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Computational real algebraic geometry and applications to robotics JNCF lecture, part 1

Keywords: α, B 1x, B 1y

Pose variables

x , y Passive variables

3 qr 1 `cospθ 1 q x " 1 `cosp π 3 qr 2 `cospθ 2 q y " sinp 2π 3 qr 1 `sinpθ 1 q y " 1 `sinp π 3 qr 2 `sinpθ 2 q

A 1 B 1 A 3 A 2 B 2 O x y z B 3 C 1 C 3 C 2  1x  1z  1y  2x  3x  2z  3z  2y  3y
Guillaume Moroz (Inria Nancy -Grand Est) Real Algebraic Geometry and Robotics March 1 st , 2021 2 / 46 Q: joint space W : workspace Total space: Q ˆW solutions of F: V pF q Ă W ˆQ Parallel RPR-R Canonical projections:

π W : V pF q Ñ W π Q : V pF q Ñ W
Serial robot 

Case of parallel robot

Hypothesis: V pF q smooth, bounded, equidimensional.

IK: always 1 solution ñ π W : V pF q Ñ W invertible FK: partition

Q in Q 0 , Q 1 , . . . , Q k s.t.: Q 0 are the critical values of π Q Q 1 , . . . , Q k are the connected components of QzQ 0 Critical points of π Q : parallel singularities Q W

Theorem (covering map and critical values)

For all 1 ď i ď k, the restriction of π Q to π ´1 Q pQ i q is a covering map above Q i .

Properties

Case of parallel robots FK: F q px q " 0, system parametrized by q For fixed q, finitely many solutions (0-dimensional) π Q is not a covering map near q ñ two sheets of solutions cross ñ F q px q " 0 has singular solutions Q W Remark: V pF q not bounded: take asymptotes into account not smooth: take singularities into account

BF Bq lo omo on A dq `BF Bx lo omo on B dx " 0 Serial singularities pS s q : F " 0, detpAq " 0 W 0 , critical values of π W : projection on x i of solutions of pS s q W 1 , . . . , W k , complement of critical values
Hypothesis: V pF q smooth, bounded, equidimensional. Design challenges

BF Bq lo omo on

A dq `BF Bx lo omo on B dx " 0 Parallel singularities pS p q : F " 0, detpBq " 0 Q 0 , critical values of π Q : projection on q i of solutions of pS p q Q 1 , . . . , Q k , complement
E Ă W given shape Design a parallel robot without singularities in E π W pcritical points of π Q q X E " H
Maximise the volume of E (lecture P. Lairez)

Ñ design variables Algebraic Modeling I c ij : 10 parameters x i , y i : 14 variables

Q W A 1 P B 1 C 1 A 3 B 3 C 3 A 2 B 2 C 2 r 1x r 1z r 1y r 2x r 3x r 2z r 3z
" x 1 " 0, y 1 " 0 x 2 " 1, y 2 " 0 1 2 3 6 4 7 $ ' ' ' ' & ' ' ' ' % x 3 2 `y3 2 " c 13 px 3 ´1q 2 `y3 2 " c 23 px 5 ´1q 2 `y5 2 " c 25 px 6 ´x3 q 2 `py 6 ´y3 q 2 " c 36 x 4 2 `y4 2 " c 14 $ ' ' ' ' & ' ' ' ' %
x 7 2 `y7 " c 17 px 6 ´x4 q 2 `py 6 ´y4 q " c 46 px 5 ´x6 q 2 `py 5 ´y6 q " c 56 px 7 ´x5 q 2 `py 7 ´y5 q " c 57 px 4 ´x7 q 2 `py 4 ´y7 q " c 47

Number of solutions

Mixed Volume: n!VolumepSupportq (same support)

1 variable 2 variables degree 0 1 2 3 4 5 6 7 X 0 1 2 3 4 5 Y 4 3 2 1 0 1´X `3X 2 ´X 3 `6X 4 ´5X 5 " 0 " 1 ´X 4 Y 2 `7X 4 Y 3 ´4X 3 Y 4 " 8 `6X 4 Y 2 ´5X 4 Y 3 ´X 3 Y 4 "
Cayley-Menger matrix or distance matrix 

v 1 v 2 v 3 v 4 v 5 v 6 v 7 v 1 v 2 v 3 v 4 v 5 v 6 v 7 » - - - - - - - - - - - 0 1 1 1 1 1 1 1 1 0 c 12 c

Theorem

The distance matrix has rank 4.

