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Abstract
We study the boundary controllability of 2 x 2 system of heat equations by using a flatness approach.
According to the relation between the diffusion coefficients of the heat equation, it is known that the system can
be not null-controllable or null-controllable for any 7' > Ty where Ty € [0, co]. Here we recover this result in the
case that Ty € [0, 00) by using the flatness method, and we obtain an explicit formula for the control and for the
corresponding solutions. In particular, the state and the control have Gevrey regularity in time and in space.

1 Introduction

We consider the boundary controllability of the following system coupling two heat equations:
Oy1 —02y1 =0 in (0,7) x (0,1),

O — 0% =m0 (0,T) x (0,1),
(£0) =0, yi(t1) = u(t) 0,7), (1.1)
yg(t 0) = yg(t 1) =0 i O,T)
yl(ov ) - ylv y2(0 ) - y(lj i Ovl)a

where d > 0. This is a “cascade” system: the control u acts on y; (at & = 1) whereas ys is controlled through y;.
The controllability of coupled heat equations has been studied by several authors, and we refer the reader to the
survey paper [3] for results until 2011. In the case of distributed controls, it is possible to obtain general results such
as Kalman criterion to show the null-controllability of the corresponding system for any time T° > 0 (see [1] and
also [24] in the case of Stokes systems instead of heat equations). In the case of boundary controls, we can quote
for instance [4H 6] where the authors obtain in particular that the minimal time of controllability can be positive.

For system (|1.1), the controllability properties depend on the coefficient d: if d = 1, then the system is null-
controllable for any T > 0 (see [2] and [12]), whereas if d # 1 and v/d € Q, then the system is not null-controllable
for any T'> 0. In the case v/d ¢ Q, the system is null-controllable at any time T > ¢(A4) and not null-controllable
for any T' < ¢(Aq) (see |4, Theorem 6.17]), where ¢(A4) is the index of condensation of the sequence

A, e {(WZ)Q’ (m)Q}@l '

In that case, one can show (see [4, Relation (6.16)]) that
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Using the differential flatness, our aim is to show that the system is null-controllable, as soon as d = 1 or Vd ¢Q
with ¢(Ag) < oo. The flatness approach comes from the study of finite-dimensional control systems and has already
been applied to several partial differential equations: the heat equation [16,/18|, general parabolic equations [17], the
Schrodinger equation [19], the linear Korteweg—de Vries equation [15] and a class of semi-linear heat equations [14].
The authors of the present paper have used this method to show some controllability properties of some free
boundary models: the Stefan problem, in |9] and a cross-diffusion problem in [10].

In order to state our mains results, we first recall the notion of Gevrey functions. A function f : R — R is a
Gevrey function of order o > 1 if it is ¢ and if for any compact subset K of R, there exist M, R € R% such that
its derivatives satisfy

1o
‘f“)(t)‘ <M wen tek)

R’
Similarly, g : R? — R is a Gevrey function of order (o1, 09) if it is C*° and if for any compact subset K of R2, there
exist M, Ry, Ry € R} such that

Qo1 k1o

? ak
|8t(3wg(t,x)‘ < MRilfRig

L,k eN, (t,x) € K).
One of the interests in such functions for controllability properties comes from the fact that one can construct
Gevrey function with compact support or which are constant on some intervals. For instance, for any ¢ > 1, the

function
0 if t <0,

e_(ticg)
e_((l_t)fcg) + e_(tfcg)
1 i >1,

0, (t) := if t € (0,1), (1.3)

with ¢, = (0 — 1)1 is a Gevrey function of order o (see, for instance [11, Appendix B]). In particular, this function
satisfies

00(0) =0 (1) =0 (£>1),
and one can show the existence of M, R > 0 such that

£e

[

95)(:&)‘ <Mz ((€N, teR).

For more information on the Gevrey functions, one can refer for instance to [22}23}25].
We are now in position to state our main results.

