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Abstract

With this work, we aim at establishing some of the prerequisites for the existence and uniqueness
solution of nonlinear fractal-fractional differential equation. The cases of exponential decay, power law,
generalized Mittag-Leffler kernels, and the Delta-Dirac case were among the four that were taken into
consideration. In order to accomplish this, we first established a number of significant inequalities
connected to the well-known Gronwall inequality. We explained in great detail how the maximal and
minimal solutions for each scenario were derived. Finally, we reported the convergence of the four
successive approximation scenarios for each instance.

Keywords: fractal-fractional differentiation and integration, maximal and minimal solutions, succes-
sive approximation, inequalities.

1 Introduction

From fractal derivative[l] and various fractional differential operators, fractal-fractional differential and inte-
gral operators were created[2]. Numerous theoretical investigations, such as inequality, functional analysis,
and others, have been conducted using these operators[[3]-[5]]. New classes of ordinary and partial differential
equations have resulted from them. For instance, the class of fractal differential equations with the Delta-
Dirac kernel lacks fractional characteristics. This class, which combines fractal derivative and fractional
derivative with an exponential decay kernel[6], should be used for systems with fading memory. Fractal-
fractional differential and integral equations with power-law kernel is a combination of fractal derivative
and fractional derivative with power-law kernel[7]. We can thus predict that this class might be employed



for processes with power law behavior since fractal-fractional with the power law kernel is a mix of fractal
derivative[l] and fractional derivative with the power law kernel[7]. differential equations that combine fractal
and fractional derivatives with the extended Mittag-Leffler kernel[8] are known as fractal-fractional differen-
tial equations with the kernel[9]. For processes that display characteristics of the generalized Mittag-Leffler
function, such as the crossover from stretched exponential to power law, this class can be used. They are
specifically used to model processes in accordance with the properties connected to the kernel for application
reasons. However, unless their answers can be found, they cannot be applied. which, given the complexity
of these operators, is not always the case. To at least achieve numerical solutions, a few restricted numerical
approaches are offered. However, the validity of these numerical approaches’ accuracy depends on the assur-
ance of precise and distinctive solutions. Mathematicians have developed several methodologies during the
past ten years to ensure that a particular differential equation admits a singular solution. This has attracted
numerous academics over the past few decades and set up a new branch of pure mathematics. The lack of a
generic formula for solving nonlinear ordinary differential equations (ODEs) made the study of existence and
uniqueness of solutions crucial. Nearly 200 years after the theory of differential equations was developed, the
compact form of existence and uniqueness theory emerged. However, since the notion is still relatively new
and will require more consideration for theoretical, methodological, and practical frameworks, less results
have been obtained in the case of fractal-fractional differential and integral equations. The goal of this
study is to extend current existence and uniqueness conclusions discovered for classical ordinary differen-
tial equations[[10]-[14]] to the situation of fractal-fractional nonlinear differential equations. Existence and
uniqueness of maximal and minimal solutions, existence, uniqueness, and convergence of successive approx-
imation for four separate scenarios will be addressed|[[15],[16],[17]]. However, the process will begin with the
identification of certain significant inequalities, like the Gronwall[[18],[19]].

2 Some inequalities associated to nonlinear fractal-fractional dif-
ferential equations

We shall present here some inequalities associated to these differential equations accordingly to the properties
of the function f (¢,y (t)). We assume that (¢,y (t)) € Ry where

RO:{(tay)‘tOStSt0+a7|y_y0|<b} (1)
Je > 0 such that
[f &y @) <el+]yl). (2)
Then, in the case of fractal derivative[l], we shall have
{ EDMy () = f(ty(®) if t>ty 3
y(to) =yo if t=1o

Then, the above equation is converted to

y () =yo + 5 / 1 f (r,y (7)) dr (4)



We apply the norm on both side to obtain

ly ()] < lyol +,8/Tﬁ*1 f (ry (7)) dr.

Using the hypothesis leads to the following inequality

t
Wl < \yo|+ﬂ/75’16(1+|y(7)l)d7
to
t t
< lyol + Be / P ldr 4 Be / 1y (7)) dr
to to
t
< \yo|+c<t—to>"+ﬂc/#*1|y<¢>|d7.

to

We let m (t) = |y (¢)| then, we assume that the function m (¢) satisfies the conditions under derivation of the

Gronwall inequality, then, we have

t

m (t) <wv(t) +Bc/7ﬁ71m (r)dr.

to

Therefore, by the Gronwall inequality, we get
m(t) < v(t)exp(c(tftg)ﬁ>

{|yo| +c(t— to)ﬂ} exp (c (t — to)ﬁ) .

IN

In the case of exponential decay, we have

{ FFEDRPy () = £ (ty (1) i £ >t
y(to) = %Yo if t:to

Applying the fractal-fractional integral[2] on both sides, we get

y () = (1— ) B F b,y () + af / 1 f (ry (7)) dr

From the above, we have

ly (0] < (1— ) 857 |£ (£, ()] + 0 / P f (7 (7)) dr

(7)

(10)



By the hypothesis, we have the following

(1-a)Ba®Le(1+ |y @)]) + aB / 9 1e (1 + [y (7)) dr

ly@)| <
< (1-a)Ba® e+ (1-a)Ba’Lelyl
t t
—|—ozﬂc/7'671d7 + aﬂc/Tﬁfl ly (7)| dr.
to to
We assume that
14+ (a—1)Ba’te>0
such that
(1-a)Ba’ e ac(t —to)?
ly()] < ‘

t
g _
+1+(a—a1)cﬂa671c/7ﬂ Hy(ldr

to

IA

v (t) + /Q (1) ly ()] dr.

