Roger Ohayon 
  
Henri Morand 
  
R Ora Yon 
  
Mechanical and Numerical Modelling of Fluid-Structure Vibration Instabilities of Liquid Propelled Launch Vehicle

come    

INTRODUCTION

Fluid-structure vibrations occur in various situations. For instance during the flight of a launch vehicle, atmospheric turbulence and wind can induce altitude perturbations and structural vibrations involving liquid propellant motions inside the tanks [1][2][START_REF] Kana | Parametric oscillations of a longitudinally excited cylindrical shell containing liquid[END_REF][START_REF] Moiseev | Dynamic Stability of Bodies Containing Fluids[END_REF][START_REF] Rapoport | Dynamics of Elastic Containers Partially Filled with Liquids[END_REF]. Such a behaviour should be properly modelled for evaluating static and dynamic loads in view of structural design.

In some cases, longitudinal liquid/structure vibrations interacting with the propulsion system, may diverge leading to the so-called Pogo phenomenon [START_REF] Morand | Quand Les fusees vibrent: l'effet Pogo[END_REF].

The vibration of the launcher is accompanied by fluctuations in the liquid propellant pressures, especially at the fuel inlets in the propulsion unit, which induces pressure and feed rate oscillations, and hence fluctuations in the rocket engine thrust, together with oscillatory forces at the anchor points of structure lines of the launcher.

These forces can in turn increase the launcher vibrations, and hence lead to an instability known as the Pogo effect. This phenomenon, which is a characteristic of liquid propelled launch vehicles, involves coupling of longitudinal type vibrational modes ( axisymmetric modes for an axistymmetric structure), and the unsteady state model of the propulsion unit.

The prediction of the vibration loads induced on the payload at critical flight events (the so-called coupled load analysis) also requires a fine modelling of the launch vehicle, as well as of the spacecraft.

The prediction of the acoustic loads under fairing at take-off is also required, in order to check the compatibility between the launch vehicle environment and the spacecraft design loads.

These examples exhibit various features as follows.

• Attitude control perturbations at low frequency cause surface oscillations of the liquids (referred to as sloshing) which are sensitive to the apparent acceleration (local gravity plus vehicle acceleration). Such liquid-structure motions can be accurately predicted by means of an incompressible liquid model.

• The hydroelastic longitudinal oscillations involved in the so-called Pogo instabilities, occur at relatively higher frequencies. In this case the acceleration effects can be neglected, and the incompressibility assumption remains valid.

• At last, the vibroacoustic case involves a gas structure interaction problem where gravity effects on the fluid can be neglected.

In the present paper we derive appropriate variational formulations and then, we use the finite element method to derive various symmetric matrix formulations respectively for the following cases:

• sloshing (with and without surface tension effects);

• hydroelasticity; • elastoacoustics.
The reader is referred to [START_REF] Ciarlet | The Finite Element Method for Elliptic Problems[END_REF][START_REF] Dautray | Analyse Mathematique et Ca/cul Numerique pour les Sciences et les Techniques[END_REF][START_REF] Oden | Variational Methods in Theoretical Mechanics[END_REF][10], for a general description of variational methods and associated finite element approximations.

Numerical results will be given in the case of aerospace applications.

SLOSHING

Local equations of the boundary value problem

This case corresponds to the vibrations of an homogeneous, incompressible (and inviscid) liquid, contained in a rigid (and fixed) tank in the absence of surface tension effects.

This model is appropriate for the description of the internal motion of real liquids in tanks (at low frequencies, the surface tension effects are dominated by the gravity effects, [START_REF] Holmes | Chaotic motions in a weakly nonlinear model for surface waves[END_REF]).

As usual in vibration theory, we consider small motions compatible with the linearization of the equations of motion.

We are interested in harmonic motions of the liquid.

Notations:

Q fluid domain at equilibrium r (horizontal) equilibrium free surface The equations of the harmonic motion are [START_REF] Germain | Tomes 1 et 2. Ellipses[END_REF] -\Ip + Poul u F = 0 IQ (linearized Euler equations)

div UF = Q (incompressibility) (1) 
(2)

(3)

(contact condition on a fixed boundary) lr (4)

(free surface boundary condition).

Remark 1.