Theorem 1.1. Assume d # 1 and Vd ¢ Q with ¢(Agq) < co. For any o € (1,2), T > c¢(Aq) and (y9,49) € L?(0,1)2,
there exists a control w Gevrey of order o in [0,T] such that the solution (y1,y2) of (L.1) is Gevrey of order (o,1)
in (0,T] x [0,1] and such that

yl(T7 ) = y2(T7 ) = 0.

Theorem 1.2. Assume d = 1. For any o € (1,2), T > 0 and (y,v39) € L*(0,1)?, there exists a control u Geuvrey
of order o in [0,T] such that the solution (y1,y2) of (1.1) is Gevrey of order (o,1) in (0,T] x [0,1] and such that
n (T7 ) = y2(T7 ) = 0.

Remark 1.3. We recall that if v/d is irrational and algebraic, then ¢(A4) = 0. Moreover, for any Ty > 0, there

exists d such that ¢(Ag) = To (see [4, Proposition 6.20]).

We also consider the particular case where the initial and final conditions of our control problem are stationary

states, that is, solutions of
—02yr =0 in (0,1),

1
_883372 =0
71(0) =0, 71(1) =7,
72(0) =0, 72(1) =0,



for w € R. The explicit solutions of the above system are

_ _ _ d_
yi(x) =ux, Ya(x)= 5u (z—2%) (z€]0,1]). (1.4)
For such particular control problem, one obtain the exact controllability for any d > 0 and any 7" > O:

Theorem 1.4. Assume d > 0, T' > 0 and o € (1,2). For any stationary states (E(l),@(l)) and ( (2),y2( )),
there exists a control uw Gevrey of order o in [0,T] such that the solution (y1,y2) of is Gevrey of order (o,1)
n (0,T] x [0,1] and such that

y1(0,) =7, 1(0,) =" in(0,1)

and
1 (Ta ) = E(Q)a y2(T7 ) = y?(2) in (05 1)

The outline of the paper is the following: in Section [2] we recall the flatness method that we use in our main
results. Then we show Theorem [I.1] in Section [3] Theorem [I.2]in Section [4 and Theorem [I.4] in Section [f] Finally,
the Section [f] conclude this paper with some open problems.

2 Flatness approach

2.1 The general method
Following the approach developed in [16] for a single heat equation, we look for solutions of (1.1)) of the form
22kt 22k+1

Z“k sy Rho= Zb’“ @k + 1)

Inserting these expressions into the two first equations of (|1.1)) leads to the following induction formulae:
ak1 = g, brpr = d(b), —ax) (k=0)

so that the sequences (ay) and (b;) can be expressed through a := ag and b := by. More precisely, we obtain

0 k) p2k+1 o ko (k) dF -1 (ho1) 2 2k+1

g a ya(t, ) = g (d bYW (t) — d————a'"" (t)> —_— ifd#1, (2.1)

— 2k 2k + 1) — d—1 (2k + 1)!

o0 p2k+1 > 2k+1

Z“ B (¢ + Ut z) = Z (b(m(t) _ ka<k—1)(t)) o ifd=1, (2.2)
2k+1) ' (2k+ 1)V ’

~
Il

0

where we denote by a®) the k-th derivative of a.

Remark 2.1. We could also add in the solutions a series for the even powers of x, but, as in the case of the heat
equation alone (see, [16]), one can see that the corresponding coefficients are 0 due to the homogeneous Dirichlet
boundary conditions at = 0.

In order to have that (2.1) or (2.2) are well-defined, we will search a and b as Gevrey functions and use the
following result.

Lemma 2.2. Assume that a and b are Gevrey functions of order o € (1,2) in R. Then y1 and yo defined either
by @.1) or [2.2) are well-defined and are Gevrey functions of order (o,1) in R?. They satisfy the two first equations
of (L.1) and the Dirichlet boundary conditions y1(t,0) = y2(t,0) = 0 for all t.



Proof. We only show that y; and y, are well-defined and are Gevrey functions of order (o,1) in R?, the fact that
they satisfy the two first equations of and the Dirichlet boundary conditions at £ = 0 can be obtained by
standard computations.

