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Prescribed-Time Formation Control for a Class
of Multiagent Systems via Fuzzy
Reinforcement Learning

Yan Zhang, Mohammed Chadli

Abstract—This article concerns optimal prescribed-time forma-
tion control for a class of nonlinear multiagent systems (MASs).
Optimal control depends on the solution of the Hamilton-Jacobi-
Bellman equation, which is hard to be calculated directly due to its
inherent nonlinearity. To overcome this difficulty, the reinforce-
ment learning strategy with fuzzy logic systems is proposed, in
which identifier, actor, and critic are used to estimate unknown
nonlinear dynamics, implement control behavior, and evaluate sys-
tem performance, respectively. Different from the existing optimal
control algorithms, a new performance index function considering
formation error cost and control input energy cost is constructed
to achieve optimal formation control of MASs within a prescribed
time. The presented control strategy can ensure that the formation
error converges to the desired accuracy within a prescribed time.
Finally, the validity of the presented strategy is verified via a
simulation example.

Index Terms—Formation control, fuzzy logic systems,
Hamilton-Jacobi-Bellman, nonlinear multiagent systems (MASs),
prescribed-time control, reinforcement learning (RL).

1. INTRODUCTION

OOPERATIVE control of multiagent systems (MASs) has
C drawn widespread concern from scholars because of its
extensive application. Cooperative control includes consensus
control, containment control, formation control, etc. Forma-
tion control refers to constructing control protocols to stabilize
agents’ positions with respect to each other and to achieve
specified geometric shapes. The formation control of MASs has
been applied in the fields of mobile robots [1], underactuated
marine surface vessels [2], and unmanned aerial vehicles [3].
Zhang et al. [4] presented a formation-tracking control scheme
for linear MASs. Then, an event-triggered formation contain-
ment control strategy was developed in [5] for linear MASs.
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Furthermore, the formation control issues for nonlinear MASs
were further investigated in [6], [7], [8], and [9]. The results
obtained in [4], [5], [6], [7], [8], and [9] only realized the
expected formation; however, the optimal performance was not
considered.

Optimal control is a research topic with important academic
value and broad application potential [10], [11]. To make the
controlled system complete the tasks with the least resources,
Bellman in [12] and Pontryagin in [13] put forward the optimal
control. Usually, it is expected that the optimal function can be
got by solving the Hamilton—Jacobi—-Bellman (HJB) equation,
and then, the optimal controller can be constructed [14]. As
a partial differential equation with multiple nonlinear terms, it
is hard to find an analytical solution to the HJB equation. As
a machine learning method, reinforcement learning (RL) was
inspired by animal behavior and gradually became a powerful
tool. Under the actor—critic architecture, the optimal consensus
and formation control of MASs concernedin [15],[16],and [17],
[18], [19], respectively. It should be pointed out that most RL
algorithms [15], [16], [17], [18], [19] need prior knowledge
of system dynamics while the nonlinear terms of most actual
dynamic systems may be unknown. By applying RL under the
actor—critic—identifier (ACI) architecture, Wen et al. [20], [21]
developed the optimal control strategies for MASs. However,
the optimal control results [10], [11], [12], [13], [14], [15],
[16], [17], [18], [19], [20], [21] can only ensure the expected
performance when the time variable goes to infinity.

Convergence rate, as a crucial performance criterion, is one
of the hot topics in the control field [22], [23]. To improve the
convergence rate, some finite-time formation control results of
MASs were reported in [24], [25], [26], and [27]. The settling
time in [24], [25], [26], and [27] is dependent on initial con-
ditions, which limits the application of finite-time control. To
address this issue, some fixed-time formation control issues were
investigated in [28], [29], [30], and [31]. It should be mentioned
that the settling time in [28], [29], [30], and [31] depends on
the design parameters, which makes it difficult to adjust the
design parameters according to actual control requirements. For
this reason, some prescribed-time consensus control issues for
MASSs were investigated in [32], [33], [34], [35], [36], [37], and
[38]. However, the schemes developed in [22], [23], [24], [25],
[26], [27], [28], [29], [30], [311, [32], [33], [34], [35], [36], [37],
and [38] did not take into account optimal performances. To the
author’s knowledge, for a class of uncertain nonlinear MASs, the
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prescribed-time formation control via RL is still an interesting
and challenging topic, which is rarely reported.

