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Modeling

Joint variables
r1, r2

Pose variables
x , y

Passive variables
θ1, θ2

Parallel PR-PRR

Equations

pF q

$

’

’

&

’

’

%

x “ cosp2π
3 qr1 ` cospθ1q

x “ 1 ` cospπ
3 qr2 ` cospθ2q

y “ sinp2π
3 qr1 ` sinpθ1q

y “ 1 ` sinpπ
3 qr2 ` sinpθ2q
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Workspace, Joint space

Q: joint space
W : workspace

Total space: Q ˆ W
solutions of F: V pF q Ă W ˆ Q

Parallel RPR-R

Canonical projections:
πW : V pF q Ñ W
πQ : V pF q Ñ W
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Serial robot

Glossary:
P: prismatic joint
R: rotation joint
U: Cardan joint
S: spherical joint

Serial 3R

Q

W

Properties
Inverse Kinematics (IK) hard
Forward Kinematics (FK) easy: 1 solutions
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Parallel robot

Glossary:
P: prismatic joint
R: rotation joint
U: Cardan joint
S: spherical joint
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Parallel 3-PPPS
Q

W

Properties
Inverse Kinemaics (IK) easy
Forward Kinematics (FK) hard: several solutions
2 solutions can cross

loose of control
break
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Covering map

Definition
The continuous map f : S Ñ U is a covering map if:

f ´1pUq “ S1 Y ¨ ¨ ¨ Y Sk where
#

Si
f
» U

Si pairwise disjoint.
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Critical points
V Ă Rn smooth variety of dimension p
π : V Ñ Rp canonical projection

Critical points
Let T paq be the linear space tangent to V at point a.
The critical points a of V for the projection π satisfy:

dimpπpT paqqq ă p
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Case of the serial robot
Hypothesis: V pF q smooth, bounded, equidimensional.

FK: always 1 solution ñ πQ : V pF q Ñ Q invertible
IK: partition W in W0,W1, . . . ,Wk s.t.:

W0 are the critical values of πW
W1, . . . ,Wk are the connected components of W zW0

Critical points of πW : serial singularities

Q

W

Theorem (covering map and critical values)
For all 1 ď i ď k, the restriction of πW to π´1

W pWiq is a covering map
above Wi .
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Case of parallel robot
Hypothesis: V pF q smooth, bounded, equidimensional.

IK: always 1 solution ñ πW : V pF q Ñ W invertible
FK: partition Q in Q0,Q1, . . . ,Qk s.t.:

Q0 are the critical values of πQ
Q1, . . . ,Qk are the connected components of QzQ0

Critical points of πQ: parallel singularities

Q

W

Theorem (covering map and critical values)
For all 1 ď i ď k, the restriction of πQ to π´1

Q pQiq is a covering map above
Qi .
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Properties
Case of parallel robots

FK: Fqpxq “ 0, system parametrized by q
For fixed q, finitely many solutions (0-dimensional)
πQ is not a covering map near q
ñ two sheets of solutions cross
ñ Fqpxq “ 0 has singular solutions

Q

W Remark: V pF q

not bounded: take asymptotes into
account
not smooth: take singularities into
account
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Computation

Hypothesis: V pF q smooth, bounded, equidimensional.

BF
Bq

loomoon

A

dq `
BF
Bx

loomoon

B

dx “ 0

Serial singularities
pSsq : F “ 0, detpAq “ 0

W0, critical values of πW : projection on xi of solutions of pSsq

W1, . . . ,Wk , complement of critical values
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Computation

Hypothesis: V pF q smooth, bounded, equidimensional.

BF
Bq

loomoon

A

dq `
BF
Bx

loomoon

B

dx “ 0

Parallel singularities
pSpq : F “ 0, detpBq “ 0

Q0, critical values of πQ : projection on qi of solutions of pSpq

Q1, . . . ,Qk , complement of critical values
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Example

3-PPPS:
Parallel
Joint variables: x1, y1, y2, z2, x3, z3
Pose variables: px , py , pz , φ, θ, σ
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Critical values of πQ, and partition of Q