To show that the series in or are convergent and correspond to Gevrey functions, we see that they
have the general form

22k+1
Z ) ar (2:3)
where ¢, are € functions such that for any compact K of R, there exist M, R € R’ such that
‘c,g)(t)‘gM% (l,keN, te K).
Let us consider » > 0 and let us set 2k
gr(t, @) := Ck(t)m~

Then, 0{0l g, = 0 if 2k + 1 < j, and if 2k + 1 > j, we have

(C+ )l p2h+i—

Z
000200t 2)| < My 2k +1—j)!

(te K, |z <r).

Combining this relation with the formula (¢ + k)! < 2¢F*/1k!, leads to

27001741 (4(27)r2\ " k1o
‘o <
|0;0Lgn(t, )| < 2Mr Tl ( 7 ) SE 1) (te K, |z| <r).

Since o < 2, we have

4272\ " (k)”
Z( R )(2k+1)!<°o

k>0
and we deduce that formula (2.3)) defines a C*° function y and that there exist M7, Ry > 0 such that
()L
’85 Ty(t,@)| < My RUyi (te K, |z| < ).
This concludes the proof of the lemma. O

2.2 The boundary conditions at z =1

The control u will be given by the trace of y; at x = 1, that is
= alk
=y (2.4)
k:O (2k + 1

but it remains to deal with the Dirichlet boundary condition of ¥, at x = 1:
p(t1) =0 (te(0,7). (2.5)

One of the main difficulties in this method based on the flatness approach for the controllability of partial differential
equations is coming from this boundary conditions. The particular form of the solutions ((2.1)), (2.2)) yields directly
the boundary conditions at x = 0 but it can be quite difficult to check any boundary condition at x = 1.



Let us start by a formal computation in the case d # 1 (the case d = 1 can be treated similarly). First,

using (2.1)), we write (2.5) as

> > drk — (k 1)(7,‘)
oy A () d — (te(0,T)). (2.6)
k:O 2k + 1! P d—1 (2k+1)!
Let us assume that
a®0) =% 0)=0 (k=0) (2.7)

and let us consider the Laplace transforms of a and b:

a(s) := /000 e a(t) dt, b(s):= /000 e b(t) dt (s >0).

Then, the relation (2.6)) for T' = oo yields that

One possible solution of the above equation is

dksk N gk —1 gkl

a(s) = Z mf(s), b(s) = dﬁmﬂs) (s>0),

k=1

for some function f. If we assume that f satisfies the same property (2.7)) as a and b, this leads us to consider the
following form for a and b (if d # 1):

oo dm

= 1)
« (2m + l)lf( Z d (28)

alt) = d—1 @m+ 0l

m=

m=1

In the case d = 1, a similar formal computation leads to the following formulae

= ) £ (1)
mZ:o 2m + 1 b(t)

mi——2. (2.9)
Remark 2.3. Without condition (2.7)), the relation (2.6)) for T'= oo yields a formula of the form

M

 (2m+ 1)

3
Il

=~ dFpF < gk 1 phl
kZ:O 2k + 1)! _;dd_lma(p)ZR(p) (p > 0),

for a function R that can be expressed as a series of s. Such a Bézout identity may be difficult to solve in the
general case and one can quote the recent article [21] where the author presents a practical algorithm for computing
this kind of Bézout relations. A similar difficulty appears for the controllability by a flatness approach of the beam
equation where there are four boundary conditions: the authors in [13] are using Mikusiriski’s operators (see [20])
to overcome this problem.

The following result gives a rigorous framework to the above formal computations:

Lemma 2.4. Assume [ is a Gevrey function of order o € (1,2). Then formulae (2.8) (respectively (2.9))) de-
fine Gevrey functions a and b of order o. Moreover, if (y1,y2) is defined by (2.2)) (respectively (2.1)), then ys

satisfies (2.5)).



Proof. Assume K is a compact of R and consider M, R such that
|o
‘f(m)(t)‘ < M% (meN, t e K).