Motivated by the above statements, a prescribed-time forma-
tion control strategy is presented for a class of MASs, which
can guarantee that the formation error converges to the desired
accuracy within a prescribed time. The main innovations are as
follows.

1) Different from the existing prescribed-time control [32],
[33], [34], [35], [36], [37], [38], the optimal control prob-
lem is considered. By constructing an auxiliary function
and an error transformation function, the original perfor-
mance index function is rewritten, which lays the founda-
tion for realizing the prescribed-time formation control of
MASs with the least resources.

2) The proposed strategy can eliminate the assumption of
persistence excitation, which is required by most optimal
control algorithms (such as [19] and [20]). In addition, new
actor updating laws are designed to implement training
sufficiently.

3) Compared with the existing optimal control results for
MASs (such as [12], [13], [14], [15], [16], [17], [18], [19],
[20], [21]), the settling time is not influenced by initial
conditions and design parameters and can be prescribed.

The rest is organized as follows. Section II gives the problem
description and some preliminaries. The prescribed-time control
scheme is developed in Section III. Thereafter, the validity of
the strategy is verified in Section IV via a simulation example.
Finally Section V concludes the article.

II. PROBLEM DESCRIPTION AND SOME PRELIMINARIES
A. Graph Theory

The undirected connected graph G = (V, x,.A) is modeled
to describe the communication network among agents, where
V ={vi,v2,...,0n},x €V x V,and A = [a;;] represent ver-
tex set, edge set, and adjacency matrix, respectively. If there is
an information flow from v; to v;, then v;; = (v;,v;) € x and
a;; = 1,and v; is a neighbor of v;; otherwise, v;; ¢ x and a;j =
0. The neighbor node setis denoted by NV; = {v; | (v;,v;) € x}.
If and only if a;; = aj;, G is an undirected graph. If any pair of
distinct vertices has a path, the undirected graph is connected,
where a path from v; to v; is an edge sequence in the form of
(UZ‘, ’U“), (’U,’l, ’U,’Q), ey (’U,‘l, Uj).

L=D—A¢c R"" and B = diag{bs,bs,...,b,} denote
the Laplacian matrix and the communication matrix be-
tween agent and leader, respectively, where D = diag{>_7_,
@1js- -5 j—1 Gnj}. Assume thatatleast one agent is connected
to the leader, which means » ;" ; b; > 0.

B. Fuzzy Logic Systems
IF-THEN rules:
Rule I: IF 1 is AL, mo is Ab,..., xy, is AL
THEN: yp is B'.
where = = [z1,...,74]7 € R* and yp denote the input and
output of [ represents the number of fuzzy rules. 4 (2;) and

st (yp) denote the membership functions of fuzzy sets Al and
B!, respectively.

Combining the singleton fuzzifier, product inference, and
center average defuzzifier, yp can be expressed as

YL T ()
S [T 00 ()]

ys(z)

where L denotes the total number of fuzzy rules, ! satisfies
pp (@) = max{pp (yp)lys € R}

Let
k
! Hi:l Hal (z:)
L— k
P [Hi:l /‘Agﬁ(mi)
and p = [¢', ..., 0"T and @ = [®!,... ®L]T. Then, yp(z)

is represented as

yp(z) = " p(x).

Lemma 1 (see [17]): For Ve > 0, there exists FLS ®7¢(z)
such that sup,.= | f(z) — ®Tp(z)| < €, where f(x) denotes a
continuous function defined on a compact set =.

C. Problem Description

Consider the following multiagent system (MAS):
& =ui + filz:),i=1,...,n (1)

where xTr; = [SC“, e ,ZL'im]T S Rm, U; = [uﬂ, ey ’U,im]T S
R™ and f;(-) € R™ represent the system state, control input,
and unknown continuous nonlinear function, respectively.
Assumption 1: The desired formation trajectory x4 € R™
and its derivative 4 € R'™ are bounded.
Define the coordinate transformations as

Zi =T —Td — € 2

where z; = [2i1,. .., 2zim]. € R™ denotes the tracking error;
€ = [€1,.--,€im|T € R™ denotes the relative position be-
tween the leader and the agent ¢, which describes the formation
mode.

Remark 1: x4 and &4 represent the desired formation position
and speed, respectively. In actual formation control, the given
formation position and speed must be bounded. Otherwise, the
formation would not be feasible. Assumption 1 is usually used
in formation control, such as [20] and [21].