2 sols. DKM 4 sols. DKM

6 sols. DKM

8 sols. DKMX3
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Z2

Y1
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Design challenges

E Ă W given shape
Design a parallel robot without singularities
in E

πW pcritical points of πQq X E “ H

Maximise the volume of E (lecture P. Lairez)
Ñ design variables

Q

W
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Demo

Demo
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Modeling equations
1 Linkages
2 Rotations 3D
3 Singularities
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Planar Rigid Linkage: Laman Graph

1 2

3

1 2

3

4

1 2

3

5

64

7

3-bar 5-bar 11-bar
Constraints

Fixed length bars: cij
Free revolute joints
Zero degree of freedom

1 2

3

4

4'

Several assembly modes
Number depends on cij
Max number of assembly modes?
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Properties of Rigid Linkages
Construction steps

Henneberg steps: H1 and H2

3-bar rigid linkage

1 2

3
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Properties of Rigid Linkages
Construction steps

Henneberg steps: H1 and H2

5-bar rigid linkage

1 2

3

4
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Properties of Rigid Linkages
Construction steps

Henneberg steps: H1 and H2

7-bar rigid linkage

1 2

3
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4
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Properties of Rigid Linkages
Construction steps

Henneberg steps: H1 and H2

9-bar rigid linkage

1 2

3

5

64
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Properties of Rigid Linkages
Construction steps

Henneberg steps: H1 and H2

11-bar rigid linkage

1 2

3

5

64

7
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Known properties

Theorem
A linkage is rigid ô It can be constructed with H1 and H2

Corollary

#Links “ 2#Joints ´ 3
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Algebraic Modeling I

cij : 10 parameters
xi , yi : 14 variables

"

x1 “ 0, y1 “ 0
x2 “ 1, y2 “ 0

1 2

3

5

64

7

$

’

’

’

’

&

’

’

’

’

%

x3
2 ` y3

2 “ c13
px3 ´ 1q2 ` y3

2 “ c23
px5 ´ 1q2 ` y5

2 “ c25
px6 ´ x3q2 ` py6 ´ y3q2 “ c36

x4
2 ` y4

2 “ c14

$

’

’

’

’

&

’

’

’

’

%

x7
2 ` y7

2 “ c17
px6 ´ x4q2 ` py6 ´ y4q2 “ c46
px5 ´ x6q2 ` py5 ´ y6q2 “ c56
px7 ´ x5q2 ` py7 ´ y5q2 “ c57
px4 ´ x7q2 ` py4 ´ y7q2 “ c47
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Number of solutions

Mixed Volume: n!VolumepSupportq (same support)

1 variable 2 variables

degree
0 1 2 3 4 5 6 7

X
0 1 2 3 4 5

Y
4

3

2

1

0

1´X `3X 2´X 3`6X 4´5X 5 “

0

"

1 ´ X 4Y 2 ` 7X 4Y 3 ´ 4X 3Y 4 “ 0
8 ` 6X 4Y 2 ´ 5X 4Y 3 ´ X 3Y 4 “ 0

Our system: 210
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Algebraic Modeling II

Cayley-Menger matrix or distance matrix

v1 v2 v3 v4 v5 v6 v7

v1
v2
v3
v4
v5
v6
v7

»

—

—

—

—

—

—

—

—

—

—

–

0 1 1 1 1 1 1 1
1 0 c12 c13 c14 x15 x16 c17
1 c12 0 c23 x24 c25 x26 x27
1 c13 c23 0 x34 x35 c36 x37
1 c14 x24 x34 0 x45 c46 c47
1 x15 c25 x35 x45 0 c56 c57
1 x16 x26 c36 c46 c56 0 x67
1 c17 x27 x37 c47 c57 x67 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

1 2

3

5

64

7

Theorem
The distance matrix has rank 4.