(a) Interpretation of (4): p is the variation of the hydrostatic pressure at a fixed point located on the equilibrium free surface. (b) The above problem is a boundary eigenvalue problem. It can be proved that the solutions form an infinite sequence associated with positive eigenvalues A.1 > 0. (c) Physical sloshing oscillations correspond to strictly positive eigenvalues (A.= o?; },; > 0, i = 1, . . . , oo ). Applying the curl operator to ( 1) we obtain (for A. =fo 0):

curluF = 0 IQ• (5) 
(d) Solutions for w = 0. The above equations are satisfied by p = 0 and by an arbitrary solution uF of (2), ( 3), (4). As found in fluid mechanics textbooks, it can be shown that these solutions correspond to permanent internal motions which do not satisfy equation ( 5) (and also to permanent irr:ttational motions in non simply connected domains).

These permanent solutions can be consided as spurious, from a physical point of view, due to the presence of small damping in real systems. To get rid of them, it is sufficient to restrict the present analysis to fluid displacements deriving from a potential: r:p defined up to an additive constant.

After substitution of ( 6) in (1), ( 2), (3), (4) one obtains:

-V p + A. p0 V r:p = 0 I Q !!.. qJ = o I Q O<f = 0 Ii: on p -Pog ocp = 0 lr• oz (6) ( 7 ) 
(10)

In order to remove the indetermination of r:w, an arbitrary linear constraint equation should be added to the above system:

l( cp) = 0, (f (1) =fo 0) (11) 
p can be eliminated as follows:

The integration of (7) gives:

p = p0J.. cp + r . ( 12 
)
The unknown constant r is then determined by integrating (8) over Q, and using ( 9) and (10):

where

(cp)r= 1 f, 1pdo. Area (r) r ( 13 
)
The substitution of ( 13) into [START_REF] Germain | Tomes 1 et 2. Ellipses[END_REF] gives:

P = Po A( rp -( rp) r ) ( 14 
)
Remark 2. We note that (14) is an intrinsic expression of p ( rp and ( rp +constant) give the same p). In the sequel, it is convenient to select the following particular form for (11):

< q1)r = 0. ( 15 
)
In terms of rp, the problem can be written as follows. Find A and q; such that:

� rp = 0 arp = o an aq; , . g --"µ=() oz (q1) r =O .
The pressure is given by equations ( 14) and ( 15):

P = PoAfP. lr (16) (17) ( l 8) (19) (20) 
Remark 3. If we ignore [START_REF] Argyris | Dynamics of Structures[END_REF] in the above equations, we define a new (slightly) 'modified' system of equations, the solutions of which differ only by the presence of an additional 'spurious zero eigenvalue' associated to a constant potential (the solutions for A =f. 0 are the same).

Variational formulation

Multiplying equation (16) by a test function Oq" then 'integrating by parts' over the fluid domain (by means of Green formula), and taking into account the natural boundary conditions [START_REF] Liu | Variational approach to fluid-structure interaction with sloshing[END_REF] and [START_REF] Ohayon | True symmetric variational formulation for fluid-strucure interaction in bounded media. Finite element results[END_REF], we obtain the following variational formulation.

Find A= A.jg and rp E V such that:

"fb<p E V (21) 
where Vis the admissible class of 'regular functions' satisfying [START_REF] Argyris | Dynamics of Structures[END_REF].

According to Remark 3, the variational formulation of the 'modified problem' is simply obtained by ignoring the constraint [START_REF] Argyris | Dynamics of Structures[END_REF] in the definition of V.

Matrix equations

We shall now apply the finite clement method to this 'modified' formulation. We introduce the matrices S and F corresponding to the bilinear forms of (21) while keeping the same notation for the unknown field and the vector of its N nodal values:

ocpT S<p �f r qJOcpda &pT F cp � ( V cp • V Ocp dx. JQ (22) (23) 
The matrix form of (21) then writes:

Frp = /\Sq;• . ( 24 
)
Remark 4. According to Remark 3, (24) presents a zero eigenvalue. Referrin g to ( 23), the dimension of the kernel of F is 1 because the quadratic form F vanishes for <:p constant (the rank of Fis (N -1)).

Let us then partition r:q as follows:

(

) 25 
Where q;1 are the N1 nodal value of((! at the free surface. Therefore, we can write [START_REF] Felippa | Symmetrization of the contained fluid vibration eigenproblem[END_REF] as:

[ F11 F1 2]{ P1 } = /\ [Sl l 0]{ Cf1 }• {26) F12 T F2 2 Cf"l. 0 0 ({1
The particular form of ( 26), (and the positiveness of F) allows the elimination of qJz.