The formation error is defined as

€; = Z aij(xi — €; — (Ej + Gj) + bl(.’bz — Xq — 62')
JEN;
= Z a;j(z — 2;) + biz; (3)
JEN;

where e; = [e;1, ..., eim|T € R™.

Definition 1: The practical prescribed-time formation control
of MAS (1) can be realized if there exists protocol u; such that
lleql| < |le:|| for V¢t > T, where T' > 0 is a settling time and
g = [ei1, €02y - - - ,sim]T € R™ denotes the desired accuracy.



Define the performance index function as follows:
Jz(ez) = / e_ai(‘r_t) (e?Qlez + U?Rlul)dT (4)
t

where «; > 0 represents the discount factor, and Q); and R;
denote the symmetric positive-definite matrices.

Definition 2 (see [40]): For MAS (1), if 1) u; is continuous;
2) u;(0) = 0; 3) u; stabilizes (1) on the set €; 4) J;(e;) is
finite, then the control protocol u; is admissible on €2, which is
represented as u; € U(€2).

Remark 2: To obtain the optimal formation control protocol
u* so that MAS (1) can achieve the desired formation, the
performance index function includes the formation error cost
and the control input cost is considered in (4).

The tasks of this article are to present a prescribed-time control
algorithm for MAS (1) such that 1) the formation error (3)
converges to the desired accuracy within a prescribed time; 2)
the performance index function (4) can be minimized.

D. Necessary Lemmas

Lemma 2 (see [41]): The Laplacian matrix of the undirected
connected graph is irreducible.

Lemma 3 (see [21]): If the Laplacian matrix is irreducible,
then £ + B is a positive-definite matrix.

Lemma 4 (see[39]): For,j € R, one has

mP 1
1 < ollP + [l 5)
p qm

(g—1)=1.

where m > 0, and p, ¢ > 1 with (p —

III. PRESCRIBED-TIME FORMATION CONTROL
A. Error Transformation Function

To realize the prescribed-time control performance of MAS
(1), an auxiliary function is given as follows:

T—t\2
4{51_7)(” +, ?>§;<T ©)

where 0 < 7 < 1represents the design parameter,and 7" > 0 de-
notes the prescribed time. The following properties are obtained
from (6): 1) ( is strictly decreasing over [0, T), with ((0) =
and ( = 7 for Vt > T'; 2) ( is smooth, and ¢ and C are bounded
forall ¢t > 0.

Define the error transformation function as ¢&; =
[Eity .- ,@-m]T € R™. &y is constructed as follows:
Euztan(”“),e:L...,m %)
2 p¢

where o > 0 is a constant, and |e;¢(0)| < ©(0).

Remark 3: For YVt > 0, if £;, is bounded, it can be observed
that —p(¢ < ejr < pC from (7). From the definition of (, it
further indicates that as long as ;¢ is made bounded, —p7 <
ey < p1 for Vt > T, that is, the prescribed performance of e;
can be realized.

B. Optimal Formation Control

From (7), we can obtain that

2
€y = %Carctan(&g), i=1,....n,0=1,....m. (8
Then, e; can be further expressed as e; = [ch arctan(&;1),
ey 2“ arctan(&;,,)]% .
Let e; = fcvz with v; = [vi1, ..., vim] = [arctan(&;),

.,arctan(&;,,)]". The performance index function (4) can be

represented as

0 T
J; :/ e—az‘(T*t) <(MUZ> Qz <2@< ) + ’U,;FRIUZ) dr
¢ s

©))

Remark 4: Through the transformation function (7), the error
e;¢ is rewritten as (8) and embedded into the performance index
function (4). This operation can ensure that the performance
index function includes formation error cost and control input
energy cost while achieving the prescribed-time formation con-
trol performance of MAS (1).

Taking the optimal formation control u* = [uiT, ... w:l|T €
R™™ into (9), we can get the optimal performance index function
as follows:

o0 T
J! min / e i(T=1) %Ui Qi 2p< U;
b wew@) |, T
+ulTRiui>dT}
_ / em(m)«?@(
t ™

+ ul*-TRiu;-‘> dr

T
Ui) Qi (2;Tp<Uz>
(10)

From (2) and (3), taking the time derivative of e; yields

_clfl+clul_ i L Z a’ljx] (11)
JEN;
where ¢; = >y, aij + bi.
Then, taking the time derivative of v;, yields
. it 1 .
Uig = = Kio(€ir — vie (12)
1+&, 1+& ( )
where Kzg W and Yie = il
From (11) and (12), we have
vy = Ki(é — i)
= Ri cifi + ciup — by Z aljxj Vi (13)
JEN;
where K, = diag{%, ce ﬁﬁ}, and v, = [i1,-- -,

