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STRUCTURE THEOREMS FOR DENDRIFORM AND
TRIDENDRIFORM ALGEBRAS

EMILY BURGUNDER AND BERENICE DELCROIX-OGER

ABSTRACT. We state new Cartier-Milnor-Moore Poincaré-Birkhoff-Witt
theorems for dendriform and tridendriform structures. We introduce the
terplicial coalgebra structure as an analogue in the tridendriform alge-
bras of the duplicial co-structure for the dendriform case, and prove a
rigidity theorem.

Combinatorial objects gain in comprehension when seen as constructible
from a few elements, for instance, when seen as a free algebra over a vector
space. For a combinatorial object endowed with an associative algebraic
operation with respect to an order, one may consider the dendriform and
tridendriform algebra associated to it. Considering these finer structures
reduced the dimension (rankwise) of the vector space when seen as a free
dendriform or tridendriform algebra. But, proving that an object is free over
one of these structure is not always easy. Some tools exist, mostly generalised
Poincaré-Birkhoff-Witt Cartier-Milnor-Moore theorems or generalised Borel
(called rigidity theorems). Namely, in the dendriform case with Foissy’s
work [10] where he considers two different dendriform structures one as an
algebra and one as a coalgebra which are not dual from each other; or
the work of Loday and Ronco considering an associative coalgebra and a
dendriform algebra [14]. One can also consider a different approach and
find a duplicial structure (closely related to the dendriform structure) and
consider a duplicial-duplicial rigidity theorem due to [13]. But such an
analogue would not exist in the tridendriform case. In the tridendriform
case, one structure theorem is due to Maria Ronco and the first author
when considering an associative structure and a tridendriform algebra.

We investigate different rigidity theorems, namely those arising from the
dualisation of the dendriform or tridendriform operations. We provide ex-
plicit combinatorial expressions of the intertwining relations which permit
rapidly to conclude to the non-freeness of an object and provide a deeper
knowledge of it.

We introduce the terplicial algebra, and prove some rigidity theorems
with a terplicial coalgebra structure, which plays an analogous role to the
duplicial algebra in the dendriform case. The intertwining relations are
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2 EMILY BURGUNDER AND BERENICE DELCROIX-OGER

short. Moreover, the free terplicial and the free tridendriform algebra are
spanned by trees and the terplicial operation can be seen as a set operation
related to the tridendriform one via an order, as defined in [22].

The paper has two parts one dedicated to the dendriform case and the
second on the tridendriform case.

It is organised as follows: we recall definitions of the dendriform and dupli-
cial algebra and coalgebras. We introduce the duplicial dendriform bialgebra
with their explicit intertwinning relations and state their associated rigidity
theorem. We then apply it to reprove the freeness of the Solomon-Tits alge-
bra and the Parking function [2, 22] algebra in a more concise way. To prove
the intertwining relations, we give a precise description of the product and
coproduct in the free algebra using paths. It introduces a whole new set of
operations indexed by paths with their intertwining relations combinatori-
ally explicited. The computation of the relations gives, as a byproduct, the
number of elements of some intervals of the Tamari posets considered with
Chatel and Pons [7].

The terplicial operad introduced later on is not exactly an analogous of the
duplicial operad with regards to dendriform but merely of a skew-symmetric
version. We investigate this operad and rigidity theorems associated to it.

The second part of the paper is dedicated to the tridendriform case. Af-
ter recalling the definition of the tridendriform algebra and coalgebra, we
introduce the terplicial algebra and coalgebra. We then state the rigidity
theorem for terplicial bialgebras, co-terplicial tridendriform bialgebras, and
dual tridendriform bialgebras.

The next section is devoted to a precise description of the tridendriform
and the terplicial operations in the free algebra and cofree coalgebra through
paths in order to prove the intertwining relations as in the dendriform case.
It gives a new insight with their dual path indexed coproducts.

We then apply it to reprove Vong’s theorem of the non-freeness of the
Parking functions algebra with the Novelli-Thibon structure.

1 DUAL DENDRIFORM BIALGEBRAS AND DUPLICIAL-DENDRIFORM
BIALGEBRAS.

This section is devoted to the dendriform algebra structure. We prove a
new rigidity theorem for duplicial-dendriform bialgebras: a vector space with
a duplicial coalgebra structure and a dendriform algebra structure which are
moreover linked through intertwining relations.This is used to reprove the
freeness of the Solomon-Tits algebra and the Parking algebra in a shorter and
new way. We also consider a dendriform bialgebras where the operations and
the cooperations are obtained by dualisation. We investigate very precisely
the relations between the product and coproduct to have a deeper knowledge
of free dendriform algebra as dualising an operation is the most natural thing
one can do on a given combinatorial object. This investigation leads us to
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give the number of elements of some intervals in the Tamari posets that is
considered by Chatel and Pons [7].

1.1 Confluence law et rigidity theorem We recall from [1] the def-
inition of a confluence law and a rigidity theorem and refer the reader to
this reference for further information. Note that we are considering non-
symmetric quadratic operads here, which implies a simplification of defini-
tions.

Definition 1.1.1. Given a vector space H which has an algebra struc-
ture given by binary products p1,...,u, and a coalgebra structure given
by binary coproducts 41, ...,0d,, a confluence law X is a rewriting system of
(co)-algebraic expressions in ‘H which contains:

e rules from the products p;(x ® y) = ui(x,y) € H, for any z,y € H

e rules from the coproducts d;(z) — 1 ® x9 € H ® H, for any = € H,

with 21 ® zo = §;(x) using Sweedler’s notation.

e mixed distributive rules &;(yj(z ® y)) — p! @ p?(6*(z) ® 6%(y)),
which is convergent, where 6! and §2 are (not necessary binary) coproducts
and p! and p? are (not necessary binary) products. Such a confluence law
enables to define a structure of bialgebra on .

Theorem 1.1.2 ([1], Rigidity theorem). Any conilpotent bialgebra satisfying
a confluence law is free and cofree over its primitive elements.

1.2 Definitions: dendriform and duplicial (co)algebras. We recall
the definitions of dendriform algebras, dendriform coalgebras and describe
the free dendriform algebra on the vector space spanned by the planar binary
rooted trees PBT, and the conilpotent cofree codendriform coalgebra. Then
we recall the definitions of duplicial algebras, coalgebras and describes their
free algebra and cofree conilpotent coalgebra on PBT.

Definition 1.2.1. A dendriform algebra (see [12]) structure on a vector
space A is a pair of binary products <: AQ A — Aand =: AR A — A,
satisfying that:

(a<b)<c=a<(b=<c+b>c),
(a=b)<c=a= (b=<c),
(a<b+a>b)>c=a>(b>c).

Example 1.2.2. The free dendriform structure has been defined in [14]
on the vector space spanned by labelled planar binary trees, which will
be denoted PBT(V) := PBT, @ V®" with V being the vector space of
labellings, and PBT, the vector space generated by planar binary trees
with n leaves.

For the sake of clarity, we recall that a planar rooted tree is an oriented
connected acyclic graph embedded in the plane with a set of edges F(T') and
a set of vertices V(F), with a distinguished vertex p called the root such
that there is only one non-oriented path connecting a vertex to the root. A
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tree will be drawn with the root at the bottom, and the orientation of the
edges will be from the root to the leaves. The chosen orientation is contrary
to the usual orientation on planar trees. Here, the orientation choice is for
proof purposes only. For an oriented edge from a vertex a to a vertex b, the
vertex a will be called a source and b a target. The vertex a is then the
parent of b and b a child of a. An edge is said to be inner if its target is
not a leaf. As the trees we consider are reduced the inner edges will have
arity at least three (at least two out going and exactly one in-going) and
the root arity at least two (at least two out-going). We present these trees
with the children of a given node horizontally aligned which gives a natural
description of left and right children. As considering binary planar rooted
trees, one needs to add that the set of vertices is partitioned into a set of
leaves with arity 1 (one in-going edge), a set of inner vertices with arity are
3 (two out-going edges and one in-going) and the root which is of arity 2
(two out-going edges).

Consider a tree T' and denote T as the grafting of its left hand-side tree t;
and right hand-side tree ¢, on the root of T' and denoted T' = V(#;; t,). The
operations <, > are defined on two trees T' and S as

T-0=0<T=T, 0~T=T<0=0,
(1) T<S=Vt;t. <SS+t >9),
(2) T-S=V(T<s+T > s;;8) .

We recall that
Definition 1.2.3. Any codendriform coalgebra is a vector space C' with two
cooperations A and A, satisfying:

(A_< ® Zd) (@] A_< = (Zd® A*) o A_<

(Ay ®id) o AL = (id® AZ) o Ay

(A* ® Zd) (0] A>_ = (Zd ® A>_) (e} A>_,
where A, = AL + A,

A co-augmented conilpotent codendriform coalgebra C' is a coalgebra ver-
ifying that: C' = U,>oF,C where F{C = K, F1C = {x € C | Ax(x) =
A>(.’L‘) = 0}, FnC = {SU S C ‘ A.<(I‘) S Fn_lc®2,A>(ﬂ7) € Fn_10®2}.
Example 1.2.4. One can consider the cooperations on PBT'(K) as the du-
als with respect to the basis of planar binary trees PBT of the operations i.e.
intuitively A (T) = >, ps7 @ ® b and respectively Ay (T') = >, 157 a R b.
In other words, when considering for every T' € T the elements T* de-
fined as T*(S) = §% where § is the Kroenecker symbol, this endows PBT*

with a linear basis given by the 7. Then, the expressions for the coopera-

tions reads: A(T) = >, peppr 6T*(a<b)¢0%a ® b. The definition of the

operations gives a constructive way to define the cooperations:
(3) Ar(V(tistr) = 1 @ V(05 t,) + Ax(tr)1 @ V(Ax(t)2; tr)
(4) A.<(\/(tl, tr‘)) = \/(tl, (Z)) Rty + \/(tlv A*(tr)l) ® A*(tr)2
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where A, = A2+ A, and A, (V(0,t.)) = AZ(V(#,0)) = 0. This can be
proven by direct inspection. The above coalgebra structure on the planar
binary trees is the free conilpotent codendriform coalgebra. The proof is
straightforward by dualisation.

Definition 1.2.5. A duplicial algebra structure on A is a pair of binary
products >: A® A — Aand <: A® A — A, satisfying that:

> and < are associative,
(x>y)<z=2axp>(y<z), for any x,y,z in A.

Example 1.2.6. The free duplicial structure on the planar binary rooted
trees is given, for any trees 7" and S, by:

Tod=0aT =T, T =T<a0=10
T>S=V(Tv>s;s,) and
T<lS=\/(tl;tT<lS)

This algebraic structure can be dualised to give the coduplicial coalgebra
notion:

Definition 1.2.7. A coduplicial coalgebra C is a vector space endowed with
the coproducts Ay, Ay : C — C ® C such that:

A, and Ay are associative,
(AD ® Zd) @] Aq — (Zd ® Aq) @] AD‘

A co-augmented conilpotent coduplicial coalgebra C' is a coalgebra verifying
that: C' = U,>0F,C where F{C =K, F1C = {z € C | Ay(z) = Ax(z) = 0},
F,C={zc C|Aqx) € F,_1C%% A(z) € F,,_1C%?}.

Example 1.2.8. The free conilpotent coduplicial coalgebra is isomorphic
to the vector space generated by planar binary rooted trees, endowed with
the coproducts:

A(T) =t @V(0,t,) + Au(t))1 @ V(As(t))2, tr)
ALT) = V(t;,0) @t + V(t, Ag(tr)1) @ Ag(ty)a,
with Aq(V(t,0)) = As(V(0,8,)) = 0.

