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SYMMETRIC FORMULATIONS FOR MODAL ANALYSIS
OF INTERNAL FLUID STRUCTURE SYSTEMS.

Roger Ohayon

CNAM - Structural Mechanics and Systems Laboratory
2, rue Conté, 75003 Paris
France

ABSTRACT

This paper deals with appropriate computa-
tional methods for modal analysis of elastic struc-
tures containing an inviscid fluid (gas or liquid).
These methods, based on Ritz-Galerkin projection
using appropriate functional basis, allow us to con-
struct reduced models expressed in terms of phys-
ical displacement vector field u in the structure,
and generalized coordinates vector r describing the
behavior of the fluid. Those reduced models lead
to symmetric generalized eigenvalue matrix system
involving a reduced number of degrees of freedom
for the fluid. More precisely, we construct sym-
metric matrix models of the fluid considered as
a subsystem, by considering the response of the
fluid to a prescribed normal displacement of the
fluid-structure interface. Two distinct situations
are analyzed, namely linear vibrations of an elastic
structure completely filled with a compressible gas
or liquid and linear vibrations of an elastic struc-
ture containing an incompressible liquid with free
surface effects due to gravity. The first case is
a structural acoustic problem with modal interac-
tion between structural modes with acoustic modes
in rigid motionless cavity. Wall impedance can
also be easily introduced in order to take into ac-
count fluid-structure interface dissipation, for fur-
ther forced response studies. The second case is a
hydroelastic-sloshing problem with modal interac-
tion between incompressible hydroelastic structural

modes with incompressible liguid sloshing modes in
rigid motionless cavity, involving an elastogravity
operator related to the wall normal displacement of
the fluid-structure interface. For the construction
of reduced models, the static behavior at zero fre-
quency play an important role. This is why we start
from “well-posed” variational formulations of the
problem, in the sense that zero-frequency behavior
must be well retrieved in the equations. It should
be noted that the so-called “quasi-static correction”
term plays a fundamental role in the Ritz-Galerkin
procedure (error truncation). The general method-
ology corresponds to dynamic substructuring pro-
cedures adapted to fluid-structure modal analysis.
For general presentations of computational meth-
ods using appropriate finite element and dynamic
substructuring procedures applied to modal anal-
ysis of elastic structures containing inviscid fluids
(sloshing, hydroelasticity and structural-acoustics),
we refer the reader to Morand and Ohayon (1995).

1 STRUCTURAL ACOUSTIC
PROBLEM

We consider here the harmonic vibrations of an
elastic structure completely filled with an homoge-
neous, inviscid and compressible fluid considered
as weightless (linear acoustic fluid). Among the
applications, we find, for instance, the important
problem of acoustic comfort of “passengers” related



to the vibroacoustic environment such in launcher
payloads, aircraft, automobiles. The particular case
of a compressible liquid with a free surface, negect-
ing gravity effects, is also considered (for applica-
tions involving compressibility effects in huge cryo-
genic tanks).

After an original derivation of the linearized
equations of the fluid-structure coupled system, in-
troducing an appropriate linear constraint in or-
der to obtain a “well-posed” problem at zero fre-
quency, we discuss the basic ideas leading to a re-
duced model of the “fluid subsystem”. For this pur-
pose, acoustic modes in rigid motionless cavity are
introduced as Ritz projection vector basis, includ-
ing mandatory zero-frequency (static) solution of
the coupled system. Let us recall that the internal
fluid-structure system is characterized by a strong
resonant behavior. Therefore, a direct finite ele-
ment description can be costly. That is why, start-
ing from one of the possible variational formulations
of the problem, reduced symmetric matriz models
are constructed.