Wim]T-



By calculating the time derivative of (10), we can get HIB
equation as follows:
8Ji*
" o¢

0J;
T
2
UJCZ<M )Hf&@—%ﬁ+

H <Uu<7 U s
_ (26
n s

XKZ‘

o
ovl

. :
Cifi + ciup = bida — Y aiji; — v

JEN;
9J; d¢
o¢ dt
20 \7 2 g dJ;
. . . 0J; d¢
X | ¢ifi+ciug —bitg — ZM;’%‘*%‘ aC dt
JEN;
=0 (14)

where K; = diag{K;1, ..., K;m }. The right-hand side of (10)
is existent and unique, it can be known that w; is the unique

aJr 8J*
. . OH;(vi,C,u}, 555, 5
solution of (14). By solving ( au*.a i8¢ ) = (, one can

get the optimal control input as follows:
% Ci 1 T 6J*
= ——R; K, 15
ul 2 ] agl ( )
Substituting (15) into (14) yields
2 T2 . 0Jrd
<i<v7‘) @ (m“’> — ol e di
oJ; . .
+ 9T K; | cifi —bitg — Z aij Ty — Vi
v JEN;
c2aJ; 0J;
LK RPK R =0. 16
4 T tog; (16)

Remark 5: Itis expected to get the term ’ by solving (16).
Due to that the HIB equation (16) contains completely unknown
system dynamics, it is difficult or even impossible to calculate
its solution.

RL methods, as a powerful tool, will be used to address the
optimal formation issue.

C. ACI Design

To achieve the optimal formation control, 8?
as

aJ;  2h;
9 ¢
where h; > 2 is a design parameter, J?(.2;) =

K295, and fi(X;)

is segmented

_ 2 5z 1
K26+ — K2R + —K2025) (D)

—2h;& — 2f; +
= RiK;(fi(x;) — &g — p~ ') with

n= kmax(ﬁ)w.é =L+B, 2 =
[xhxdajjdaC?C]T‘
By substituting (17) into (15), we have
uf = — hRR7TKTYG — RUVKfi(XG)
1

— S ROKTTN(Z).

[l’mfi,fﬁd,dfd,c, C.-]T>X

(18)

The unknown terms f;(X;) and J?(.2;) are continuous, by
Lemma 1, for Vey; €

R™ and Ve; € R™, there exist FLSs
Uil pi(X;) and 3Ty (2;) such that
fi(X;) =
J(2) =

Uil o5 (Xi) + e5i(Xa)
T, (25) +ei(25)

19)
(20)

where U7, € RP**™ and U7 € RP2*™ denote the optimal pa-
rameter matrices; p; and ps denote the fuzzy rule numbers;
wri € RP1 and ¢; € RP? denote the fuzzy basis function vec-
tors; the approximation errors e5; € R™ and ¢; € R™ satisfy
llefill < 7 and |le;|| < d;; d5; and §; are constants.
Substituting (19) and (20) into (17) and (18), we get

0J; _ 2Mi . K% +
o '

*K 2\I’fl‘sz(XL)
+ ;Kf%fi(Xi) + ;K{2\1’§T<ﬂi(%)

+ lKJZSi(%)

4

2y

up = — LR7KTNE — RUVK TN 0pi(X5)
— R'K e pi(Xy) — 5351K[1‘1’fT90i(«%)
|
— iRi YK e (25). (22)
Because \I/}z and U} are unknown, (21) and (22) are not

available. To this end, we design the following identifier, critic,
and actor.

First, to identify the unknown dynamic function, we design
the identifier as follows:

filXs) = WTi0p(Xs)

where fl (X;) and 1\ ri € RPY*™ denote the output of FLS
and identifier parameter matrices, respectively. In addition, we
design the identifier updating law as follows:

(23)

Uy = P (X)ET R — wilyy)

where w; > 0 denotes a design parameter, and P; € RP**P1
denotes a positive-definite matrix. To evaluate the control per-
formance, we design the following critic:

(24)

aJr oM
agl B &

K §2+ K Q\I/fz@fz(Xl>

+ K 2\Pcz¢l(%)

7

(25)



where g‘g and \i!u € RP2*™ denotes the critic parameter ma-
trix. Then, we design the following updating law for (25):

Ve = —nei(pi(23) 0l (25) +ﬂp2)‘i’ci (26)

where 7.; > 0 and y > 0 represent design parameters. To im-
plement the control behavior, the actor is designed as follows:

up = — ROV — ROV T 0p(X)

- 7R VKWL 0i(25) (27
where h; > %; \ilm- € RP2*™ represents the actor parameter ma-
trix. We construct the following actor updating law:

Voi = — (9i(23)0] (25) + 905, ) (Nai (Wai — \i’ci) + Uci‘i’cz‘)

(28)

where 7,; > 0 represents the actor design parameter.