Remark 5.

[

F11 -F12F22-1F1/j{qii} = A[S11]{q,i}. (27) 
(a) According to the previous Remark 4, [START_REF] Uras | Dynamic buckling of liquid-filled shells under horimntal exl[END_REF] presents non zero eigenvalues.

(b) Boundary integral methods might also lead to similar symmetric surface matrix formulations.

(c) From a practical point of view, the elimination of <pi is not mandatory. As a matter of fact, standard eigenvalue algorithms are compatible with the existence of a small number of zero eigenvalues (a single one in the present case).

SWSHING UNDER SURFACE TENSION

.1. Local equations of the boundary \!alue problem

As an example, let us mention the case of liquid oscillations inside three axes stabilized satellites which are coupled to the attitude control system. Both gravity and surface tension effects are considered here. It should be noted that the free surface at equilibrium is curved.

Notations: 

r i' L n v 3/av r (R1, R 2 ) div_ ,, v,
P = Pog(i, • n )1/ + L( 1/) I r (28) �=D I 1J f , ov contact angle condition. ( 29 
)
D is a coefficient depending on the physical and geometrical characteristics of the contact surface, and L ( 17) is the following linear function:

L(17) = -r[( ;1 2 + R �2 ) 17 + div s V 5 17 l (30)
In a second step, using the equations -Vp + J.,, p0V<p = 0 In a third step we eliminate p using, as previously done, the integrated (12) form of (31). We are left with the boundary eigenvalue problem:

�<p = 0 o<p = o on o<p = 11 on P = Pog (i z • n )17 + L( 17) �=D ov 1J l(<p) = 0'
Find J.,, ; <p, 17 and r such that: Then, restricting successively (44) to V 'P and R, we obtain:

�<p = 0 o<p = o on o<p = 11 on Po A<p + r = Pog (i z • n )17 + L( 17)
\fOcp E V'P (45) \fi5r ER . ( 46 
)
In a second step, multiplying equation ( 41) by test functions bf/ E V ,, (V 11 is the set of regular functions defined on r), then 'integrating by parts', and taking into account ( 42) we obtain:

( Pog(iz. n)T/Df/dO + ,r vsT/. Vsbf/da -T ( (� + --;)1101'/da -rf Df/Of/dO Jr J r Jr R1 R2

Y

The variational boundary value problem consists in finding A.; T/ E V11, cp E V'P and r ER such that ( 45), ( 46) and ( 47) are satisfied. (

) ( 49 ) (50) 48 
Choice of a particular form of l( <p). One convenient choice is simply to put to zero one nodal value of cp-say the first one cp1 -and we denote by cp1, the 'truncated' vector of the remaining nodal values.

The matrix form of (45)-(47) then writes:

Remark 8.

Kt/ -er = ).Erq;r 

er1J = 0 -EI 1'11 + F,rpl = 0. (52) 

Local equations of the boundary value problem

Such vibrations correspond by definition to the vibrations of an incompressible (and inviscid) liquid contained in an elastic tank under zero gravity, in the absence of surface tension effects.

In real cases, we are faced with the vibration of real fluids and structures interacting under gravity fields together with prescribed excitation forces pd.

This zero gravity and zero surface tension assumption needs further comments. The gravity can be viewed as a restoring force acting on the free surface. At 'sufficiently high frequency' these forces can be neglected with respect to the liquid dynamic forces. A practical criterion is that the frequencies of interest should be sufficiently above the sloshing natural frequency of the liquid (computed for the same fluid domains and fixed fluid/structure contact surfaces).

Notations (Fig. [START_REF] Holmes | Chaotic motions in a weakly nonlinear model for surface waves[END_REF]).

This eigenvalue problem describes the natural oscillations of the coupled system. In the present 'free-free' case (which corresponds to in-flight launch vehicle calculations) we expect six 'rigid body modes' associated to zero eigenvalues [START_REF] Argyris | Dynamics of Structures[END_REF][START_REF] Meirovitch | Dynamics and Control of Structures[END_REF][21].

This problem which involves the three unknowns (70)

dp =0 !Q (71) p =0 I ( 72 
) !r
Remark 12. Equation ( 70) is derived by substituting (59) in (62). The equation (71) results from ( 59) and ( 60). It can be shown that these two formulations are equivalent.

