p,}. Indeed, weak compactness of {VW,}
is then a consequence of the energy estimate (2.2)) and the elliptic equation (L2l). The
convergence of norms follows from the energy: we compare energy ([2.2)) for o — 0 with the

energy for
O(u~+v) —div((u + v) Vp) = u F(p) + v G(p),

which can be written because {p,} is strongly compact.

It remains to explain how we obtain strong compactness of the pressures {p, }. From a priori
estimates (Proposition 1) we know that {p,} is compact in time while {W,} is compact in
space. Moreover, the term o AW, converges strongly to 0. Therefore, we can use the elliptic

equation (L2) to translate information about compactness of {W,} into compactness of
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{ps}. Details are given in Lemma [3.2] and Lemma [B.4]

We also remark that our method covers the linear case v = 1 studied in [12]. The only
difference is that the energy identity used to obtain all the estimates and deduce strong
compactness of {VW,} is deduced by multiplying equation for the sum wu, + v, with
log(u, + v,). Some care is necessary as this function may not be admissible in the vac-

uum where u, + v, = 0 and the details are discussed in [12].

Finally, let us remark that the problem of passing to the limit from (L)) to (I3]) can be seen
in a much broader context of passing to the limit from the nonlocal equation to the local
one. More precisely, (L2) can be written as W, = K, *xp, where K, is a kernel approaching
Dirac mass g so that W = p in the limit ¢ — 0. Such problems are intesively studied for
several PDEs, including porous media equation [6,9,29,42], Cahn-Hilliard equation (both

nondegenerate [16,[17] and degenerate [8/25]) and hyperbolic conservation laws [10].

2. A PRIORI ESTIMATES

Here, we prove the following;:

Proposition 2.1. Let 0 > 0. Let (us,v,) be a weak solution of (LI)-(L2). Then, the

following sequences are uniformly bounded with respect to o € (0,1):

(A) {po} and {W,} in L°(0,T; I\(RY) 1 I2(RY)),
(B) {VW,} in 1((0,T) x RY),

(C) {Vo AWs} in L*((0,T) x RY) ,

(D) {Owpo} in LY(0,T; H, 5(RY)), for s large enough,

(E) {po |=[*} in L>(0,T; L' (RY)),

Proof. First, the L™ estimate for p, is a direct consequence of (I4]) and the same is true

for W, = K, *p, because [pqs Ky dz = 1. The estimates [(A)] [(B)|and [(C)] are a consequence

of energy considerations. The equation for the sum u, + v, reads:

O (us + v5) — div((us + vo ) VW,) = us F(ps) + vo G(ps)- (2.1)
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We multiply with v (u, + v,)?~! and integrate in space so that

8t/ Podz 4+ (v — 1)/ (to +v5)" "tV (Up +v,) - VW, dz =
Rd Rd
= [ (0 Flp) + v Gl + )"
R

which, with (I.2]), can be rewritten as

at/ padx—k(’y—l)/ VW, |? + o| AW, |* da
R4 Rd (2 2)

=¢/wﬂwm+%amm%+%v*msc/pm@
R4 R4

because p, is uniformly bounded and F', G are continuous. Finally, we have ||[Wo |11 (ge) =

1Ko * pollp1(ray = [[Poll 1 (rey which concludes the proof of [[A)] [(B)] and [(C)]
Next, we establish the bound @ on Oyp,. We first write the equation on p which can be

obtained after multiplying (1) by 7(us + v, )71
8tpo = VPUVWU + v Do AWJ + v (uch(po) + UoG(pcr)) (ucr + 'Ucr)ﬁ{_l-

First note that the last term on the right-hand side is bounded in L>((0,T) x R?%) by
assumptions on F' and G. In order to obtain a bound on d;p, in a negative Sobolev spaces,
we see that, up to integration by parts, it remains to study the term p,AW,. Let ¢ be a
smooth, compactly supported test function. Then, by definition of W,

/[Rd Pe AW, dx = _0/[Rd AW, 2o dz — /[Rd VW, 2o dz — /[Rd WV W, -Vedz.