2 STRUCTURAL ACOUSTIC
EQUATIONS

2.1 Structure Subjected to a Fluid

Pressure Loading

We consider an elastic structure occupying the
domain Qg at equilibrium. The internal fluid-
structure interface is denoted as ¥. The angular
frequency is denoted as w. The chosen unknown
field in the structure domain Qg is the displace-
ment field u. The linearized deformation tensor is
denoted as €;;(u) and the corresponding stress ten-
sor is denoted as ¢;;(u). We denote by ps the con-
stant mass density at equilibrium and by n the unit
normal, external to the structure domain Q5. Let
du be the test function, associated to u, belonging
to the admissible space C,.

The weak variational formulation describing
the response of the structure 25 to given harmonic
forces of amplitude F¢ on the external structure
boundary 9Qs \ £, and to fluid pressure field p
acting on the internal fluid-structure interface X is
written as follows.

For all real w and Véu € Cy, find u € C, such
that

z(u,éu) — wg/ ps ubude
Qs

—/pn.éudcr =/ Fiéudo (1)
z a0s\o

in which
k(u, 6u) = k(u, 6u) + ka(u, 6u) + kp,(u, 6u) (2)

and where k(u, 6u) is the mechanical elastic stiffness
such that

/c(u,éu):/Q oij(u)eii(ou)dz (3)

and where kg(u,éu) and kp,(u, éu) are such that

ke(u,bu) :/ a?juzyiéuzyj dz
Qs
kp, =/Pon1(u).6udcf (4)
z

In equations (4) and (5), kg(u,éu) represents the
classical structural prestress geometric symmetric
bilinear form in which U?]- denotes the prestress
tensor, and kp,(u, 6u) represents an additional pre-
stress symmetric bilinear form due to rotation of
normal n, in which Py denotes the initial pressure
existing in the reference equilibrium configuration.
Finally, ni(u) represents the variation of normal n
between the reference configuration and the actual
configuration.

2.2 Fluid Subjected to a Wall Normal

Displacement

Since the fluid is inviscid, instead of describ-
ing the small motion of the fluid by a fluid dis-
placement vector field up (see Bermudez and Ro-
driguez (1994)), which requires an appropriate dis-
cretization of the fluid irrotationality constraint
curlup = 0, we will use the pressure scalar field
p. It should be noted that, the small movements
corresponding to w # 0 are obviously irrotational,
but, in the static limit case, i.e. at zero frequency,
we consider only fluids which exhibit a physical ir-
rotational behavior.

Let us denote by ¢ the (constant) sound speed
in the fluid, and by pp, the (constant) mass den-
sity of the fluid at rest. We denote as Qg the do-
main occupied by the fluid at rest (which is taken




as the equilibrium state). The local equations de-
scribing the harmonic response of the fluid to a pre-
scribed arbitrary normal displacement u.n of the
fluid-structure interface ¥ are such that

Vp— prw’ur =0 |o; (5)
p=—prc’ Vo o, (6)
wrm=wun |z (7)
curlup = 0 |a, (8)

Equation (5) corresponds to the linearized Euler
equation in the fluid. Equation (6) corresponds
to the constitutive equation of the barotropic fluid.
Equation (7) corresponds to the wall slipping con-
dition. Equation (8) corresponds to the irrotation-
ality condition, only necessary in order to ensure
that when w — 0, up tends to static irrotational
motion, which corresponds to the hypothesis that
for w = 0, we only consider irrotational motions
(for simply connected fluid domain).

2.3 Relation between static pressure p*

and u.n

For w = 0, equations (6) and (7) lead to the
constant pressure static field which is related to
the normal wall displacement by the relation (see
Ohayon and Felippa, (1990), Morand and Ohayon,
(1995))

s o _PPC [u.nda (9)

C1QF| Js

in which |Qp| denotes the measure of the volume
occupied by domain QF.