By the Gronwall inequality, we obtain

t

W® < v(t)exp / Q(r) dr

to

1+ (a—1)BaP~lc 1+ (a—1)BaP"1c

(12)

(15)

(1—a)Ba’ e
< 1+(a—1)BaP~1c e O[ﬂC (t — to)ﬁ
= ac(t—to)” PATH (@ -1)paP ¢
+1+(a—1),8a3*10

In the case of power-law kernel, we have
{ FEPDyPy (6) = f(Ly () if t> 1
y(to) =vo if t=t1o
Applying the fractal-fractional integral[2] on both sides, we get

t

y(t)= -2 [7 - ) an

to



Then, we have

p)l < F(Q)/T“(t—ﬂa IS (ry ()] dr
< F(a)/Tﬁl(t eIy () dr
Be | et gy B /
< r<a>/ =) T/
Be tTg
= T {/ / ]
0 0
i [P = T ol
Noting that
e (A Yar = t*t-1B (o, B)
0
Pt —n)*"rdr = t*tFIB ,o, B
/ (res).
Therefore, we have
P jat6-1Blag) - B[P o
Ol = e Bas) - 5 (D))
Be / 1 o
+r(a)t/7ﬁ (t—7)" |y ()| dr
< v+ (20l

t

to

(T)|dr

(18)

(19)



By the Gronwall inequality, we get

t

v (t) exp /Q (1) dr

to

v (t) exp (Fﬁ(z)taw_l [B (,8)— B (tf’a’ﬂﬂ)
Fﬁ(;)tawl [B (o, B) — B (t:,oz,ﬂﬂ

o (2 005 (500 - 5 (0,05)]).

Noting that B (z; «, 8) is the generalization of the in complete beta function defined by

IN

ly ()]

IN

IN

— (1-5)
B(z;a,8) = 2 ———n "
T;)n (a+n)

where (-),, is a Pochhammer symbol.
We shall consider now the case of the general Mittag-Leffler kernel

{ FEMDEy () = f (ty () if > to
y(t()) = %Yo if t:to
Applying the fractal-fractional integral[2] on both sides, we get

t

y (1) = (1—a) B2 (1,y (1) + ;}i) / PP (= 7)o f (ry (7)) dr
Therefore, we write
()] < (1—a) B71 | £ (ty (1) F“(i/ﬁ (b= 1) f (o (7)) dr

By the hypothesis, we have

ly()] < (1-a)fa’ et (1—a)fa’ tely(t)

OéﬁC / — a—1
*r(a)/TB Y=y ()l dr

to

Pt —7)* dr

(21)

(24)

(25)

(26)
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Under the condition that
1+ (a—1)Ba’ e >0, (27)
we shall have

(1 —a)Ba’ e act®™P=1 (B (o, ) — B (2, a, B)]

Ol < e g te T (@) (1 + (a— 1) BaP—1¢) (28)
Yo (Zﬂ_cl)ﬂaﬁ_lc)f/trﬁ‘l (t—7) "y (r)ldr
< v(t)+/t9(7)|y(7)|d7-
Then, '
ly@)] < v(t)eXp/tQ(T)dT (29)

to

ac

< w(t)exp (F(a) T 1)ﬂaﬂ71c)ta+5_l {B (,B) - B <tfaﬁ)]>

(1—a)a?~18¢
< ( tq+ﬂ£ﬂ£a)(l+(a_1)ﬁaﬁilc) t )
+F(a)(1(j-c(a—l),8aﬁ—10) [B(a.8) = B (., 5)]
acteth-1 to
B — B — .
<o (rarms e naeg [P -8 (Pes)])

3 Existence and uniqueness of the maximal and minimal solutions
for fractal-fractional differential equations

We present first the convergence of successive approximation[10] for the four equations.



Theorem. 1. Assume that the function H (¢,u) is continuous and positive Vit € [tg,to + a],0 < u < 2b

and Viq,tg < t1 < to + a,u (t) = 0 is the only differentiable function on ty <t < t; satisfying

{ PED{MPu(t) = H (tu(t))
y(to) =0

where {¥' D¢ is a fractal-fractional derivative[2].
For to <t <ty, f € C[Ry, R] where

Ro=A{(t,y) | to <t <to+a,ly—yo| <b}

and V (t,y), (t,7) € Ro
|fy) = fFEYI<H(Ely—7]).

Then, the fractal-fractional differential equation[2]

{ FEDSPy(6) = f(ty(t), it t>t
y(to) =yo, if t=tg

has at most one solution on tg <t < tg + a.
We shall present the proof for the four cases starting with the classical fractal case[1]

{ EDRy(t) = f(ty(t), if t>t
y (to) = vo, if t=+t

Applying the integral yields
t
v =ylto) + 8 [ f (ry ().
to

We now assume that the existence of two solutions y; and yo. We call their difference
A(t) =1y (t) = y2 ()], A(to) = 0.