Corollary
All the 5x5 minors vanish.
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Algebraic Modeling II

$

’

’

’

’

&

’

’

’

’

%

Dp0, 4, 5, 6, 7qpc46, c47, c56, c57, x45, x67q “ 0
Dp0, 1, 4, 6, 7qpc14, c17, c46, c47, x16, x67q “ 0
Dp0, 1, 4, 5, 7qpc14, c17, c47, c57, x15, x45q “ 0
Dp0, 1, 2, 3, 5qpc12, c13, c25, c23, x15, x35q “ 0
Dp0, 1, 3, 5, 6qpc13, c36, c56, x15, x16, x35q “ 0

1 2

3

5

64

7

Upper bound
Mixed volume: 56

Lower Bound?
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Sampling
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Number of assembly modes

Maximal number of assembly modes

bars 3 5 7 9 11 13 15 17

upper 2 4 8 24 56 136 344 880
lower 2 4 8 24 56 136 344 860

[Bartzosa, Emiris, Legerský, Tsigaridas 2021]
Started in 2002 with Borcea
Bartzosa, Borcea, Emiris, Legerský, M., Streinu, Capco, Gallet,
Grasegger, Koutschan, Lubbes, Schicho, Tsigaridas, . . .
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Rotations matrix in 3D

R “

¨

˝

x1 x2 x3
y1 y2 y3
z1 z2 z3

˛

‚

θ

u

RT R “ I

Action of R is a rotation by θ around an axe u
Set of rotation has dim 3
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Euler matrix

Rx pθq “

¨

˝

1 0 0
0 cospθq sinpθq

0 ´ sinpθq cospθq

˛

‚

Ry pφq “

¨

˝

cospφq 0 sinpφq

0 1 0
´ sinpφq 0 cospφq

˛

‚

Rzpψq “

¨

˝

cospψq sinpψq 0
´ sinpψq cospψq 0

0 0 1

˛

‚

R “ RzpψqRy pφqRx pθq or R “ RzpψqRy pφqRzpθq
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Quaternions matrix

q2
i ` q2

j ` q2
k ` q2

r “ 1

R “

¨

˝

1 ´ 2pq2
j ` q2

kq 2pqiqj ´ qkqr q 2pqiqk ` qjqr q

2pqiqj ` qkqr q 1 ´ 2pq2
i ` q2

kq 2pqjqk ´ qiqr q

2pqiqk ´ qjqr q 2pqjqk ` qiqr q 1 ´ 2pq2
i ` q2

j q

˛

‚

Rotation of axe: pqi , qj , qkq

angle: 2 arccospqr q
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Anti-symmetric matrix - Exponential map

In 2D
θ ñ

ˆ

cospθq ´ sinpθq

sinpθq cospθq

˙

In 3D

A “

¨

˝

0 z ´y
´z 0 x
y ´x 0

˛

‚

R “ eA

Rotation of axe: px , y , zq

angle: }px , y , zq}2
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Anti-symmetric matrix - Cayley transform

In 2D

t “ tan
ˆ

θ

2

˙

ñ

˜

1´t2

1`t2
´2t
1`t2

2t
1`t2

1´t2

1`t2

¸

In 3D

A “

¨

˝

0 z ´y
´z 0 x
y ´x 0

˛

‚

R “ pI ´ AqpI ` Aq´1

Rotation of axe: px , y , zq

angle: 2 arctanp}px , y , zq}2q
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Plücker coordinates

How many lines intersect 4 given lines?
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Plücker coordinates

P1 “

¨

˝

x1
y1
z1

˛

‚ P2 “

¨

˝

x2
y2
z2

˛

‚ M “

¨

˚

˚

˝

x1 x2
y1 y2
z1 z2
1 1

˛

‹

‹

‚

Definition
The Plücker coordinates of the line pP1P2q are the 6 minors of M

pdx , dy , dz ,mx ,my ,mzq “ pP2 ´ P1,OP1 ˆ OP2q

pd ,mq P P5 is on the Klein quadric

d ¨ m “ 0

Lines pd ,mq and pd 1,m1q intersect implies

d ¨ m1 ` m ¨ d 1 “ 0
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Plücker coordinates

0, 1, 2 or infinitely many lines cross the 4 given lines
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Singularity modeling

f1pq, xq, . . . , fmpq, xq

B “

B
Bx1

¨ ¨ ¨ B
Bxm

f1
...

fm

¨

˝

Bfi
Bxj

˛

‚

detpBq multi-linear in its columns/rows
detpBq of deg 1 in xj leads to a parametrization of the singularities
Simplifies the analysis of the singularities, as in the 3-RPR [Coste 2012]
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Plan parallel robot 3-RPR

3 degrees of freedom
d1, d2, d3,A1,A2,A3 fixed
Joint variables: r1, r2, r3
Pose variables: α,B1x ,B1y
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Demo

Demo
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Singularity of parallel manipulator with Plücker vectors

Remark
If the leg-platorm joints are spherical, the rows of the inverse kinematic
Jacobian matrix A´1B will involve the Plücker coordinates of lines
associated to the legs.