2.4 Equations in terms of p and u.n
The elimination of up between equations (5),

(6), (7) and (8) leads to

o8
Ap+%p=0la, (10)
Z—i =prwiun |g (11)

with the constraint

12/ pdz+fu.nda =0 (12)
PFC” Jag =

Equation (10) is the classical Helmholtz equation
expressed in terms of p. Equation (11) corresponds
to the kinematic condition defined by equation (7).
The linear constraint defined by equation (12) cor-
responds_to the global mass conservation which en-
sures that the boundary problem defined by equa-
tions (10) to (11) is equivalent to the problem de-
fined by equations (5) to (8). In the absence of the
condition defined by equation (12), we would ob-
tain a boundary value problem in terms of p which
1s not valid for w = 0 and which does not allow us
to retrieve the value of p* given by equation (9).
This condition is usually omitted in literature.

2.5 Variational formulation in terms of (u.p)

Let ép be the test function, associated to p,
belonging to the admissible space C,. The weak
variational formulation corresponding to equations
(10) to (12) is obtained by the usual test-function
method using Green’s formula. The weak varia-
tional formulation corresponding to the modal anal-
ysis of the structural acoustic problem is then ob-
tained by setting F¢ = 0 in equation (1). The
eigenvalue structural acoustic variational formula-
tion is then stated as follows. Find w? and u € Cy
and p € Cp, such that for all éu € C, and ép € Cp,
we have

E(u,&u)—/pn.éuda’ =
b
wzf psu.budz (13)
Qs

1
— VpVépdz =

PF Jag
w2
2] p6pdz+w2]u.n6pda (14)
PFC” Jag b

with the constraint

1
PF62 Qr
The variational formulation defined by equa-
tions (13), (14) and (15) is written here for the first

time (to author knowledge). In effect, usually, only
equations (13) and (14) are written, and as pointed

pdz‘+/ undo = 0 (15)
b}



out above, are not valid for w = 0. In the case
of a direct finite element discretization of equations
(13), (14) and (15), we obtain a matrix eigenvalue
system of the type AY = w?BY, in which A and
B are not symmetric. That is why various symmet-
ric formulations using for the fluid pressure field p
and displacement potential ¢, defined up to an ad-
ditive constant and such that up = V ¢, have been
derived. The resulting symmetric formulations are
then obtained by elimination of p or ¢ (see, Fe-
lippa and Ohayon (1990), Liu and Uras (1988), or
for detailed complete analysis, Morand and Ohayon
(chapters 8 and 9, 1995)). In the present case, we
are not considering a direct finite element approach
of the variational formulation defined by equations

(13), (14) and (15).

2.6 Symmetric Reduced Model

Let us consider the following two basic prob-
lems. The first one corresponds to the acoustic
modes in rigid motionless cavity and is obtained by
setting u = 0 into equations (14) and (15). The cal-
culation of these acoustic modes is generally done
by using a finite element procedure. If we introduce
the admissible subspace C; of C;

C; = {pECP;-/ pd:’::@} ; (16)
QF

the variational formulation of acoustic modes is
stated as follows: find w? > 0 and p € C, such
that, for all ép € C;, we have

1 1
— Vp.Vépdz = w?
PF Jag PF

épdz 17
c2/anp (17)

with the constraint

-/;lfpdz:O (18)

It should be noted that, in practice, if the constraint
condition (18) is “omitted”, we only add a first non
physical zero frequency constant pressure mode, the
other modes corresponding to w # 0 remaining the
same as those defined by equations (17) and (18).
This zero frequency mode must not be retained in
any Ritz-Galerkin projection analysis. In addition,
we have the following orthogonality conditions

1
pF 2 '/;2 PaPp AT = pabap ,
F
1
P—F a Vpa.Vpgdz = #awiéaﬁ (19)
F

The second basic problem corresponds to the static
response of the fluid to a prescribed wall normal
displacement u.n. The solution, denoted as p*(u.n),
is given by equation (9). For any deformation u.n
of the fluid-structure interface, p°(u.n) belongs to
a subset of Cp, denoted as C* "

2
—;l)g—c|/u.nda'} (20)
Fl Jgz

In the variational formulation defined by equa-
tions (13), (14) and (15), p is searched under the
form