Then, we write

t

&)~y ()] = B /rﬁfwfv,yl)—f(r,yz))dr

t
< 6/T‘3‘1|f(7,y1)—f(T,yz)ldT
<

8 / PUH (r, A (7)) dr

(30)

(34)

(35)



which obtain using the theorem hypothesis. We also have that A (t9) = 0. Let ¢; € (to,t0 + a), we shall have
that
Ay <r(t),to<t<t (38)

since maximal solution principle properties are verified here[[15],[16],[17]]. But the first hypothesis provides
that
A(t)zOont0§t<t1 (39)

which completes the proof.
We shall now consider the case with exponential decay

y(0) = (1= ) B9 1y () +a8 [ 777 (7o (7)) dr. (a0
We choose y; (t) and y2 ()
A) = |y (t) —y2 ()] (41)
< (L—=a) Bt f (tyr) — f (L ye)
+ad [+ f () = £ (row)l dr
< (L)t H (A1)

t
+aﬁ/rﬁ—1 H (7, A (7)) dr.
to

We have that A (t9) = 0. Let t1 € (to,to + a), we have
A <r(t),to<t<t (42)

and clearly then
A(t):OOHt0§t<t1 (43)

which completes the proof.
In the case of power-law, we have

{ FEPDRPy () = f(ty (1) it t>t0 (44)
y(to) = %Yo if t:to
Applying the fractal-fractional integral[2] on both sides, we obtain

t

y(t) = =2 / L)L f 1y (7)) dr. (45)

to



We consider y; (t) and ys (t) again, here we have

Alt) < Fé)r“%wwf*uvwo—fmmnm
L tTﬁ*l — et T T T
< [T e T A ) o

to

Then
A(t) <r(t),Vt € [to, 1)

where 7 (t) is the maximal solution of
6T D u () = H (tu (1)) -
Again with the assumption
At)=0onty<t<t

which also concludes the proof.
In the case of generalized Mittag-Leffler kernel, we shall have

{?memwzfmmm if t >t
y(to = %Yo if t:to

Applying the fractal-fractional integral[2] on both sides, we obtain

B t

y(t)=(1—a)BtP 1 f(ty () + ()

to

Considering y; (t) and yo (), we have

At) < (1fa)6ttB*1|f(t,y1)*f(tvyz)l
%/Tﬂl (=77 (royn) — f (7o) dr
< (1- a)tg’tﬁ‘l |H (t,A(2))]
+F0£)/tha—1 (t—7)"""H (r,A(7)] dr
< () ’

10

[rre= 0 )

(50)

(51)



where 7 (t) is the maximal solution of
6 MO u(t) = H (tu(t). (53)

In the above, we have used several times the maximal solution principle, in the next theorem, we shall present
a detailed proof of this[[15],[16],[17]].
Theorem 2. Let f € C'[Ro, R], Ry is defined as before, and

|f (&, y)| < My (54)
on Ry. Then, there exists a maximal solution and a minimal of
{f?lﬁﬁy@>:fxuyu», if ¢ >t (55)
y (to) = yo, if t=to

on [tg,tg + A] where A depends on the chosen fractal-fractional derivative[2].
Proof. Welet 0 < £ < g, we consider in the case of the classical version with initial condition

6Dy () = f(tLy () +& y(to) =yo +&. (56)

For simplicity, we let fe (¢,y(t)) to be f(¢,y(t)) + & We can now define

b
RS ={ () |t foto+al by~ n+ ] < 3 | (57)
Clearly, RS C Ry and
b
e (t.y)l <M+ 3 on B, (58)
We can conclude that
BD0y (1) = fe(ty (1) (59)
has a solution y (¢, £) on the interval [tg,to + A\] where A is obtained as follows:
b
A=y () =+l <3 (60)
then
/ b b b b
Z p—1 e e B _ 4B e
/<M+2>ﬁr dr < 2:»<M+2>(t t0><2 (61)
to

M +b)t° < b=>(2M+b)d® <b

b il
oS (2M+b>

11



=

where A = min {a, (ﬁ%) } . Therefore, for 0 < £, < &; <&, we have that

Yy (to,&2) < u(to,&y)- (62)
We then have that
EDJy (4,&) < f 6y (£,€)) + & (63)
Then
Y0E) < Yt +8 [T (&) + &) dr (64)
to )
< yltn&)+ & (- 8) 48 [P iy (r )
But also
E)ny (tvfl) > f (t’y (t>€2>) + 52’Vt € [t07t0 + )\] . (65)

This clearly leads us to
y(t,&2) <y (t,€), V€ [to,to + A]. (66)

Indeed, the family of functions is equicontinuous and uniformly bounded on [tg, tg + A], it therefore follows
that 3{&,,} which decreases such that &, — co,n — oo and that

z(t) = lim y(¢,&,) (67)

n—00

exists on [tg,to + A]. We have that z (t9) = yo. Having f uniformly continuous, then

lim £ (ty(L€)) = F (L (D). (68)
Therefore .
V6D =w0+ €+ 8 [ () dr (69)
and
t
Jim oy (t,¢,) =2 (t) =yo + 6/75‘1f (r,y (7)) dr (70)

which is the solution of our equation. We shall now show in addition that the obtained r (¢) is indeed the
maximal solution on [tg, o + A] satisfying all the requirements of the maximal solution[[15],[16],[17]]. To do
this, we assume z (t) to be another maximal solution existing on [tg, to + A]. Therefore

z(to) = 20 < 20 +& =y (to,§) - (71)

12



D)z (t) < H(t,2(t) +&. (72)

z(t) < z(to) +ﬂ/7’6_1 4+ H (1,2(7)))dr (73)

< 2t +¢ (tﬁ - tg) n ,B/TfHH (r,2 (7)) dr

to

< sl +e (¢ —1d) +8 [P H () ar

and then

WD/ (6.6) 2 H (Lu(t,€) +£ (74)
for t € [to,to + A] and £ < &, we have that

z(t) <u(t,§),Vt € [to,to + Al (75)

We have from the uniqueness of the maximal solution that z (¢, &) converges uniformly to r (¢) on [to, o + A]
as £ — 0 which completes the proof in the case of classical fractal derivative[l].
We now examine the case with the exponential decay kernel.