ñ singularities can be interpreted geometrically
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Cuspidal configuration

Cuspidal point: point of order ě 3

Characterization: A cuspidal robot has at least one cuspidal point
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Demo

Demo
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Further reading

Mechanical Engineering Series

Jorge Angeles

Fundamentals of 
Robotic Mechanical 
Systems
Theory, Methods, and Algorithms

 Fourth Edition 
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À suivre
Solving systems

1 With initial point
Newton

2 Without initial point
Symbolic approaches
Numerical approaches
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Computational real algebraic geometry and applications
to robotics

JNCF lecture, part 2

Guillaume Moroz

Inria Nancy - Grand Est

March 4th, 2021
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Solving systems
1 With initial point

Newton
2 Without initial point

Symbolic approaches
Numerical approaches
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Newton

f pxq “ 0

x1 x0

x2

x0 “ initial point

xn`1 “ xn ´
f pxnq

f 1pxnq

Good for path tracking
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Newton

f pxq “ 0

x1 x0

x2

x0 “ initial point
xn`1 “ xn ´ Df pxnq´1f pxnq

Good for path tracking
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Reliable Newton with Kantorovich

K pf , x0q “ sup
x

}Df px0q´1D2f pxq}

βpf , x0q “ }Df px0q´1f px0q}

Theorem (Kantorovich)
If βpf , x0qK pf , x0q ď 1{2,

then f has a unique solution in Bpx0, 2βpf , x0qq.
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Reliable Newton with Smale

γpf , x0q “ sup
kě2

}Df px0q´1 Dk f px0q

k! }
1

k´1

βpf , x0q “ }Df px0q´1f px0q}

Theorem (Smale)
If βpf , x0qγpf , x0q ď 3 ´ 2

?
2,

then f has a unique solution in Bpx0, 1´
?

2{2
γpf ,x0q

q.
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Reliable interval Newton
B a box interval containing p

1 variable

Npxq “ p ´

´

f pxq´f ppq

x´p

¯´1
f ppq

NpBq Ă B ñ N has a fix point in B
ñ f has a solution in B

2 variables or more

NpBq “ p ´ lJpBq´1
ˆ

f ppq

gppq

˙

NpBq Ă B ñ f “ g “ 0 has a solution in B

Interval operations
ra, bs ‘ rc, ds “ ra ` c, b ` ds

ra, bs b rc, ds “ rminpac, ad , bc, bdq, maxpac, ad , bc, bdqs
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Further reading
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Further computing

Computer Algebra Systems
Maple
Mathematica
Mathemagix (mmx)
Matlab
SageMath
Xcas
. . .

Numerical Newton
Boost (C++)
MPSolve (C) [Bini, Fiorentino, Robol]
GNU Scientific Library (C)
Roots, Optim, NLsolve (Julia)
Scipy (Python)
. . .

Interval and ball arithmetic Libraries
Arb (C, Python) [Johansson]
GAOL (C++) [Goualard]
Intlab (Octave/Matlab) [Rump]
mpfi (C) [Revol]
numerix (mmx, C++) [van der Hoeven]
IntervalArithmetic (Julia)
[Benet,Sanders]
. . .
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Univariate Representation

Reduce problem to univariate polynomial

0

0 x

y

ppxq “ 0
y “ qpxq
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Resultant definition

Given two polynomials in Cry s :

P “ p0yd ` ¨ ¨ ¨ ` pd with roots σ1, . . . , σd

Q “ q0yd ` ¨ ¨ ¨ ` qd with roots τ1, . . . , τd

Definition: Resultant

RespP, Qq “ pd
0 qd

0
ś

i ,jpσi ´ τjq

“ pd
0 Q pσ1q ¨ ¨ ¨ Q pσdq

“ p´1qd2qd
0 P pτ1q ¨ ¨ ¨ P pτdq
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Resultant definition
Bezout

φ : Cry sd´1 ˆ Cry sd´1 Ñ Cry s2d´1
U , V ÞÑ UP ` VQ

φpU, V q “ 1 ô gcdpP, Qq “ 1
ô φ invertible

Resultant r is the determinant of the Sylvester Matrix
r P ⟨P, Q⟩ “ I

Definition: Sylvester matrix

¨

˚

˚

˚

˚

˚

˝

1 2 ¨ ¨ ¨ d ` 1 d ` 2 d ` 3 ¨ ¨ ¨

p0 q0
p1 p0 q1 q0
p2 p1 p0 q2 q1 q0
p3 p2 p1 p0 q3 q2 q1 q0
...