1.3 Duplicial-dendriform bialgebras. Let H be a vector space with a
dendriform algebra structure (#, <, =) and a codendriform coalgebra struc-
ture (H, Ay, Ay). We define the confluence law linking the products and
the coproducts, and state the rigidty theorem: every conilpotent coduplicial
dendriform bialgebra is free and cofree on its primitive. Note that these
relations are different from the one presented in [17].

Definition 1.3.1. Let H be a vector space with a dendriform algebra struc-
ture (H,<,>) and a codendriform coalgebra structure (H,A,, Ay). If it
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satisfies moreover Vz,y € H that:

Ap(z=y) =2z @y+ 2+ (D) © (As(y))2 + (Ao (@)1 @ (As(2))2 -,
As(z <y) = (As(2)1 @ (As(2))2 <y,
Aqlz = y) =z = (Aa(y))1 @ (Aa(y))2,
Agz <y) =z @y +2 < (M) © (Ada(y))2 + (Aa(2)1 @ (Aa(2))2 * ¥,

where x => + <, then H is said to be a coduplicial-dendriform bialgebra.

Example 1.3.2. PBT endowed with the dendriform algebra structure and
the coduplicial coalgebra structure is a coduplicial-dendriform bialgebra.

The proof is postponed to the section 3.4.2 using the combinatorial de-
scription of the dendriform product and the coduplicial coproduct, described
in section 3.

Theorem 1.3.3. Any conilpotent coduplicial-dendriform bialgebra is free
and cofree over its primitive elements.

Proof. We apply the result of [1]: the confluence laws are associated to the
dual morphism on planar binary trees and the associated operad is non
symmetric. [l

Indeed, PBT is free and cofree over its primitives K -V (0, 0).

1.4 Conilpotent dual dendriform bialgebras are free and cofree.
In [10], Foissy considers dendriform bialgebras: bialgebras with a dendriform
structure for the algebraic and the coalgebraic structure with a confluence
law linking them both. But, the confluence law between both structures
is coming from a ¢-isomorphism which is not obtained when considering
dendriform products and their dual coproducts but by considering dendri-
form products and the dualisations of other dendriform products (see [1]).
It seems natural to consider the case where the ¢-isomorphism linking both
structures is the case where the coalgebraic structure is the dual structure
of the algebraic structure. In this section we focus on constructing the con-
fluence law that links both structures and we show that the coproduct we
define is compatible in the sense of [1].

Let ‘H be a vector space with a dendriform algebra structure (H, <, >)
and a codendriform coalgebra structure (H, A<, A, ).

We will introduce some notations:

Al>€_+1 _ (id®k ®RAL)o--0(idRAL)o Ay
>k+1:> o(id@ >) 0---0 (id®k® >)
Qs = A>. + Z(—l)k(ld® >‘k) ¢} A’;+1
k=1
ag =AML+ Y (-1)F(<F @id) o AEH
k=1
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where a.,a~ are the alternating convolution operations, from which we
deduce the idempotents <oa™ and > oa” which satisfy good properties (cf.
[13, proposition 2.3.5]).

Note that for any tree T' = V(#;; t,) the tensor product t; ® V(0;t,) can be
expressed as a (7). This is proven by induction while using the definitions
(3), (4). Analogously, V(t;;0) @ t, can be expressed as a<(T) .

Definition 1.4.1. Let H be a vector space with a dendriform algebra struc-
ture (H,=<,>) and a codendriform coalgebra structure (H, A=, A.). If it
satisfies moreover that for all x,y € H:

A (z-y)= Oé>($ =y) + Az xan(y)1)1 @ As(z* a(Y)1)2 = a-(y)2 ,
Ar(z<y)=A (21 ®Ar(2)2 <Y,
Ailz-y) =z > A(y) ® A(y)2

As(z =y) =ax(z <y) +az(@) < Ada<(@)2 xy)1 @ Ax(ax(2)2 * y)2

then H is said to be a dual dendriform bialgebra.

Note that this confluence law is not a finite sum of composition of tensors
of operations and cooperations, but applied on an element x it is polynomial.

Example 1.4.2. PBT (V) endowed with the above codendriform and den-
driform structure is a dual dendriform bialgebra.

Proof. The definition of coproducts of trees (3), (4) applied on the operations
>~ and < of two trees T = V({;,t,),S = V(s;,s,) give the confluence laws
when using the above remark:

(5) A (T>8)=Tx+s5;V(0;sr) + Au(T % 51)1 @ V(AT * 51)2; 5r)
(6) AT <8)=V({t;0) @t xS+ V(t; As(ty x 9)1) @ As(ty x S)2
The proof of the relations A, (T < S) = T = AL(S)1 ® A<(S)2, and

AL(T = S)=A_(T); ® A_(T)2 < S are done combinatorially in section
3.4. U

Theorem 1.4.3. Any conilpotent dual dendriform bialgebra is free and
cofree over its primitive.

Proof. We apply the result of [1]: the confluence laws are associated to the
dual morphism on planar binary trees and the associated operad is non
symmetric. ([

Indeed, PBT endowed with its dual dendriform bialgebra is free and
cofree on its primitives K- Vv (0, 0).

Remark 1.4.4. Let (H,<,>,A<,Ay) be a conilpotent dual dendriform
bialgebra whose primitive elements are explicitely known. We denote by
proji : H ® H — H the canonical projection of the first component and
projo the canonical projection on the second component, we denote by 1 P
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the application which is the identity on F;*H and null elsewhere, analogously
for 1 -, and by p;* (resp. p;”) the composition p;* := proji o(id @ ]lF1<) oA,
(p; = proj; o(lp- ®id) o A,). We then have a~ = (1p= ®id) o A and
a” = (id® ILF1>) oAy on PBT (V).

2 APPLICATION: FREENESS OF ALGEBRAS AS DENDRIFORM ALGEBRAS

We then apply the above rigidity theorem to some combinatorial alge-
bras to prove their freeness as a dendriform algebra, namely the algebra of
surjections and of Parking functions.

2.1 Application: freeness of the Solomon Tits algebra as a den-
driform algebra. Let us consider Solomon-Tits algebra the space of sur-
jection.

Consider the set ST, := {z : [n] — [r], x surjective } and the vector space
ST = @®p>>1K[ST)]. For z € ST}, we write z = (x(1),...,z(n)), listing
its images, and r = max{z(i),1 <1i < n}. For x € ST),,y € ST, denote
the shifted concatenation by x xy = (z(1),...,z(n),y(1)+r,...,y(m)+7r).

This vector space can be endowed with a dendriform structure (<, >), see
for example [19, 10, 2], as follows: let z € ST, y € ST, define

(1) Ty = ZfeSh*(r,s) f © (.%' X y)7

(2) r =LY = ZfeSh*(r,s) f © (.%' X y)?
where, f € Sh™ is a (r, s)-shuffle such that f(r) > f(r +s) and f € Sh™ is
a (r, s)-shuffle such that f(r) < f(r + s).

Fix that x = 1gx := 0 = lgx < z and z < 1lg := = =: 1g > =z, for all
x € ST. Note that ST := ST @ K1 is not a dendriform algebra, because
there does not exist a coherent way to define 1x > 1g and 1g < 1k.

For z € ST}, and suppose that z7(r) = {j1 < < jyx)}. We will de-
note by zj, = (z(1),...,2(j1 —1)). Recursively define the list of left-to-right
maxima as LR(z) = {LR(z;,),j1} the concatenation of LR(x;) with ji,
with LR(() = (). Similarly define the list of right-to-left maxima RL(z) :=
{ir), RL(z*@)}, with RL(0) = 0 and 272@) = (z(jy@) + 1), - .-, z(n)).

Example 2.1.1. For 2 = (2,4,1,5,5,3,6,7,3,1,2,5) the left to right max-
ima are in bold red: (2,4,1,5,5,3,6,7,3,1,2,5) and LR(x) = (1,2,4,7,8).
The right to left maxima are in bold red: (2,4,1,5,5,3,6,7,3,1,2,5) and
RL(z) = (8,12).

Given a map x : [n] — [r] there exists a unique surjective map std(z) €
ST, such that x(i) < x(j) if, and only if, std(x)(i) < std(z)(j), for 1 <
i,7 <n. The map std(x) is called the standardisation of z.

We can now define a coduplicial structure on ST. For x € ST, denote
LR(.T) = (ll, cee ,l;c)l

Ap(z) = (2(1),...,2(l — 1)) @ std(z(lg), . .., z(n))
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with I, is the maximum element in LR(z) satisfying that z(ly) = z(lg4+1)+1
and that the left hand-side of the above tensor product belongs to ST.
For x € ST, , denote RL(x) = (r1,...,7y):

Ay(z) =std(z(1),...,2(rg)) @ (x(rp + 1),...,2(n))

where 7y is the minimum element in RL(x), such that the right hand-side
of the above tensor product is in ST and that x(rg) = x(rg41) — 1.

Proposition 2.1.2. ST endowed with the coproducts Ay, Ay and the den-
driform structure (<, >) is a Dup®-Dend bialgebra.

Proof. First we prove that Ay, A4 are coduplicial. The coassociativity of
both coproducts is due to the fact that the standardisation preserves the
left to right (or right to left) maxima. The confluence laws is verified as A,
cuts after the first (from left to right) maximum of the word and that Ay
cuts after the last maximum of the word.

The confluence law is verified between the coproduct and the products
by direct inspection. Indeed, consider z € ST),,y € ST;,, denote Ay(x) =
T1 ® x9, v1 € STIL 29 € ST!2

ni? no?
Ap(z<y) =2 Y fol(zxy))
fESh=(r,s)
= Z 1 & f’n+1,.“,n+m © ($2 X y)
feSh=(r,s)

= )  @m®go(r2xy)
gESh=(r—ry,s)

where given a map f : [n] — [r] and a subset K of [r], the co-restriction of
f to K is the map f|¥ := (f(j1),..., f(ji)), where {j1 <--- <j}:={ie€
[n]/f(i) € K}.
The other relations are obtained analogously.
O

We can reprove the known result (see [10, 3, 19, 22]) using the coduplicial-
dendriform structure on ST:

Proposition 2.1.3. ST is free as a dendriform algebra on its primitives.

The property is straightforward since ST is endowed with a connected
Dup®-Dend bialgebra structure.

Remark 2.1.4. The primitives are not the same as in [3] as in dimension 3
the primitives are (1,3,2),(2,3,1) whereas in [3] it is (1,2,1),(2,3,1). The
number of elements of ST for each dimension is given by the Fubini numbers
[20, A00670].
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2.2 Application: freeness of the Parking function algebra. The
set of Parking functions can be endowed with a dendriform structure given
by the work of Novelli-Thibon [19]. We follow [2].

Definition 2.2.1. A map f : [n] — [n] is called a n-non-decreasing parking
function if f(i) < i for 1 < i < n. The set of n-non-decreasing parking
functions is denoted by NDPF,.

The composition f := fT o o of a non-decreasing parking function
f1 € NDPF, and a permutation o € S, is called a n-parking function. The
set of n-parking functions is denoted by PF,,. The subset of those such that
max{f(i),1 <i<n} =ris denoted PF).