Corollary

All the 5x5 minors vanish. Dp0,4,5,6,7qpc 46 ,c 47 ,c 56 ,c 57 ,x 45 ,x 67 q " 0 Dp0,1,4,6,7qpc 14 ,c 17 ,c 46 ,c 47 ,x 16 ,x 67 q " 0 Dp0,1,4,5,7qpc 14 ,c 17 ,c 47 ,c 57 ,x 15 ,x 45 q " 0 Dp0,1,2,3,5qpc 12 ,c 13 ,c 25 ,c 23 ,x 15 ,x 35 q " 0 Dp0,1,3,5,6qpc 

$ ' ' ' ' & ' ' ' ' %

Rotations matrix in 3D

R "

¨x1 x 2 x 3 y 1 y 2 y 3 z 1 z 2 z 3 ' θ u R T R " I
Action of R is a rotation by θ around an axe u Set of rotation has dim 3

Euler matrix Quaternions matrix

R x pθq " ¨1 0 0 0 cospθq sinpθq 0 ´sinpθq cospθq ' R y pφq " ¨cospφq 0 sinpφq 0 1 0 ´sinpφq 0 cospφq ' R z pψq " ¨cospψq sinpψq 0 ´sinpψq cospψq 0 0 0 1 ' R " R z pψqR y pφqR x pθq or R " R z pψqR y pφqR z pθq
q 2 i `q2 j `q2 k `q2 r " 1 R " ¨1 ´2pq 2 j `q2
k q 2pq i q j ´qk q r q 2pq i q k `qj q r q 2pq i q j `qk q r q 1 ´2pq 2 i `q2 k q 2pq j q k ´qi q r q 2pq i q k ´qj q r q 2pq j q k `qi q r q 1 ´2pq 2 i `q2 j q ' Rotation of axe: pq i , q j , q k q angle: 2 arccospq r q Anti-symmetric matrix -Exponential map

In 2D θ ñ ˆcospθq ´sinpθq sinpθq cospθq İn 3D A " ¨0 z ´y ´z 0 x y ´x 0 ' R " e A

Rotation of axe:

px , y , zq angle: }px , y , zq} 2 Anti-symmetric matrix -Cayley transform

In 2D t " tan ˆθ 2 ˙ñ ˜1´t 2 1`t 2 ´2t 1`t 2 2t 1`t 2 1´t 2 1`t 2 In 3D A " ¨0 z ´y ´z 0 x y ´x 0 ' R " pI ´AqpI `Aq ´1 Rotation of axe: px , y , zq angle: 2 arctanp}px , y , zq} 2 q P 1 " ¨x1 y 1 z 1 ' P 2 " ¨x2 y 2 z 2 ' M " ¨x1 x 2 y 1 y 2 z 1 z 2 1 1 ‹ ‹ ' Definition
The Plücker coordinates of the line pP 1 P 2 q are the 6 minors of M pd x , d y , d z , m x , m y , m z q " pP 2 ´P1 , OP 1 ˆOP 2 q pd, mq P P 5 is on the Klein quadric

d ¨m " 0
Lines pd, mq and pd 1 , m 1 q intersect implies d ¨m1 `m ¨d1 " 0
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f 1 pq, x q, . . . , f m pq, x q B " B Bx 1 ¨¨¨B Bxm f 1 . . .
f px q " 0 x1 x0 x2 x 0 " initial point x n`1 " x n ´f px n q f 1 px n q
Good for path tracking Newton

f px q " 0 x1 x0 x2 x 0 " initial point x n`1 " x n ´Df px n q ´1f px n q
Good for path tracking Reliable Newton with Kantorovich K pf , x 0 q " sup x }Df px 0 q ´1D 2 f px q} βpf , x 0 q " }Df px 0 q ´1f px 0 q} Theorem (Kantorovich)

If βpf , x 0 qK pf , x 0 q ď 1{2, then f has a unique solution in Bpx 0 , 2βpf , x 0 qq.