...
...

... . . . ...
...

...
... . . .

˛

‹

‹

‹

‹

‹

‚
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Bivariate case

Given two polynomials in Crx , y s of degree d in x and y :

P “ p0pxqyd ` ¨ ¨ ¨ ` pdpxq

Q “ q0pxqyd ` ¨ ¨ ¨ ` qdpxq

RespP, Qq is a polynomial in x
Opn3´1{ω`ε

q arithmetic operations
[Villard 2018]

Opn2`ε
q randomized in a finite field

[van der Hoeven, Lecerf 2019]

0

0 x

y

Resdp Ppx , yq , Qpx , yq qpαq “ Resdp Ppα, yq , Qpα, yq q
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First subresultant definition
Given two polynomials in Cry s :

P “ p0yd ` ¨ ¨ ¨ ` pd with roots σ1, . . . , σd

Q “ q0yd ` ¨ ¨ ¨ ` qd with roots τ1, . . . , τd

Properties
Sres1 “ s1y ` s0 has degree at most 1
Sres1 P

〈
P , Q

〉
“ I

Definition: first subresultant

Sres1pP, Qq “ pd´1
0

˜

py ´ σ1q
ś

j‰1
Q pσj q

σj ´σ1

` ¨ ¨ ¨ `

py ´ σdq
ś

j‰d
Q pσj q

σj ´σd

¸
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First subresultant definition

φ : Cry sd´2 ˆ Cry sd´2 Ñ Cry s2d´2
U , V ÞÑ UP ` VQ

The s0 and s1 are the determinants of minors of the Sylvester Matrix

Sylvester matrix

¨

˚

˚

˚

˚

˚

˝

1 2 ¨ ¨ ¨ d ` 1 d ` 2 d ` 3 ¨ ¨ ¨

p0 q0
p1 p0 q1 q0
p2 p1 p0 q2 q1 q0
p3 p2 p1 p0 q3 q2 q1 q0
...

...
...

... . . . ...
...

...
... . . .

˛

‹

‹

‹

‹

‹

‚
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Parametrization of y

0

0 x

y

s1pxqy ` s0pxq “ 0
rpxq “ 0
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Three variables and more

f1px1, ¨ ¨ ¨ , xnq “ ¨ ¨ ¨ “ fnpx1, ¨ ¨ ¨ , xnq “ 0

Problem
Find ppx1q “ q1f1 ` ¨ ¨ ¨ ` qnfn

Matrix of 1, x1, . . . , xD
1 modulo ⟨f1, . . . , fn⟩

M “

1 ¨ ¨ ¨ xD
1

m1
...

mk

¨

˚

˚

˝

˛

‹

‹

‚

ñ v P KerpMq iff v0 ` ¨ ¨ ¨ ` vDxD P ⟨f1, . . . , fn⟩
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Three variables and more

f1px1, ¨ ¨ ¨ , xnq “ ¨ ¨ ¨ “ fnpx1, ¨ ¨ ¨ , xnq “ 0

Problem
Find ppx1q “ q1f1 ` ¨ ¨ ¨ ` qnfn

Matrix of multiplication by x1 modulo ⟨f1, . . . , fn⟩

M “

x1m1 ¨ ¨ ¨ x1mk
m1
...

mk

¨

˚

˚

˝

˛

‹

‹

‚

ñ χMpx1q P ⟨f1, . . . , fn⟩
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Three variables and more

f1px1, ¨ ¨ ¨ , xnq “ ¨ ¨ ¨ “ fnpx1, ¨ ¨ ¨ , xnq “ 0

Problem
Find ppx1q “ q1f1 ` ¨ ¨ ¨ ` qnfn

Matrix of multiplication by x1 modulo f1px1q

M “

¨

˚

˚

˚

˚

˚

˝

0 0 . . . 0 ´c0
1 0 . . . 0 ´c1
0 1 . . . 0 ´c2
...