Let PQSym™ denote the vector space spanned by the set (J,~; PF), of
parking functions. The binary operations < and > on PQSym”* are defined
in a similar way that in the case of ST:

F=9:= Ymax(hy>max(k) h: - f 7 9= Ximax(n) <max() Ik,

where the sums are taken over all pairs of maps (h, k) verifying that hk
is parking, Park(h) = f and Park(k) = g, for f,g € U,>; PF, and the map

Park : U Fn — U PF,, is the Parking counterpart of the standardisation.
n>1 n>1
We will now define on the Parking function a structure of coduplicial

coalgebra similarly to ST.

For # € PF] and suppose that z7(r) = {j1 < -+ < jym}- We will
denote by z;, = (z(1),...,z(j1 — 1)).

Define LR(x) as the concatenation of LR(x;,) and ji, with LR(0) = 0.

Similarly define RL(z) as the concatenation of jy(,) and RL(z2@), with
RL(@) = (D, l’jA(I) = (LL‘(])\(JC) + 1), NN ,a:(n))

For x € PF}, denote LR(x) = (I1,...,lz):

Ap(z) = (2(1),...,2(lx — 1)) @ std(z(lg), ..., x(n))

with [ € LR(x) the maximum element such that z(lx) = z(lx+1) + 1 and
that x; belong to PF.
For x € PF}, denote RX () = (r1,...,T2):

Ag(z) =std(z(1),...,z(rk) @ (z(re + 1), ..., 2(n))
where ry, € RL(z) the minimum element such that x5 € PF and that z(r;) =
z(rg1) — L.

Proposition 2.2.2. PQSym”* endowed with the coproducts Ay, Ay and the
dendriform structure (<, >) is a Dup®-Dend bialgebra.

Proof. The coduplicial structure is satisfied as the Parkisation of words pre-
serve the maxima.
The confluence law is verified as in ST by direct inspection. (]

As a corollary:
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Corollary 2.2.3. [3] The dendriform algebra of Parking function is free as
a dendriform algebra over the vector space of its primitive elements.

3 COMBINATORIAL DESCRIPTION OF THE PRODUCTS AND COPRODUCTS
AND THE CONFLUENCE LAW ON PBT.

In the following section, we introduce combinatorial descriptions of the
shuffle of trees from which we can then deduce the dendriform operations,
and the combinatorial description of the codendriform coproduct on the vec-
tor space spanned by the planar binary rooted trees. The description are
based on some shuffle paths and cutting paths in trees. These descriptions
will be useful to give an explicit confluence law in terms of trees and coeffi-
cients only. This gives an efficient tool to guess the codendriform structures
on examples or show that some algebras are not free for the given dendriform
structure.

3.1 Cutting paths and shuffle paths.

3.1.1 Clutting paths: Consider T'= V(t;,t,) a tree and ¢ a path in the tree
from the root to a leaf, denote efl its edges. Note that this path only depends
on the choice of a leaf. The orientation of the tree defines for every vertex
the notion of a right edge and a left edge. This path is referred to as a
cutting path. We now construct a coproduct indexed by this cutting path as
follows.

If the path q is the leftmost path of T', denoted by I, we will define

A, (T)=0T
and the path is the rightmost path of T, denoted by r7, we will define
A (T)=T®0 .

For any other path, denoted (eq,...,éey), define inductively the coproduct
as follows:

(7)
A T — V(t, Afeg,nen) (T)1) @ Aey,.en) (T2 €1 is a right edge,
(1T T Aegnen) (T @ V(D) (T2 tr) €1 is a left edge,

using Sweedler’s notation for the coproduct and where m is the total number
of edges of ¢ and T° is the right (resp. left) subtree of T if e; is a right
edge (resp. left).

3.1.2  Shuffle paths: Consider a tree T' = V(t;,t,) with its description as
a planar graph T' = (V(T); E(T)), where E(T) € V(T) x V(T) and e =
(s(e),t(e)) for any edge e € E(T'), with s(e) the source of the edge e and t(e),
its target. Consider another tree S = V(s;,s,) = (V(5); E(S)). Consider
the path of the tree T from the root pr to the rightmost leaf, noted rr =
(V(rr); E(rr)), and the leftmost path of S, Is = (V(ls); E(lg)). Note that
as T is a path in a tree one can consider E(rr) as an ordered sequence of
edges such that for two adjacent edges e1,es € E(rr) satisfy t(e1) = s(ea).
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T:\Q/S:Q/T*pS: >/

FiGURE 1. Path product associated to the shuffle path p =
(17,71, rT) (in dashed and red).

The same goes for E(lg). The edges E(rr) will be denoted e, , the edges
of lg will be denoted efs for ¢ integer. Consider the sequence of edges of
p, noted (e;)i, result of a shuffle of the ordered edges rr with those of
lg. The sequence p starts with e},T or ells and will be referred to as a
shuffle path of T and S. The cardinal of ordered set of vertices of p is
| V(p) |=| V(rr) | +| V(ls) | —1, and the vertices are obtained as the union
of the vertices of rr and lg quotiented by the relation that for two adjacent
edges e}, e5t! in the sequence p, s(e;!) = t(el). Rewrite the edges (couple
of vertices) accordingly.

We will define a product indexed by a shuffle path p, denoted by T *, S,
inductively as follows:

\/(tlytr *(eg,...,e;,”) S) if 611? = e

rT

(8) T *(eb,..em) 5= { v(T *(e2,....em) St s1)) if 611) =e

ls

where m is the sum of the number of edges of rr and [g.
Therefore T %, S = ((V(T) UV (S))\ (V(rr) UV (ls))) UV (p),(E(T)U
E(S)\ (E(rr) U E(ls)) U E(p)).

Example 3.1.1. Figure 1 gives an example of a shuffle product of two trees
T and S associated to the path p = (If,77,73) where the edges of the
rightmost path of T are denoted r{, 73 and the edge of the leftmost path of
S is denoted 7.

3.2 Combinatorial description of the dendriform (co)products
defined on PBT through paths.

3.2.1 Codendriform coproducts and cutting paths. For a tree T we will
denote Q(T') the set of all paths from root to a non-extremal leaf of T', by
Q (resp. @) the subset of paths with their first edge being a left (resp.
right) edge.
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N e
T_\%/,Q(T)_{\X,Kiy,x:é/,xgy,%/}
A*(T):\/®®+\<>/®\<>/+W®\<<>/+\&

®\>/+%®\/.

FIGURE 2. A, in terms of cutting paths.

Proposition 3.2.1. Let T' be a binary tree. The co-operations defined in
example 1.2.4 verify:

ATy =3 Ay(T)

q€Q(T)
Ar(T)= ) A7)
q€Q(T)
A«(T) = Z Aq(T)
q€Q-(T)
Proof. 1t is immediate when considering the construction of the coproduct
(4) and (3). O

An example is illustrated in figure 2.

3.2.2  Dendriform products and shuffle paths. For two trees T, S, we will
denote P(T,S) the set of shuffle of the edges of rp with those of lg; the
subset of sequences such that the first edge is in r7 (resp. in lg) is denoted
P_(T,S) (resp. P~(T,S)).

Proposition 3.2.2. Let T, S be two binary trees, then we have:
TS = Z T %, S

pEP(T,S)
T-S= > TS
p€P> (T,S)
T<S5= Y TxS
p€P< (T7S)
Proof. The proof is immediate when considering the constructive definition
of the product (1) and (2). O
e,
Q/B d
Example 3.2.3. For T = Y& and S = * | the set of right shuffle

paths is P> = {{Cv dv €, a, b}v {Cv a, b7 da 6}5 {Cv dv a, b7 6}7 {Cv a, d7 €, b}a {Cv d7 a, €, b}v
{c,a,d,b,e}} then T' -, S, with p € P>(T, S), are given respectively by:
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7’ 7’ 7’

’ ’ ’ ’ ’ ,
’ A2 A2 A2 ’ N
\ N \ \ \ N

3.3 Combinatorial description of the (co)duplicial (co)products
on PBT through paths.

3.8.1 Co-duplicial coproducts on PBT and cutting paths Let T be a tree.
Denote the edges of its rightmost path by r{, ..., T‘T;T‘ and the edges of its
leftmost path 17, ... lﬁﬂ. Let e be an edge of T'. Denote T the subtree of
T growing from e (i.e. the target of e is the root of T°¢).

Proposition 3.3.1. The coduplicial coproducts defined in 1.2.8 verify:
AQ(T) = Z A(r?,...,rT A )T

1§k<‘7‘T‘ k1 e IllTTk |
A (T) = Z A T T T Tl )T
1<k<iT| VTURTLOT rlk
Proof. Tt follows from the construction of the coproducts. O

3.8.2  Duplicial products and shuffle paths: Let T and S be two trees. De-
note the rightmost path of T' by r7 and its edges 7, . .. ,rﬁT‘. Respectively

denote the leftmost path of S by Ig and its edges I7, ... lﬁsl'

Proposition 3.3.2. The duplicial operations defined in 1.2.6 verify:

T T
l1a~~-»l‘lS|77‘1 7“.’7‘\7"1—'\

TaS=T *(r?,,,.,rﬁT‘,l1,...7l|ls‘)
3.4 Confluence law with non-constant coefficients on PBT. Un-
derstanding on PBT the confluence laws in a more combinatorial manner,
with confluence laws with non-constant coefficients but depending on the
cofiltration of the coalgebra is an efficient tool to determine either the struc-
ture "should" have a free structure on a given combinatorial object or to
show rapidly that it is not free.

For example consider the free cofree conilpotent dual dendriform bialge-
bra on PBT with combinatorially defined products and coproducts. Under-
standing in a more combinatorial way the confluence law asks to compute
the coefficients arising in front of the different elements appearing in it.

Example 3.4.1. In the example 3.2.3, one gets that the number of elements
of T® S in the coproduct of A, (T > S) is 6 which correspond to the cutting
paths drawn with dots:

‘L AN :“"4, \' R \ k4
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Note that the cutting paths and the shuffle paths coincide.

From the above example, it becomes clear that elements in the coproduct
A, (T > S) will appear multiple times: it depends on the intersection of the
cutting path and the shuffle path.

Therefore, the first step is to understand the confluence law between the
product associated to shuffle path and the coproduct associated to a cutting
path.

3.4.1 Confluence laws between shuffle paths and cutting paths

Lemma 3.4.2. Let T, S be two trees, p a shuffle path of P(T,S), and q
cutting path of Q(T *, S). Let pNq be the possibly empty path in T *, S with
edges E(p) N E(q). Consider also the path in T %, S denoted ¢¢ composed
of the edges E(q) \ (E(p) N E(q)). This path is empty or a path with edges
strictly in T or in S (denoted qr respectively qs), according to the reached
leaf.

Proof. It is proven by induction on the number of leaves using the combi-
natorial definitions of the product (8) and coproduct (7). Indeed, in low
dimensions it is clear. Suppose the property true for trees with the sum of
their number of leaves inferior or equal to n. Consider two trees T' = V (¢, t,)
and S = V(s;, s,) such that the total number of their leaves is n + 1, with a
shuffle path p denoted as a sequence of edges (pi)lgign and a cutting path
q denoted as a sequence of edges (¢')1<i<m-

The following cases can occur: if ¢! = p! then consider the paths (p?,...,p")
and (¢2,...,¢™) in the trees T =t, , S' = S if p' is the first edge of 71 or
T =T ,8' = s if p! is the first edge of I5 and conclude by induction.

