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SYMMETR(C VARIATIONAL FORMULATIONS FOR THE VIBRATION OF DAMPED STRUCTURAL-ACOUSTIC 
SYSTEMS. AEROSPACE APPLICATIONS 

R. Ohayon*, N. Meidinger**, H. Berger***

Office National d'Etudes et de Recherches Aerospatiales 
BP 72. F - 92322 Chfttillon Cedex, France 

Abstract 

We consider the linear vibrations of a 
structure coupled to an internal gas and subjected 
to a prescribed diffuse noise. The considered 
damping effects arise from an impedance boundary 
condition written on the fluid-structure interface, 
together with the classical structural one. 

Starting from the local. equations of the 
coupled system, the numerical analysis is based on 
an appropriate symmetric variational formulation 
leading to a synnnetric matrix system, through a 
finite element discretization. The forced vibration 
problem is then solved using a Ritz-Galerkin 
projection on the structural-acous::ic modes of the 
associated conservative Dystem. 

Numerical applications are presented in the 
case of a launch vehicle shroud model. The results 
pre�ent, for each considered substructure of the 
shroud, the dynamic responses expressed in terms of 
power spectral density and root mean square values. 

U(resp. U ) g 
p(resp. �) 
p( reap. pg) 

a . .  (resp. £, . )lJ 1J 
c 
LI) 
Z(w) 

a, a 
P.S.D.(resp.R.M.S.) 

Nomenclature 

structural displacement field 
(resp. gas displacement field) 
pressure (resp. displacement po­
tential) field in the gas 
mass structural density of the 
structure (reap. of the gas) 
stress ( resp. strain) tensor in 
che structure 
velocity of sound in the gas 
circular frequency 
fluid-structure boundary im­
pedance 
structural Rayleigh damping 
coefficients in the structure 
Power Spectral Density (resp. 
Root Mean Square) 

I. Introduction 

This investigation is concerned with the 
economic and accurate computational methods in 
order to quantify in terms of power spectral 
density and root mean square values the linear 
vibrations of a coupled system constituted by a 
compressible gas contained into an elastic 
enclosure subjected to a prescribed diffuse noise. 
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In the present paper, we do not consider any 
damping arising from the external environment 
(acoustic external radiation). We are here 
concerned by the vibrations of such coupled system 
into a reverberant chamber. More specifically, the 
bounded structural-acoustic system will be 
considered as subjected to a prescribed diffuse 
noise. 

The forced damped vibration problem is solved, 
through an appropriate symmetric variational 
formulation by using a Ritz-Galerkin projection on 
the modes of the structural-acoustic associated 
conservative system. 

This fluid-stru�ture problem has been the 
subj�ct of many studies in litterature(l-9>, we 

refer to the reference (7) for appl�cation of 

component mode procedure(S) applied to a coupled 
system described by non symmetric matrix system. 
This last point has created a puzzle for many 

fluid-structure investigators
(9-lo). The reference 

(11) uses the velocity potential field into the gas 
domain as unknown and obtains a symmetric coupled 
matrix system of "non conservative" type (in fact, 
gyroscopic). The non synmetry of the operators 
forming the coupled matrix system describing the 
structural-acouAtic model occurs for conservative 
fluid-structure bounded medium, i. e. for an elastic 
undamped envelope coupled with an internal inviscid 
compres<lible gas. This strange fact is due to the 
choice of the state vaciables describing the system 
( ref. ( 12-15)) • 

The structure being usually described by a 
displacement field U, one can choose for t1te fluid 
either a displacement field U or a pressure field 
p (stress type variable). g 

When using a displacement type variable for 
the gas, there is no problem of synmetry in the 
final coupled matrix system, but a major drawback 
of the formulation comes from the existence of an 
infinite number of spurious zero eigenvalue 
frequencies connected with the irrotationality 
condition 

cur� U = 0 in the gas domain g 

On the contrary, this formulation 
convenient for one-dimensional problem 

pipes(l6). 

is very 
such as 

A way to circumvent this irrotationality 
c ondition is to describe the gas by a scalar field 
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namely the pressure perturbation at any point of 
the fluid domain. 