{ E)FED?ﬁy t)=fty@), if t>to (76)
y (to) = vo, if t=tg ’
In this case, we first want to find \.
t
¥ = (1= )67 (ty () + af [ f (ry () dr. ()
to

Applying absolute value on both sides to obtain
y()] < (=) Bt fe (ty (1)

—
~
0

N

t
taB / 7Y fe (r,y (7)) dr

IN

(1-a)pa (31, + 3)

t
+af (Mf + g) /Tﬁild’r

to

13



IN
_
|
L
=™
IS
=
=
N
=
+
S
N———

b
e B _ 4B
+a<Mf+2> (v -0)
b
< (1—a)ﬁa/3(Mf+2)+a<Mf+2>tﬁ
b b b
< (1-a)fBa (Mf+2)+a<Mf+2>aﬁ<2.
Then, we get
8 b
a

S My A {1-—a)Btal

Therefore, in this case

=
—

Amin{“’ <(2Mf+b){(?—a>5+a}>

Again for 0 < &, < & < ¢, we will have

y (to,&2) <y (to,&1)-

since
Yy (to,&1) = y (to) + & and y (to, ) = y (to) + &o-
Then

PEEDJy (t,65) < f(ty (1, €2)) + €3,V € [to, to + A].

This clearly leads us to

()] < (=) Bt (f 6y (8,€2)) + &)

ﬂw/ﬂqnﬂnua@»+@m7

IN

(1- a) BEPTUf (ty (8,65)) + (1 — a) BtP=1e,

—|—0¢B/ f(ry(r,8)) dT—FOz,B/ﬂlde

IN

(l—a)ﬁaﬁ ity &)+ (1—a)ﬂtﬁ ‘&

+ap (¢ = 4]) +ap [P (ry (r. &) dr
to

14



On the other hand, we have

WED]Y (1,60 < (6 (8,65)) + €9, € [to,t0 + N
This shows that
y(t,&) <y(t,€,),VE € [to, to + A
We go through the same routine to arrive

y (&) = yo+&,+(1—a)BtP f(ty(tE,)
+ap [T f (o (7,€,)) dr
/

and

lim Y (t>£n) = r (t) = Yo + (1 - 04) ﬂtﬁ_lf (t,?“ (t)>

¢
+af Tﬁflf (r,r (7)) dr.
/

The next can be concluded by the same way as before.
We now examine the case of power-law.

{ FEPDOBy (1) = f(ty (),  if t >t
y(to) =yo, if t=to

We first find A. ,

B — a—1
y(t) = [Tt =7 f(r,y (7)) dr.
F(a)to/
Applying absolute value on both sides to obtain
t
@) < Ffa)/ﬁ—l (t—7)* | fe (roy (1) dr
to
t
ﬂ < b) B—1 a—1
< | Mi+ = Pt —7)" dr
T («) 2 to/
B b\ ot to
< i (20 3) e (800 -5 (o)
< 5 @ (2My +b) a*TFP! (B (B,a) — B (ttoﬁa»
b
< 5.

15
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Then, we get

1
bl (o)
a< max

ath—1
te€[to,to+A] (6(2Mf+b) (B (8, ) —B(ttO,ﬁ’a))) .

Therefore, in this case

A=min<{ ¢, max LaC) o :
"tefto,to+A] \ B (2M + b) (B (B,a) — B (tTOa aa))

We follow the same routine and reach

t

y(t,§&,) = F(Ba)/Tﬁlf (r,y(7,&,)) (t— 7)0‘_1 dr
and t
Ay (8,6,) =7 (8) = F(ﬂa)/#—lf (r,r (7)) (t — 1) Ldr.

to

We consider now the case with the generalized Mittag-Leffler kernel
{ PEMDESy () = [ (ty (1), if t>1t
y(to) = Yo, if t:to
We shall find A in this case.

y(t)=(1—a)st°f (t,y (1) + Fa(i)/TB_l (t=7)""" f (7, (7)) dr.
Then, we get
ly(®) < (1 —a)pt?|fe by ()] + FO@)/TBl (t =) | fe (.y (7)) dr
< (1—a)pth (Mf + g) + Fog)/Tﬂ_l (t—7)*" (Mf + g) dr

0

< (1 a)paf <2Mg+ b) . Fozi) (2Mg+b) jatB-1 ( é?((t?:g’)a) )

o0
5"

16
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We let
a” = max (aﬁ,aaﬂa_l) .

Then, we have

ly(@)] < (1—a)pfa” (2My +b) + ( ) (2Mj +b)a”

X max
te [to ,to-‘r/\]

< b
. bl (o) g
)\:mln{a, (W) }
B(B,a)

Y= {F(a) (1 *a)ﬂ+aﬂte[$%§(+x\] < ~B(%7.8,a) >}

Following the same routine, we arrive at

Therefore here

where

t

y(tvgn) = (]' - a) Btﬂ_lf(tvy (ta gn)) + %/Tﬁ_lf (Tvy(,ragn)) (t - ,7_)04*1 dr

to

and
¢

of

lim y(t,€,) =7 (t) = (1— ) B7f (t,r (1) + i/Tﬁflf (r,7 (7)) (¢ — )" dr.

w5 ¥ e I'(a)

to
The rest can be deduced as before. Note that for the minimal solution, we have to set

{ L Dfu(t) = f(tu) =&,
u(to) = up — &

For simplicity, we put
fe(tu) = f (tu) +¢€

We shall now the convergence of the successive approximations for the four cases.