... . . . ...
...

0 0 . . . 1 ´cd´1

˛

‹

‹

‹

‹

‹

‚

ñ χMpx1q “ f1px1q P ⟨f1⟩
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Normal form and univariate representation
Normal form

x1mi mod ⟨f1, . . . , fn⟩

Euclidean division by Gröbner basis

Groebner Bases computation

n ą 2 in rOppndqpω`1qnq operations [Bardet, Faugère, Salvy 2015]

n “ 2 in rOpd2q with terse representation [van der Hoeven, Larrieu 2018]

Univariate Representation

Multivariate subresultant
Rational Univariate Representation [Kronecker 1882, Rouillier 1999]

u-resultant and its derivatives at point pt, a1, . . . , anq

u-resultant “ C
ź

ζ|Fpζq“0
pu0 ` u1ζn ` ¨ ¨ ¨ ` unζnq

Lexicographical Gröbner bases
Polynomial parametrization generically, bigger size [Dahan, Schost 2004]
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Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f px , yq “ 0

Theorem (Hensel lifting)
$

&

%

y0 “ root of f p0, yq “ 0
yn`1pxq “ ynpxq ´

f px ,ynpxqq
Bf
By px ,ynpxqq

mod x2n`1

Then ynpxq is a root of f px , yq “ 0 mod x2n .

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 21 / 52



Univariate Representation with Geometric Resolution

f1px1, x2, x3q “ ¨ ¨ ¨ “ f3px1, x2, x3q “ 0

RUR of f1px1, x2, 0q and f2px1, x2, 0q

p1px1q “ 0 x2 “ q12px1q

Lift x3 in f1px1, x2, x3q “ f2px1, x2, x3q “ 0

rp1px1, x3q “ 0 x2 “ rq12px1, x3q

RUR of rp11px1, x3q and
f3px1, rq12px1, x3q, x3q

p2px1q “ 0 x2 “ q22px1q x3 “ q23px1q

x1

x2

x3

rOpd3nq operations [Giusti, Lecerf, Salvy 2001]
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Further reading

Undergraduate Texts in Mathematics

David A. Cox
John Little
Donal O'Shea

Ideals, 
Varieties, and 
Algorithms
An Introduction to Computational 
Algebraic Geometry and Commutative 
Algebra

 Fourth Edition 

∂x

∂y

∂z

Algorithmes Efficaces
en Calcul Formel

Alin Bostan
Frédéric Chyzak

Marc Giusti
Romain Lebreton

Grégoire Lecerf
Bruno Salvy
Éric Schost

(Édition web 1.1, décembre 2018)
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Further computing

Computer Algebra systems
Giac/xcas
Maple
Magma
Mathemagix
Mathematica
Mcaulay2
MuPAD
SageMath
Singular
. . .

Special purpose libraries/software
FGb (C) [Faugère]
Flint (C) [Hart]
msolve [Berthomieux, Eder, Safey El Din]
RS/RS3 (C) [Rouillier]
borderbasix (mmx, C++) [Trebuchet, Mourrain]
algebramix (mmx, C++) [van der Hoeven, Lecerf]
geomsolvex (mmx, C++) [Lecerf]
larrix (mmx, C++) [Larrieu]
. . .
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Path continuation

Is it possible to arrange 7 infinite cylinders of unit radius such that they are
mutually touching?

Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 25 / 52



Path continuation

f pxq “ 0
deg d

We know the solutions of xd ´ 1 “ 0

p1 ´ tqpxd ´ 1q ` tf pxq “ 0

Multivariate case: compute the mixed volume first

Find 1 solution by following only one path
Polynomial time in

`n`d
d

˘

average [Beltran, Pardo 2009], [Lairez 2017]

Roots distribution of random polynomials [Edelman, Kostlan 1995]
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Path continuation

2 arrangements of 7 cylinders mutually touching [Bozóki et al. 2015]

Modeled with 20 equations in 20 variables
Mixed volume 121 098 993 664
First real solution after 80 000 000 paths
Solution certified with Smale theorem
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Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Subdivision

