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FLUID-STRUCTURE INTERACTION ANALYSIS FOR CYCLICALLY
SYMMETRIC BOUNDED SYSTEMS

R. Ohayon
Office National d’Etudes et de Recherches Aerospatiales (ONERA)
Chatillon, France

ABSTRACT

Various symmetric variational formulations for
fluid structure interaction in bounded medium are
investigated through the additional framework of
systems possessing rotationally periodic and symmetric
properties.

The case of scalar field and vector-valued field
are examined in details in order to apply the boundary
transmission conditions on the edge of the sector of
computation which are expressed in the complex plane.
Numerical finite element results are then presented.

INTRODUCTION

It 1is proposed to 1investigate the problem of
modal analysis of a compressible 1linear fluid-
structure system which possesses rotationally periodic
and symmetric geometric and mechanical properties.

Those problems occur in aerospace engineering for
instance for 1liquid and solid propellant launch
vehicles, for tanks of satellites with baffles and
also in many other the industrial areas (vibrations of
blades in a fluid environment).

One of the most current and elementary fluid-
structure system possessing rotation and symmetry
invariance concerns axisymmetric structures : the
problem is simplified through a circumferential wave
number n which corresponds to the classical Fourier
decomposition.

The admissible class in which the eigensolution
is searched splits into a direct sum of infinite
subspaces :
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Bo corresponds to axisymmetric modes,‘€1 corresponds
to flexural modes,\fz.... corresponds to breathing
modes.

Leaving away the elementary case of symmetry with
respect to one or two orthogonal plane of symmetry,
there remain the situation of cyclically symmetric
systems : for instance a cylinder of revolution with a
polygonal (regular) cross section or an axisymmetric
structure with periodic baffles among many other cases
(Fig. 1).

Fig. 1 — Cross section of an axisymmetric
system perturbed by periodic baffles.

We are mainly interested in modal analysis of
such systems. Two completely different physical pheno-
menoh occur by considering the wave length of the
mode :

- if there is a great number of periodic sectors,
i.e. if the dimension of the sector is small compared
to a characteristic length of the entire structure,
then smearing methods or more recent so-called homoge-
nization procedure can be applied. The entire system
is replaced by a system of revolution with an ani-
sotropic or orthotropic "equivalent" stress-strain law
(1-5).
Let us quote, within the same framework of low-fre-
quency analysis of large repetitive framelike
structures, other methodologies replacing a discrete
repetitive model by a continuous one (6-7).




- Alternatively, if the dimension of the sector
is of order of magnitude of the entire stucture, homo-
genization procedures are not suitable and here lies
the problem of cyclically symmetric systems. Many
works have been carried on that subject from the point
of view of standard displacement matrix analysis of
structures (8-12), with special reference to acoustics
in (12). Some investigations have been carried in (13-
A4) on more physical basis concepts. More recently, as
initiated in reference (8), the utilization of group
theory concepts (15-16) together with variational for-
mulation of the problem, previous any discretization
procedure have initiated basic research on simple
models in (17); (with an extension to static problems
(and transient) in {18) through discrete Fourier de-
composition). The group formalism has then been care-
fully analyzed in (19).

In the present paper, we shall in a first step
reoall this proocedure in the scalar field case for ro-
tationally periodic plus symmetry properties of a
structure before entering the vector field case.

In a second step, we shall apply the preceding
transmission conditions on a sector to fluid-structure
interaction problems which constitute an area of
growing importance (20-21-.22). The utilization of va-
rious symmetric variational formulations introduced
originally in (23-25) will then be applied.

Numerical results on a cylinder filled with
iiquid (polygonal cross-section) will then show the
the accuracy of the methodology, using the ASTRONEF-

code §§ ).

In conclusion, some extensions and open problems
will be emphasized.

SCALAR-FIELD PROBLEM - TRANSMISSION CONDITIONS ON THE
EDGES OF THE SECTOR

1. ROTATICNS

Let us consider an irreducible sector of a
structure (domain Sl ) presenting a rotationally
periodic invariance of angle .

¥We have previously shown (17-18) that if ¢ de-
notes a scalar state variable in the system, the
problem is treated in a complex plane by introducing
the companion variable W which {s the complexification
of the admissible vector space ﬁ in which belongs ¢ :
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The transmission boundary oondi which must
be applied on the edge of the sector are (Fig. 2}
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m being the nuamber of sectors which reconstitutes the
entire structure.