The proof of @ﬂ is concluded using|(A)} and Now, we prove Since p, is bounded

in L we only need to prove that u, and v, have uniformly bounded second moments. We

compute it for u, and the proof is similar for v,

8t/ ]az\2ugdaz+2/ uJVWU-xdx:/ |2]2uq F (py) d.
RY RY RY

Integrating in time, using Cauchy-Schwartz inequality, estimate assumptions on F and

Gronwall’s inequality, we obtain the result. O



8 CHARLES ELBAR AND JAKUB SKRZECZKOWSKI

3. STRONG COMPACTNESS OF THE PRESSURE

Proposition 3.1. There exist functions u, v and p such that p = (u+v)? a.e. and such

that up to a subsequence (not relabelled) for all 1 < q < oo:

Uy — u weakly* in L°°((0,T) x RY) and weakly in LI((0,T) x RY), (3.1)
vy — v weakly* in L®((0,T) x RY) and weakly in LI((0,T) x RY), (3.2)
cAW, — 0 strongly in L*((0,T) x R%), (3.3)
pe —p  strongly in LY((0,T) x R?), (3.4)
W, —p  weakly in L*(0,T; HY(R)), strongly in LI((0,T) x RY) for ¢ > 1, (3.5)
Uy + vy — u+v  strongly in LI((0,T) x RY), (3.6)
(s + 1) (T) = (u+v)(T)  weakly in L (R?). (3.7)

The crucial step in the proof of Proposition B.1] is the strong compactness of the pressure
P which will be achieved by the following lemma which in the spirit is a version of Lions-

Aubin-Simon’s argument [54].
Lemma 3.2. Suppose that for each compact set K C R?

T
lim/ / Do (t,z +y) — po(t,z)|dadt = 0 uniformly in o € (0,1). (3.8)
0o JK

y—0
Moreover, assume that {0¢p,} is bounded in L*(0,T; H;,*(R)) for some s > 0 and {p, |z|*}

is uniformly bounded in L'((0,T) x RY). Then, the sequence {p,} is strongly compact in
LY((0,T) x RY).

Remark 3.3. Several variants of this result are possible. For instance, one can have more
general assumption on the time derivative or one can also formulate it in for the space
LP((0,T) x R?) space with p > 1. Another trivial generalization is that the tail estimate

could be replaced with more general tightness assumption.

Proof of Lemmal3.2. In view of the Riesz-Kolmogorov-Frechet theorem, to establish local

compactness it is sufficient to prove

T—h
lim / |po(t + h,z) — ps(t,x)| dzdt = 0 uniformly in ¢ € (0,1)
h—0 Jo K
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for each compact set K C R?. Using a family of smooth, compactly supported mollifiers

{¢s} with § depending on h, we have

T—h
/ / |po(t + h,x) — po(t,x)|dedt <
0 K
T—h
§/ / Do (t + h,z) — po(t + h,x) % ps| dx dt
0 K
T—h
+/ / Do (t, ) — po(t, @) * 5| dadt
0 K
T—h
+/ / ‘p0*905(t+h7x)_pU*QO(S(t,-Z')‘d.Z'dt
0 K

The first two terms converge to 0 when § — 0, independently of h, as a consequence of (3.§]).

Hence, we only need to study the third term. We write
1
Do * @s(t + h,x) — ps * @s(t,x) = h / Opo * ps(t + sh,x)ds.
0

Therefore, the term of interest can be estimated by

T—h
cnf [
0 K

1 (T—h
< Ch/ / / |0tpo * s5(t + sh,z)|dzdtds < Chl|Owps * w5l L1 ((0,1)x k)
0o Jo K

drdt <

1
/ atpa * ()05(t + Sh,.ﬁl’) ds
0

where we applied Fubini’s theorem. It remains to estimate the convolution. We have

Oips * ps(t, ) = /Rd Orpo (t,y) ps(x — y) dy < [10ipo (¢, )| gy llspsl s,

Applying the L*((0,7) x K) norm we obtain

C(K)
190 * @5l L1 (0,m)x i) < K[ N0epollprpr—s Npsllme < Stz

Choosing h = §'+574/2 we obtain compactness of {p, } on (0,T) x K for each compact set K.