If ¢* # p', suppose moreover that p! is an edge of rr (the symmetric
being p! is an edge of Ig). Then by construction ¢! is the left edge of the
root of T'. Moreover E(q) C E(T)\ E(rr) as Ag(T #p S) = A2, gm) (1)1 ®
\/(A(qQ,,,,,qm)(tl)% ty *(p2,...pn) S) O

With the notation of the above lemma, denote p® (resp. ¢°) the path
in T %, S defined by the sequence of edges of E(p) \ (E(p) N E(q)) (resp.
E(q) \ (E(p) N E(q))), denote by pg (respectively pr) the path in T %, S
defined by the sequence of edges (E(p) NE(q¢)NE(S))UE(p) (resp. (E(p)N
E(q) N E(T)) U E(p¢)). When E(q) C E(T)U E(p N q) then denote by
[q]r the path in T defined by the sequence of edges F(q) N E(T), and if
E(q) C E(S)UE(pNgq) denote by [¢q]s the path in S defined by the sequence
of edges E(q) N E(S).

Lemma 3.4.3.

T®S ifp=q
Aq(T *p S) = A[Q]T (T)l & A[q]T(T)Q *pg S else Zf E(qc) C E(T)
Tty Age(S)1 ® Ay ()2 else if B(g®) C B(9)
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Proof. A cutting path is determined by the leaf to which it leads, and by
definition of 7" *, S, this leaf is a former leaf of T" or of S. Therefore, all the
cases are considered.

O

3.4.2 Mized distibutive laws on co-duplicial dendriform bialgebras: In sec-
tion 1.3 the confluence laws of coduplicial-dendriform bialgebra were defined.
We prove here that PBT endowed with the dendriform algebra structure
and the coduplicial coalgebra structure verifies the confluence laws.

Proof. The proof is deduced from lemma 3.4.3 as the confluence laws can
be rewritten in terms of product indexed by shuffle paths and coproduct
indexed by cutting paths. For example A, (T > S) rewrites in terms of
paths:

A(T-8) = > > A(TT (oS | TepS st pepste (T S
PEP<(T,S) 1<k<|rT*p5| przo otk T TSR

O

3.4.8 Confluence laws on co-dendriform dendriform bialgebras: Consider
rp the rightmost path of T, denote Ry its number of edges and (e;[)i its
edges 1 < i < Rp. Respectively denote Lg = #lg to be the number of edges
of the leftmost path I5 of a tree S, and denote (ef); its edges.

Corollary 3.4.4. The number of terms of T ® S in A (T = S) (resp. in
. (Rr+Lg—1 Rr+Ls—1

AT =<S))is ( TRTS ) (resp. ( TLSS )).

Proof. From the above lemma 3.4.3, the element T"® S will appear when
the shuffle path and the cutting path coincide. It suffices to compute the
cardinal of P-(T,S) which is the collection of shuffles of two sequences of

: - : Rr+Ls—1

cardinal Ry and Lg — 1, i.e. ( R ). O
Proposition 3.4.5. For two planar binary trees T' and S, the edges of the
rightmost path of T will be denoted (el ); and the edges of the leftmost path
of S will be denote (5);.

Denote by qiT (respectively qf) the cutting path such that i is the mazimal
integer such that the first i edges are the first i edges of rr (respectively
of ls), with 0 < i < Ry, i.e. q = (elT,...,e;fp,qi+1,...,q‘q|) with gi11 an
edge of S , denote p;‘-F (respectively pf) the shuffle path such that j is the
maximal integer such that the first j edges are edges of rp (resp. of lg) with
0<j<Ls.
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The confluence law on PBT is given by:

Ls—1
A (T > 5) = (RT+RTS )T@S
i+7—1
+ Z Z i AQ(T)I ® Aq(T)Q *p S
1€Q(T) ¢ P_(T% ,S)
1= 4% p=0p5
i+j5—1
+ ) > . T sy Ag(S)1 @ Ag(S)2
q € Qu(S) p € P(T, Sﬂf)
a=q; p=0p;

A (T=<S) = A (T)H A (T)y <S5,

AT = S) = T AL(S) @AL(S)s ,

Lsg—1
ALT<S) = (RT+LSS >T®S+
i1
. > (Ao s s
a j?;fTT) p € P(T% ,5)

S
P =D

+ D > <i+j,_1>T*pAq(S)1®Aq(S)2

7
S eS
Q(E_Q(S) pe P>(T’TS i)
q = q; p=0p,

Proof. The combinatorial description of the products 3.2.2 and coproducts
3.2.1 gives

A(T=S)= Y > AT, 8)

pEP(T,S) qeQi(T*pS)

Then apply lemma 3.4.3 for the shuffle paths p and cutting paths ¢q. The
coefficients appear since for any shuffle path p’ obtained from p, and for any
cutting path ¢’ obtained from ¢, such that only the edges (E(p)NE(q))NE(T)
and (E(p) N E(q)) N E(S) are shuffled, then, Ay (T %, S) will give the same
element as Ay(T), < 5)

O

This corollary can be expressed in terms of duplicial and dendriform prod-
ucts with coduplicial and codendriform coproducts with the charateristic
map of the cofiltration only without refering to cutting paths and shuffle
paths.
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Example 3.4.6. For T € F7, S € F; the following confluence laws hold:
t+s—1
t

Z (p +q-— 1) 1rsA(T)1 @ (Au(T)2 % An(S)1) > 1pz Ap ()2

1<p<t1<q<s p

+ Z (p + Z - 1) 1ps Ag(T)1 = (Ao(T)2 * A (S)1) @ 1pe A ()2

1<p<t,1<q<s

A>(T>-S)( >T®S+

But, as the coduplicial and duplicial structures are needed, it would be
easier to refer to the coduplicial-duplicial rigidity theorem of Loday [13] or
the coduplicial-dendriform rigidity theorem 1.3.3.

4 DENDRIFORM OPERAD AND TAMARI LATTICE.

4.1 Tamari lattice and interval-posets. We now consider planar bi-
nary trees as defined above.

In 1962, Tamari endowed, in his article [21], the set of planar binary trees
with a structure of poset given by the following covering relation: a planar
binary tree T' covers a planar binary tree S if there exists a vertex v in S
and T such that the three connected components C4,Cs,Cs obtained by

C]\ /Cz Cz\ /03
v Cs C v
removing v are the same in .S and T" where S = Vand T = N\

We denote by < the partial order obtained by transitive closure of this
covering relations: the obtained poset is a lattice called Tamari lattice.

Chatel and Pons interpreted the Tamari lattice in terms of poset on binary
search trees with covering relation given by right rotation, commonly used
in sorting algorithms (see [7]).

The bijection between the two interpretations is given by labelling internal
nodes by integers increasingly from left to right and deleting leaves.

We recall from [7] the definition of interval-posets.

Definition 4.1.1 ([7], [8]). An interval-poset is a poset with order <p la-
belled with distinct integers {1,...,n} such that the following conditions
hold:

e a<dp cand a < ¢ implies that for all a < b < ¢, we have a<p b,
e c<dpa and a < ¢ implies that for all a < b < ¢, we have c<p b,

Example 4.1.2. The four first following posets are not interval-posets. The
last one (in green) is an interval poset:

T
3 1 1 3
\ \
223/\2 1/\2

) Y ) Y

Chatel and Pons prove in [7] the following theorem:
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Theorem 4.1.3 (Theorem 2.8 [7], [8]). Interval-posets are in one-to-one
correspondence with intervals of the Tamari lattice. Moreover, the interval I
is included in the interval I if and only if I is an extension of Is (contains
relations of Is and possibly some other relations).

We use this characterisation of intervals of the Tamari lattice to describe
and count elements of some intervals of the Tamari lattice.

4.2 Dendriform operad and Tamari lattice. Loday introduced the
notion of dendriform operad deeply linked with planar binary trees as ex-
plained above. He introduced with Ronco a structure of Hopf algebra on
planar binary trees in [?]. The link between Tamari posets and dendriform
operad enables us to count elements of some intervals of the Tamari lattice.

Proposition 4.2.1 ([6], prop 3.2). The dendriform and duplicial products
enable the description of the following intervals:

[T>S;T<S]={X|X T =< S},
for any planar binary trees T and S.

Let us remark that the interval-poset associated with interval [T'>S;T<S]
has two connected components, corresponding respectively to 7" and S. We
can now enumerate elements in this type of interval, using Lemma 3.4.4.

Proposition 4.2.2. The number of elements in the intervals described above
is given by:
Rr+Lg—1
|[T>S;T<S]|:< T ks >
Ls
where Ry is the number of vertices on the rightmost path of the planar binary
tree T and Lg is the number of vertices on the leftmost path of the planar
binary tree T, for any planar binary trees T and S.

5 SKEW-DUPLICIAL BIALGEBRAS, CO-SKEW DUPLICIAL DENDRIFORM
ALGEBRAS.

There exists no extension of the duplicial operad in a "terplicial" operad,
i.e. a symmetric set operad sharing the same underlying &,,-module as the
tridendriform operad and such that the right and the left products are both
associative. The terplicial operad defined in the next section is then an
extension of a new operad, named the Skew-duplicial operad, generated by
two binary products <« and » satisfying for any elements x, y and z:

(x»y)pz=xr» (y»2)
(x»y) dz=x» (y €2)
(rqy) 4z=x <4(y» 2)
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Proposition 5.1.1. The free skew-duplicial operad have the same underly-
ing module as duplicial and dendriform operads. The operations 4 and »
are defined on two planar binary trees S = V(S;, Sy) and T = V(T},T,) by:
Tw» S=V(Tw»S,S), withTw (=T
T4S=Vv(T;, T, »S), withdwT=T
Proof. The proof is done by checking that the defined product is a skew-
duplicial product. The freeness of the defined product comes from the free-
ness of the dendriform product on planar binary trees: indeed the skew-
duplicial product is equivalent to associating to the dendriform product on

binary trees the leading term for the order S > T if |S;| > |T;| or |S;| = |1}
and |S;| > |T;|. O

The dual co-Skew-duplicial coproduct satisfies the following relations:
(Ap ®@id) o Ay = (id @ Ay ) 0 Ay
(Ap ®@id) o Aqg = (id @ Aq) 0 Ay
(Aq®id) o Ag=(id® Ay ) 0 Ag
It is given on planar binary trees by:
Ay (VT T:)) = Ti @ V(0: 1) + An(T1)1 @ V(Ap (T1)2: T7)
AT 1)) = V(T1;0) @ T + V(T Ap (T7)1) ® A (T7)2
with A(V(T550)) = A (V(0: T3)) = 0.
This operad enables us to introduce a rigidity theorem for co-skew-duplicial

dendriform bialgebras, proven using the recursive definitions of products and
coproducts:

Proposition 5.1.2 (Rigidity theorem for co-skew-duplicial dendriform bial-
gebras). Any connected dendriform co-skew-duplicial bialgebra satisfying the
following confluence laws is free and cofree over its primitive elements:

AT = 8) =T = Aq(5)1 ® Ad(5)2
T =<8)=TRS+T <Ap(5)1@8p(5)2+AT)1 @ AT)2 xS
Ap(T=8)=TS+T*Ap(5)1@Ap(S)2+Ap(T)1 @ Ap(T)2 = S
Ap(T<8)=A(T)1 @A (T)2 < S
Proposition 5.1.3 (Rigidity theorem for co-skew-duplicial duplicial bial-

gebras). Any connected duplicial co-skew-duplicial bialgebra satisfying the
following confluence laws is free and cofree over its primitive elements:

A<(T>S):T‘>A<(S)1®A<(S)2
AT <aS)=AT)1 @ AT)2<S
Ap(TrS)=TRS+Tr>Ap(S)1 @A(S)2+Ap(T)1 @ Ap(T)2> S
Ap(T<aS)=Ap(T)1 @ Ap(T)2<S
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Proposition 5.1.4 (Rigidity theorem for co-skew-duplicial skew-duplicial
bialgebras). Any connected skew-duplicial co-skew-duplicial bialgebra satis-
fying the following confluence laws is free and cofree over its primitive ele-
ments:

AT 49 =TRS+A(T)1 A(T)2» S+ T 4 Ap(S)1 @ Ap(S)2
AT w» S) =T w» AS)1 @ Ag(S)2
Ap(T 45)=A(T)1 @A(T), 4 S

)

A,(T » S) = T®S+A>(T)1 ®A>(T)2 »S+T1T» A,(S)1 ®A>(S)2

Example 5.1.5. The products introduced by Vong in [22] to prove the
freeness of FFQSym, denoted here ST, satisfy the skew-duplicial relations.
Dualising these operations into cooperations gives an algebraic rewriting of
Vong’s proof as the dendriform operations and the skew-duplical coopera-
tions satisfy the above confluence laws. Indeed, it endows the Solomon-Tits
algebra with a skew-duplicial-dendriform structure and the rigidity theorem
gives the freeness of ST as a dendriform algebra.