The non symmetry of the coupled matrix system 
comes from the fact that one have to c�11ple two 
domains, o!'.le being described by displacement 
variable and the other by pressure (stress type) 
variable. The resulting matrix system has the 
following form : 

Let us remark that the utilization of boundary 
integral procedure<I7) wnich are very efficient for 
external problems and also for internal problems 
when the fluid is incompressLble(lS) leads to 
non linear eigenvalue problem with respect to w2 
for compressible fluid. 

We have therefore proposed in references (12-
15) various symmetric variational formulations 
lead��g to synunetric matrix systems ; some of them 
have been applied to specific pr�blemsCl9>. We have 
also recently '�xtended some formulations to 
transient proH:.!ms(20) and the reference (21) 
exhibits a matrix scaling procedure in order to 
analyze the appropriate eigenvalue solvers for such 
situations. 

The component mode met1todology has also been 
investigated in reference (12) as in references (4-
7) but we must stress the fact that before applying 
such Ritz projections, one has to exhibit . . . . 1 . . 1 02> appropriate symmetric var1at1ona princip es 
specially when the coupled system is conservative 
or damped through classical as�umptions; on the 
contrary the investigators or references (4-7) have 
based their analysis on non symmetric systems which 
are not directly connected with the physical 
conservative aspects of the interaction. 
Nevertheless the analysis of references (4-7) is 
correct and interesting from pure computational 
point of view. 

The key of the synunetrization procedure is to 
use additional variable in the fluid for instance, 
namely the pressure p and the displacement 
potential cf> (or the reaction forces in the 
s true tu re ( 20 ». 

In the framework of such symmetric 
formulation, the main feature of this paper 
consists in taking into ac�ount an acoustic damping 
effect based on a boundary impedance Z( w) on the 
fluid-structure interface. 

In order to overcome the difficult problem of 
boundary layer description through viscous fluid 
equations, we introduce the following approximate 
dissipative model. 

In a thin layer between the inviscid fluid 
interior domain and the fluid-structure interface, 
we introduce a damping behaviour through a 
constitutive law of "instantaneous viscoelastic" 
type such a dashpot which relates the pressure to 
the jump of the normal velocity. Of course, in the 
e�act dissipative model, this jump is zero together 
with the tangential velocity, but in the 
approximate dissipative model, as we introduce a 

damping into a third intermediate medium of 
infinitely small thickness, we must introduce such 
discontinuity. 

The resulting surface constitutive law has the 
following form : 

(1) 
P = - jw Z(w) [u.ng\luid-structure interface 

and allows the dissipative model to tends 
continuously to the conservative one when Z(w) tends toward infinity ( ( 1) will be considered as a 
penalty condition into a variational formulati9n). 
This concept is currently used in acoustic 
cormnunity in order to avoid the difficulty of 
Navier-Stokes boundary layer problems (unsteady 
case). 

In a first step, we shall, for sake of 
physical interpretation, take into account the 
preceding damping effect into a displacement 
formulation of the structural-acoustic problem. As 
said in the beginning of this introduction, this 
formulation is not convenient from numerical point 
of view. 

In a second step, we shall reconsider the 
formulation with scalar unknown fields for the gas, 
leading to syrranetric matrix system. 

In a third step, we shall consider the forced 
vibration problem (deterministic prescribed force; 
or random diffuse noise). · 

In a fourth step, numerical results applied to 
a model of the shroud of a launch vehicle (ARIANE 
4) are presented in order to illustrate the
proposed numerical methodology. 

II. Local equations of the conservative system 

The figure 1 presents a schematic diagram of 
the gas-structure system. 

environment 
Fig. 1 - Schematic fluid-structure system 

Using the displacement 
(U, U ), the local equations 
conse�vative vibration problem are 

field variables 
governing the 

- the dyr. 1mic equilibrium ei;uat ion in the struc-
tu re 

cr . . (u),. + pw2 u. = o lJ J 1. 
- the boundary condition 

a . . (U) n. = o lJ Js on r e 

(2) 

(3) 
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- the dynamic equilibrium equation 
constitutive law in the gas : 

- grad p + P w2 U = O g g 
n 2 d" p = - � g C lV Ug 

and 

- the fluid-structure interface conditions • 

U
g

. ns = U.ns 

o
ij njs = - P ns 

on r 

the 

(4) 

(5) 

(6) 
(7) 