To obtain global compactness, we perform a usual argument which uses the decay estimate.

Let B,, be the sequence of balls B(0,n). By the diagonal method, we construct a subsequence
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such that p, — p in L'((0,T) x B,,) for each n € N. Then,

IPs = Pll L1 (0,1 x®e) < 1P — PllLr(0,1)xBw) T 1Pe — Pll L1 (0,1)x (R B,
C

<|lps = pllL1(0,1)xB,) T+ o

where C = sup,¢ (o1 [Po [£% ]| 11 ((0,7)xre) and we used, that by Fatou lemma,
2 o 2
1Pl L1 0,1y xrey < Hminf [[po [z [| 10,7y xre)-

Hence, limsup,_,q [|po — pllL1(0,1)xre) < £ for all n which concludes the proof. O
By interpolation, we deduce:

Lemma 3.4. The sequence of pressures {py} is strongly compact in L1((0,T) x R?) for all
1< g < +o0.

It turns out that the sequence of pressures {p,} satisfies (3.8]).

Proof of [88). We recall the definition of the Brinkman law

Py = —c AW, + W,.

First note that —a AW, converges strongly to 0 in L?((0,T) x R?) as a consequence of [[C)
In particular it is compact and by the converse of the Riesz-Kolmogorov-Frechet theorem

we deduce
T
lim/ / |cAW,(t,x 4+ y) — c AW, (t, x)| dz dt = 0 uniformly in o € (0,1).
y—0 0 K
To conclude the proof of (B.8)) in remains to prove that

T
lim / / |[Wo(t,x +y) — Wy(t,z)|dedt = 0 uniformly in o € (0, 1).
0o JK

y—0

This is a simple consequence of the formula
1
Wo(t,x +y) — We(t,z) = / VW, (t,x + sy) - yds
0

and the uniform bound (note that we work on the compact set K so that L?(K) embeds
into L'(K)).
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Proof of Proposition[31. Convergences (B.1), (3.2), (33) follow from Proposition 2] and
nonnegativity of u,, v,. The strong convergence of the pressure ([B.4) is a consequence of
Lemma [34l Combining this convergence and (B3] we deduce the strong convergence in L2
of W, and then in every L? (except ¢ = 1,00) by interpolation using Using also the
estimate |[(B)l we deduce the weak convergence of VW, and conclude the proof of (8.1).
The convergence (3.0) is a consequence of (B3.4]): indeed we can extract a subsequence of

pressures that converge a.e. so that u, + v, converges a.e. Due to the uniform L* bound

and tail estimate |(E), Vitali convergence theorem implies (3.0).

Finally, we prove [3.7). We adapt the argument from [2, Lemma I1.5.9]. First, we prove
that (u, + v,)(T) makes sense as an element of L7(R?). Let ns = %ﬂ[_(;,o] and f5(t,x) =
(us +v,) %15 where the convolution is a convolution in time. As u,4+v, € L°(0,T; L7(R?)),
| f5(T, )|l L~ (rey < C independently of 6 > 0. Hence, up to a subsequence, f5(T) — f in
L7(RY) and it remains to prove f = (uy +v,)(T). Let 1 € CX(RY). Since
T ) e = | [ o+ 0n) ) vl ] D) (39)
R R

d
and the function ¢ — [pi(us + vo) 9 (x)dz is continuous (it can be easily seen that the
sequence {0 (uy-+vy)} is uniformly bounded in L2(0, T; H;,;! (R?)) and such regularity implies
also continuity in C(0,T; H;,! (RY)), see [53, Lemma 7.1]), the (RHS) of (33) converges to

Jga (o (T) +vo(T)) ¥(x) dz so that f = (ue+ve)(T) a.e. on R%. Exactly the same argument
shows that (u+ v)(T") makes sense because, thanks to convergences (3.1)), (3.2), (3.5), (3:6),

we can pass to the limit ¢ — 0 and deduce the same weak formulation

/oT /Rd(u + v)Opp da dt + /Rd(uo ) p(0)dz - /oT /[Rd e (3.10)

T T
:/ / uF(p)d:Edt+/ / vG(p) dx dt,
0 Jrd 0 Jrd

which implies continuity of ¢ — [pq(u +v) ¢ (x) dx.