6 TERPLICIAL AND TRIDENDRIFORM OPERADS.

6.1 Definitions: tridendriform (co)algebras. Let us recall the rela-
tions governing a g-tridendriform algebra linking the tridendriform structure
described in [?] for ¢ =1 and in [5] for ¢ = 0:

Definition 6.1.1. A g-tridendriform algebra is a vector space A together
with three operations <: A A — A, - : AQA— Aand ~: AQ A — A,
satisfying the following relations:

(a<b)<c=a<(b<c+b=c+qb-c),
a-0b=c)=(@<b+a>=b+qa-b)>c,

(a=b)<c=a>(b=<c), (@a-b)-c=a-(b-c),
(@=b)-c=a>(b-c), (@a<b)-c=a-(b>c),
(a-b)<c=a-(b=<c).

Note that the operation % := < +¢q -+ > is associative. Moreover, given

a g-tridendriform algebra (A, <, -, >), the space A equipped with the binary
operations < and > := ¢ - + > is a dendriform algebra.

Example 6.1.2. Let T}, be the set of all planar reduced rooted trees with
n+1 leaves. Denote by T = U,, Tr- Given trees t!,... ¢ let (¢!, ... t")
be the tree obtained by joining the roots of t!,...,¢", ordered from left to
right, to a new root. Then, any ¢ € T}, may be written in a unique way as
t=V@t, ... t"), witht! € T,,, and 3I_;n; +7r — 1 =n.
On the space K[T], define operations >, - and < recursively as follows:
t-|=t-|=]-t=|<t=0, forallt € T,

| =t=t=<|=t, forall t € T,
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t<w:= \/(tl,...,t”_l,ﬂ*w),
t-w:= \/(tl,...,tr_l,tr*wl,wz,...,wl),
t>-w:= \/(t*wl,w2,...,wl),

for t = \V(t',...,t") and w = V(w',...,w'), where * is the associative
product * => 4q - + < previously defined.

Note that, even if we need to consider the element | € Ty as the identity
for the product # in order to define the tridendriform structure on K[T],
the elements | > | , | - | and | > | are not defined.

Following [5] and [16], (K[T], >, -, <) is the free g-tridendriform algebra
spanned by the unique element of 7.

Definition 6.1.3. A g-tridendriform coalgebra, or co-tridendriform coalge-
bra, is a vector space V' endowed with three coproducts A~, A., A, satisfy-
ing the following relations:

(AL ®id)o As = (id® Ay) o Ay,
(Ay ®id)o As = (id®@ AL) o Ay,
(Ay®id)o Ay = (id® Ay ) o Ay
(id@A)oA = (A ®id)o A,
(Ar ®id)o A, = (id® A.)o Ay,
(As®id) o A. = (id® Ay ) o A
(A ®id)o AL = (id@ AZL) o A. .

where A, = AL +gA. + A

A co-augmented conilpotent tridendriform coalgebra C' is a coalgebra ver-
ifying that: C = Up>oF,C where F)C = K, F1C = {z € C | Ax(x) =
A, (z) = A(x) = 0}, F,C = {x € C | A(z) € F,_1C®% A, (2) €
Fn_10®2,A.(.CI}) S Fn_10®2}.

Example 6.1.4. As in the dendriform framework, we will consider the
coproducts obtained as duals of the above tridendriform products on the
vector space generated by planar reduced root trees T.: for every T € T}
the elements 7% defined as T*(S) = 0% where § is the Kronecker symbol,
thus providing 775 with a linear basis give by T,". Then, the expressions for

the cooperations reads A-(T') = >, per, 5T*(a<b)¢oﬁa ® b.

1
a=<b
The definition of the operations gives a constructive way to define the
cooperations as:

A (V(t1, .. ytn)) =Ax(t1)1 @ V(AL(t1)2,t2, .. tn) + 11 ® \/(@,tg, ceasty)

n—1

AVt -tn)) =D V(t by, Ac(ti)1) @ V(Au(ti)2 tivt, - -5 tn)
i—2
+V (t1, ..t 1,@)@)\/( ...,tn)—i—\/(tl,...,ti)®\/(@,ti+1,...,tn)
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A<(\/(t1, L. ,tn)) =V (tl, C.. ,tnfl,A*(tn)l) X A*(tn)Q + \/(tl, ... ,tnfl,@) Rty ,

where A, = AL +gA. + Ay

This definition gives well-defined coproducts verifying the cotridendriform
relations. Note that any free tridendriform algebra is naturally endowed with
this dual coalgebra structure.

Dualising the proof for the freeness of T, as a tridendriform algebra,
one gets that this structure on Ty, is the cofree conilpotent tridendriform
coalgebra.

6.2 Definitions: terplicial (co)algebras. From the tridendriform op-
erad, we define a new set-operad called terplicial, on which the tridendriform
operad is quasi-set (see [1]), by analogy with the pair (Dend, skew-dupl). It
is to be noted that an analogue of the pair (Dend, Dupl) is not possible as
the analogue of Dupl with three associative products cannot be defined.

Definition 6.2.1. A terplicial algebra is a vector space V endowed with
three binary products {«, V,>} satisfying the following relations:

> and V are associative,

(ray)<z=x<(y>2)
(zry)<dz=a>(y<2)
(zVy) <z =2V(y<z)
(x>y)Vz=zp (yVz)
(x<ay)Vz =zV(y> z)

All the equations but the second and the last coincide with relations
satisfied by triduplicial algebra defined by J.-C. Novelli and J.-Y. Thibon in
[?].

Consider the planar rooted trees, and denote by V(t1,...,t,) a planar
tree T' € T, whose root has arity n and such that the ¢; are the (possibly
empty) subtrees of T rooted in the children of the root of T. We can now
describe the free terplicial algebras.

Theorem 6.2.2. The free terplicial algebra on a vector space V' can be
described as the algebra whose underlying vector space has a basis given by
reduced planar rooted trees with leaves decorated by V: Ter(V) = @K[T,] ®
V®n,  Hence, the dimension of the space of operations of arity m in the
triplicial operad is given by the Schroeder-Hipparchus number.

The operations <, > and V on free terplicial algebras are described recur-
stwely as follows, for any tree T = V(t1,...,t,) and S =V (s1,...,5m), and
denoting by O the empty tree:

TaS=V(t1,...,th—1,tn>5)
TVS =V(t1y ... tn—1,tn> 51,82, ..., 5m)
TS=V(T>51,5...,5m),

given that, )T =T and T>0 =T.
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N

Example 6.2.3. If T = \>/ and S = , the products are given by:

NS N

s N ,

ToS= ./ TaS= N andTvs= "

Proof. T,, endowed with these operations satisfy the terplicial relations, see
section 8.4.2.

The universal property of terplicial algebras is verified: for any morphism
from f:V — A, with A a terplicial algebra, ¢ : V' — Ter(V) the canonical

injection, then there exists a unique terplicial morphism ¢ : Ter(V) — A
defined as

V(t, ooy tn) ® UL Uk Ok 1 - Ok oty

P(t1 @ 1. Ukl)

(p(V(D,t2) @ 1oy 41 -+ Vo )V - .. VOV (D, tp—1) @ 1vg,, _yi1 -V, ) VO(V(D,0) @1-1))
AP(tn @ Vky_y 41,k -

The uniqueness of the morphism is obtained by construction. O

Dualising the notion of terplicial algebras, into terplicial coalgebras gives:

Definition 6.2.4. A terplicial coalgebra, or coterplicial coalgebra, is a vector
space C' endowed with three coproducts Ay, Ay, Ay : C — C ® C satisfying
the following relations:

A, and Ay are co-associative,
(Aq®id) o Ag = (id® Ay) o Ay,
(Ap ®id) o Ag = (id @ Ag) o Ay |
(Av®zd)oA< = (id® Aq) oAy ,
( oAy = (id® Ay) o A, ,
( ( )

oAy = (id® Ay) o Ay .

A co-augmented conilpotent terplicial coalgebra C is a coalgebra veri-
fying that: C' = Up>0F,C where F;C = K, F1C = {z € C | Aq(x) =
Ag(z) = Ap(z) = 0}, F,C = {z € C | Ay(z) € F,_10%?, Ag(z) €
Fn_10®2,A[>(SC) € Fn_10®2}.

Example 6.2.5. We introduce the dual coproduct associated to the prod-
ucts <, V and >. They are given inductively on T'= V(t1,...,t,) by:

[ ] lf tn == @, AQ(T) == 0
o ifn <2 Ay(T) =0

and, otherwise,
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AD(T) =1 ® \/((Z), ... ,tn) + Ap(tl)l X \/(Ab(tl)g, ... ,tn),
n—1

AV(T) = Z\/(tl,... i— 1,@) ®\/( ...,tn) —|—\/(t1,...,ti) ®\/(@,ti+1,...,tn)
=2

+V(t1, . tic1, As(ti)1) @ V(AL(ti)2, tigts - -5 tn)
AQ(T) = \/(tl, ceytn—1, @) Rty + \/(tl, ey tn—1, Ab(tn)l) (4 Ab(tn)g .

It is by duality, the cofree conilpotent terplicial coalgebra on one generator,
which can be extended to the cofree conilpotent terplicial coalgebra on gener-
ators by decorating the leaves, in a similar manner as the free tridendriform
algebras.

6.3 Rigidity theorem for bialgebras endowed with terplicial and
tridendriform structures

6.3.1 Terplicial bialgebras

Definition 6.3.1. A terplicial bialgebra is a vector space H endowed with a
terplicial algebra structure (H,>, V, <) and a co-terplicial coalgebra structure
(H, Ay, Ay, Ay) satisfying the following mixed ditributive laws:

Ap(T>S) =T @S + Ap(T)1 @ Ap(T)2 > S + T Ap(S)1 @ As(S)2
A (TVS) =Au(T)1 @ A(T)2VS

Ap(T<S) =As(T)1 @ Ap(T)2< S

Ay(TrS) =T Ag(S)1 @ Ay(S5)2

Ag(TvS) =T ®@ S + Ay(T)1 @ Ag(T)2VS + TVAy(S)1 @ Ay (5)2

+ Aq ( ) ® A<1(T)2 I>S+T<1A|>(S)1 ® AD(S)2

Ag(T<S)=Av(T)1 @ Ag(T)2<S

AT S8) =T ALS) @ Ay(S)2

AL(TVS) =TVALS)1 @ Ag(S)e2

Aq(qu) =T®S5+ Aq(T)l b2y Aq(T)2 >S5S+ T4A>(5)1 ® AD(S)2

Example 6.3.2. The vector space T, admits a terplicial bialgebra structure
with the coalgebra structure described in example 6.2.5 and the terplicial
algebra structure described in theorem 6.2.2.