(101)

(102)

(103)

(104)

(105)

(106)

4 Convergence of successive approximation for fractal-fractional

ordinary differential equations

We will discuss the convergence of consecutive approximation solutions for nonlinear differential equations

with fractal-fractional derivatives[2] in this section. Four unique cases will be presented.
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4.1 Convergence of successive approximation for fractal derivative

Theorem 3. We shall now assume that the conditions of theorem hold. We assume in addition that,
H (t,u) is nondecreasing in a V¢ € [t, to + a] that |H (¢,y)| < My on Ry and A = min{a,~y} where v will be
obtained with respect to the chosen fractal-fractional differential operator[2]. Then in the case of classical
fractal derivative, the successive approximation defined by

t
i (0 =y (t0) + 8 [ 771F (7. (1) (107)
to
In the case of exponential kernel, we write
t
ot () = (1= ) B f 6,5 (1)) + a8 [ 777 (7, (7)) d. (108)
to

In the case of power-law, we write

t

Yoir (1) = I‘?a) / B (g (7)) (= 7)° L dr. (109)

to
In the case of generalized Mittag-Leffler kernel, we have

t

/Tﬁilf(T,yn (T))(t—T)a_ldT. (110)

to

b

Yn+1 (t) = (1 - O‘) ﬁtﬁilf (t’ Yn (t)) + T (a)

In all cases, y,+1 (t) exists on it respective interval to < ¢t < tgp + A as a continuous function and converges
uniformly on this interval to the exact solution y ().
Proof. In the case of classical, we suppose that y; (¢) is defined and continuous on tg <t < tg+ A\, A =

} and satisfied |y (t) — yo| < b,VE=0,1,2,..,n

min {a, <Mif) 7
Yoss () = yo + B / L (g (7)) d (111)
to

The continuity of y,+1 (¢) follows since f (¢, y, (t)) is defined and continuous on ¢ty < ¢t < to + A. Also, we
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have that

IN

t
s () — 90| < 8 / B (v g (7)) dr (112)
to

IN

ﬂMf/Tﬁ_ldT

to

M (tﬂ _tg)

< d’My < MpX<b.

IA

Indeed, using the successive approximation, we have that y,11 (¢) are defined and continuous on tg < t <
to + A with
|yn+1 (t) _yol < b7vn:071727"' (113)

For the function w (t), we define approximations recursively

uo (£) = My (¢~ 15) (114)
and ,
Uni1 (t) = ,B/TB_lH (Tyup (7)) dr,tg <t <to+ A (115)
to
Then,
t
@ —wl < B / PP f (g0 (7)) dr (116)
to
< M (¢ -1])
= U (t) .

We shall now assume that for any fixed k, we have that
vk (8) = yr—1 ()] < up—1 (t) . (117)

But

k1 (8) — i ()] < 5/7371 1f (Touk (7)) = f (7,961 (7)) dT. (118)

19



The theorem hypothesis together with the monotonic property of H in u provide us with

We then shown by induction

Then,

[Yn+1 () = yn (1)]

s ()~ (0] < B / U (o (7)) = £ (7 g (7)) d (119)
< [ () - ()
< B / U H (7 gy ()| dr
= Uk (t) .
\yn+1 (t) —Yn (t)| < Up (t) . (120)
< B / P F (g (7)) — £ (7 Y (7)) (121)
< B / PP H (7, o (7) = g1 (7)) d
<

t
B[ 77 H (ryup—1 (7)) dr
/

= u, ().

We consider n < k < m. We use the above inequality and the relation between H and f to have

[Yn (8) = ym (1)]

<

<

[Yn (t) = Ynt1 (O] + [Ymr1 () = Ym O] + [Yns1 (1) = Yms1 (8)] (122)

8 / P (7 g (7)) = (7o (7)) d
8 / P (7Y (7)) — £ (o g (7)) T
8 / U f (7,90 (7)) = £ (7 (7)) d
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< B B-1 |H (T,tp—1 (7)) dr + B-1 |H (T, Upm—1 (7))| dT
/ /

¢
48 [T H (7, = )
to
Our next issue is to evaluate |y, (t) — ym (t)| . We know that u,y1 () < uyp (¢),Vn thus
¢ t
o (8) = 0] < 28 [ 7271 | (roms (2] dr 48 [ 7271 (7, o = o . (123)
to to

Nevertheless, due to monotonicity of H (¢,u) with respect to u. We have that
[Yn (8) = ym (O] S 70 (1) 80 <t <o+ A (124)

where indeed 7, (t) is the maximal solution of

(1) < zﬁ/Tﬁfl H (7,11 (7))] dr + B/T'B*lH (72 (7)) d7 (125)

to to

for each m. We have shown however that 7, ({) — 0 on to < t < to + A, yn, (t) converges uniformly on
to <t <tyg+ A asn — oco. Noting that the solution is unique. On the other hand, however, the defined
sequence is bounded and equicontinuous. We shall show the proof. If we assume that

lim |y, (£) — yn—1 (t)] — 0. (126)

n—oo

Then, (yn, (t)) converges toward y (¢) which is the unique solution. We now let

A(t) = lim sup |yn (¢) = yn-1 (t)]. (127)

n—oo

We aim to show that A (t) is continuous Vt € [to, o + A]. We have that on Ry, |f (¢,y)| < My , we have that
t; and to such that t; > ¢ € [tg,tg + A], we have by integration

t1 t1
o (&) — gus ()] < B / B f (7 g (7)) dr + B / B f (7 yns (7)) dr (128)
to to
< My [ - 6f| + vy [ - )
< 2Mf‘tlﬁ—tg‘.
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But, on the other hand, we have that the function t° is differentiable on [to, o + A], 3¢ € [to, t] such that

‘tf - tg) = BEP [t — o (129)
Therefore, we have
|yn (t) — Yn—-1 (t)| < 2Mf656_1 |t1 - tO‘ . (130)
Therefore, by using ¢; and to, we have
lyn (£1) = Y1 ()] < Jyn (B2) = Y1 (B2)| + 2MBEP " |11 — Lo (131)
< A(tg) +2MBEPT |ty —ty] + €.