Reliable Newton with Smale

γpf , x 0 q " sup kě2 }Df px 0 q ´1 D k f px 0 q k! } 1 k´1
βpf , x 0 q " }Df px 0 q ´1f px 0 q}

Theorem (Smale)

If βpf , x 0 qγpf , x 0 q ď 3 ´2? 2, then f has a unique solution in Bpx 0 , 1´?2{2 γpf ,x 0 q q. Given two polynomials in Cry s :

P " p 0 y d `¨¨¨`p d with roots σ 1 , . . . , σ d Q " q 0 y d `¨¨¨`q d with roots τ 1 , . . . , τ d

Definition: Resultant

RespP, Qq " 

p d 0 q d 0 ś i,j pσ i ´τj q " p d 0 Q pσ 1 q ¨¨¨Q pσ d q " p´1q d 2 q d 0 P pτ 1 q ¨¨¨P pτ d q Guillaume Moroz (
U , V Þ Ñ UP `VQ φpU, V q " 1 ô gcdpP, Qq " 1 ô φ invertible
Resultant r is the determinant of the Sylvester Matrix r P ⟨P, Q⟩ " I Definition: Sylvester matrix 

¨1 2 ¨¨¨d `1 d `2 d `3 ¨¨p 0 q 0 p 1 p 0 q 1 q 0 p 2 p 1 p 0 q 2 q 1 q 0 p 3 p 2 p 1 p 0 q 3 q 2 q 1 q 0 . . . .

Bivariate case

Given two polynomials in Crx , y s of degree d in x and y :

P " p 0 px qy d `¨¨¨`p d px q

Q " q 0 px qy d `¨¨¨`q d px q

RespP, Qq is a polynomial in x Opn 3´1{ω`ε q arithmetic operations [Villard 2018] Opn 2`ε q randomized in a finite field [van der Hoeven, Lecerf 2019] 0 0 x y Res d p Ppx , y q , Qpx , y q qpαq " Res d p Ppα, y q , Qpα, y q q
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Given two polynomials in Cry s :

P " p 0 y d `¨¨¨`p d with roots σ 1 , . . . , σ d Q " q 0 y d `¨¨¨`q d with roots τ 1 , . . . , τ d
Properties Sres 1 " s 1 y `s0 has degree at most 1

Sres 1 P P , Q " I Definition: first subresultant Sres 1 pP, Qq " p d´1 0 ˜py ´σ1 q ś j‰1 Q pσ j q σ j ´σ1 `¨¨¨p y ´σd q ś j‰d Q pσ j q σ j ´σd Ģuillaume Moroz (Inria Nancy -Grand Est)
Real Algebraic Geometry and Robotics March 4 th , 2021 14 / 52

φ : Cry s d´2 ˆCry s d´2 Ñ Cry s 2d´2 U , V Þ Ñ UP `VQ
The s 0 and s 1 are the determinants of minors of the Sylvester Matrix Sylvester matrix Three variables and more