This result is classical in the framework of
irreducible representations of rotation group (15-16},
the ®characters" of the representations being exp(3n)
& OV (integer set). One oan find this result also
from the considerations of 4 '(16).

Fig. 2 - A sector plus symmelry.

If Q denotes the external unit normal to the
irreducible sector‘% , then :

?ﬁ" ()= - exp(im) 25-(R) @

The following properties hold :

1) m_evea

We have ¢

- 2 real representations of dimension 1. (the
modes are not degenerated, 1.e. the frequencies
are not multiple)

- Cﬂ - 1) real representations of dimension 2.

2) m_odd

¥e have ¢

~ 1 real representation of dimension 1.

-@m=1
) real representations of dimension 2.

Remark : The number n (integer) in the relation (2}
represents the wave-number of the phenomenon (like the
n (circumferential wave number) of the classical
Fourier series).

2. ROTATIONS PLUS SYMMETRY

If the entire structure has also symmetry with
respect to (8)-type axis (Fig. 2), then the sector .
can be preducible to an irreducible sector (Fig. 2,
dashed line) :8V.

The modes can be then classified into gymmetric
and antisymmetric with respect to the axis {a).

If we consider that ‘£ is symmetric with_ respect
to {a): the relation (2) shows that W is then anti-

symmetrie with respect to (&), i.e. ¢

2L 5 on e ()
Y
on (A) (5)
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The transmission conditions (2) then became
written only on one edge of the half-sector S, (f3)

@ i S = o \ (6)
2 Y (o) )
1f D is still the external unit normal t;oﬂ;o we
have then :
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Remark : In order to recover the mode shapes on the
entire structure, one has to use again the relation
(2) :
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3. RECALL OF THE PROCEDURE FOR A SCALAR FIELD IN THE
CASE OF ROTATION PLUS SYMMETRY

Let us solve the wave equation (c = velocity of
sound) :

2
()
by + Lo =olg,

with (¢ = 0 boundary
condition on 2. (Fig. 2).

We introduce a complexification of the space by
the companion mode Y such that :

3
[N + w- =0
¥ 't let)

The admissible vector space is H

with = 0 on.

%.‘ = {‘-&,\l’ € appropriate mathematical vector
spaces/

g Oonz,\y= 0 on 243 y=0 onT,

B 0 o T3 (9)

The variational formulation of the problem is FOR
BACH n : _

L 3
Find w'e R, and (pp) € ¥a! such that :
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For each n varying from 0 to (m even) or

(m odd), we have an eigenvalue problem to solve in Ehe
irreducible cell _ﬂ." :

K o _ wt|Mm o ] L4 . o

o K cilo ™M Y ) (11)
plus transmission conditions which connect andlf
along 0, (here his the parameter n (integer).

(10)

From the practical point of view, we must double
the variables to construct the system (11) on SL% and
then we must utilize constraints between variable :

‘f-t}f-"-f—+\-\’=° on \"_:) this for each
given n.

VECTOR-FIELD PROBLEM - TRANSMISSION
CONDITIONS ON THE EDGES OF THE SECTOR

Let us 1introduce a change of notation. In the
vector-field case, we have three components of the
displacement field L) (a,, 4y, M)

In order to derive easily the transmission
conditions (2), we shall consider cylindrical

coordinates for the components of LI (u{,u "“‘2'
)

The companion mode (complexification of the
space) is denoted (gl,ve,v%).

Let us choose, as in the scalar-field case, id
symmetric and V anti-symmetric with to (A).

- v ol 4, (A)

We have then :
My (W) om
v (eCAD i
The same foru ,a .
Y ¥

which leads to @

A, mY_ s, .0 on {3
< (13)

Mo i}} 2.;_ +n3 =0 on 33/

But for 44 and Ar , one finds :
© ]
Ae—ﬁ”———-: Ny = o (1)
with @ Mg = O

Npety = © on (A) (15)

Remark : If m (number of sectors) is even, then the
cases n = 0 and n = are particular decoupled
situations (the frequency of the whole structure is
not multiple). The case n = 0 is the "axisymmetric"®
mode shape.