Ill. Local eguations of the weakly dissipative 

� 
The dynamic equation (2) is modified as

follows in order to take into account a classical 
Rayleigh damping : 

a . . ( u) , . + ].&> [a cr . . . Cu) - B p u J lJ J lJ tl ... 
+ p w2 u. = o l 

(8) 

As said in the introcl•::tiou, we consider the 
following associated weakly-di.ssipative model we 
introduce a thin layer in the fluid-structure 
vicinity with a damped constitutive law. The 
equation (6) is therefore replaced by : 

p "" - ].&> Z (w ) [Ug. ns - U. ns] ( 9) 
with a great value of Z ( (6 is replaced by a 
penalty condition). 

The equations of this approximate dissipative 
model, which tends continuously to the conservative 
one as Z + 00, are : (8), (3), (4), (5), (9), (7). 

IV. Variational symmetric formulation of the
weakly-dissipative coupled syste� 

As said in the introduction, we shall use a
mixed formt\lation using the triplet (U ; p and <I>) 
where <I> is the potential displacement of the fluid 
in order to have a symmetric formulation (of mass­
coupling type). Let us introduce : X = (U , p, <I>) 
and : 

k(X, X) 

m(X, X) 

= i I (],. (U) i:;. '(U) + 
0 lJ lJ 

1 

2 pc 2 
g 

1 I I V<l>I 2 + 2_ I-2 pg 
� c2 

� 

I p2 (10) 

n 
g 

pcj> 

( 11) 

+ Pg J <I> U • n + j J pl U I 2 

r o 

as
(X, X) = -2a J a . .  (U)f; .. (U) + -28 J p I UI 2 '2 lJ 1J S'2 

(12) 

P 2w2 

a (X, X) = -iz-- J q,2 
g r 

(13) 

where 
k(X, X) 

m(X, X) 

a
8

(X,X) 

a (X,X) 
g 

represents the elastic energy of the 
structure and the gas 
represents (for the solution) the kinetic 
energy of the structure and the gas 
repre9ents the damping in the structure 

represents the surface damping on the 
fluid-structure interface. 

Let us denote by (F , X) the work done by prescribed 
forces. 

The variational symnetric formulation writes 

The functional : 

(14) 
- w2 m(X, X) - ( F, X) 

is stationary on an admissible space V which 
contains the essential condition on U (clamped 
structure) or on <I> if the 'as is in contact with an 
external envrroiiment at rest <I> = 0 on a prescribed 
surface). 
Let us note that one could derive many other 
formulations as shown in ref. (20). 

V. Ritz-Galerkin projection on 
the conservative system 

The discretization 
dimension space leads 
element matrix system : 

of (14) in a 
to the following 

finite 
finite 

-w2 M u + j (J) [a K u + B M u] - w2 [M u + c ¢] F 
-w2 C "' + K p 0 05) g "' g P2 w2 

-w2 [CTU + CT p + M (j>] + j w �D cj>] 0 g g 'Z{W) g 

A rigorous static condensation of the ¢ 
unknowns (except one if the cavity is closed, i. e. 
if M is singular of rank (N - 1)) as a function of
( 

g
) 

. . U, p is possible. 

The Ritz-Galerkin projection on the eigen­
vectors of the conservative system associated to 
(14) or (15) leads to the following condensed 
matrix system : 

[- m.(w2 - 111n o·. + j h> o .. (,.1)) ]v· = f. (16) l -i lJ lJ 'J l 
where the modal coupling is localized in the 
damping term D . . • lJ 

D • •  1J = a K (Ui, Uj) + S M(Ui, Uj) 

w2 Pi Pj 
+ -zrwr  fr-2-2 (J)i (J)

j 

where Ciui and wj) represent two conservative 
eigenvalues the structural acou�tic system mi 
represents the corresponding generalized mass 
(appropriately normed). 

If we have used the velocity-potential 
symmetric formulation of ref. (11), the damping 
terms would not appear alone in a (jw) term. 

The advantage of the preceding analysis is to 
preserve the standard character of the dissipative 
system as in any standard structural system. 

VI. Numerical applications 

Numerical applications are presented for the 
case of the shroud of ARIANE IV European Launch 
vehicle coupled �ith an internal gas. 