For large n, if n > 0. Hence, we have
A (t1) — A (t2)] < 28Mpe” 71 |ty — to]. (132)

This leads to owning the fact that ¢; and ¢5 could be interchangeable
t
A (0) = A ()] £ 8 757 H (7, o (1) — g (7)) (133)
to
which proves the continuity property of A (t). We have by assumption that
t
1 ) = 90 (O < 3 [ 97 (7, g (7) s (1) (134)
to

For any fixed ¢ on [tg, tg + A], we have a sequence of integers ny < na < ng... such that
[Ynt1 (B) —yn ()] = A(t) asn=ng — 00 (135)
and that
A (t)= lim |y, (t) — yn-1(t)] (136)

n=ng— 00

exists uniformly on ¢ty < 7 < tg+ A. Then
t
m(t) < B/Tﬁ—lH (. A* (7)) dr. (137)
to

Noting, however, that H is nondecreasing according to the theorem hypothesis, with respect to u and
A* (1) < A(7), we can obtain from the above equality that

A(t) < 5/75*1H(T,A (7)) dr. (138)
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On the other hand, r (¢) is the maximal solution,

A(t) <r(t) (139)
where
T (t) =0,Vt € [t(], to + )\] . (140)
Thus, we can conclude that
A (t) =0,Vt e [t(), to + )\] (141)

which completes the proof.

4.2 Convergence of successive approximation for fractal-fractional derivative
with exponential decay kernel

In the case of exponential decay kernel, we have

O] < Q=) If ey ®)]+as [P oy ()] dr (142

t

< (17a)ﬁtﬁile+OzﬂMf/TgildT
to

(1 —a)Ba’ 1My + aM; (tﬁ - tg)

< (1—a)Ba’M; 4 aMa® <b.

IN

Then, we have

A‘““i“{“’(((1—a>/§+a>Mf)é}' 1

The following successive approximation is defined
t
s () = (1= ) B f (0 (1) + 08 [ 7771f (7,3 () d (144)
to
and exists on tg <t <ty + A as continuous functions, which also converges uniformly to the solution
t
¥ = (1= )87 (ty (1) + s [71f (ry () dr. (145)
to

Again, we assume that yy, (¢) is defined and continuous on tg <t < tg + A with the property that
lye (£)] < b,Vk =0,1,2, ... (146)
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We have by definition that f (¢, y, (t)) is continuous and defined on [tg, to + A] therefore
¢
Ynt1 () = (1= ) BN (tyn (1)) +a/8/76_1f(77yn (7)) dr (147)
to

is also defined and continuous on [tg, to + A]. Additionally, with the definition of A, we shall have that
Y1 (8)] < {(1 =) B+ a} Mya” <. (148)

The above insures that Vn fixed the successive approximation is defined and continuous on [tg, to + A].
We now build the successive approximation of (u,). We choose

uo (t) = My [(1—a) BtP~1 + o (t/B - tg)} (149)
and .
Unst (8) = (1 — ) BELH (t,un (1)) + aﬁ/fﬁle (7, un (7)) dr (150)

with ¢ € [tg,to + A] . We shall show that ¢ € [tg,to + A] and n fixed

|yn (t) —Yn-1 (t)| < Up—1 (t) . (151)
By the induction, we have when n = 1
1 ()] < My [(1=0) B +a (2 = 47)| = o (4). (152)
We assume for a given n fixed
|yn (t) —Yn-1 (t>| < Up—1 (t) . (153)
Now
Ynt1 () —yn ()] < (1= ) BE77[f (8,90 (8) = f (£, yn1 (1)) (154)

taB / PO (r g (7)) = £ (7o (7)] dr

IN

(1— @) B7" H (8, yn () — yo—1 (£)])

+ap [T H (7, |ya (7) = ya—1 (7)]) dr.
/
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By induction hypothesis and the monotonic property of H (¢, u) with respect to u, we obtain

[Yns1 (8) =y ()] < (1= a) B H (tun—1 (1))

+af [ TP1H (TyUp—1 (7)) dT = uy, (t) .
/

Let then 1 < n <m. We will have that

1Yn &) = Um &) = |Yn (&) = Ynt1 &) + Yms1 ) = Ym ) + Ynt1 &) — Yms1 (2]
< |yn (t) — Yn+1 (t)| + |y'm+1 (t) —Ym (t)| + |yn+1 (t) — Ym+1 (t)‘ .