& [ d 270017 (29d\™ I
@ ) < (24 te K
‘dt@<(2m+ o )()‘ R <R) Gmy1y mENtEK)

and we deduce that a defined by (2.8)) or (2.9) is a C*° function satisfying

Then

20[&0

for some M; > 0. This shows that a is a Gevrey function of order o. A similar estimate holds for b, leading to the
fact that b is a Gevrey function of order o.

Moreover, a similar computation shows that we can apply the Fubini theorem in the following computations.
If d # 1, using , deduce that

idk (k) > ddk —1a*V(1)
= 2k—|—1 d—1(2k—|—1)!
1 f(m+k 1) -1 f(m+k*1)(t)

_szkH ——1 (2k+1)! (2m+1 szmﬂ (2m+ 1)!(2k + 1)!

k=0m=1 k=1m=0
=0.

If d =1, using (2.2)), we find similarly

L& & a0
valts 1) = Z AC ISV kz k(2k 1)

f(erk 1) o0 0 f(erk 1) (t)
’I;le (2k +1 2m+1 kZZ (2m + 1)!(2k + 1)!
=0.

O

Remark 2.5. We notice that in Lemma [2.4] we do not need the condition ) for a, b or f. In particular, by
comblnlng Lemmas - and [2.4] we have obtalned that for any Gevrey functlon f of order ¢ € (1,2), the formulas
and (2.8) (for d # 1) and - ) and ( . (for d = 1) yield Gevrey functions y; and yo satisfying the first four
equatlonb of (1.1) with the control u defined by -

It remains to determine f so that the corresponding solutions satisfy the desired initial and final conditions.
This is the aim of the next sections.

3 Proof of Theorem 1.1l

With the above section, we can construct solutions of (1.1)) by using the formulas (2.1) and (2.8) (for d # 1) or
(2.2) and (2.9) (for d = 1). In this construction, we need to determine a suitable function f. To this end, we first
consider the operator associated with (|1.1)

1 2 . 1 —0%y
D(A) := [H2(0,1) N HY(0,1)]",  A:D(A) — L*(0,1)%, BJ - [_iagyf_ 1]. (3.1)



The operator —A is the infinitesimal generator of an analytic semigroup and if there is no control (that is if u = 0),

the system (1.1]) writes
d [y Y Y1 Y
— A =0, 0)= |7} . 3.2
dt |:y2:| * |:y2 Y2 ©) Y5 (3:2)

One can compute the eigenvalues and eigenvectors of A in classical way, and we have the following standard result
(see, for instance, [4]).

Proposition 3.1. Assume d # 1. The spectrum of A is composed of eigenvalues

2
™
(A) = (M Azndysys Ao = %’ Nam = (70)?
and a corresponding family of eigenfunctions is
0 sin(nmx)

5100) = ||+ V200 = | | e,

d y
nrx T=dynz? sin(nmx)

The eigenvalues of A are simple if and only if vVd ¢ Q.
In particular, if (y9,49) € L?(0,1)2, then the solution of (1.1)) with u = 0 (or equivalently of (3.2)) has the form
[?ﬂ} (t) = Z a1ty e Mt 4 Z agnthane 0, (3.3)
Y2 n=1 n>1

with (a1.n)n, (@2.n)n € £2(N*). This shows in particular, that (yi,y2) is analytic at any (¢,z) € (0,7] x [0,1] and
we have

y(T,x) = Z Qg sin(nrz)e2n T (3.4)
n>1
d
y2(T,z) = ; a1 psin(nrz)e T 4 7; ag,nm sin(nrx)e 20T, (3.5)

In order to prove Theorem we use the linearity of our system, and we construct our solution as the difference
of the solution (3.3)) associated with the initial conditions (y?,%9) € L?(0,1)? and with v = 0 and a solution with
initial conditions

y1(07 ) = y2(07 ) =0 in (07 1) (36)

and with the final conditions given by (3.4) and (3.5). As explained in Section |2} to build such solutions, we only
need to define the Gevrey function f of order o € (1,2) such that the corresponding solution (y,y2) satisfies the
above initial and final conditions.