~— ~— ~— ~—

The proof is postponed to the section 8.4.2 on the combinatorial descrip-
tion of the products and coproducts.

Proposition 6.3.3 (Rigidity theorem for coterplicial terplicial bialgebras).
Any connected terplicial co-terplicial bialgebra is free and cofree over its
primitive elements.

Proof. We apply the result of [1, corollary 2.1.4] as the above example give
the confluence laws. O

The bialgebra T, is then free as a terplicial algebra and cofree as a con-
nected terplicial coalgebra over one element.
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6.3.2 Co-terplicial tridendriform bialgebras

Definition 6.3.4. A co-terplicial tridendriform bialgebra is a vector space H
endowed with a terplicial coalgebra structure (H, Ay, Ay, Ay), a tridendri-
form algebra structure (H, <, ; >) satisfying the following mixed ditributive
laws:

A(T < 8) =(As(T))1 ® (As(T))2 < S
Ap(T-5) =(Ae(T))1 @ (A(T))2 - S

Ao(T = 8) =T @ S+ (A(T))1 ® (Ao(T))2 = S + T * (As(S)1 ® (As(S))2

Ag(T < S) =(Av(T)1 ® (Av(T))2 < S
Ag(T-8) =T @S+ (Av(T) @ (Av(T))2- S+ T - (Av(S))1 @ (Av(5))2+

(Aa(T)1 @ (Aq(T))2 = S+ T < (A ()1 ® (As(S5))2

Ag(T = S) =T + (Av(S))1 @ (Av(S))2

AT < 8) =T ® S + (Ad(T))1 @ (Ad(T))2 * S+ T < (As(S)1 ® (Au(S))2
AT~ 5) =T (Aa(9)1 @ (Aa(S))2

A (T > S) =T = (A4(9))1 @ (A4(S))2
where * => 4+ < +-.

Example 6.3.5. The vector space T, endowed with the coterplicial coal-
gebra structure given in example 6.2.5 and the tridendriform structure given
in example 6.1.2 as a co-terplicial tridendriform bialgebra.

The proof is postponed to section 8.4.3 on the combinatorial description
of the terplicial products and coproducts.

Proposition 6.3.6 (Rigidity theorem for coterplicial tridendriform bialge-
bras). Any connected tridendriform co-terplicial bialgebra is free and cofree
over its primitive elements.

Proof. We apply the result of [1, corollary 2.1.4] as the above example give
the confluence laws. (]

Therefore the bialgebra Ty, is free as a tridendriform algebra on one ele-
ment, and cofree as a connected co-terplicial algebra on one element.

6.3.3 Tridendriform bialgebras

Tridendriform-tridendriform bialgebras: Let us denote Al = A,, Akl =
(id* @ Ay) o AF, and ¢! = o, o#*1 = &¥ o (id" © @), where o stands for one
of the symbols <, - or >.

For the sake of readability, we will denote a~ := AL+~ (—1)*(id® <

)o AR a = Ay + T (1)F(- @idk) o ALF

Definition 6.3.7. A co-tridendriform tridendriform bialgebra is a vector
space H endowed with a co-tridendriform coalgebra structure (H, A, , A, AZ)
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and a tridendriform algebra structure (H, >, -, <) linked by the confluence

laws given by: for any =,y € H

As(r=y) = Au(zxar(y)1)1 @ Ax(m* ar(y)1)2 = @ (Y)2 + 7% a-(y)1 @ ax(y)2
Ap(r-y)=As (7)1 @A ()2 Y

Ar(z<y)=A (21 ®Ar(2)2 Ry

Az -y) =2+ Ay ®A(y)

Az y)=A@) @A (x)2-y+a-A(y)1 @A (y)a+

+az(@) < (Ad(a<(@)2 * a-(Y)1)1) ® (Asx(a<(@)2 * a-(Y)1)2) = a-(y)2

Az <y) =A@ @A (x)2 <y

As(z = y) =z > Ax(y) ® A(y)2

Ac(z-y) =z Ay ® Ax(y)2

As(z <y) = az(@) < Ad(ax(@)2 % y)1 ® As(a<(@)2 xy)2 + ax (@) ® ax(z)2 *y

The definition is considered for ¢ = 1 but can be extended for any q.

Example 6.3.8. The vector T, endowed with the tridendriform structures
defined in 6.1.4 and 6.1.2 admits these confluence laws.

Proof. Write the confluence laws on trees considering the definitions of
the products and coproducts. Then, prove by induction that for any tree
T = V(t1,...,t,) the element a. (T) is equal to t; @ V(D,ta,...,t,), Te-
spectively, a~(T) is equal to V(t1,ta,...,tn—1,0) ® t,. The induction is
on the cofiltration with respect to A., A~ respectively. Moreover a. =
A. — (< ca<x® > oay) o A. applied to T is given by Z?:_Ql V(t1y ... ti) ®
v(®7ti+1> coytn) F V(o i, @) ® V(ti, ta, ... tpn). O

Theorem 6.3.9 (Rigidity theorem for co-tridendriform-tridendriform bial-
gebras). Any connected co-tridendriform tridendriform bialgebra is free and
cofree over its primitives.

Proof. We apply the result of [1, corollary 2.1.4] as the above example give
the confluence laws. O

The cotridendriform tridendriform bialgebra Tt is free as a tridendriform
algebra and cofree as a co-tridendriform connected coalgebra on one element.

Remark 6.3.10. Let (H, <, >,-, A<, A, A.) be a conilpotent dual triden-
driform bialgebra whose primitive elements are explicitely known.

We denote by proj; : H ® H — H the canonical projection of the first
component and projo the canonical projection on the second component,
we denote by 1 P the application which is the identity on F;*H and null
elsewhere, analogously for 1, and by p;* (resp. p;”) the composition p;* :=
proji o(id ® 1<) o A, (py = proj; o(Lpr ® id) o A,). We then have
(cve)i = p} on Ty, where o is either < or > and ¢ € {1,2} on connected
coalgebras.
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7 APPLICATION TO THE FREENESS OF SOME TRIDENDRIFORM ALGEBRAS

7.1 Application to the freeness of the Solomon-Tits algebra as a
tridendriform algebra. The Solomon-Tits algebra can be endowed with
a tridendriform structure, see for example [19, 2]. We keep the notations
taken in section 2.1.

The concatenation product x : ST, ® ST, — ST;Jf;n is given by the
formula:

fxg=Q),....f(n),g(1)+r,...,g(m)+r).

Similarly, for K = {j; < --- < ji} € {1,...,r}, the co-restriction of z to
K is denoted z|¥ := std(z(s1),...,2(sq)), for 7 HK) = {s1 < -+ < 54}

For an element z € ST}, we denote by A(x) the cardinal of = ({r}).

Suppose that z71(r) = {j; < -+ < Ja@) )}, and let 2’ € ST~} be the
co-restriction ' := x|{17“"7“_1}. We denote z as z = Hj1<"'<jk(z) z'.

Let (ni,...,np) be a composition of n. An element in f € ST, is a
(n1,...,np)-stuffle if

fu - 4n) < flna+-+mn+1) <o < f(ni+- 4 ni +nip),

for0<i<p-—1.
We denote by SH(ni,...,np) the set of all (ni,...,n,)-stuffles.
For a composition (n1,...,n,) of n, we denote:
(1) SH™(n4,...,np) the subset of all surjective maps f € SH(n1,...,np)
such that f(n1) > f(n1 +n2) >--- > f(n).
(2) SH™(n1,...,np) the subset of all surjective maps f € SH(n1,...,np)
such that f(n1) < f(n1 +mn2) <--- < f(n).
(3) SH*(n1,...,np) the subset of all surjective maps f € SH(n1,...,n,)
such that f(n1) = f(n1 +n2) =--- = f(n).
(4) SH”(n1,...,ny) the subset of all surjective maps f € SH(n1,...,n,)
such that f(n1) < f(ni+2) <--- < f(n).
Let « € ST,,,y € ST;,, the tridendriform structure on ST is defined as
follows:
Ty i= Z fol(zxy), Ty = Z fol(xxuy),
fESH™ (1,s) fESH®(r,s)
T <Y:i= Z fol(xxy).
feSH=(r,s)
The work of Vong [22] can be understood as a construction of a terplicial
algebraic structure on ST;,. For z € ST),,y € ST, define the operations

r<Ay = H x’xy rVy = H x’xy’
le77j§('p) le 77777 ]i(z)vjlyvvji(y)
T>PY=x XYy
/ —_T7T. ) /
et T and y = ija---,ﬁ(z) y-
The relations are checked by direct inspection.

where z =[]
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In this section, we focus on proving the freeness of ST as a free triden-
driform algebra and terplicial algebra by adding a co-terplicial structure to
ST which is dual to the terplicial structure. The confluence laws are those
introduced above. This viewpoint permits to give a way to understand the
double application of Groebner basis algorithm as seen in the work of Vong
as terplicial-tridendriform or terplicial-terplicial bialgebra structure. The
rigidity theorem guarantees that the reductions provided will fit the bill
which is one of the most tricky challenge when trying to find the "good"
reductions.

The co-terplicial structure on ST is combinatorially constructed as fol-
lows: for z € ST, there is a unique way to describe it as 1 X ... x z), such
that every x; is irreducible that is to say that there do not exists u,v € ST
such that z; = u x v. Suppose z = [I;, _; . x = [,y 1 X - X g
where u1 X. .. X is the irreducible decomposition of 2/, u; € ST ;i . Denote
by Ui = u1 X ... X up, the decomposition z = Hjlw-,jA(ac) Ut X Upp1 X ... X Uy

with my +...myp, 1+ M) <jr) <m1+...mp, + A7)

Aq(l‘) = Z H (Ul X Upy41 X ... X u/pl_,_,') & Std(up1+i+1 X ... X uq)
i jlv“'aj)\(z)

Ab(az)zz:tlx...xxi®xi+1x...xxp
7

Av(:c)zz H (ug X ... X ) ® H (w41 X ..o X ug)

Gl J1,edi Jit 1IN ()
where the last sum runs over 4,! such that mq + ... +my_1 < j; < m1 +
.o+ my.
The relations are checked as these cooperations are the dual of the terpli-
cial operations.

Proposition 7.1.1. The Solomon-Tits algebra is endowed with a terplicial®-
terplicial bialgebra structure and a terplicial®-tridendriform bialgebra struc-
ture.

Proof. The terplicial®-terplicial mixed distributive relations are verified.

The proof is based on the unique decomposition of an element into z =
UT X oo X Ugy(g) X Hjla---J)\(z) Uy (z)+1 X Ug = uf X ... x ug and the definition
of the terplicial operations which for two elements x and y will only modify
the place of the maxima of x and y according to the operation considered.

For example the relation: Ag(zVy) = Ay(x); ® Ag(2)2Vy + Ag(z); ®
Ag(x)2by+2VAG(Y)1 @Ay (y)2+2<4A:(y)1 @>(y)2 +x @y is satisfied as the
product V levels the maxima of x and y while keeping the overall structure
of 2’ x y with z =[] «’.

The terplicial®-tridendriform distributive relations are verified. The proof
is based on the unique decomposition of an element z = J[; . (o) UT X X
ug and the definition of the tridendriform operations which keeps the overall
order (in regards to x) of uf x ... x uf in z and of u{ x ... xu¥ iny. O
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Theorems 6.3.3 and 6.3.6 give as a corolla that:

Proposition 7.1.2. The algebra of ST is free as terplicial algebra and free
as a tridendriform algebra.