Test each cell

‚ 1 solution, guaranteed ñ keep
‚ 0 solution, guaranteed ñ remove
‚ don’t know ñ subdivide

Complexity analysis: continuous amortization [Burr, Krahmer, Yap, 2009]
Guillaume Moroz (Inria Nancy - Grand Est) Real Algebraic Geometry and Robotics March 4th, 2021 29 / 52



Further reading
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Further computing

Path continuation

Bertini (C++, Python) [Bates, Amethyst, Hauenstein, Sommese, Wampler]
Hom4PS (C++) [Tien-Yien Li, Tianran Chen, Tsung-Lin Lee]
PHCpack (Ada) [Verschelde]
analyziz (mmx, C++) [van der Hoeven]
. . .

Subdivision multivariate
ibex (C++) [Chabert]
Realpaver (C) [Granvilliers]
realroot (mmx, C++) [Mourrain]
subdivision_solver (C++,Python)

[Imbach]
voxelize (C++) [M.]
. . .

Subdivision univariate
ANewDsc (C) [Kobel,Rouillier,Sagraloff]
Clenshaw (C, Python) [M.]
Ccluster (C, Julia) [Imbach,Pan,Yap]
real_roots (sage) [Witty]
RS (C) [Rouillier]
SLV (C) [Tsigaridas]
. . .
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Drawing reliably the projection of the solution
1 Isotopy
2 Projection
3 Drawing reliably
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Drawing hypersurfaces

Definition (isotopy)
A triangulation T is isotope to V Ă Rn if there exists φ : r0, 1s ˆ T Ñ Rn

such that:
φ is continuous
φp0, T q “ T and φp1, T q “ V
φt0 : T Ñ φpt0, T q is an homeomorphism
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Size of the triangulation [Kerber and Sagraloff 2011]

f px1, . . . , xnq of degree d
2 variables

Theorem
In the worst case Ωpd2q vertices and Opd2q segments

3 variables

Theorem
In the worst case Ωpd3q vertices and Opd5q triangles

n variables

Theorem
In the worst case Ωpdnq vertices and Opd3{4¨2n´1q simplices
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Size of the triangulation [Kerber and Sagraloff 2011]

f of degree d and vertices on the surface
2 variables

Theorem
In the worst case Ωpd�2 3q vertices and Opd�2 3q segments

3 variables

Theorem
In the worst case Ωpd�3 4q vertices and Opd�5 7q triangles

n variables

Theorem
In the worst case Ωpdn`1q vertices and Opd��3{4 2n´1q simplices
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In Robotic

Q

W

V solutions of f1 “ ¨ ¨ ¨ “ fk “ detp Bfi
Bxj

q “ 0 in Rn ˆ Rk

Goal: draw the projection of V in Q
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Projection

Definition (Semi-algebraic)
A semi-algebraic set is a set solution of a system of equalities and
inequalities.

Theorem (Tarski-Seidenberg)
The projection of a semi-algebraic set is semi-algebraic.
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Zariski closure

Definition (Zariski closure)
The Zariski closure of E is the minimal set E containing E that is solution
of a system of equalities.

Theorem (elimination)
V solution of p1pq, xq “ ¨ ¨ ¨ “ pk`1pq, xq “ 0
G Gröbner basis of F with respect to the lexdeg ordering with x ą q
Gq the polynomials in G X Qrqs

ñ πQpV q “ solutions of Gq
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Projective elimination

p1pq, xq “ ¨ ¨ ¨ “ pk`1pq, xq “ 0

Theorem
If Vp is the projective closure of V in Cn ˆ Pk , then

πQpV q “ πQpVpq
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Geometry of the elimination

x , y P R, z “ a ` ib P C

$

’

’

’

’

’

&

’

’

’

’

’

%

0 “ f1px , y , a ` ibq “ f1px , y , aq ´ b2

2 f 2
1 px , y , aq ` ¨ ¨ ¨

`ib
´

f 1
1px , y , aq ´ b2

6 f 3
1 px , y , aq ` ¨ ¨ ¨

¯

0 “ f2px , y , a ` ibq “ f2px , y , aq ´ b2

2 f 2
2 px , y , aq ` ¨ ¨ ¨

`ib
´

f 1
2px , y , aq ´ b2

6 f 3
2 px , y , aq ` ¨ ¨ ¨

¯

Case b “ 0: 2 equation in x , y , a
Case b ‰ 0: 4 equation in x , y , a, b

ñ possibly isolated points with x , y P R and z P CzR

In general: πQpV q can have stable real components of dim n ´ 2
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Geometry of the projection

[Guryonov 1997]

There exists a hypersurface ∆ Ă C8pM,R3q s.t. if f P C8pM,R3qz∆,
then the neighborhood of any point of f pMq is one of the 4 above.