Remark 3.2. Finding a suitable function f can be a difficult task in general. In order to do this, we can start by
searching a function f such that the solutions (3.3) can be written formally under the form (2.1f) and (2.8) where
in the last relation f is replaced by f.



Relation ({3.3)) implies

$2k+1
yi(t,x) = (—1)*ag p(nm) e A2t
d $2k+1
) — 1R ()2 [y et e et T
vo(t ) ,;,,;( Jnm) {arne ™ 4 g e 2k +1)!

By identifying with (2.1]), we obtain that

a®)(t) =Y " (=1)Fag, (nm) e ont

n>=1
dFR)(t) — dba“@*l)(t) = (=D (nm)* T oy e Mt b ——— g e ]
d—1 4 ’ (1= d)n?m?

Combining these two equations, we deduce

b (1) =) [(m) (=A1n)" ay pe Mt 4

Q2,n (*)‘Q,n)k e)\2="t} .
n>1 n

(1—-d)nm

We thus need to find a function f such that (see (2.8)):

" m+’f - k_—Aznt
WLZ:O (2m 4 1 )(t) = %(nﬁ)az’n(—kgﬁn) e 2 , (37)
X0 dm — 1 fmEk=D) () & ot d A
Z d d—1 2m T 1) = Z (nﬂ—) (_>\1,n) Qa1 n€ + magyn (_>\2,n) e . (38)

m=1 n>1

This suggests to search funder the form

t) = Z Bl,n(ii)\l’nt + Z ﬂQ,nei)Q’"t-

n>=1 n>1

We see below that one can indeed find (81,,) and (B2,,) so that f satisfies (3.7) and (3.8). Finally, to recover (3.6)),
we use a Gevrey function 7 equal to 0 for t < 0 and equal to 1 for ¢ > T, and we then set f := fn. In what follows,
we apply this strategy to prove Theorem

Let us consider Ty > ¢(Ag), o € (1,2) and let us define

o) =0 (=),

where 6, is given by (1.3). The function 7 is Gevrey of order ¢ and satisfies n = 0 in (—o0, Tp], n(T) = 1 and
n*)(T) = 0 for all k > 1. We set

wint(d — 1) m2n?Vd

Binmi=ain————F—x, Boni=02n———F—,
d5/2 sin (7\%) sin(mny/d)

(3.9)

and we define

f(t) = Z ﬁl,neiAl’"t + Z BQ,neixz'"t and f = f77

n>1 n>=1



From (|1.2)), for any Ty > ¢(Aq), there exists a constant C' > 0 such that for all n > 1

T oy mn%V/d
’ " sin(rny/d)

4.4
" (-1 Toda,n

T g5/2 qin (TR
d°/? sin ( \/E>
In particular, fis an analytic function in (Tp,00) and f is a Gevrey function of order o in R. Moreover, we have

fom) zm: (m) 7y (m—a)

=0 \J

< C|a1,n|e < C|a2,n|e

so that
f(m) (0) = 0) f(m)( ) f(m) Z ﬁl n )‘1 n m _Al T + Z ﬂ2 n )\Q,n)m e_A2’nT~

n>1 n>1

In particular, from (2.8)), for every k& > 0 we have

a®(0) = ) (0) =0, (3.10)

a® (T Z TR Z Bim (—Aim )R =T | Z B )\ZVn)erk erenT | (3.11)
m:O m n>1 n>1

b*) (T Z Z Bin (=ALn) m+k Lo=MnT 4 Z B (= Ao n)m+k71 e | (3.12)
m=0 d—1 2m +1 n>1

We also have

> am m > am m _ sin(mnVd)
mz;o @m+1) (=A1n)" =0, g;o @mt 1) (=Aon)" = T andd
> (*Al,n)m . ™ \/g > (*>\2,n)m o
mz::O(Qm—i—l)! - (ﬁ) ™’ 7;:0(2m+1)! -

Using the above formula into (3.11)) and (3.12) and applying the Fubini theorem, we deduce