8 COMBINATORIAL DESCRIPTION OF THE PRODUCTS, COPRODUCTS AND
CONFLUENCE LAW ON T,.

8.1 Path cutting and stuffled paths

8.1.1 Coproducts indexed by a cutting path: Consider a tree T = V/(t1,...,tp).
We will denote from left to right the edges of the tree T" attached to the root
asel,- -, el

Let e be an edge in T, define T the subtree of T growing above the edge
e and Ty the subtree where the root is the root of 7' namely p and made
all the paths from the root to leaves which do not encounter the edge e,
together with the root to the target of the edge e (i.e. the cutting edge is
part of T7).

Let g be a cutting path in T" from the root to a leaf, and denotes its edges
(e1,...,ex). We will define the cut of a tree through this path ¢. If the path
q is the leftmost path of T, namely I7, define A, (T") as:

A (T)=0T .

If the path ¢ is the rightmost path of 7', namely rr, define A,.(T) as:
AT‘T (Q) =T® @ .

If g is neither the leftmost nor the rightmost path define A, (7T') as:

if €1 = 671“

A(e2,...,ek)(T61)l ® \/(A(€2,...76k)(T61)27 ta,  tn)

ife; =e€l,7#1L,n

\/(tla vy tg—1, A(ez,...,ek)(Tel)l) ® V(A(eg

if €1 — 63}

v(tla R ,A(e%... ,ek)(Tel)1> @ A(62,~~ ,ek)(Tel)Q

Aq(T) =

-----

8.1.2  Products indezed by a stuffle path Consider also a tree S = V(s1,...,8m).
Consider the rightmost path of T', denoted rp with its edges ordered from
root to leaf denoted by (e;..);, and the leftmost path of S denoted g, with

its edges ordered from root to leaf (efs)i with ¢ integer. Consider the se-

quence of edges noted (e;) resulting in the stuffle —as recalled in section 7.1—
of the edges of rp and lg. The sequence will start with e}T or ells or the
identification of the two edges. The vertices are obtained as the union of
the vertices of rp and g quotiented by the relations, for two adjacent edges
el ebtl, s(ebtl) = t(e;)., and if an edge eﬁ,r of rr and an edge e{s of lg are
identified, s(el, ) = s(e{s) and t(el ) = t(e{s). Rewrite the edges (couple of
vertices) accordingly. The obtained path is referred to as a stuffle path of T
and S.
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Define the product 7" %, S of two trees accordingly to the stuffle path
p=(e',...,eF) of T and S inductively as follows:

if el = e and e! # els
(tlv . tn 1 tn *(e2,...,ek) S)
if e! e}"Tand el # ells

Txp S =
p V(T X(e2,....ek) 51552, - - , Sm)
if e! # e} and e! = ells
\/(tl, ey tn—1,tn *(627”.761%) 81,82,.-., Sm)

Example 8.1.1. Consider T" and S as represented below where t; are sub-
trees of T and s; are subtrees of S. Denote the edges of the rightmost path
of T* by (el') and the edges of the leftmost path of S by (e; ) Con81der the
product ofT and S indexed by the stuffle path p = (eT,e7, €5, {el, e5}, el el),
where {el, e5} means that the two considered edges are identified in the
stuffle path. Then,

= , S = ‘1 and T %, S = o

8.2 Combinatorial description of the terplicial (co)structure on
T via stuffle paths and trimming edges. Consider two planar rooted
trees T, S, with 7 the rightmost path of T with edges denoted by (el )1<i<r
and g the leftmost path of S with edges denoted (e; )1<z<l

Proposition 8.2.1. The terplicial operations defined in Theorem 6.2.2 ver-

ify: T<S = T*(el €5, eS el eT) S
TVS T *({61 761 } 62 ’” 761 762 yeeey€ ) S
ToS=T*cs,. cf el ...el) s

Let U = V(uy,...,uy), denote from left to right ej,...,e, the edges
whose sources is the root. Denote the edges of the leftmost path Iy of U by
(l@{])lgig\lU\’ and the rightmost path TU (TZU)ISZS‘ZIA

Proposition 8.2.2. The terplicial cooperations defined in Theorem 6.2.2

verify:

A U) = Z A(TU wort ool ol )(U)
1Sj<‘lUT1U‘ 1% oty ot e ‘TUljl

Ay(U) = Z A(e. e lU8 vli Ul )<U)

1<i<n 1 1 ”\Tz)\
1 <5 <[ lye; |

AD(U) = Z A( UlJ T,Ul]' )(U)

1<y BRATY
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8.3 Combinatorial description of the tridendriform operations
and cooperations via stuffle paths and cutting paths. For two trees
T, S, we will denote the set of stuffle paths P(T,.S), the subset of sequences
such that the first edge is the first edge of rp which is not identified with the
first edge of Ig will be denoted P (T, S) , the subset such that the first edge
is the first edge of of lg which is not identified with the first edge of rp will
be denoted P~ (T, S), the subset of sequences such that the first edge is the
first edge of rp which is identified with the first edge of Ig will be denoted
P_(T,S).
Proposition 8.3.1. The tridendriform operations defined in 6.1.2 are de-
scribed as follows: Let T and S be two rooted planar trees then
Tx«S= Y TS
peP(T,S)
T<S= Y TxS

pEP=(T,S)
T-S= Y TxS
pep> (Tvs)
Proof. It is immediate by induction through description of 7' %, S and the
constructive way to define the operation in 6.1.2. U

For a tree T denote the set of cutting paths Q(T"), the subset of sequences
which start with the leftmost edge of 7" will be denoted Q< (7'), the subset
of sequence which start with the rightmost edge of T will denoted Q- (T,
and the subset of sequences which start with neither the rightmost nor the
leftmost edge of T" will be denoted Q—(T).

Proposition 8.3.2. The co-tridendriform cooperations defined in 6.1.4 are
described as follows:

AdT)= ) Ay(T)

q€Q(T)

AT = Y AT

q€Q<(T)

A(T)= D Ay(T)

q€Q=(T)

An(T)= Y AyT)

qeQ~(T)

Proof. 1t is immediate by induction considering the description of A, (T)
for a cutting path ¢ and the constructive description of the coproducts in
6.1.4. O
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AT = { \%& \?& %& \Y&

A>(T)_V®M+V®W+W®@+
oY

Y-
A.(T):%®&+%®\)/+W®\>/.
A<:%®&+w®V+W®v.

F1GURE 3. AL, A et A, in terms of thickened paths.

Example 8.3.3. Consider Figure 3. For a given tree T', we describe the
set of cutting path Q(T') with the colours to indicate their belonging to the
subsets Q- (7T) if the cutting path is in red, Q_(T) if the cutting path is in
green, and Q. (T) if the cutting path is in blue. Then we give the associated
coproducts as sum of A, for a cutting path following the left to right order
given in the description of Q.

8.4 Confluence laws of the bialgebra structures on T, In this sec-
tion, we will prove a combinatorial version of the confluence laws on the
tridendriform-tridendriform bialgebra structure on 7T,. It is an efficient tool
to guess the tridendriform structure that a combinatorial object "should" be
free or prove that a given tridendriform structure is not free with little effort.

The first step as in the dendriform section is to compute the distributive
laws for the products indexed by a stuffle path with the coproducts indexed
by a cutting path.

8.4.1 Confluence law for a product indexed by a stuffle path and a coproduct
indexed by a cutting path

Lemma 8.4.1. Let T and S be two trees p € P(T,S) a stuffle path, and
q € Q(T *, S) a cutting path. Let pNq be the possibly empty path in T x, S
with edges E(p)NE(q). Consider also the path in T'x,S denoted ¢¢ composed
of the edges E(q) \ (E(p) N E(q)). This path is a path with edges strictly in
T orin S denoted qp respectively qs.
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Proof. The proof is analogous to the proof of lemma 3.4.2: it is proven by
induction on the number of leaves. It is clear in low dimensions. Suppose
the property true for trees such that the sum of their leaves is equal to
n. Consider two trees T' = V(t1,...,t,) and S = V(s1,...,sy) with total
number of trees n+ 1. Let the edges of the stuffle path be denoted (pi)lgigk
and the edges of the cutting path (qi)lgigl.

Two cases can occur: ¢q; = p; then consider the stuffle path (p?,...,p")
and the cutting path (¢?,...,q) in the trees T' = t" and S' = S if p; €
E(T)\ E(S), in the trees T! = T and S! = s if p; € E(S)\ E(T) and in the
trees T' = t,, and S' = sy if p; € E(T) N E(S) and conclude by induction.

If ¢' # p' suppose moreover that p' is an edge of r7 but not an edge of
ls (the symmetric being p! is an edge of lg but not an edge of r7 and is
analogous). Then by construction, ¢' is an edge attached to the root of T
which is not the rightmost edge. Let say it is the edge such that ¢, grows from
it. So E(q) C E(T)\E(rr) as Ag(TxpS) = V(t1, .-+ to—1, D2, g1y (to)1)) @
VA2, gy (to)1) tot1s - - s tnkye ok S) proving that ¢ is a a path with edges
strictly in 7. Suppose that p' is the first edge of rr identified to the first
edge of lg, then one concludes by induction on the trees T! =t,,, S* = sq,
with the stuffle path (p?,...,p*) and cutting path (¢2,...q"). O

With the notation of the above lemma, denote p® the path in T %, §
defined by the sequence of edges in E(p) \ (E(p) N E(q)), denote by pg the
path in T'%,, S define by the sequences of edges (E(p) NE(q) N E(S)) UE(p°)
respectively denote pr the path in 7" %, S the path defined by the sequence
of edges (E(p) N E(q) N E(T)) U E(p°®). When E(q) C E(T)UE(pNq) then
denote [g]r the path in T" defined by the sequence of edges E(q) N E(T) and
if E(q) C E(S)U E(pngq) then denote by [¢q]s the path in S defined by the
sequence of edges E(q) N E(S).

Lemma 8.4.2. Let T and S be two planar trees. Consider a stuffle path
p € P(T,S) and a cutting path ¢ € Q(T*,S). The two operations are linked
through the following confluence law:

ifp=gq T®S
Aq(T *p S) = else if E(qc) C E(T) A[q}T(T)l &® A[q]T(T)Q *pg S
else if E(q°) C E(S) T 4pg Algs(9)1®, A4 (S)2

Proof. The proof is analogous to the proof of lemma 3.4.3 and is proven by
induction on the number of leaves (for n = 1,2,3 it is clear). The idea of
the proof lies in the fact that the cutting path is determined by a leaf (to
which the cutting path leads) and by definition of T'x,, S this leaf is a former
leaf of T or of S.