Remark 6: The actor updating laws in [21] was constructed
as Woi = —0i( 2:)0T (27) Nai(Wai — Wei) + neiUeq). If the
term \i'm — \ilci falls on the value of zero eigenvectors of
0i(2:)el (2;), the training may be terminated. To this end,
71, is introduced in (28) for sufficient training.

Remark 7: The actor w; is expected to satisfy H;(v;, C, u;,
aJ: aJ:

Dor BC ) — 0. Inserting (25) and (27) into (14), we can get

the approximated HJB equation as follows:

dJ;
Hz‘(UmC,Uh@fla ¢ )

— (MUOTQl (294 ) (ﬁR 1K 1&

- R VKW (25) + RyVK T,

oJ;

T
1

X Ul (2:) + Ry KT 0T 054(X0)) — i)

- 7(2}”{ 26+ K7 2Uho (25) + 2K, 207,

X Lpfl(X’L)) K| cih; R 1K 62 +c R 1K_

X \ij}wlgpfl(X ) + R 1K 1\Ila1§01( l) - Cifi

+ bitqg +vi + Z e
JEN;

BJ 6J

If Hi(Uivgau“ Bv ? O¢

£) =0 holds, since the HIB equation

(')J* 8J
; : OH; \vi,Cuis 55t
has the unique solution, then we have ( v, B ) -

OV ;s
L0i( 2T (2:)(Vai — Vi) = 0. Define @ = Tr((Vy; —

U.)T(U,; — U,;)). From (26) and (28), we can get

- \i/m) + 7701\1/('1) + Nei

X S (o Z)el (27 +ﬂp2>\ifm-)

at

Uai 8¢ T 8@)
= My (S o 20T (2i) e
r(a%so( )T (2) o

(29)

H(v Cous dJ’ aJ*)
The inequality (29) means that ——~———"2v" %< — () holds

AV,
by the designed RL updating laws (26) and (28). Furthermore,

aJ: aJs
we get that H;(v;, , ui, 5ot ac L) — 0.

D. Main Results

Theorem 1: Consider MAS (1) under Assumption 1, if the
identifier in (23), the critic in (25), and the actor in (27) with
the updating laws (24), (26), and (28) are employed, then the
formation error converges to the desired accuracy within a

prescribed time where the design parameters his Nai, and ne;
uR’

satisfy h; > 3 3 and 14; > Nei
Proof: Construct the Lyapunov functlon as follows:

n

1 1
V= g€Tet 5 Y (Tr{¥fp )

=1
+ Tr{0Lw.} + Tr{vT¥,})
where ¢ =[¢T,... €T € R,

Wy — 03 Uy = U,y — 07,
From (3), (7), (24), (26), and (28), we have

V = gT[K(LN & Im)é

(30)

Uypi= Ty — W, Wai =

— K+

+ 3 Tr{V (R o X6 —wils)}
i=1

- Z TT{% (

)‘Pz (23) + ]];Dz)\i’ci}

—ZTT{\I’ (i(23)] (20) + 1p,))

X (nai(\Ilai - \I/cz) + ncz\ilcz)}

<ud &K(fitui—ia) =Y & K
=1 1=1

JFZTT{‘i’fi(#R;l@ﬁ(Xi)ﬁiT*wi‘i’fi)}

i=1



2@l (23) + 11p,) Wi}

- Z Tr{ncz

- ZTr{@Zi(@x%w? (2) +1,)
i=1
X (nai(\ilai - \ijcz) + ncz\ilcz)} (31)
where K = diag{Ky,..., Ky} € R"™ " z =[], ...
ZZ}TER"m,’y:[’y?,...,’yn] € R™ and pt = Amax(L).

