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Abstract—This paper is based on a method recently developed 
by the authors to characterize analytically, without switching 
angle determination, the voltage harmonic three-phase systems 
generated by the switching of PWM inverters. On this basis, it is 
possible to define control strategies that modify the spectral 
content of the output signals. The presented developments are 
focused on the carrier phase jump which aims to act on two 
harmonics simultaneously by controlling the effects on the other 
spectral components. 

Keywords—PWM supply, switching harmonic control, AC 
variable-speed drives 

I.  INTRODUCTION  

The use of Pulse Width-Modulated (PWM) inverters is 
widespread for several decades in the field of variable speed 
AC motor drives. One of the main arguments, in addition to 
easy implementation, concerns the possibility to reject at high 
frequencies the voltage Switching Three-Phase Harmonic 
Systems (STPHS). This leads naturally to minimize their 
effects considering the inductive behavior presented by the 
machine at these frequencies. The beneficial aspects are real 
for the torque harmonics insofar as the concerned mechanical 
resonances vary at low frequencies of a few tens to a few 
hundred Hz, amplifying the effects of some components. 
However, other phenomena, particularly important, occur. The 
latter concern the losses, especially the iron losses [1, 2], the 
noise of magnetic origin [3, 4] but also premature aging of the 
electrical insulation system [5, 6]. To get away from these 
effects, the simplest solution consists in adding a filter 
connected to the inverter outputs. However, because of their 
cost and their size, they are not always compatible with the 
industrial constraints. This has led research teams to propose 
solutions to minimize some of these effects. These solutions 
are divided into three categories. The first consists in acting on 
the architecture of the power electronic converter so as to 
minimize the amplitude of the voltage variation during a 
switching and this has led, for example, to the multilevel 
converters [7]. The second concerns the machine itself by 
changing its structure, as for example, by equipping it with 
specific dampers [8, 9] to reduce the air gap flux density 
harmonics produced by the switching. The third approach 
focuses on an adaptation of the control strategy. 

The developments presented in this paper are in the third 
category, with the objective of reducing the noise of magnetic 
origin. There are many references [10, 11, 12, 13] about the 
reduction of this noise, with appropriate PWM strategies. The 

originality of the presented developments is based on the 
suppression of a force component whose effects are 
particularly important if it excites a stator mechanical 
resonance which can intervene at frequencies of a few kHz. 
Let us assume that this force component is generated by a 
given balanced STPHS in the output signals. The principle 
consists, using 3 distinct carriers, in removing this STPHS by 
making homopolar an intermediate STPHS who produces it. 
This principle has been already presented [14]. It consists in 
determining the STPHS phase angles by associating to the 
classic Sinus - Triangle (S) PWM a Sinus - Sinus (SS) 
PWM. It has also been shown in this paper that the 
suppression is accompanied by the appearance of certain 
harmonics which may call into question, in some cases, the 
proposed principle. To minimize the negative effects of this 
strategy, a technique called "carrier-phase jump" has been 
developed. The goal is to remove alternately two STPHSs 
from the output signals exploiting the additional degree of 
freedom provided by this procedure. 

As the size of this paper is limited and given the 
complexity of the phenomena, it is difficult to expose both 
aspects simultaneously: control strategy and noise reduction. 
Thus the developments will be limited to the first point. The 
first part recalls the analytical method used to determine the 
PWM output voltage characteristics without switching instant 
determination. Then, this procedure is applied to remove some 
STPHSs with the analysis of the induced secondary effects. 
The principle of the carrier phase jump is presented in the 
third part where some experimental results, about voltage 
spectral contents, allow concluding on the effectiveness of the 
proposed control strategy. Let us point out that upper indexes 
" s " for sinusoidal carrier and " " for triangular one will be 
used to distinguish the variables according to the carrier 
waveforms. No index means that the relations are valuable 
whatever the case. All experiments are made by connecting to 
the inverter outputs a 3-phase, 50Hz, 15kW, 2 pole pair cage 
induction machine star connected operating at no load. 

II. CONTROL STRATEGY  

Fig. 1a presents the three-phase PWM connected to a 
balanced load which is represented by its equivalent star 
connected circuit. In order to suppress a STPHS from the qv  

output signals ( q =1, 2 or 3), it suffices to make homopolar 

the intermediate STPHS included in the qw  variables. This 



principle emphasizes that the main quantity for the control law 
concerns the phases of the STPHSs. 