C"‘”:{pSEC ;p° =

NP
p= Ps(“-")+z7'apa (21)
a=1

in which N, denotes the number of retained acous-
tic modes. The decomposition (21) is unique. In
addition, it should be noted that, since each eigen-
vector p, corresponding to w, 7# 0, verifies the con-
straint defined by equation (18). Consequently, us-
ing equation (9), we deduce that p and u.n satisfy
the constraint defined by equation (18). The de-
composition defined by equation (21) corresponds
to a decomposition of the admissible class C, into
the direct sum of the admissible classes defined re-
spectively by equations (20) and (16)

C=C""@& C, (22)
Following equation (21), the test function 6p is then

searched under the following form

Np
ép = p’(bu.n) + E 0TaPa (23)
a:l
Variational formulation in éu defined by equation
(13) becomes

Ny
k(u,bu) + k°(u,6u) — Z raf pa n.budo =
a=1 =

wzf ps u.budze (24)
fis



in which E(u,éu) is defined by equation (2) and
k*(u, 6u) is such that

k* (u, 6u) = ng (/E u.nda) (]2 éu.nda) (25)

If we consider a finite element discretization of
the structure, the corresponding discretized form
of equation (24) can be written as

K+K]JU-> Cara=w?’MU (26)

a=1

in which symmetric matrices K and K® correspond
to finite element discretization of stiffness symmet-
ric bilinear forms defined by equations (2), (3), (4)
and (25) respectively. In equation (26), M denotes
the structural symmetric mass matrix and rectan-
gular coupling matrix C, corresponds to the dis-
cretization of the coupling fluid-structure contribu-
tion [ péu.ndo. The discretized form of equation
(14) in ép can then be written as

wWipaTa = Wi para + WG U (27)

From equations (26) and (27), we obtain the follow-
ing symmetric matriz reduced model

(%5 Dises ) (5 ) =
(0% Diagurty) (3) @

in which r denotes the vector of N generalized co-
ordinates 74, with 1 < @ < N,, and

K* = K + K* (29)
N, 1
M =M+ Y ——C,CT (30)
a=1 Yo Ha
Ny 1
D,=) —Ca (31)
a=] X

Further diagonalization of equation (28) implies a
projection of U on the solutions of the following
eigenvalue problem

K" Uz = \sM*™ U, (32)
Setting
N.
U=) g¢5Up (33)
B=1

in which gs are the generalized coordinates describ-
ing the structure. Using the orthogonality con-
ditions associated with the solutions of equation
(32), i.e. ULM™* Up = ujéppr and UL K" Up =
HpApbsp, equation (28) becomes

("% o) ()=
(o B(E)

It should be noted that in vacuo structural modes
can also be used (instead of those defined by equa-
tion (32)), but the resulting matrix system would
not be diagonal with respect to U.

2.7 Wall Impedance Condition

Referring to Kehr-Candille and Ohayon (1992),
wall impedance condition corresponds to a partic-
ular fluid-structure interface modeling. This inter-
face is considered as a third medium with infinitesi-
mal thickness, without mass, and with the following
constitutive equation

p=jwZ(w)(u.n — ur.n) (35)

in which Z(w) denotes a complex impedance. Equa-
tions (7) and (11) must be replaced by equation
(35), using dp/0n = prw? up.n.

2.8 Case of a liquid with a free surface

Let us consider a liquid with a free surface at
rest denoted as I, If we neglect gravity effects, the
boundary condition on I is such that

p=0]|pr (36)

In this case, constraint condition (12) (or (15)) is
replaced by equation (36). Equation (9) is replaced
by p° = 0. Admissible space defined by equation
(16) becomes C; = {p € Cp; p = 0}.

In this case, the static problem defined in Section
2.3 leads to a zero pressure field.