Variational formulation

Let us introduce the two following admissible classes:

V,, = {regular vector functions u defined in Q,} V P = {regular scalar functions p defined in Q/ p = 0 on r}.

The variational formulation equivalent to (67)-( 72) is as follows.

Find A; u E V ,, and p E V P such that

\fbu E V,, (73) 
{74)

(75)

Practical construction of MA

We proceed in a similar way than in section 2.4, considering the following bilinear form cliscretized in a first step according to: b(u, p; Ou, bp) = -J _!__ V'p•V'bpdx + J pn•buda + J bpn•uda

Q � I I (u, Ou) E V,,,
C, ] {II}.

-F, p (p, bp) E VP .

(86)

In a second step, we perform a 'static elimination' of the 'slave' degrees of freedom Pr which gives (85).

S. STRUCTURAL-ACOUSTIC VIBRATIONS

.1. Local equations of the boundary value problem

We consider the vibrations of an elastic container filled with an homogeneous compress ible (inviscid) fluid, the gravity effects being neglected.

Such vibrations are involved in the prediction of acoustic levels induced in structures and internal noise inside acoustic cavities due to outside noise sources. (a) (88) is the constitutive law of the fluid (where uF has been replaced by V' i:p). (b) Solutions for ). = 0: in the present case of a 'free-free' system, this set of equations exhibits zero eigenvalues corresponding to the expected six 'rigid-body' solutions (uR, PR• 'PR). uR is the structural 'rigid-body' mode, PR is equal to zero, and IPR is the solution of the following boundary value problem: (94)

We define now a new (equivalent) set of equations obtained by recasting the above set of equations.

After integration, (87) is replaced by:

p = P o A<p + r (95) 
which introduce the additional unknown constant r (as already done in section 2). The boundary value problem is as follows.

Find ,J,, ; (u, p, r:v, r ) such that: 

p = p0A<p + r I Q (96) p + Poc 2 8.<p = 0 I 11 (97) 
a;;, J (u)

+ AP5U; = 0 111, , (100) a 
;1(u)nj' = 0 lo!J,\L ( 101) 
l(cp) = 0.

(102)

Symmetric variational formulation

In a first step, we introduce the admissible class V,, of regular vector functions defined in Q,; then we multiply equation (100) by a test function bu E V,,, then 'integrating by parts' and using (99) and (101), we obtain:

( a;;ktE;1(u)Ek1(bu)dx -AJ. p, ,u. oudx Jn, IJ, -AJ Po<pn • Duda -r J bu • n da = 0, :L E 'ef cpu E Vu. ( 103 
)
In a second step, we introduce the admissible class V P of regular scalar function defined in Q. Then multiplying (96) by a test function op E V P , and integrating in Q, we obtain:

f. -1 -pop d x -;,, J I_ cpop dx -rJ. -1 -bp dx = o, 'efbp E VP. (104) n � 2 n2 Q � 2
In a third step, multiplying (97) by a test function ocp, then 'integrating by parts', and, at last, using (98), we obtain:

f. Po'ilcp• 'ilbcpdx -I PoU. nocp dx -J _!_pbcpdx = 0, 'efbq;. Then restricting successively ( 105) to V 'I' and R we obtain:

j� PoVIJJ • Voqidx -( P ou• nbrpda -( _!_pbqidx = 0, n J!: J11 c 2 . 1 f tirj --p dx + br u•nda = 0, np0c2 L Vbr ER. Vlup E V� (106) (107) 
The variational boundary value problem consistes in finding A; u E V,,, p E v:C,, qi E V1, r E R such that ( 1 04)-(107) are satisfied. The matrices corresponding to the various bilinear forms involved in the variational formulation are defined by: r'>u 'l' K.,u - (

) 108 
Choice of a particular form of 1( qi): We shall proceed in exactly the same way as in section 2.3.

One nodal value of q:;-say the first one r:u1 -is put to zero. ({!, denotes the resulting 'truncated' (q.. 2, . . . , IJ!n) vector of the (N -1) remaining nodal values.

The matrix form of (104)-(107) then becomes:

K5u -AM5U -AD1<p1dr = 0 K P p -AE1<p1 -er = 0 

Practical construction of matrix equation (113)

We first notice that the construction of K,, M,, K P is relevant from standard discretiza tion of symmetric bilinear forms.