Let us denote ref
qv  and 

cqv  the phase q  sinusoidal 

reference and triangular carrier signals, whose angular 
frequencies are respectively   (frequency f , period T ) and 

m  (frequency mffPWM  ); m  is defined as the modulation 

index. For a classical PWM, 
cqv  is the same whatever q . In 

order to easily determine the qv  component phase sequences, 

a s
cqv  sinusoidal carrier is substituted to 

cqv , these two signals 

presenting the same peak values as shown in Fig. 1b.  

 
Fig. 1: Three-phase PWM inverter (a) and control signals (b) 

The analytical study is done, first, considering that the r  
adjusting coefficient is equal to the unit. Considering a time 

referential tied to ref
1v , ref

qv  and s
cqv

 
are expressed as: 
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where: t  ,   321qq    and q  a phase q adjustable 

carrier phase difference.  
The control strategy is similar as for a classical S PWM: for 

cq
ref
q vv  , the qK  switch is closed and: 20Uwq  ; for 

cq
ref
q vv  , q'K  is closed and: 20Uwq  . Mathematical 

developments based on these inequalities lead to consider 2 
groups of harmonics, characterized by their ranks 1k  and 2k , 

to define the s
qw  spectral content. Let us denote 1n  and 2n  

positive or null integers. Introducing the quantities:  
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1k  and 2k  can be written: 
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If 1k  is a positive integer, 2k  can be positive or negative. 

From a practical point of view, especially for the carrier phase 

jump, s
qw  will be defined equation (4). 
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with:  
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The amplitudes of these quantities, considering that 
2

00 /4 UW  , are given by: 
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These expressions show that a k  harmonic rank ( 0k  ) is 
only generated by a term of one of the two groups. The 
fundamental component, corresponding to 1k  , results from 
the 2k  group for 0nn 21  . 

These STPHSs are defined by their phase sequences: 
Clockwise )C( , Anticlockwise )A(  and Homopolar )H( . 

As for the considered load:   3www2v 2q1qqq   , it is 

possible to consider a similar relationship for each k  

harmonic. As for )C(  and )A(  systems:  
q

0w
)k(q

, it can 

be deduced that: 
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It is important to note that these developments are valid 
whatever the PWM modulation: synchronous or 
asynchronous. Then, they show that a k  )H(  )k(qw  STPHS 

disappears from the qv  spectral content, so that it is possible 

to assimilate this converter to a filter which suppresses the 
)H( STPHSs. It is this property that is exploited in this study. 

It appears also that this SS analytical model has 
considerable advantages because it makes it possible to 

determine the s
qw  (or s

qv ) spectral contents and the harmonic 

phase sequences, without calculating the switching instants. 

Given that this relatively interesting properties, it was 
necessary to analyze the validity limits of this model by 
comparing the results with those obtained by considering a S 
PWM. To do that, both numerical and experimental 
investigations were carried out. The main properties that have 
been established [14] for a synchronous modulation can be 
summarized as follows: 

 缀耀耀 modeling gives identical results concerning the 
phases and, consequently, the STPHS phase sequences, 
either for a sinusoidal carrier or a triangular one, 



 In return, the model leads to characterize the STPHS 
amplitudes with a relatively large inaccuracy while the 
hierarchy between the different components is maintained, 

 The previous conclusions are independent of the r  value, 
which leads to a remarkable result: the phases are 
independent of the r  value as discussed in [15]. 

Table 1 shows, in relative values, the main qw  spectral 

components of a three-phase SS and S PWMs considering a 
synchronous modulation with 1r . The relative magnitudes 
are defined by: 
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ˆ WW s  , /2UW 0

Δ
(1) ˆ  and: 0.81W/W Δ

(1)
s

(1) ˆˆ .  

The values relating to SS are determined from the analytical 
expression (6), while those relating to S result from a 
numerical simulation and an experimental validation (which 
concerns only the )C(  and )A(  systems insofar only the 


)k(qv  signals can be measured) made for 55m  . 

III. SIMPLE VOLTAGE HARMONIC CONTROL 

The following developments present only the method to 

simply remove a s
qv  STPHS. As the goal is to remove 

alternatively two STPHSs, x  and y  denote the ranks of the 

suppressed STPHSs. As, in certain cases, that method leads to 
generate unbalances on the phases, these quantities will be 
defined using q . As a result, the new STPHSs will be 

characterized by the variables 
)yorx(s

)k(qw  or 
)yorx(s

)k(qv . To 

illustrate this method, only 2 harmonics of the 2k  group, 

which contributes mainly on the definition of the spectral 
content [14], are suppressed. The method is exactly the same 
for modifying the harmonics of the 1k  group. 