Zﬁz e kbln(wn\f) -
n>1 an 7

an\ Vd k=1 > T d sin(rnv/d) k=1 —x,. T
n Sin —(—A1n e tnt 4 n —A2n e "znt,
nE>1d B, (\/E> — (=) n§>1d_152, p— (=A2n)

Finally, using these formulae into (2.1]) leads to

sin(mnvVd) e P wkl
T0) =Y By e dan T 3™ (L xy 0F o
n(T) n>1627 mnvd k:O( 2n) (2k+1)!

s 2k+1 \/a
T = dk r n Si my va “Ain k=1 X\ ,.T
1= S 5 i ()

k=0

2k+1 sin(mn/d) ke
gk _* 1 —XonT
+Z 2k+1'zd—1 d )

Z ﬁ? n )\2 'n, k ! Sin(ﬂ—n\/g) e—/\z,nT -’17 .
n>1 anyd (2k +1)!

_de

2k+1




The above relation can be written as

Z 52 nbll’lQﬂ';l\f) 51n(n71'm)e_>‘2’"T, (313)
n>1 f
o A AW _
y2(T,x) = Z Wﬁl,n sin (\/E) sin(nrz)e” M T
. sin(mny/d)
: X2 T
* Z n2772 2’n 7r2n2\/(§ Sln(’nﬂrx)e o (3'14)

n>=1

Using (3.9)) into ( and - 3.14)) yields (3.4)) and . This concludes the proof of Theorem

4 Proof of Theorem [1.2]

The proof of Theorem [I.2] is similar to the proof of Theorem We start by considering the spectral analysis of
the operator A defined by (3.1) (with d = 1).

Proposition 4.1. Assume d = 1. The spectrum of A is composed of simple eigenvalues
o(A) = {An}nZI s e = (77”)27

with algebraic multiplicity equal to 2. A corresponding family of generalized eigenfunctions is

sin(nmx)

_ 0 _ |sin(nmz)
s - : ) n - 0 ) .
e [ } bon(2) [ ] (z € 0,1])

In particular, if (y9,49) € L?(0,1)?, then the solution of (1.1]) with u = 0 (or equivalently of (3.2])) has the form
LA = aratine Y aantane M+ an iy pte M,
n>1 n>1 n>1

with (1.n)n, (@2.n)n € €2(N*). This shows that (yi,ys) is analytic at any (¢,z) € (0,7] x [0,1] and we have

x) = Z Qg sin(nrx)e Ty (T, ) Z a1 sin(nrz)e T 4 Z Qg sin(nrz)Te T, (4.1)
n=1 n>1 n>=1

In order to prove Theorem [1.2} we are going to construct a solution of (|1.1)) with initial conditions
y1(07 ) = y2(07 ) =0 in (07 1)

and with the final conditions given by (4.1). As explained in Section [2} we build such solutions in the form (2.1),
where a and b are given by (2.8). It remains to define the Gevrey function f of order o € (1,2) such that the
corresponding solution (yi,ys) satisfies the above initial and final conditions.

Let us define
t
=0 (7).

where 0, is given by (1.3). The function 7 is Gevrey of order ¢ and satisfies n = 0 in (—00,0], n(T) = 1 and
n*)(T) =0 for all k > 1. We now set

Bin i=2(—1)"n2x? <ozl7n _ 3 Qg n) , Bomi=2(-1)""n?r%ag, (4.2)

2nm 7

10



and we define

= Z Bl,ne_)\nt + Z B2,nte_)\nt7 f = J777

n>1 n>1

In particular, fis an analytic function in (0,00) and f is a Gevrey function of order o in R. Moreover, we have

fm) zm:( > (m=)