3 HYDROELASTIC-SLOSHING

PROBLEM

We consider the harmonic vibrations of an elas-
tic structure partially filled with an homogeneous,
inviscid and incompressible liquid, taking into ac-
count gravity effects on the free surface I'. After
an original derivation of the linearized equations
of the fluid-structure coupled problem, introducing
an appropriate linear constraint in order to obtain
a “well-posed” problem at zero frequency, we dis-
cuss the main ideas leading to a reduced model of
the “liquid subsystem”. For this purpose, sloshing
modes in rigid motionless cavity are introduced as
Ritz projection vector basis, including mandatory
zero-frequency (static) solution of the coupled sys-
tem. Let us recall that the internal fluid-structure
system is characterized by a strong resonant behav-
ior. Therefore, a direct finite element description
can be costly. That is why, starting from one of the
possible variational formulationsof the problem, re-
duced symmetric matrix models of this system are
constructed.

4 HYDROELASTIC-SLOSHING
EQUATIONS

4.1 Structure Subjected to a Fluid

Pressure Loading

The notations are the same that those defined
in Section 2.1 The weak variational formulation de-
scribing the response of the structure Qs to given
variation F¢ of the applied forces with respect
to the equilibrium state on the external structure
boundary dQs \ £, and to fluid pressure field p
acting on the internal fluid-structure interface ¥ is
written as follows.

For all real w and Véu € C,, find u € Cy such
that

E(u,éu) - wz/ ps u.budz
Qs

- [pn.éudo :/ Fiéudo (37)
Js 30s\T

in which

)
Il
L
+
7
t1

(38)

In equation (38), E(u, du) is defined by equation (2),
and kg is the elastogravily symmetric bilinear form
such that (see Morand and Ohayon (1995)

ks(u, 6u) = —%ppg{f[znl(u).éu—i-uzéu.n] do
=

+ /v[znl(éu).u + buzu.n] do} (39)

4.2 Fluid Subjected to a Wall Normal

Displacement

We assume that the liquid is homogeneous, in-
viscid and incompressible. Free surface I' is hori-
zontal at equilibrium. We denote by z the external
unit normal to I', and by g the gravity. The nota-
tions are similar to those of Section 2.2. The local
equations describing the response of the fluid to a
prescribed arbitrary normal displacement u.n of the
fluid-structure interface ¥ are such that

Vp—prw’ur =0 |ag (40)
Var=0 | (41)
upn=wn s (42)

p=prgur.n |r (43)
curlup =0 |ar (44)

Equation (41) corresponds to the incompressibility
condition. Equation (43) is the constitutive equa-
tion on the free surface I' due to gravity effects.

4.3 Relation between static pressure p*

and u.n

For w = 0, equations (41, (42) and (43) lead to
the constant pressure static field which is related to
the normal wall displacement by the relation (see
Ohayon and Felippa (1990), Morand and Ohayon,
(1995))

Pt = —%/u.nda (45)
Tl Jg

in which |I'| denotes the measure of the area of free
surface T'.



4.4 Equations in terms of p and u.n
The elimination of ur between equations (40)
o (44) leads to

Ap=0 |q, (46)
g—i = ppwzu.n |E (47)

Op W2
3= 57 Ir (48)

with the constraint
1

—_— pd0'+f undo = 0 (49)

PFY Jr =

The linear constraint defined by equation (49) en-
sures that the boundary problem defined by equa-
tions (46) to (49) is equivalent to the problem de-
fined by equations (40) to (44). This condition is
usually omitted in literature.

4.5 Variational formulation in terms of (u.p)

Let ép be the test function, associated to p,
belonging to the admissible space C,. The weak
variational formulation corresponding to equations
(46) to (49) is obtained by the usual test-function
method using Green’s formula. Recalling equation
(37), the variational formulation of the hydroelastic-
sloshing problem is then stated as follows. Find
u € Cy and p € Cp, such that for all éu € Cy and
ép € Cp, we have

’lé(u,éu) - w2/ ps u.bu dz
Qs

—fpn.éuda :/ Fiéude (50)
z ans\e

1
— Vp.Vépdz =
PF Jagp

wZ

—_ p6pd:r+w2fu.n6pda (51)
PF 3 Jr =

with the constraint

—_ [pda'+fu.nd0' =0 (52)
PFYg ./r =

The variational formulation defined by equa-
tions (50), (51) and (52) is written here for the first
time (to author knowledge).