Suppose by induction that the lemma is true when the total number of
leaves of the two trees considered equals to n. Then consider two planar
trees T'= V(t1,...,ty) and S = V(s1, ..., Sn) such that the total number of
their leaves equals to n + 1. The sequence of edges of the stuffle path p will
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FIGURE 4. Stuffle and cutting path in a product. T %P S

be denoted (p*)1<i<k and the sequence of edges of the cutting path will be
denoted (g )1<Z<l Two cases can occur pt = ¢! or pl # ¢l

Suppose p! = ¢!, suppose moreover that p! € E(T)\ E(S) (the case
pl € E(S)\ E(T) is symmetrical, the case p! € E(S) N E(T) gives the same
results choosing either option p! € E(T) or p! € E(S)). The definition of
the product linked to a stuffle path, and the coproduct linked to a cutting
path leads to:

Aq(T*pS> = \/(tl, ey tn—1, A(qQ,_.”ql)(tn*(p27m7pk)5)1)®A(q2’m7ql)(tn*(pQV__ﬂpk)S)Q .
Suppose that pt € E(T) N E(S) then
Ag(T *p S)=V(t1,... tn-1, A(qz,”.7qz)(tn x(p2,....p%) 51)1) ®

\/(A(QQ,,,,7ql)(tn *(p2,....pk) 51)2, 82, -, 8n) -

The case p' # ¢' is analogous. O

Example 8.4.3. To ease the comprehension of the different paths here is

an example of those. Take T' = §§>/ and S = \<<Q

Consider T%,S, with p being the stuffle path given by p = ({eT, €7}, €5, ek, e, {el', e7})
represented on the right picture of Figure 4 by the dashed blue path. Con-
sider the cutting path ¢ in T'x, S represented in the figure as a dotted path.
The edges from T are in blue, the edges from S are in red and edges from
both, i.e. identified edges, are in purple.

8.4.2 Combinatorial description of the coterplicial-terplicial confluence laws
in Ts: We first prove that the operations and cooperation constructed in
6.2.2 verify the terplicial relations.

Proof. The terplicial relations are a consequence of the choice of a stuffle
path from a path and a stuffle path and their respective first edges.
For example consider three trees T', S, U denote by (r] )1<i<t,, (79 )1<i<s,, (17 )1<i<u,
the edges of their rightmost path, and by (17 Ji<i<t; (lf)lgzgsl, (lgj)lgigul the
edges of their leftmost path. Then,

(T S)aU = (T*(l rt)S) (S0, S S )U

1ot
U)

1o 717T17 )

= Tx
(lf’ 7129’

= T»(S«U).

S*(SZU 1%

( s
71 ’Ttr) TLobL seebays 7'27 ST5)
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We now prove the confluence law given in example 6.3.2.

Proof. Let T = V(t1,...,t,) and S = V(s1,...,5m) be two planar trees.
The confluence laws are deduced by lemma 8.4.2.

For example for the first confluence law rewrites as, with the notation of
section 8.2:

A(TaS)= > A o

T _ .
(eT Y el vl vl )
1<i<l 7l 1A oy 1
U1

(T*( T S S T T)S),

€1 ,€7 5--,€] 45 5o,

where here U denotes T'<S. And the edge /; will be either an edge of the
leftmost path of S or of the leftmost path of T' e O

8.4.3 Combinatorial confluence laws for the coterplicial-tridendriform bial-
gebra structure on T, We prove the confluence law given in example 6.3.5:

Proof. Let T and S be two planar trees, the confluence laws are deduced
from lemma 8.4.2 considering the definitions of the products in 8.3.1 and
coproducts in 8.2.2.

Indeed, for example:

AQ(T'S) = Z Z

peP(T,S) 1<j<ll s
S'1

ss™ gsmisti sl (T 5)
1ty ety T 7“'7”"7‘ Lo
S

=T -Ay(8)1 @ ALS)s .
O

8.5 Combinatorial confluence laws for the co-tridendriform tri-
dendriform bialgebra structure on T,: A corollary to the above lemma
8.4.2 is that we can count the number of terms of T'® S appearing in co-
product of product in the cotridendriform-tridendrifom bialgebra structure
of Ti. This gives an easy criterion to say whether a combinatorial algebra
is not free as a tridendriform algebra.

Consider rr the rightmost path of T" and R its number of edges denoted
(el);. Respectively denote Ly = #lr to be the number of edges of the
leftmost path Iz and denote (ef); its edges. We will denote by D(n,m) the
Delannoy number of n, m, [20, A266213].

Corollary 8.5.1. The number of terms of T ® S appearing in A (T % S) is
D(Ry,Lg).
As a consequence the number of elements T®S in A<(T < S) is D(Ryp, Ls—
1), in A(T-S) is D(Rp — 1,Lg — 1) and in A, (T > S) is D(Ry — 1, Lg).
It is the number of distinct terms appearing inT < S,T-S,T = S respec-
tively.
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Proof. The proof lies heavily on the precedent lemma 8.4.2: the element
T ® S will appear when the cutting path and the stuffle path will coincide.
Therefore, it suffices to compute the number of elements of Q(7',S) which
is the collection of stuffles of two collections of cardinal Ry and Lg. We will
show that it is D(Rr, Lg) by induction on the cardinal Ry and LS.

In low dimensions, it is obvious. Suppose the property true for Ry <
n,Lg < m for any T,S € T, and consider two trees T, with Rp = n, S
with Lg = m. The computation of 7'« S when T = V(t1,...,t,), S =
V(s1,...,8m) gives through the constructive definitions 6.1.2: TS = V(T
81,82y 8m) FV(t1, ooy tn—1,tn *51,82, -« Sm) + V(t1, ... tno1,tnxS). It
gives rise to the following inductive property D(Rp, Ls) = D(Rp,Ls— 1)+
D(Rr—1,Ls—1)+ D(Rr —1, Lg) which is exactly the defining recurrence
relation for the Delannoy numbers. ([l

Proposition 8.5.2. The edges of rr are denoted (el )i1<i<r,, the edges of
lg are denoted (eis)lgigls.

Denote by ¢l the cutting path with 0 < i < Ry is the mazimal integer
such that the first i edges are of rr, i.e. qZT = (e{,...,e?,qiﬂ,...e|q‘).
Analogously denote qls the cutting path starting with i edges of lg.

Denote by p? the stuffle path with j the maximal integer such that the
first j edges are edges of rp exclusively. Analogously for pf.

The confluence laws on Ty, are given by:

A (T = S)=D(Ry,Ls—1)T® S

+ ) Y. D=1 AyT)h @ A(T)2%y S
1€2AD per.@i.s)
v p=Dp;
+ ) Y. D= 1) Ty Ag(9)1@ Ag(8)2
2 wepama
: s

A(T-S)= DRr—1,Ls—1DTRS+A(T)1 @A.(T)2-S+T-A.(5)1 @A(S)

+ > > D(i—1,7—1) Ay(T)1 @ Ay(T)2 %, S
1€ Q<(T) ) eprei,s)
q9=4q; p:pf
+ ) > D(i =1, = 1) Txp Ag(S)1 @ Ag(5)2

1€2>(5) e pr, s

T
1= 4% p =p;
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A (T>S) = DMRp—1,Ls)T®S
+ 0 > D(i—1,§) Ag(T)1 @ Ay(T)a %p S
1€ <M pepa,s)
1= 4% p=p;
+ ) > D(i —1,5) THp Ag(S)1 © Ag(S)2
7 € 2(5) pEP(T, S )
1= p=p]
A (T S) =A (Th @A (T)2- S
AT ~ S) (5)1 ®A(S)2
A(T=<S)= ()®A()2<S
AT = S) =T = Ax(9)1 ® A<(S)2
AL(T-S) =T Ax(5)1 @ A<(5)2

Proof. The description of the tridendriform products through stuffle paths
8.3.1 and the co-tridendriform coproducts through cutting paths 8.3.2 gives

A (T>S8)= > S AT S)
pEP>(T,5) g€ Q> (T+pS)
Then apply lemma 8.4.2. The coefficients appear as for a stuffle path p and
a cutting path g, consider any stuffle of the edges (E(p) N E(q)) N E(T) and
(E(p)NE(q))NE(S). Consider any path p’ obtained from p, and any cutting
path ¢’ obtained from ¢, such that only the edges (E(p) N E(q)) N E(T) and
(E(p) N E(q)) N E(S) are stuffled, then, Ay (T *, §) will give the same
element as Ay(7),5). O

As in the dendriform version, this corollary can be expressed in terms
of the terplicial and the tridendriform products and coproducts with the
characteristic map of the cofiltration only without referring to cutting paths
and stuffle paths.

Example 8.5.3. Denote by F; the t*" cofiltration with respect to the oper-
ation <. For example one confluence law reads as follows: for 7" € F, S € F¥
A (T > S)=D(t,s —1)T ® S+
Y. D(p,@)lrs 0 Au(T)1 ® (Au(T)2 % An(S)1) b 1rz 0 An(S)2
1<p<t,1<q<s

+ Y D@)lrs o Ad(T)1 = (Ax(T)2 % An(S)1) © 1rp 0 A (S)a -

1<p<t,1<q<s

But, as the terplicial structure is needed, it would be easier to refer to
the co-terplicial terplicial rigidity theorem 6.3.3.
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9 APPLICATION TO THE NON-FREENESS OF SOME TRIDENDRIFORM
ALGEBRAS

Consider a given tridendriform algebra (A, <, -, >). Define on it the asso-
ciated dual coproduct. This coproduct will be well-defined if as a tridendri-
form coalgebra it is conilpotent. It is not the case if the algebra as a cyclic
relation. For example consider the multi-perm tridendriform algebra in [2]:
this algebra has a cyclic relation as [1] - [1] = [1] and therefore the coproduct
A.(1) is a series and is not well-defined.

Assume the coalgebra is conilpotent A* = U, F,A. The co-filtration is
the key to prove the freeness: it suffices to check that for every a,b € A such
that a € F, A,b € F,,, A, the number of terms of a e b, where e € {>;- <}
is as defined in corollary 8.5.1 i.e. respectively D(n — 1,m), D(m — 1,n —
1), D(n,m —1).

If the number of elements in the products are verified, the second step,
is to use the defined isomorphism between UP_ FrA to @F_To, ®@ V&
that has been constructed through the lower co-filtrations and check if the
compatibility relation coincides.

9.1 WSym The Hopf algebra W Sym of sets of partitions of integers will
never be free as a tridendriform algebra as the number of different terms of
{{1}} *{{1}} = {{1,2}} + {{1},{2}} is 2 and it has to be at least 3.

9.2 Parking algebras Parking functions with the tridendriform strucutre
given is [19] are not free as shown in [22]. It can be reproven as the struc-
ture does not verify as the compatibility relation between the product and
the associated dual coproduct do not verify the compatiblity relation of the
cotridendriform tridendriform bialgebras.

We recall the tridendriform structure on the parking functions PQSym*.

f=<g:= Z hk, f-g:= Z hk,
max(h)>max (k) max(h)=max(k)
f=g:= > hk,
max(h)<max (k)

where the sums are taken over all pairs of maps (h, k) verifying that hk is
parking, std(h) = f and std(k) = g, for f,g € U,>, PFn.
The definition of the associated dual cotridendriform coproduct is:

1 1
AL(f) = Z i h®Fk, A(f) = Z = h®k,
O p* (h<k) 70 (h =< k) 8% (h-k) 70 fr(h- k)
1
TSP P —_——y
O p% (hk) 70 fr(h= k)

where f* is the element defined as f * (k) = 5}; the Kroenecher symbol
providing PQSym* with a linear basis given by the f*.
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Suppose there exists V' = {v1, ..., v, } a vector space such that PQSymx =
Tridend(V) as tridendriform algebras. Consider the morphism ¢ : V —
PQSym* such that v; € V — 1 and that ¢ : Tridend(V) — PQSym* is an
isomorphism. Then, consider the example:

1-((1-1)<1) = 1-112=2112
A(1-112) = 1911242111
£ 1®112+111®1 .

The cotridendriform-tridendriform compatibility relation is not satisfied,
thus the algebra is not free as a tridendriform algebra. Indeed, the defi-
nition of the coproduct on Park only depends on its tridendriform structure
and thus will will coincide through ¢! to the one defined on Th.

Here the number of terms of the product is verified for this example, this
is why we need to go through the constructed isomorphism.
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