FLUID-STRUCTURE INTERACTION SITUATION

Let us oonsider the case of figure (1)
structure with elastic baffles containing a fluid
(inviscid, linear, compressible).

1. ADDED STIFFNESS OPERATOR - STIFFNESS COUPLING

Let us recall that |usually, a symmetric
formulation of the vibrations of a fluid in an elastic
container is established by using the displacement
field U in the structure, and the couple p and @ in
the fluid (p is the pressure, & is the displacement
potential) (23-25), leading to mass coupling terms
only. We shall here use a stiffness ocoupling only,
with the same variables as follows ¢

1 3
Find (U; p andtg)efand '€ R such that :

{S () €25 (Su0) —to"Sg‘ u.u .-5 ?U.D-F = o
n

AR
o
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V}"(resp. E.;' ) is the stress tensor (resp., deformation
tensor), ¥ {resp.9¢ ) is the density of the structure
(resp. the fluid which occupies the domain Stg}, T
denotes the fluid-structure interaction surface.

The matrix discretization is :

K D ] M O (] (W] 0
T - o o =lo
D K G (=] -
[ v ik o
o &7 o o o F | |4] |o

Remark : The elimination of p in (17) leads to a
stiffness operator.

In order to apply the symmetry procedure, one has
to rewrite the formulation (16) by replacing SLby n’,
and ¥ by U, (Fig. 3) :

Fig. 3 — Fluid-structure jrreducible sector.

Z]
4 is divided into two parts (structural T]U and
fluid 3 ®) (Fig. ).

PI mn l"1 {21

Po——e ———=s0

Fig. & Partitioning of Ty.

on , one applies the condition (13) and (1ik)
(u.? as ¥ is the external normal to ) i3 regarded as
upand satisfies equation (14). On $'¢E) , one applies
the transmission oonditions {2} on the variable ¢ (not
necessarily from the discretization point of view on
p).

DPue to the variational principle (16), it 1is not
neoessary to apply any transmission conditions on « on
GO

A

2. FLUID-STRUCTURE SYMMETRIC FORMULATION USING ONLY p-
VARIABLE FOR THE FLUID -

If we introduce the new field variable R (dynamic
reaction forcesk) in the structure (25}

e
R: g,w-U (18)

One hase a symmetric formulation for the fluid-
structure problem in (U,R §{ p) field-variables.

(ot o5 () €5 (50) - ot {50 -w‘g4, d.5us0

pr 2 [
{ SL&‘“ _ wlj u.Se

s
A L S X (19)
J\:’; opedg. Ta&ff -t S*i’::"-\o ¥ -w u.bifgo
F

| V(LT 8) e B, (u,ryp)e® ©

From the finite element point of view,?is not
necessary assembled from one element to the next one.
This formulation is interesting as only p remains as a
variable for the fluid (huge fluid domain plus plate
or shell type structural domain).

Remark : Let us gquote that "non conservative® type of
symmetrization have been discussed in {27).

Again here, the vector field transmission conditions
€13)y (1) can be applied on the variational
formulation (19}.

NUMERICAL FINITE ELEMENT RESULTS

A cylinder with polygonal cross-section have been

computed @ -

- Total computation on the whole sructure
- Computation on an irreducible sector (Fig. 2).
The gain of time on a UNIVAC-1110/83 computer 1is

of a ratio 1/8, The sector was not divided again into
smaller finite elements.

The computatjon was very efficient and it is
impossible to distinguish on Pigures S, 6, 7 -which
present the mode shape corresponding to a frequency of
18 Hz- the total computation and the one taking into
acecount the symmetries.

Fig. 8§ — Cross sscthon made shape (18 Hzj.



Fig. § — Vertical view of the mode shepe (18 Hz).

Fig. 7 - Perspective view of tha mode shape (18 Hz).

The ASTRONEF code was used for those computations

on the UNIVAC (Exec 8) system {30).

CONCLUSION

There remain many open problems such as taking

into account damping terms in the structure.

d¢ carried using the results of (29).

The extension to structure-structure coupling may
The case of

infinite surrounding medium is wunder investigations

(submarine

propeller for instance), using

rethodologies developed for fluid-structure coupling
(vithout symmetry concepts) in (26). Let us quote that
translation repetitive properties for structures lead
to Brillouin zones computation (28). This shows that
the area of symmetry concepts in dynamic of continuous
medium is a very prospective one.
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