Substituting (19) and (27) into (31), we have

V<Y & (—phi R — pR7T T 05 (X)

I

=1

+ uR; e (X) = SRV 0i(20)

n

+ ZTT{@%(MR;HP)%(XO@T —wi¥y)}

i=1

)901 (%) + ]IP2)‘ijci}

— Z Tr{nm

— ZTr{\Iz (pi(Z3) o7 (Z3) + 11p,)
i=1
X (naz(i’al — ‘i/w) + ncz‘i’w)}

<> & (—phiR7 G — SR 0i(25)
=1

+ uR;t efi(X Z Tr{wi\il?i\i/ﬁ}
=1
- ZTT{% 2@ (25) + 1) Vi }

Dot (23) + 11p,) Vai}

- Z TT{WM i (X5

n

+ ) (ai = 1) Tr{VE (i (23) @] (25) + 31,,)
=1
x Wi} (32)

By applying Cauchy—Schwartz inequality and Young’s in-
equality, we have

uRCM€ eps < SRIVNGI + SR o5 (33)
R _
- LR 2) < Bl + SRy
XTT{\Paz‘Pl(%) ( Zi)¥ al} (34)

From \I/fi,ai,ci = \I/fi,ai,ci — \Iﬁ}i,i,i’ we have

A 1 J JN
TriWp Wy} = STr{VE ¥y + U0y — U305} (35)

Tr{ig,ai(‘ﬁi('%)@?(%) + 1 )‘Dcz,ai}

1 ~
= iTr{\I’Z;az(@z(f%)@;F(%) +JIp2) ciyai}

1 - -
+ iTT{\Pz;,az(@z(%)¢f(‘%) =+ jlpz)\yci,ai}

— ST (o (26T (2) + 91,,)0) (36)
(ai = 1) Tr{ UL, (0i(23)pT (25) + 3, ) Wi}

< BT T (0 (20T (23) + 01 W}
+ Tr{Vg(pi(20) ] (27) + 1lp,) Vei)}]: (37)

Substituting (33)—(37) into (32), we can get

: . — 3 - ci 4
Vs =Yt (n-3) el - 0 e
i=1 =1

X (@i 20)eT (23) + gLy Vei} = > %

i=1

< Tr{Wg;(pi(Z3)e7 (23) + 1Ip,) Vai}

n

— ZT?“{
i (nes = 28) Tr{¥E (oul 20)T (2)
+91p,) cz} Z <nm

D} — Z Dot oy (T,

O i}
max(P D) !

) Tr{ilfi
x @i Zi)e; (2

Ly, Wai} — Z

where )»max(P ) represents the maximal eigenvalue of the ma-
wix Pt o= 300 BRG0P+ 200, ST {v T} +
P TT{‘I/*T(%(%)% (23) + 21, V7 }

From “5i- < 12t <y, < 1, wWe can obtaln that — >,
(Nei — %L)TT{\Pcz(@z(%)QOz (Zi) JF][Pz) m} Zz 1

Tr{\I'fZ\I/fz} +0 (38)

(o — MNP (BT i (20T (2) Vi) — Sy T
(O 91, 0,,} — S, 2Tr{\llfl\pfz]«o Then,  the
inequality (38) can be rewritten as
V< —ZMR (i — DlEl? - Z””T{wm
x (pi 20)eT (27) + Z -
x Tr{WL(0i( 23] (253) + 3Ip, ) Vai}
—ZTT{ ( )\1: Pll\iffi}—l—g. (39)



There exists a constant p such that o < p. Then, we can get
that

. " n o n ~ s
Vs =5 NGl = 5 Y TR )
i=1 i=1
DI AR A B SR TR R
i=1 =1

< —vW+5p (40)

v = minizl,m’n {2(,U/R;1hl — Sﬂfil)}, Vo =
min;—1,. n {ﬁk vy = mini—1, . p{Neitmin(¥i)},

v =min{vy,v2,v3}.  Amin(vi) represents the minimal
eigenvalue of matrix o;(.27)p7 (23).

From (40), we can get that V' € L. Then, & € L, \i/ﬁ €
Lo, T € L, and ¥ € L, can be obtained. As &; is
bounded, it follows from (7) that —p( < e;y < p(.Dueto =7
for Vt > T, we get that ZjeNi a;j(z — 2;) + biz; < @ for
Vt > T with g = [p7,...,p7]T € R™, and then, the expected
formation can be realized. It can be further obtained that the
formation error can converge to the specified accuracy within a
prescribed time. |

Remark 8: The performance index functions specifiedin [15],
[16], [17],[18], [19], [20], and [21] did not involve performance
weights while the results presented in this article can make
a tradeoff between the formation error cost and control input
energy cost by choosing appropriate performance weights. By
choosing R;, which is smaller than @);, the formation error
can converge to the desired accuracy with a faster convergence
speed. Compared with the results in [15], [16], [17], [18], [19],
[20], and [21], the presented control scheme is more conducive
to engineering application.