The argument above shows that the sequence {(u, 4+ v, )(T)} is bounded in L7(R?) so it has

a subsequence converging to some s € L?(R?) when o — 0. We claim that s = (u + v)(T).
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To this end, we consider the weak formulation from Definition with test function of the
form ¢ (x) ns(t) where ns = 1 on [0,7 —26], ns = 0 on [T'— 4§, T] and it is linear interpolation
on [T'—24,T — 6] (such function is admissible by density as it has Sobolev derivative). By
weak continuity, as d — 0,
T 1 T—6
| L+ oayv@omsydza =5 [ [ (o o)ty o) daar

T-26

=0, (ug 4+ vo) (T, x) () dx 720, s(x) Y(z) da.
Rd Rd

We can apply the same limiting procedure 6 — 0 in the weak formulation (3.I0). By

comparing the results, we deduce that s = (u + v)(T) a.e. on R? and this concludes the

proof. O

4. STRONG CONVERGENCE OF VW, AND CONCLUSION

Proof of Theorem [I.3. Due to the weak convergence of u, and v,, cf. BI)—-([B2), to pass
to the limit in (L)), it is sufficient to prove strong convergence of VW,. As VW, — Vp, it
is sufficient to prove convergence of L? norms, i.e.
2 2
INWollz2(0,m)xrey = VPl Z2(0,7)xR4)-

By the properties of the weak convergence

2 o 2
IVPIz20)xre) < Hmnf [VWol|72(0,7)xre) - (4.1)

so we only need to estimate limsup,_,q. The idea is to pass to the limit in Equation (2I]).
First, due to the strong compactness of u + v and p in Proposition B we can pass to the

limit in Equation (2.I]) and obtain (in the weak sense)
O(u~+v) —div((u +v)Vp) = u F(p) + v G(p). (4.2)

We can test this equation with v(u+v)Y~! (see Remark Bl below for the precise argument)

and we obtain after integrating in time

T
/p(T,:E)dx+(7—1)/ / Vp2 dz dt =
Rd 0 Rd

(4.3)
T
B /[deo(‘l’) dx+7/0 /Rd(uF(p) +0uG(p))(u+0) " dedt.
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Note that ([B.7) implies

/ p(T, z)dx Sliminf/ o (T, x)dx (4.4)
R4 c—0 R4

by the weak lower semicontinuity of the norm. Integrating (Z2]) in time from [0,7] and

applying limsup,_,, we see that

(v—1 hmsup/ / VW, \2dxdt</ O(x)dx +
o—0 R4

(4.5)
+ ’y/ / (uF(p) +vG(p))(u+v) " dedt —liminf [ p,(T,z)dz.
0 JRrd =0 Jga
Combining (43]), (@4]) and (LE) we see that
limjgp IVWoll 220 m)xrey < 1VPIT2((0,7)xRa) - (4.6)
which together with (4.1)) concludes the proof. O

Remark 4.1. To make integration by parts rigorous, we test equation with

Y(u+v) T apg(2)

where g is a smooth function such that ¢¥g(x) =1 for |z| < R, ¢r(z) =0 for |[z| > R+ 1

and [¢;| < 1. Then, the integration by parts is justified and we obtain

T T
v—1) / / \Vp|? Yr(z)dedt + v / / pVpy' dz dt.
0 Jre 0 JR<|z|<R+1

The first term converges to (v — 1) [ga |Vp|? ¥r(2) dz by the dominated convergence theo-
rem. For the second term, we note that p Vp € L'((0,7) x R%) (in fact, we have even better)

so this term converges to 0 again by the dominated convergence theorem.