¨1 2 ¨¨¨d `1 d `2 d `3 ¨¨p 0 q 0 p 1 p 0 q 1 q 0 p 2 p 1 p 0 q 2 q 1 q 0 p 3 p 2 p 1 p 0 q 3 q 2 q 1 q 0 . . . . .
f 1 px 1 , ¨¨¨, x n q " ¨¨¨" f n px 1 , ¨¨¨, x n q " 0 Problem Find ppx 1 q " q 1 f 1 `¨¨¨`q n f n Matrix of 1, x 1 , . . . , x D 1 modulo ⟨f 1 , . . . , f n ⟩ M " 1 ¨¨¨x D 1 m 1 . . . m k ¨‹ ‹ ' ñ v P Ker pMq iff v 0 `¨¨¨`v D x D P ⟨f 1 , . . . , f n ⟩ Guillaume Moroz (Inria Nancy -Grand Est)
Real Algebraic Geometry and Robotics March 4 th , 2021

f 1 px 1 , ¨¨¨, x n q " ¨¨¨" f n px 1 , ¨¨¨, x n q " 0 Problem Find ppx 1 q " q 1 f 1 `¨¨¨`q n f n Matrix of multiplication by x 1 modulo ⟨f 1 , . . . , f n ⟩ M " x 1 m 1 ¨¨¨x 1 m k m 1 . . . m k ¨‹ ‹ ' ñ χ M px 1 q P ⟨f 1 , . . . , f n ⟩ Guillaume Moroz (Inria Nancy -Grand Est)
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Three variables and more f 1 px 1 , x 2 , x 3 q " ¨¨¨" f 3 px 1 , x 2 , x 3 q " 0 RUR of f 1 px 1 , x 2 , 0q and f 2 px 1 , x 2 , 0q p 1 px 1 q " 0 x 2 " q 12 px 1 q Lift x 3 in f 1 px 1 , x 2 , x 3 q " f 2 px 1 , x 2 , x 3 q " 0 r p 1 px 1 , x 3 q " 0 x 2 " r q 12 px 1 , x 3 q RUR of r p 11 px 1 , x 3 q and f 3 px 1 , r q 12 px 1 , x 3 q, x 3 q p 2 px 1 q " 0 x 2 " q 22 px 1 q x 3 " q 23 px 1 q

f 1 px 1 , ¨¨¨, x n q " ¨¨¨" f n px 1 , ¨¨¨, x n q " 0 Problem Find ppx 1 q " q 1 f 1 `¨¨¨`q n f n Matrix of multiplication by x 1 modulo f 1 px 1 q M " ¨0 0 . . . 0 ´c0 1 0 . . . 0 ´c1 0 1 . . . 0 ´c2 . . . . . . . . . . . . . . . 0 0 . . . 1 ´cd´1 ‹ ‹ ‹ ‹ ‹ ' ñ χ M px 1 q " f 1 px 1 q P ⟨f 1 ⟩
x 1

x 2

x 3 r Opd 3n q operations [Giusti, Lecerf, Salvy 2001] There exists a hypersurface ∆ Ă C 8 pM, R 3 q s.t. if f P C 8 pM, R 3 qz∆, then the neighborhood of any point of f pMq is one of the 4 above.

Classification of generic singularities started with Whitney Thom introduced the transversality theorem Arnold and others provided numerous classifications

  x 1 , y 1 , y 2 , z 2 , x 3 , z 3 Pose variables: p x , p y , p z , φ, θ, σ

  13 c 14 x 15 x 16 c 17 1 c 12 0 c 23 x 24 c 25 x 26 x 27 1 c 13 c 23 0 x 34 x 35 c 36 x 37 1 c 14 x 24 x 34 0 x 45 c 46 c 47 1 x 15 c 25 x 35 x 45 0 c 56 c 57 1 x 16 x 26 c 36 c 46 c 56 0 x 67 1 c 17 x 27 x 37 c 47 c 57 x 67 0

  linear in its columns/rows detpBq of deg 1 in x j leads to a parametrization of the singularities Simplifies the analysis of the singularities, as in the 3-RPR[Coste 2012] 

  

  13 , c 36 , c 56 , x 15 , x 16 , x 35 q " 0

			Maximal number of assembly modes		
	bars	3	5		7	9	11	13	15	17
	upper 2	4		8	24	56	136	344	880
	lower	2	4	5	8	24	56	136	344	860
							Upper bound		
	7							Mixed volume: 56	
		4	6				Lower Bound?		
			3							
		1			2					