Remark 9: 1t should be mentioned that the following knowl-
edge on MAS (1) is required: the number of agents; the general
connection between agents; the formation information loaded in
MAS (1).

Remark 10: 1t is obvious that the controller parameter £;
should be selected under the condition that /; > %. In practical
engineering, the Laplacian matrix £, the communication matrix
B, and the weight matrix R; can be determined in advance,

-1
a I;i can be obtained in advance. Then, the

R!
2

where

that is, the value of

selection of 77,; should satisfy 74; > “
of 7¢; should satisfy 7,; > 7, > ‘5.
The block diagram of MAS is given in Fig. 1. Moreover, the

proposed design procedure is given in Algorithm 1.

. Finally, the selection

IV. SIMULATION EXAMPLE
In this section, to verify the feasibility of the scheme, the
following MAS is considered:
0.3241 cos? (k1)
Tio — 0.5 SiHQ(lﬁxig)

i=1,2,3,4

j?i: — LTy — +’LLZ

Critic (25)
Update the critic
weight &, with (26)

Identifier (23)
Update the identifier
weight & ;; with (24)

| 0J;
| 0¢;

2 Actor (27) } i

Update the actor

Multi-agent
system (1)

weight ¥, with (28)

Fig. 1. Block diagram of MAS via RL.

Algorithm 1: Prescribed-Time Formation Control via Fuzzy
RL.
Input: v4, ¢;, A, D, B, L, T,0<7 <1, R; >0, u=
)"max(»c)
Initialization: z,(0), z4(0), ¥ ;(0), ¥;(0), ¥,,(0)
Parameters:
p>0,P >0 w >0 1n;5>014>07>0 0 >3,
where 7.; and 7,; should satisfy nq; > 1. > "gi > %"1
for follower agent 7 do
Compute e; with (3)
Compute ¢ with (6)
Compute &; with (7)
Define fuzzy IF-THEN rules, input
X; =[xy, xq, 24, C, é}T, define X!, determine fuzzy
membership functions p%, (X;), and then determine
fuzzy basis function vector ¢ ;(X;)
Define fuzzy IF-THEN rules, input
2 = x5, &, wa, a0, ¢, C]7T, define 20, determine
fuzzy membership functions ', (2;), and then
determine fuzzy basis function vector ¢, (2;)
Compute u; with (27)
Update W ;; with (24)
Update U ,; with (26)
Update U,; with (28)
end for

where [Ll, Lo, L3, L4]T = [—0.37 0.1, —0.3, O.l]T, [I‘il, K2, K3,
k4]t =10.5,0.4, 5.5, —1.5]T.

The initial positions and the desired trajectories are set as
z1(0) = [5’5]T7x2(0) = [_574]T7m3(0) =[5, _3]T7x4(0) =
[—4,-5]", and x4 = [6sin(0.5¢t), 2 sin(0.7t)]7  with
24(0) = [0,0]%, respectively. The formation pattern is described
by €1 = [4, 4]T, €g = [—4, 4]T, €3 = [47 —4]T, €4 = [—47 —4]T
The settling time is specified as 7" = 3, and parameters are
selected as 7 = 0.06 and p = 10.

The adjacency matrix is selected as

0
A:

O O = O
O = O
—_ O

O = OO



then D = diag{1, 2, 2, 1}, and the Laplacian matrix is set as

1 -1 0 O
-1 2 -1 0
L= 0o -1 2 -1
o 0 -1 1

and the communication matrix is set as 5 = diag{1,0,0,0}.
The fuzzy sets of FLS \I/*T<p 7i(X;) are defined over the inter-

val [—22, 23], Define the vector X; as X; = [z;, 24, 24, C, (]

27 2
and forl = 1,2,...,24, define
T
25 25 1% 25 25 17
X0=||l-=+1,-=+41 ,...,|-=+1,-=+1
1 |: 2+ 2+:|) 7|: 2+) 2+:|

5

Thus, the fuzzy membership functions of FLS \I/}:fcp #i(X;) are
given as

(41)

xOVT(x, _ O
1o (X)) = exp (—(Xz XZ)Z(Xl XZ)).