Remark 4.2. Similarly, to make testing ([£2) with ~ (u+v)7~! rigorous, one mollifies (Z2)
both in time and space with 75(t) 1. (z). Then, one tests [E2)) with 7 ((u 4+ v) * 75 * 1)V~
so that the usual chain rule in Sobolev spaces can be applied resulting in the term of the
form [pq((u +v) % 95 * )7 (T, ) dz. Then, one sends § — 0 using weak continuity of the
sum (u + v) as in the proof of Proposition B.J] and then £ — 0 using the properties of the

mollifiers.
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APPENDIX A. PROOF OF THEOREM [[.4] (EXISTENCE RESULT)

Here, we prove existence of solutions to the system (LI) by introducing an artificial diffu-

sion. We also recall the uniform (in terms of v and o) L* bounds from [55].

We rewrite (1)) as follows

oy — Vu - VW — %u(W—p) =uF(p), Ow—Vuv-VW — %U(W—p) = v G(p),
where we skipped the lower index o as o is fixed. It is useful to write W = K, *xp where K,
is a fundamental solution —ocAK, + K, = dp and p = (u + v)?. We regularize the problem
in three ways. First, we introduce diffusion. Second, we mollify K, with a usual mollifier ws
(i.e. ws(x) = éidw(aj/cS) where w is smooth, supported in the unit ball and of mass 1). Third,
we truncate all nonlinearities by the truncation operator Q(p) = pLlp<op, + 2pH Lp>2p, -

The resulting system reads

o —eAu—Vu-VWs = %u (Ws — Q(p)) +u F(Q(p)),

O — v~ Vo Vs = ~ o (W5 — Q(p)) + v G(Q(p)), (A1)
Ws = K, * ws * Q(p),

where p = (u + v)Y. By properties of convolutions, VW5 = K, * Vws * Q(p) so that (A1)
can be considered as a semilinear parabolic system with Lipschitz nonlinearities which are

well-understood [40,41]. Hence, it has a nonnegative solution (u,v).

Now, following [55, Lemma 2.1], we claim that p < pg. To this end, we sum up equations

for u, v and multiply by 7 (u + v)?~! to obtain
op—eyAlu+v) (u+v)™t —Vp- VW5 =

N (A.2)
= —p(Ws = Q(p)) + 7 (ut v) " wF(Q(p) + v G(Q(p))):

Since at t = 0, p < pp, if the estimate is not satisfied, by continuity there is time ¢t > 0
where p(t,-) reaches its maximum with value in (pg,2pg). Let z* be a point where this

happens. At this point, Vp = 0, A(u + v) < 0 (because the function u + v = p'/7 reaches
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its maximum). Furthermore, the source term is strictly negative due to [(A)|in Assumption

[l Finally, we note that by Young’s convolutional inequality
Ws(t,z*) — p(t, %) < [Ip(t, )lloo [ Ko 1 lwsllx = [Ip(E; )]l = 0
so that the term Ws — p at x* is nonpositive. We conclude that
Op(t,z*) <0

so that p cannot become greater than py. We conclude that Q(p) = p in (A)).

Now, we send 6 — 0. We write us and vs for solutions to (Adl), ps = (us + vs)? for the
pressure and W5 = K, *ws*ps. First, thanks to the presence of diffusion and VK, € L' (R?),
the sequences {us} and {vs} are locally compact in L9((0,7) x R?) for all ¢ < co by usual
Lions-Aubin lemma and interpolation in Lebesgue spaces. As a consequence, it is easy to
pass to the limit in the source terms. The nontrivial part is to pass to the limit in the

advection term. To identify the limit we write

T T
/ / Vu(;-VWMO:—/ / us AWs o + us VWs - V.
0 Rd 0 Rd

Hence, it is sufficient to prove that AWy and VW5 converge at least weakly to the appro-
priate limits. However, these sequences are bounded in L>((0,T) x R?) because AW; =
%(p(; —ps *x Ky) *ws and VW5 = VK, * ps * ws. Therefore, up to a subsequence, they have
weak™® limits which equals AW and VW with W = K, % p due to the strong compactness

of us and vg.