7=0
so that
70 =0,
ST = FUT) =7 Bun (=)™ €T 437 Bon (A" T m (=Aa)" ) e
n>1 n>1
In particular, from (2.9)), for every k > 0 we have
a®(0) = b (0) = 0, (4.3)
- 1 m+k _—\,T
_Y L (S a gt
= (2m +1)! =
£ Bon (AT 4 (m+ k) (=2) ") e (4.4)
n=1
(k) - _ m+k—1 _—\,T
b =2, 2m+1! 2 B (A) ¢
m:O n=1
+Y  Bonm ((—An)’"““‘1 T+ (m+k-1) (—An)m“‘?) e T (4.5)
n>1
We also have
0 m—1 [es] m—1 00 m—2
A -2 1 (=1t -2 3 (=1t
S P . L YV S ST 10
= (2m+1)! = (2m+ 1) 2 nrm = 2m+1) 4 n2rm
Using the above formula into (4.4) and (4.5)), we deduce
_ 1 (_1)n+1
(k) — 2 VoA T 2
a® (T) =" Bom (=An)"e i
n>1
1)n+1
) (T (=) 7( AT
)= 2 P T
n )n+1 & e 1 (_1)n+1 k3 (_1)n+1 o
nlzo—— ()" TH+E(=\, et (A nt
+7;162 ( (FAn)" T 4 ) 2 nrm +( ) 4 n2n? €
Finally, using these formulae into (2.2]) leads to
1 n+1
Zﬂgn(Q 23 sin(nmz)e 7T,

n>=1
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yo (T, x) = Z B4 ﬂ sin(nrx)e T + Z B ﬂ sin(nmz)Te T
’ n>1 " 2n’n? n=1 " 2n?m?

B §(_1)n+1 iy ( ) AT
+ Z 2’”477137@ sm(nmx)e

n>1
and in particular,
—1)"+! 3B2m\ . _ —1ntt _
n>1 n=1

By using the formula (4.2)) into the above relations we deduce (4.1)) and this ends the proof of Theorem |1.2

5 Proof of Theorem 1.4

In order to prove Theorem [1.4] we follow again the strategy of Section [2] and build solutions in the form
or , where a and b are given by or . It remains to define the Gevrey function f of order o € (1,2)
such that the corresponding solution (y1,y2) satisfies the above initial and final conditions.

Let us consider two stationary states (5(1)7@(1)) and (yT(Q),gTQ(Q)). They are given by the formula for
some uM, u? e R.

Let us define

t
ft) == (E(Q) —a(l)) 0, (T) +ah,
where 6, is given by (1.3)). The function f is Gevrey of order o and satisfies

FO)y=aM,  f(T)=a®, fm0)=f"UT)=0 (m

WV
=

In particular, since a and b are given by (2.8)) or (2.9), we have

a0 =70, aT)=a®,  a®(0)=aP(T)=0 (k>1),

b(0) = daM,  b(T)=4a®, ™) =" (T)=0 (k=>1).

In particular, y; and yo given by (2.1]) or (2.2) satisfy
d
y1(07$> :ﬂ(l)x7 yQ(Oaw) = gﬂ(l)(m_x3)7
_ d_
n(T,z) =1Pz, yo(T,z) = éu@)(m —2%).

This ends the proof of Theorem

6 Conclusion

We have obtained the null-controllability of a coupled system of heat equations in dimension 1 in space by using
the flatness approach. The system is in “cascade”, with a control acting only on one boundary of the first equation.
This is a particular example of the general case treated in [4]

Oy — (D2 + Ay =0 in (0,T
y(t,0)=0 in (0,7), .
y(t,1) = Bu(t) in (0,T) (6.1)

(0

y(0,-)=9" in
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where y = (y1,...,Yn), A € M,(R), D = diag (i, . é), w=(u1,...,un) and B € M, ,(R). We have treated

the case n = 2 and m = 1, with
0 0 1
A= L O} and B = [0} .

For this particular example, we have managed to recover the controllability results in [4] with the flatness method.
Note that we avoid in particular the use of any bi-orthogonal basis as it is standard for the study of the controllability
of such systems.

In the future, we would like to generalize our result and in particular to deal with general systems of the
form . Another interesting problem would be to consider, as in [6], the case where in the equation of y, in
we replace the right-hand side by cy; with a function ¢ depending on z. Finally, one could wonder if this flatness
method can be applied to systems of heat equations coupled from the boundary: see, for instance [7], where the
coupling is done with Robin boundary condition, or [8], with Kirchhoff boundary conditions.
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