One trick to set the other matrices up simply, namely: (e, er), (d, dr), (D,F�1Di, D,F� 1 E i, E1F� 1 E i ) consists of considering in a first step the following bilinear form and to build (by standard assembly procedure) the corresponding hypermatrix (without applying any constraint on <p). Case of axisymetric vibrations. We recall that cp is defined up to an additive constant in the three-dimensional case, which requires the introduction of the above uniqueness constraint (102) and the introduction of r defined in (95). This indetermination only affects the n = 0 component of cp. Therefore, this case is relevant of the numerical methods extensively discussed in the three-dimensional case; in particular the equations contain the unknown r.

Case of non-axisymmetric vibrations. In this case, the constant unknown does not appear, and the matrix equations are simplified.

Remark 21. This formulation can be extended to deal with a t1uid domain presenting a free surface on which a zero pressure boundary condition is given.

Jn the past, many attempts have been done to set up symmetric formulations for this problem, with the fluid described by scalar fields.

To our knowledge, the first (continuum) variational formulation leading to a standard eigenvalue equation problem ((A -uJ B)X = 0, with A and B symmetric matrices) is given in Morand, Ohayon [START_REF] Morand | Investigation of variational formulations for the elastoacoustic problem in[END_REF][START_REF] Morand | Substructure variational analysis for the vibrations of coupled fluid-structure systems lnt[END_REF].

Original matrix symmetrization methods has been extensively discussed in [START_REF] Felippa | Symmetrization of the contained fluid vibration eigenproblem[END_REF][START_REF] Naschic | Stress, Stability and Chaos in Structural Engineering: An Energy Approach[END_REF].

A complex symmetric formulation (leading to an eingenvalue problem of the type (A -jo} B -w2C)X = 0, with A, B, C symmetric matrices), without spurious modes, has been given in [26]. Finally, Urns and Liu [START_REF] Uras | Dynamic buckling of liquid-filled shells under horimntal exl[END_REF] exhibited a formulation with some gravity terms in order to analyse dynamic buckling instabilities [28].

NUMERICAL RESULTS

Figure 2 shows Ariane 5 simulated hydroelastic vibration modes based on (84). These three-dimensional calculations involve a Fourier decomposition of the vibration problem related to each axisymmetric substructure, namely the two strap-on boosters, and the cryogenic stage (central body).

Figure 3 shows the evolution of the frequencies of the liquid propelled launcher as a function of the rate (percentage) of combustion, illustrating the curve veering (modal crossing) phenomenon [START_REF] Morand | Quand Les fusees vibrent: l'effet Pogo[END_REF].

Figure 4 shows, in a meridian plane, a coupling between the structure (containing liquids) and a pipe modelled as a structural�acoustic beam (see [START_REF] Ohayon | Variational analysis of a slender fluid-structure system: the ela�toacoustic beam. A new symmetric formulation[END_REF]30]): this problem is a local complicated junction problem [31] which is important for stability analysis predictions.

Figure 5 shows the evolution of the critical damping �,. (between 0 and 1 the structural damping ;, is equal to 0.5).

CONCLUSION

We have presented improved formulations of the fundamental fluid/structure problems.

These formulations, which get rid of the 'spurious zero-frequency fluid modes' generally encountered in previous formulations, lead to symmetric matrix equations.

The results serves as inputs in the stability loop analysis and are now currently used for liquid propelled launch vehicles.

Among the open problems, let us mention the nonlinear excitation of the free surface sloshin g of the liquids in the tanks by the motions of the shells, and also the outflow phenomenon occuring at the reservoir-pipe junction. 

(

  curved) free surface boundary of r vertical unit vector unit normal to r normal to y in the tangent plane to r corresponding normal derivative surface tension principal radius of curvature of r surface divergence and gradient operators from surface theory In a first step the free surface conditions are written in terms of the normal component IJ (tor) of the free surface displacement [13-15].

  [START_REF] Ciarlet | The Finite Element Method for Elliptic Problems[END_REF],[START_REF] Dautray | Analyse Mathematique et Ca/cul Numerique pour les Sciences et les Techniques[END_REF], and (9), we can write the local equations of the boundary value problem in terms of the three unknown fields (p, <p, 17):

Remark 6 .

 6 The equation (34) results from the fact that 17 is the normal component of the displacement uF of the fluid on r.

3 . 2 .