Classification of generic singularities started with Whitney
Thom introduced the transversality theorem
Arnold and others provided numerous classifications
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Geometry of the projection

For the projection of critical points, we also have swallowtail singularities
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Further reading

Undergraduate Texts in Mathematics

David A. Cox
John Little
Donal O'Shea

Ideals, 
Varieties, and 
Algorithms
An Introduction to Computational 
Algebraic Geometry and Commutative 
Algebra

 Fourth Edition 
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Further computing

Quantifier elimination

Redlog (Reduce) [Dolzmann, Sturm]
RegularChains (Maple) [Moreno Maza et al]
Resolve (Mathematica) [Strzebonski]
QEPCAD (C) [Brown]
Tarski (C++) [Brown]
. . .

Satisfiability of formula

RAGLib (Maple) [Safey el Din]
RealCertify (Maple) [Magron, Safey el Din]
RSolver (OCaml) [Ratschan]
TSSOS (Julia) [Lassere, Magron, Wang]
. . .
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Drawing with symbolic approach

Topology of curves in rOpd6 ` τd5q operations
[Kobel, Sagraloff, 2015], [Niang Diatta, Diatta, Rouillier, Roy, Sagraloff, submitted 2018]

Topology of surfaces with Opd5q simplices
[Berberich, Kerber, Sagraloff 2009]
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Marching cubes [Lorensen and Cline 1987]

-

-

-

-

-

-

-

- - - - - - -

- - - - - - -

- - - - - - -

- - - - -

- - -

- + + - -

- - - - -

+ +

+

+

+ +

+

+

+ +

1 Evaluate f px , y , zq of deg d on a grid of size N “ n ˆ n ˆ n
2 For each cube, compute a triangle of the surface to plot

Complexity: Cost of evaluating f on 1 point with Hörner: Opd3q

Total naive: Opd3n3q

Reuse computation by coordinates: Opdn3q
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Subdivision pruning

Interval arithmetic to remove boxes [Snyder 1992, Plantinga-Vegter 2006]
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Jacobian

x

q

0 R l detpJx pBqq “ l det

¨

˝

Bfi
Bxj

pBq

˛

‚

ñ V is globally parametrized by q in B
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Surface tracking

Regular case

First marching segments [Dobkin et al. 1990]
First marching triangles [Hilton et al. 1996]
Recent result on marching simplices, topology guaranteed

[Boissonnat, Kachanovich, Wintraecken, 2020]

Singular surfaces

Use isosingular deflation near singularities
[Bates, Brake, Hauenstein, Sommese, Wampler, 2014]
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Further reading

Jean-Daniel Boissonnat 

Monique Teillaud  Editors
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Further computing

Drawing with symbolic approach

algcurve (Maple) [Deconink, Patterson, van Hoeij]
isotop (C, Maple) [Peñeranda, Pouget, Lazard, Rouillier]
EXACUS (C++) [Melhorn et al]
. . .

Drawing with subdivision

axl (C++, mmx) [Christoflorou, Mantzaflaris, Mourrain, Wintz]
ibex (C++) [Chabert]
Realpaver (C) [Granvilliers]
voxelize (C++) [M.]
. . .

Drawing with marching cube
JuliaGeometry (Julia) [Kelly]
scikit-image (C, python) [Lewiner]
MathMod (C++) [Taha]
. . .

Drawing with continuation
bertini_real [Brake et al]
CGAL (C++) [Rineau, Yvinec]
GUDHI (C++) [Kachanovich]
. . .
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Merci !
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Open problems

Complexity of gröbner bases in dimension 3 with terse representation?
What are the actual bounds on the number of simplices in drawings in
3D, in nD?
What if we use polynomial pieces of degree k instead of linear pieces?
Reliable drawing of singular surfaces with prescribed singularities?
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