3



Numerical applications 

Let us consider the axisymmetric shroud 
(composite material) coupled with an internal gas 
(figure 2). 

A 

Gas 

I 
I 

Axis of 

revolution 

� Cylindrical 

shell 

---1""---
B 

Fig. 2 - Description of the shroud 

The figure 3 presents a finite element mesh 
which allows the computation of 

- acoustic modes in a rigid cavity with a zero 
pressure condition 011 AB (figure 2), 
- in vacuo structural modes, 
- structural-acoustic coupling modes through finite 
element synnnetric variational formulations (figure 
3). 

Fluid finite 

element 

Shell and fluid-structure 

Fig. 3 - Finite element mesh of the structural­
iicoustic system 

Table 1 Circumferential wave number, N 

Structural-acoustic Acoustic modes Structura l modes 

modes 

Nu'Tlber Freq. (Hz) Number Freq. (Hz) Number Freq. (Hz) 

1 24.55 
1 26.07 

2 53.56 
1 54.23 

3 65.94 
2 66.61 

4 78.46 
3 79.93 

5 83.07 
2 80.98 

6 92.32 
4 92.60 

7 105.25 
5 106.20 

8 119.30 
6 121.01 

9 132.87 

10 134.83 
3 135.87 

7 136.51 

11 149.16 
8 148.2?. 

12 150.43 
9 153.09 

13 153.30 
10 155.66 

14 161.76 
4 164.14 

15 166.60 
11 166.72 

16 168.56 
12 170.03 

I 
5 180.17 

6 192.14 

1 47 modes< 300 Hz 

7 201.20 
. 

B 213.30 

9 224.14 

10 236.67 

11 257.77 

12 271.91 

In order to analyze the coupling, one bas to 
refer to the : 

- acoui;t ic mode shapes in rigid cavity (figures 4, 
5) where the iso-pressure are represented. The 
dotted lines represent the negative pressure, the 
bold line the zero pressure and the line the 
positive pressure. 

- structural in vacuo mode shapes (figures 6, 7), 
- structural acoustic mode shapes (figures 8-9, 10-
11). 

Fig. 4 - 11th acoustic mode (N=l) 

Fig. 5 - 12th acoustic mode (N=l) 
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Fig. 6 - 4th structural mode (N=l) 

Fig. 7 - 5th structural mode (N=l) 

Fig. 8 - 14th structural-acoustic mode (N=l) 
structural displacement mode shape 

. c��--:::-.:�_:/ . .  � . 

� 
Fig. 9 - 14th structural-acoustic mode (N=l) 

1so-pressure mode shape 

Fig. 10 - 15th structural-acoustic mode (N=l) 
structural displacement mode shape 

Fig. 11 - 15th structural-acoustic mode (N=l) 
iso-pressure mode shape 

The figure 12 illustr ates the following 
conclusions (for a particular circumferential wave 
number N = 1) : 
1) The structural-acoustic mode N° 14 contains 
without any change the structural mode N° 5 and 
perturbes the shape of the acoustic mode N° 11. 

2) The structural-acoustic mode N° 15 contains 
without any change the acoustic mode n° 12 but is 
perturbed by the presence of the structural in 
vacuo modes N° 4-5. 

170.03 
Rigid cavity acoustic frequencies (Hz) i 66. 72 

(11) (12) • I I I I I In-vacuo structural frequencies (Hz) 164.14 I 180.17 

/\/ �(5) f�/� Structural-acoustic coupling (Hz) 
161.76 166.60 

(14) (15) 

Fig. 12 - Coupling frequencies extracted fro� the 
table l 

This means that for some modes, the acoustic 
has an effect on the structure and that for some 
other modes, it is the contrary. 

Let us now consider the shroud of ARIANE I'l 
excited by a diffuse noise. The figures 13 to 24 
describe substructure type responses of the shroud 
for the circumferential wave number N = 0 in the 
follow:ing range :>f frequency : [22.4 Hz, 178.3 Hz]. 
These responses are expressed in terms of power 
spectral density values (P.S.D.) and root mean 
square values (R.M.S.). The acoustic boundary 
condition on AB (figure 2) is here that of a rigid 
wall. 