From the previous inequality, we have that

Y1 () = yn (B)] < (1 — @) B77 [H (11 (1))] +045/T[H [H (7, tn 1 (7))| d7

to

(Y1 (8) =y ()] < (1= ) Bt77H [H (8, w1 (8)] + aﬂ/fﬁ’l [H (7, w1 (7)) dr.

m and n being interchangeable, we set

Yns1 () —yn (1)) < 2Q (1= a) BT H (t,un—r (1)) + aﬁ/Tﬁ_l [H (7, upn—1 (7))| dr

to

(155)

(156)

(157)

(158)

(159)

+(1—a) Bt H (8, yn () — ym (£)]) +B/TB_1H(T»|yn (7) = ym (7)) dr-

But, we know that
|yn (t) —Ym (t)| <, (t) RAS [thtO + M

where 7, (t) is the maximal solution of
WEDT Py (8) = H (t,y) + 2H (£, ya-1 (¢))

with y,, (t) = 0 for any fixed n. The conclusion is reached.
Since

A‘:’B (t) = lim o |yn (t) — Ym (t)|

n=ng—

exists uniformly on ¢ty < 7 < tg + A. Thus,

AP () < (1 —a) P71 H (8, AP (1)) + aﬁ/Tﬁle (7, A*P (7)) dr
to
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with the properties of H with respect to v and A% (t) = A®# (¢). Then, we have

AP (1)

IN

t
(1- a)ﬁtﬁ_lH (t,Aa”B (t)) + aﬂ/rﬁ_lH (T,A“’B (7‘)) dr

< (- ) BV H (r (1)) + 0B / IV (7,7 (1)) dr

< ()
But 7 () = 0 on [to, to + A], therefore
AP () = 0,V € [to, to + A].
We write

|Aa’6 (tl) — Aa’ﬂ (t2)|

IN

2(1—a)ﬂ’tf—tg‘Mf+2a’t?—t§"Mf

IN

2Mf((1—a)ﬁ+a)‘tf—t§’.

(164)

(165)

(166)

We have that the function t° is differentiable on [to, to + A], therefore, by the mean value theorem, & € [t1, to]

such that
B It — o] = [} - 5],
therefore
|A%2 (t1) = A% (t2)] < 2M ((1— ) B+ ) BE7 " [t1 — to] .
We write

3
2M; (1 - ) B + ) 67

|A“P (1) — AP (t5)] < e,6 <

which shows that A%# is continuous.
By the theorem hypothesis, we have that

[Ynt1 () —yn )] < (1-0q) ﬂtﬁilH (t [yn () = Yn-1 (¥)])

+af M1y (7, |yn (T) — Yn—1 (7)]) d7.
/

We reach the conclusion following the routine presented earlier.
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4.3 Convergence of successive approximation for fractal-fractional derivative
with power-law kernel

We consider now the case with power-law kernel. In this case, we have

A =min{a,~} (171)
where v is obtained as
t
Ol < g [ =0 U oy ()l ar)
to
B at+B— to
< met + 1(3(6,&)—B<t,ﬂ,a>>
t
< F(BO[)MfaC“"’B_1 (B (8,a) — B (;,ﬂ,a>)
ﬁ a+pB—1 to
< mea + te[};g],{z,ja_a] (B (ﬂ,a) - B <t7/670[)> <b.
Then, we get
I'(x)b e 173
o= (BMfmaXtE[to,to+a] (B (ﬁ,a)—B(?,ﬁ,a))) . ( )
Then, we get )
. T'(a)b s
A= , 174
e <5Mf maXec it rota] (B (B,0) — B (?,ﬁ,a))> ury
Then, we put
t
i (0 = s [P €= (o () (173)

to

Ynt1 (t) exists on [to, Lo + A], since f (¢,y (¢)) is continuous on [tg, to + A]. Also, y,+1 () converges uniformly
due to the properties of f (¢,y (¢)).
Proof. We write

5 a+pB—1 to
i 01 < Mg e (55,00~ 8 (%.5.0) ) <o (176)

Therefore Vn =0,1,2,3, ...
[yn+1 ()] <. (177)

27



The next step is to define u,, (¢) as we did before. In this case, we put

_ L a+p—1 _ 1‘;0
up () = T () Myt te[g%g{-s-a] <B (B,a) — B ( ; ,B,a))

and
8 t
Upt1 ( m/rﬁ o YV H (7w (7)) dr, to <t < to+ A
For n = 0, we have
5 t
< B—1 o a—1
O < g [P =T U () ar

to

< F(BO()MftaHB_I (B (3,a) — B (?504))

= Up (t) .

We assume that Vn fixed
|yn (t) —Yn-1 (t)| S Un—1 (t) .

We shall prove that this is also true for n 4 1

s () — 9 ()] < =i / (=) (7 (7)) — £ (72 ()] 7

I'(«)
< %/ Lt — 1) H (7t (7)) dr
< up (1)

We let 1 < n < m, using previous results, we have that

B

)= O < g [P =7 H (o () e

to

—

B tTﬂ_l — ) N H (1,u )| dr
+F(a)/ (t =) H (7 ()]
LISTB71 — D)V H (7, Jun () = um, (7)]) dr
+F(a)/ (t )" H (7, un () = o (7)) .
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We have that

Therefore
25 / — a—1
‘yn (t) — Ym (t)| < F(a)t/ o (t ) |H (T7un—1 (7—))‘ dr
B [ ot e
s [P =) T H L (1) = (D))

to

Again, we have
[Yn () = Ym (D) <70 (t), to <t < to+ A

The conclusion is reached following the routine presented before.
Alternatively, we have

AP (1) = Tim sup [yn (£) = yn—1 (1)]
n—oo
Then, we write

Y1 (t1) =y ()] < lim sup [yn (8) = yn-1 (1)

t

g . oy
W/Tﬁ (t=7)" | f (T (7)) = (7,41 (7)) dr

to

IN

IN

2B 4 jete _p(k
I‘(a)Mftl (B (6,a) — B (tl,,é’,a))
and

[y (£2) = 1 (£2)] < fé)Mﬂgwl (B (B.a)— B (; /3,a)) .