Then, one can obtain the fuzzy basis function vec-
tor as @fi(Xi)'z[ap}i(XZ-),gofci(Xi),...,gp?ff(Xi)], where
Wi
Whi(Xi) = o ——
=1 :U/Fl

The fuzzy sets of FLS W; 7 ;(.2;) are defined over the interval
[—iL, LL]. Define the vector 2; as Z; = [z4, &, xa, %a,C, (]

2072
and for ¢ = 1,2,...,12, define
T
13 13 1" 13 13 1"
o_||_212 _2
5&;_[ 5 t6- 2+€] [ 5 th— 2+4

6

Thus, the fuzzy membership functions of FLS W7 p;(2;) are
given as

(25 o (<2 20 (i %)) |

Then, one can get the fuzzy basis function vector as

pil23) = [0} (23), 03 (i), - - -, i (25)], where @} (2;) =
Npe

> iy NF#

For identifier updating laws (24), critic updating laws
(26) and actor updatlng laws (28) the initial values are set as
U1 (0) = Wpa(0) = U p3(0) = W1a(0) = [0.1axe, Wer (0) =
[0.92]12x2, T (0) = [0.94]12X2,\I!C (0) = [0.95]12X2,\I'c4(0)
? [0.96]12><2, and \I/alA(O) = [0.90]12><2,\I/a2(0) = [0.91]12><2,
U,3(0) = [0.90]12x2, Uea(0) = [0.91]12x2.  The  design
parameters are selected as wy = 2, we = 1.5, w3 = 3,wy = 1.5,
Ne1 = MNez = Neg = Nea = 1,7 =1; by = hy = hg = hy = 45;
Nal = Na2 = Na3 = Nad = 2. R = dlag{OSa 08}7 Pl =

diag{0.5,...,0.5}, Py = diag{0.7,...,0.7},P3 = diag
—_———— —_————

24 24
{0.3,...,0.3},P, = diag{0.6,...,0.6}. It can be seen from
——— ————

24 24
Fig. 2 that the formation can be achieved by the presented

—agent 1
agent 2
agenl 3
agent 4
reference

Time(sec.)

Fig. 2. Formation trajectories of agents
5 5
211 231
————21 ———4
0 P.—-—-\_'____,_- 0 N
-5 -5
0 10 20 0 10 20
Time(sec.) Time(sec.)
5 5
Z12 232
————22 ———=Z
0 bmmma == 0 W T~
-5 -5
0 10 20 0 10 20
Time(sec.) Time(sec.)
Fig. 3. Trajectories of formation errors z;1 and z;2.
0.6 — 1A @) 0.6 — ¥
0.4 0.4
0.2 0.2
0 0
0 10 20 0 10 20
Time(sec.) Time(sec.)
06 — ¥ 0.6 — 1T
0.4 0.4
0.2 0.2
0 0
0 10 20 0 10 20
Time(sec.) Time(sec.)
Fig. 4. Trajectories of H‘i!fLH,z =1,2,3,4.

strategy. Fig. 3 shows the curves of errors. As observed from
Fig. 3 that the errors z; converge to the expected accuracy
within 3(s). Figs. 4-6 show the norm of the identifier, critic,
and actor parameter matrices. From Figs. 2 to 6, we can see
that the presented method can realize the control goal. The
comparison results between this article and the scheme in [20]
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Fig. 9.

are displayed in Figs. 7-9. Fig. 7(a) and (b) shows the formation
of agents under the proposed scheme and formation control [20],
respectively. Fig. 8(a) and (b) shows formation errors z;; under
the proposed scheme and formation control [20], respectively.
Fig. 9(a) and (b) shows formation errors z;2 under the proposed
scheme and formation control [20], respectively. The proposed
scheme shows higher convergence accuracy than that in [20].

V. CONCLUSION

In this article, the prescribed-time formation control problem
was investigated for a class of MASs. First, a new auxiliary
function was given, and then, a new performance index function
considering formation error cost and control input energy cost
was constructed. Then, by developing the RL algorithm with
ACI structure, an optimal prescribed-time control approach was
presented, which can minimize the constructed performance
index function. In addition, the formation can be achieved, and
the settling time can be prespecified as required. The validity
of the presented control strategy was verified by an example.



Future work will focus on the prescribed-time formation control
for MASs subjected to DoS attacks via RL.
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