 2 Variational formulation� = D 17 ov /( <p) = 0.In a first step, multiplying (38) by a test function b<p then 'integrating by parts', and at last using (39) and (40), we obtain:(44) Remark 7. In (44), we stress that the test function b<p is not submitted to the constraint (43).

  In order to set a variational property where the test functions belong to the same admissible class, (44) is therefore replaced by a set of two equivalent variational equations derived by considering two subsets of test functions: (a) the set V IP of regular test functions satisfying (43). (b) the set R of constant test functions Dr.

3. 3 .

 3 Matrix equations 1J (resp. cp), denote here the vectors of the N,, (resp. N), nodal values corresponding to each unknown field. The matrices corresponding to the various bilinear forms involved in the variational formulation are defined by: Df/T K 1} � ( p0g(iz • n )17()17 da + T ( Vs 1} • VsD1J da -T ( (� + �)T/DT/ da -rJ Df/bryda Jr Jr Jr R1 R2 y bcpT Fcp � f/0Vcp• Vbcp dx Df/T E<p � f / o<fJOf/da; 'flT Eb<p � f / olJO<pda bryT er � r f r bryda; 'flT ebr � Dr f r ryda.

K

  (N,, x N,,): square symmetric matrix F (N x N): square symmetric matrix E (N11 x N): 'coupling' matrices e (N,, ): 'coupling' vector.

  The matrices Er and F, have been obtained by suppressing in E and F , the rows and columns corresponding to rp1 • (b) Referring to Remark 4, Fis invertible. At last (54) is used to eliminate 'Pr from (52), leading to the following equations exhibiting a symmetric form: (55) Remark 9.

  (a) It can be shown that K and E1F;1 £/are positive. (b) The last equation is a constraint, and r the corresponding Lagrange multiplier (this constraint results from conservation of volume of the incompressible liquid, see [6]. (c) Consequently, (55) present (N,1 -1) positive eigenvalues.

3. 4 . 0 '

 40 Practical construction of (e, eT), E1F;1E/ One trick to set up simply these matrices consists in envisaging in a first step the following bilinear form and to build (by standard assembly procedure) the corresponding hypermatrix (without applying any constraint on ( q;). h(17, cp; b17, orp) = -f PoVq:i•Vbipdx + f Pu1JOq;da + J" PofPbrido In a second step, and according to the definition of 'truncated' rp ::::: ( q�, . . . , rp,v) this hypermatrix can be partitioned as follows:(57)It can be shown that (e, e.,.), (Ef' E/) and F, are the same matrices as those involved in (52)-(54).At last, if we consider rp1 as 'slave' degrees of freedom and apply a 'static condensation algorithm' to H (formally considered as a 'stiffness matrix'), we obtain the following 'reduced' matrix: the submatrices of which being the matr:rces involved in (55).

( 58 )

 58 It can be shown that the zero diagonal term in (58) results from the fact that the rank of Fis (N -1) (see Remark 4). Remark 10. If the surface tension vanishes, the present formulation degenerates in an alternative formulation of the sloshing problem, involving the additional unknown field 17[START_REF] Morand | Interactions Fluides-Structures[END_REF][START_REF] Liu | Variational approach to fluid-structure interaction with sloshing[END_REF][START_REF] Ohayon | True symmetric variational formulation for fluid-strucure interaction in bounded media. Finite element results[END_REF].4. HYDROELASTIC VIBRATIONS

1

 1 

0 I n Fig. 1 .

 0n1 Fig. 1. Liquid and sr:àucture geometr:x.

0 I( rp) = 0 .

 00 (u)n/ = pn; a;i,i(u) + J.. p,u; = 0 a,i(u)n/ = Remark 11. Interpretation of the above equations. (59): Euler equation (see (7: surface condition (obtained by setting g = 0 in equation (10)) (62): (kinematical) contact condition (63): force equilibrium condition at fluid-structure interface : (linear) dynamic equation for an elastic structure (in terms of the displacements of the structure) (65): free boundary condition on the structure (66): uniqueness condition (see

  (u, p, rp) can be recast in an equivalent two fields formulation by eliminating rp: a;i(u)n/ = 0 laQ�\I (67} a; J )u) + ).p,u; = 0

0 IQ

 0 p 0c2 div uF displacement vector of the fluid velocity of sound in the fluid 'constitutive law' of the fluid In terms of the structural displacement uF, and of the fluid pressure and displacement potential p, cp, the local equations of the coupled system write:-'V p + J.. po V' r:p ""' 0 IQ (87) p + Po C2 /j.<p ""' ;(u) + J.. p .. u1 = 0 le,

16 .