In the limit § — 0, we obtain the system
O — eAu — div(u VW) = u F(p), 0w — eAv — div(v VW) = v G(p), (A.3)

where W = K, * p and it remains to remove the diffusion, i.e. send ¢ — 0. Again, we write
ue and v, for solutions to (A3), p- = (ue + v:)7 for the pressure and W, = K, *p.. Clearly,
ue — uand v, = v in L®((0,T) x R?). Moreover, standard computations show that {du.},
{0y} are uniformly bounded in L2(0, T; H~*(R?)). We prove that both sequences {u.} and

{ve} are strongly compact in space so that by Lemma [B.2] we deduce strong compactness.
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The same will follow for the pressure p. so that VW, = VK, *p, converges in L'((0,T) x R%)
to VK, * p and so, by interpolation, in LI((0,T) x R) for all ¢ € [1,2). This is sufficient to
pass to the limit in (A.3]).

The proof of compactness in space follows the method of Jabin and Belgacem [I] (the only
difference is that we deal with an additional source term). Let us recall that [I] deals with

compactness for the conservative equations
Oyue — eAue — div(ues az) = 0,

where a. is the vector field satisfying the following;:

(1) supee(o,1) | div ac |l oo (0,7 xRy < 00,
(2) sup.c(0,1) lacll oo (0,710 (Ray) < 00 for some p > 1,

(3) diva. = d. + r. where d. is compact in space while 7. is such that |r.(x) — r-(y)| <

C lue(z) — ue(y)]-

In our case, a. = VW, satisfies (1) and (2). Indeed, div VW, = AW, = % (pe — K, % pe) is
uniformly bounded. Furthemore, it is easy to see, for instance from (A.2)), that {p.} is uni-
formly bounded in L*(0,7; L'(R?)) so that it is bounded in L>(0,7T; L?(R%)). Hence,
{AW.} is bounded in L*°(0,T; L*(R?)) which easily implies that {W.} is bounded in
L>®(0,T; W*2(R%)) so that (2) holds true with p = 2.

Concerning (3), it is satisfied in a weaker sense. We have d. = W, (it is compact in space by

the estimate on {VW,}) and r. = p. which satisfies (by the uniform boundedness of {u.}
and {v:})

[re(ts2) = re(t, y)| < Cluc(t, ) — ue(t,y)| + Cloe(t, x) — ve(t, y), (A4)

so that the estimate depends on both species. Below, we briefly explain a simple modifi-

cation of argument in [I] to cover the case of (A.4) as well as how to include the source terms.
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The compactness in [1] is established by analysis of the quantity

Q)= [ [ Kile = )luc(t.) — uelt. )] dady,

where K, is a smooth, nonnegative kernel, supported in the ball By(0) such that Kp(x) =

W on Bj(0). Similarly, we define Q,_(t). It can be proved, cf. [Il, Lemma 3.1|, that
€T

the sequence {u.} is locally compact in space in L'((0,7) x R?) if

hm lim su
es0 |1o ]

/ Qu. (t)dt = 0. (A.5)

Then, one computes %ng using the PDE on u.. Applying [I, proof of Theorem 1.2| with

new assumption (A4)) and additional source term we deduce

Qus(t) < QUE(O) +C /Ot (ng(s) + st(s)) dS—f‘C%
+/0 /R - Konle = p)lds(t,2) — de(t, y)| d dy ds (A.6)

* /0 /[R | Knle = lu=(@)F (p= (@) = u(y) P (p(y))| da dy ds.

The last integral can be bounded by C fg (Qu.(s) + Qy.(s))ds. Now, to deduce compact-

ness, we write the same expression as (A.6)) for Q,, (¢) and we sum up to deduce

Q.0+ 210 <00+ 0,0 +C | (0u () + Q) ds+C

t
+ / / Kn(x — y)lde(t, ) — de(t,y)] de dy ds.
0 R4 J R4

Now, it is easy to see that since {Vd.} is uniformly bounded in L!((0,7") x R?), the last
term is bounded by a constant. Hence, Gronwall’s inequality and (A.E) imply compactness

in space of {u.} and {v.}.
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