4.6 Symmetric Reduced Model
Let us consider the following two basic prob-

lems. The first one corresponds to the sloshing
modes in rigid motionless cavity and is obtained by
setting u = 0 into equations (47) and (49). The cal-
culation of these acoustic modes is generally done
by using a finite element procedure. If we introduce
the admissible subspace C; of C,

C, = {pECp;frpdor:O} ; (53)

the variational formulation of acoustic modes is
stated as follows: find w? > 0 and p € C; such

that, for all 6p € C;, we have

L/ Vp.Vépd:c:ng/pépdcr (54)
PF Jag PF 9 Jr

with the constraint

/pdor =0 (55)
i bl
= do = pad
oF g FPO:P;@ = Halaf
1
e Vpa.Vpgdz = ﬂawifsaﬁ (56)
PF Jag

The second basic problem corresponds to the
static response of the fluid to a prescribed wall nor-
mal displacement u.n. The solution, denoted as
p°(u.n), is given by equation (45). For any defor-
mation u.n of the fluid-structure interface, p*(u.n)
belongs to a subset of C,, denoted as C*™

cv " = {ps €C; p’ = —%jf u.nda} (57)

In the variational formulation defined by equa-
tions (50) to (52), p is searched under the form

NP
p=p(wn)+ ) rapa (58)
a=1
in which NV, denotes the number of retained slosh-
ing modes. Fields p and u.n satisfy the constraint
defined by equation (52).
Variational formulation in éu defined by equation
(50) becomes



NP
E(u, bu) +k°(u, bu) — Z TQ/ Pa n.budo =
a=1 =
wzf ps u.budz (59)
Qs

in which E(u,éu) is defined by equation (38) and
k*(u, éu) is such that

kS (u, 6u) = % (/E u.nda’) (/2 6u.ndo> (60)

If we consider a finite element discretization of
the structure, the corresponding discretized form
of equation (60) can be written as

[K+KJU~) Coro—w’MU=F! (61)

a=1

in which symmetric matrices K and K* correspond
to finite element discretization of stiffness symmet-
ric bilinear forms defined by equations (38) and (60)
respectively. The discretized form of equation (51)
in 6p can then be written as

w2 pale =u2,u.qra+w2CuTU (62)

From equations (61) and (62), we obtain a symmet-
ric matriz reduced model whose expression is similar
to the one given by expression (28).

Similarly to Section 2.6, further diagonalization can
be obtained by setting

Ny
U — Z q'(g Ug (63)
B=1

in which gg are the generalized coordinates describ-
ing the structure and Upg are the eigenmodes of an
eigenvalue problem similar to the one described by
equation (32). We then obtain a similar matrix sys-
tem than the one described by equation (34)

Diagls 0 q
0 Diagw? ] \ r

~ (g WE)=(T) o

It should be noted that we can also use the incom-
pressible hydroelasiic modes, 1.e. the modes of the
coupled system constituted by the elastic structure
containing an incompressible liquid, with p = 0 on
I' (through an added mass operator). In this case,
the resulting matrix system is not completely diag-
onal with respect to U variables (see Morand and

Ohayon (1995)).

CONCLUSION

Using a new approach, we have presented con-
venient and versatile tools for low frequency modal
analysis of elastic structures containing linear in-
viscid homogeneous fluids for structural-acoustics
and hydroelastic-sloshing problems. Those formula-
tions, together with dynamic substructuring tech-
niques, lead to symmetric reduced matriz systems
expressed in terms of generalized coordinates for
the fluid (and if necessary for the structure).
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