Guillaume Moroz (Inria Nancy -Grand Est) Real Algebraic Geometry and Robotics March 1 st , 2021 28 / 46 Number of assembly modes [Bartzosa, Emiris, Legerský, Tsigaridas 2021] Started in 2002 with Borcea Bartzosa, Borcea, Emiris, Legerský, M., Streinu, Capco, Gallet, Grasegger, Koutschan, Lubbes, Schicho, Tsigaridas, . . .
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2 arrangements of 7 cylinders mutually touching [Bozóki et al. 2015] Modeled with 20 equations in 20 variables Mixed volume 121 098 993 664 First real solution after 80 000 000 paths Solution certified with Smale theorem

À suivre

Solving systems

1 With initial point 

Univariate Representation

Reduce problem to univariate polynomial 0 0 x y ppx q " 0 y " qpx q f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n . f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n . f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n . f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n .

Guillaume Moroz (Inria Nancy -Grand Est)

Real Algebraic Geometry and Robotics March 4 th , 2021 21 / 52 f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n .
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Real Algebraic Geometry and Robotics March 4 th , 2021 21 / 52 f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n .
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Real Algebraic Geometry and Robotics March 4 th , 2021 21 / 52 f px , y q " 0 Theorem (Hensel lifting)

$ & % y 0 " root of f p0, y q " 0 y n`1 px q " y n px q ´f px ,ynpx qq Bf By px ,ynpx qq mod x 2 n`1 Then y n px q is a root of f px , y q " 0 mod x 2 n .
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Then y n px q is a root of f px , y q " 0 mod x 2 n .
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Then y n px q is a root of f px , y q " 0 mod x 2 n . Drawing hypersurfaces

Definition (isotopy)

A triangulation T is isotope to V Ă R n if there exists φ : r0, 1s ˆT Ñ R n such that: φ is continuous φp0, T q " T and φp1, T q " V φ t 0 : T Ñ φpt 0 , T q is an homeomorphism f px 1 , . . . , x n q of degree d 2 variables

Theorem

In the worst case Ωpd 2 q vertices and Opd 2 q segments 3 variables

Theorem

In the worst case Ωpd 3 q vertices and Opd 5 q triangles n variables

Theorem

In the worst case Ωpd n q vertices and Opd 3{4¨2 n ´1q simplices 

Theorem

In the worst case Ωpd ¡ 2 3 q vertices and Opd ¡ 2 3 q segments 3 variables

Theorem

In the worst case Ωpd ¡ 3 4 q vertices and Opd ¡ 5 7 q triangles n variables

Theorem

In the worst case Ωpd n`1 q vertices and Opd& & 3{4 2 n ´1q simplices In Robotic

Goal: draw the projection of V in Q Projection Definition (Semi-algebraic)

A semi-algebraic set is a set solution of a system of equalities and inequalities.

Theorem (Tarski-Seidenberg)

The projection of a semi-algebraic set is semi-algebraic. The Zariski closure of E is the minimal set E containing E that is solution of a system of equalities.

Theorem (elimination)

V solution of p 1 pq, x q " ¨¨¨" p k`1 pq, x q " 0 G Gröbner basis of F with respect to the lexdeg ordering with x ą q G q the polynomials in G X Qrqs ñ π Q pV q " solutions of G q Guillaume Moroz (Inria Nancy -Grand Est) Real Algebraic Geometry and Robotics March 4 th , 2021 38 / 52

Projective elimination p 1 pq, x q " ¨¨¨" p k`1 pq, x q " 0 Theorem
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Geometry of the elimination

ñ possibly isolated points with x , y P R and z P CzR

In general: π Q pV q can have stable real components of dim n ´2 Total naive: Opd 3 n 3 q Reuse computation by coordinates: Opdn 3 q 

Open problems

Complexity of gröbner bases in dimension 3 with terse representation? What are the actual bounds on the number of simplices in drawings in 3D, in nD? What if we use polynomial pieces of degree k instead of linear pieces? Reliable drawing of singular surfaces with prescribed singularities?