In the above frequency range, two vacuo 
structural modes only put i nto action. These modes, 
located respectively at frequencies 108,8 Hz and 
189.3 Hz, are the fundamental mode and the second 
one coi nciding with a local shape of the shroud's 
cylindrical shell. 

The involved substructures are the cylindrical 
conical and spherical shells of the shroud (figur� 
2), the cavity volume contained in this one and 
moreover two acoustic micropho nes located at the 
finite element mesh nodes 99 and lOj (figure 3). 

A shell type substructure responsP. is given by 
the arithmetical average of the energy a�celeration 
values in relation to the substructure finite 
element mesh nodes, while the cavity acoustic 
response is given by the sr atial average of the 
acoustic energy values. 

x10 

10 

"N 8 :I: -1 
6 u Q) "? N 
4 .s 

ci 2 cri 0.: 0 
0 

Cylindrical shell 

5 10 
Frequency (Hz) 

Fig. l3 

15 x 10 
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x10 x10 
Microphone 105 Conical shell 

15 45 
N" 
:I: 

12 N" 36 ....._ :I: 1 ....._ t.> "' Q) 
9 (lJ 27 "? � "' 

s 6 0 18 
0 � a.. uj 3 9-0..: 

0 0 
0 5 10 15 x10 0 5 10 15 x 10 

Frequency (Hz) frequency (Hz) 
Fig. 14 Fig. 18 

x10 Spherical she I I x 10 
Cylindrical shell 

20 7 -
N" 

iii 6-:I: 
16 ....._ � 1 t.> cr.i Q) 
12 "? � "' E ex: 4 8 

ci 
en 4 3 cL 

0 2 � 
0 5 10 15 x10 31 37 43 49 x 0.1 

Frequency (Hz) log frequency (Hz) 
Fig. 15 Fig. -19 

x10 Gas x10 Conical shell 

35 7 
"N 28 iii 6 :I: ....._ :3 M 

21 • 5 ca uj e:. � ci 14 ex: 4 
u) cL 7 3 

0 2 
0 5 10 15 x 10 31 37 43 49 x 0.1 

Frequency (Hz) log frequency (Hz) 

Fig. 16 Fig. 20 
x100 

Microphone 9'J x10 
Spherical she I I 

25 7 
"N 
:I: 20 iii 6 ....._ ..... � ca e:. 15 en 5 
c::i � uj 10 a: 4 cL 

5 3 

0 2 
0 5 10 15 x 10 31 37 43 49 x 0.1 

frequency (Hz) log frequency (Hz) 
Fig. 17 Fig. 21 
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124 
iii 118 
� cri 112 
:E 
a: 106 

130 
iii 125 
� cri 120
� 115 
a: 

110 

31 

31 

125 
m 120 
� 115· Cl) 
� 110 
a: 

105 

Gas 

37 43 49 

37 

log frequency (Hz) 
Fig. 22 

Microphone 99 

43 49 
log frequency (Hz) 

Fig. 23 

Microphone 105 

x 0.1 

x 0.1 

100 .... ----.... ----.... ----..... ----� 
31 37 43 49 x 0.1 

log frequency (Hz) 

Fig. 24 

The acoustic power spectral density (figure 
16) increases the most in the frequency range 
[100 HZ, 110 Hz], in which the fundamental mode of 

the shroud lies. This one excites m�ch more the 
conical and spherical shells than the cylindrical 
one. Out of this frequency range, the cavity 
acoustic response reveals that the structural 
acoustic modes coming from the rigid cavity 
acoustic modes participate in a significantly way 
to the interior noise. 

More generally, the comparison between the 
different response diagrams shows directly the 
substructure to substructure contribution and 
allows to conclude that such a response description 
framework is able to economically and accurately 
predict the interior noise sources and the 
hierarchy of the vibration transmission paths. 

Conclusion 

The present paper has shown numerical 
aerospace applications of a structural-acoustic 
damped model, numerically treated by using a 
synnnetric appropriate variational formulation. 

A Ritz-Galerkin projection on the 
conservative system is used through 
element discretization. 

associated 
a finite 

Further developments including experimental 1 . (23) . l" . corre at1ons , rigorous coup 1ng w1th an 
external environment (radiation phenomencn) are now 
undertaken. Preliminary results on equipment bay of 
ARIANE IV has already shown accurate correlations 
between the numerical �esults and the tests. 
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