 16 In (105), we stress that the test function O<p is not submitted to the constraint (102). In order to set a variational property where the test functions belong to the same admissible class, (105) is therefore replaced by a set of two equivalent variational equations derived by considering two subsets of test functions:•• {a) the set V.,,of regular functions satisfying (102) (b) the set R of constant (over the domain) test functions.

5. 3 .

 3 Matrix equations (u, p, rp) denote here the vectors of the nodal values corresponding to each unknown field.

Remark 17 .

 17 bu T Dqi -f / 0rpn • Du do bprEw .;-;. f,-1 -wbpdx"PoC2 buTdr -rJ:i: n • buda T l 1 lip err --�Op dx r.!p(JC J. a;i k!E; 1( u )Ekl( bu) dx Q., J, p,u • bu dx n, l J. --,pbp dx npoC" Lt0Vrp• Vb<pdxuTD&p .;-;. J/0brpn • uda 1 pTE{J<p-f,--b<pp dx 11poc2 urdbr +--+ br JL n • u drr prebr +--+ brJ -1 -pdx. Qpoc2 The dimensions of the various matrices arc: K,(Nu X Nu), M,(Nu X Nu) (structural stiffness and mass) Kp(Np x !\�), F(N x N) (fluid related matrices) D(N,, x N), E(Np x N) (coupling matrices) d(NJ, e(Np).

F

  ;<p1 -D/u -E/p =0 eTp + dT u =0. The matrices D1, E1 and F; have been obtained by suppressing in D, E and F, the rows and columns corresponding to <p 1 .At last, due to the invertibility of F; (Remark 4), (111) is used to eliminate <p1 from (109) and (110) leading to the following equations exhibiting a symmetric form:

  (a) The last equation is a constraint between u and p, and r is the corresponding Lagrange multiplier. (b) It can be shown that (113) presents (Nu + N P -1) positive eigenvalues.

FtRemark 19 .

 19 In a second step, and according to the definition of 'truncated' <p1 = (<f!2, . . . , <f!N), this hypermatrix can be partitioned as follows:-} .. ] � 1�l It can be shown that (d, e), (D1, £1), F; are the same matrices as (109)-(112).At last, if we consider <p1 as 'slave' degrees of freedom and apply a 'static condensation algorithm' to A (formally considered as a 'stiffness matrix'), we obtain the following 'reduced' matrix: which being the matrices involved in (113). (116) Remark 20. It can be shown that the zero diagonal term in (116) results from the fact that the rank of Fis (N -1). :'i.5. Axisymmetric systems It is classical, in this case, to use the Fourier decomposition of the unknown fields. The eigenvalue problem thus splits into a series of eigenvalue problems labelled by the integer value of the harmonic number n which can be simply obtained by restricting the general three-dimensional variational equations to each 'Fourier admissible class' (for which each field presents a sinusoidal variation as a function of the azimuthal angle and each boundary value problem can be set in a meridian plane).

Fig. 2 .

 2 Fig. 2. Modal shape of launch vehicle (Ariane 5).

Fig. 3 .Fig. 4 .

 34 Fig. 3. Evolution of frequencies and curve veering phenomenon.

Fig. 5 .

 5 Fig. 5. Stability curves.

(76)

• (75) is obtained by multiplying (68) by tJu E Vu, then 'integrating by parts' over !l,, and, at last, by taking into account the natural boundary conditions (67) and (69).

• (76) is obtained in the same way, by multiplying (71) by bp E V P , then , by 'integrating by parts', and, at last, by taking into account (70).

Matrix equations

Let us introduce the matrices corresponding to the various bilinear forms involved in (75) and (76). buTKu +..,. buTMu +..,. As indicated by the subscript t, the "p = 0 condition" has been taken into account by suppressing in the matrices all the rows and columns related to the free surface nodal values.

bu T Cp

Added mass matrix

In the matrix equations ( 81) and (82), it is possible to eliminate p1 by using (82) which can be written:

(83)

We are left with:

Where MA is the (symmetric, definite positive) added mass matrix defined by: MA = C,F�1C/.

(85)