Therefore,

A

A 0) < gttt (B -8 (Rsa)).

A({é7ﬁ (t2) = riﬁa)Mft3+B (B (5,0&) - B (27ﬁ7a>) :

N

Substracting AY” (1) and A7 (£5) yields

263 t t
@By A8 < ath _ a+5‘ o Bl
AP (1) — AP (L) < F(Q)Mf t t5 (B(tQ,ﬁ,oz> B<t1,6,a>>
Qﬂ a+f a+ﬁ‘
< - .
< F(Q)Mf £ ty P M
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We know that t*+# is differentiable on [tg,to + A], 3¢ € [t1,t2] such that by the mean value theorem, we

have
a+ B)E” p-1 t1 — to] = goath _oth| 192
1 2

Therefore, we have

|A“F (1) = AP (t)] < &i)Mf (a+B) TPty — o). (193)

Thus
I'(c)
268M; (o + B) €*HP1

which shows that A®# (t) is equicontinuous, therefore continuous. Following the routine presented before,
we have that

|A“P (1) = AP ()] <&, 6 < (194)

0. L / (7, AP e lgr
) < s / AP (7)) (t—7)* 7 d (195)
B —1 —r a—1 .
< (7/ H(r,r(1))(t—7)"""4d
< ()
But r (t) = 0,Vt € [to, to + A], thus
AP () = 0,V € [to, to + A (196)

4.4 Convergence of successive approximation for fractal-fractional derivative
with Mittag-Leffler kernel

We now present the same procedure when the fractal-fractional differential equation is with the generalized
Mittag-Leffler kernel. In this case, we first find A as follows

Ol < (-a)s -+ e (560 -5 (6a)) (197)
< (1—a)Ba*M; + Fozi)Mfa“*B_l DB (B (B,o) — B (?ﬂﬂ)) :
Take
@ = max {a®, aa"’ﬁ_l} . (198)
Then, we write
ol <{a-wot+ 200 e (B0 -5(20.0))}a (199
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Therefore

1
F ol
A = min{ a, o (o) . . (200)
I (a) (1 — a) BM]“ + aﬁMf maXte[tO’tOJra] (B (ﬁ, a) - B (707 /87 a))
As presented before, we shall have due to the property of f on R that
Oéﬁ to
nt1 (0] < (1 — "My+ ——a"M B(B8,a)— B|—,p, b. 201
it O1< (1= @) 0y 4 oty max (B(o)-5(%..0) ) < (201)
In this case, u,, is constructed as follows
_ B—1 ap a+p—1 to
up (t) = (1 —a)pt Mf+met B(B,a) =B (b)) (202)
Then .
Untr () = (1= ) B H (w1 (1) + Iii)/Tﬂ_l (t—7)* " H (7, u, (1)) dr. (203)
to
We can easily establish that
[Ynt1 (8) = yn ()] < un (2). (204)

The rest of the proof will be similar to that of exponential decay. For the alternative proof, we only show
that

Wn (1) = Y1 (b)) < (1= ) BEF (b ym (81) = £ (b1, g1 (1)) (205)
t
F‘Eﬁ) [ =0 e () = £ (- ()
to
2 o t
S 25(1_Q)Mftf 1+1—w?(/f)Mftl+ﬁ 1(B(ﬁaa)_B<t?7B7a)>
and
i (12) — g (12)] < 28 (1 — o) M5~ + l?zf)Mft;*““ (B (8.0) - B (iﬂa)) . (206)
Thus, we write
A3 () = A7 (1) < 2Mp(1-a) 86T -4 (207)
203 a+B-1  atp—1 to to
el = (0 () -2 (00))
< 2Mf (1 o OZ)B tiwrﬁfl o tg+ﬁ*1’
208 0 a1 _ et to gtk
+P(a)Mf n 2 ‘(B (tQ,,B,a> B(tl,ﬁ,a>>.
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By the mean value theorem, 3¢ € [t1, 2] such that

(a4 B =12 — o] = [t5%7 — 1577 (208)
Therefore
2 ¢ t
ASP (tr) — ASP (tg)’ <dony1-a)s+ 2800, (B(26,0) - B (28,0 (209)
T (Oé) tg tl
X (a—l—ﬁ - 1) §a+572 |t1 - tg‘ <eE.
We write r
5 < el (@) (210)
2M; (D (@) (1 - @) B+ af) (B (&.8,0) - B (&.8,0))
which shows that is equicontinuous thus continuous on [to, tg + A].
Finally, we can establish that
8 ¢
a, — a, «@ — a— a,
ASP (1) < (1—a) P~ H (t, ASP (t)) + F(Q)/Tﬁ Lt—7) 'y (T,A2 g (T)) dr. (211)
to
Thus, we have
NS (8) < 5P (1) = 0,9 € [to,to + A (212)

which completes the proof.

5 Conclusion

In the last five years, fractal-fractional differential and integral operators have provided new avenues for
theoretical, methodological, and application-based research. They have added new classes for differential
and integral equations, in particular. In all areas of science, technology, and engineering, complicated
processes can be modeled using these equations, which can also be explored theoretically. Analyses and
predictions demand modeling and solutions. However, these equations are frequently impossible to solve
with the current analytical methods. We have shown many strategies to guarantee existence and unique
solutions to these equations in order to enable the use of numerical technology. Some significant inequalities
were also established.
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