A. Suppression of the harmonic of 2m  rank 

Let us suppress the harmonic of 2mx   rank of the 2k  

group with 0k2  . s
)k(qw

2
 is defined by (5) with 1n1   and 

0n2  . That leads to:    qq
s
k

s
kq mkWw 2)()( sinˆ

22
. 

To make this system )H( , the condition (9) must be satisfied: 
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where )x(C  is a constant value. Thus the modified systems, 
deduced from (5), can be expressed by (10) where 

qq n  )21( 1
1  : 
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B. Suppression of the harmonic of 2m rank 

The method to suppress the 2my   harmonic rank of the 

2k  group with 0k2   defined by (5) is similar to the previous 

one. This harmonic is defined by 0n1   and 1n2  . That 

leads to satisfy the equality (11) where )y(C  is a constant 
value:  

   )( )()( y
q

y
q Cm             (11)

 
 

TABLE 1: ANALYTICAL RANKS AND PHASE SEQUENCES OF 
ors

qw  HARMONICS 

 1k group

1n  0 1 2 3 

2n  

0 m      (H) 
SS : 100 

12 m (C) 
SS : 33.33 

23 m (A) 
SS : 20 

34 m (H) 
SS : 14.28 

S : 59.97 S : 18.04 S : 6.16 S : 0.88 

1 12 m (A) 
SS : 33.33 

m3      (H) 
SS : 11.11 

14 m (C) 
SS : 6.66 

25 m (A) 
SS : 4.76 

S : 18.04 S : 11.23 S : 6.71 S : 3.79 

2 23 m (C) 
SS : 20 

14 m (A) 
SS : 6.66 

m5      (H) 
SS : 4 

16 m (C) 
SS : 2.85 

S : 6.16 S : 6.71 S : 5.16 S : 3.71 

3 34 m (H) 
SS : 14.28 

25 m (C) 
SS : 4.76 

16 m (A) 
SS : 2.85 

m7      (H) 
SS : 2.04 

S : 0.88 S : 3.79 S : 3.71 S : 3.09 

 2k group 

1n  0 1 2 3 

2n  

0 1         (C) 
SS : 100 

2m (A) 
SS : 33.33 

32 m (H) 
SS : 20 

43 m (C) 
SS : 14.28 

S : 100 S : 31.81 S : 21.24 S : 15.73 

1 2m (C) 
SS : 33.33 

3         (H) 
SS : 11.11 

4m (C) 
SS : 6.66 

52 m (A) 
SS : 4.76 

S : 31.81 S : 0.01 S : 1.78 S : 3.32 

2 32  m (H) 
SS : 20 

4m (A) 
SS : 6.66 

5        (A) 
SS : 4 

6m (H) 
SS : 2.85 

S : 21.24 S : 1.78 S : 0 S : 0.04 

3 43  m (A) 
SS : 14.28 

52  m (C) 
SS : 4.76 

6m (H) 
SS : 2.85 

7       (C) 
SS : 2.04 

S : 15.73 S : 3.32 S : 0.04 S : 0 



 
Fig. 2. Relative experimental 

qv  spectra resulting from 2m  (b) and 

2m  (c) rank harmonic cancellations for 1r   

 
The modified systems are characterized by the expression (12) 

where qq n  )21( 2
2  : 
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C. Experimental measurements 

The mathematical developments show that the method 
requires the use of 3 carriers in order to satisfy the expressions 
(9) or (11). Moreover, it is easy to observe that this control 
strategy does not modify the STPHSs initial amplitudes and 
that, in this case, all the modified STPHSs are balanced (this is 
not systematically the case when an harmonic of the 1k  group 

is suppressed [14]). It appears that the suppression of an 
harmonic is totally independent of the values of the constants.  

The Fig. 2a presents the experimental spectrum (S PWM) 

of 
qv  obtained for 1r  , 55m   and a single carrier. Fig. 2b 

and c show the spectra for controls corresponding respectively 
to the suppression of the harmonics of rank 2mx   and 

2my   with 0CC )y()x(   so that: m/q
)x(

q    

and m/q
)y(

q   . The suppression is clearly shown on the 

spectra although the control results from a mathematical law 
established for a SS PWM. 

The suppression of the 2m   harmonic rank leads also to 
the cancellation of the 1m2   harmonic rank and the 
generation of the harmonics of ranks m  and 3m2  . 
Similarly, the suppression of the 2m   harmonic rank causes 
the suppression of the 1m2   harmonic rank and the 

generation of harmonics of rank m  and 3m2  .  
These characteristics can easily be justified analytically as 

well as the changes on the phase sequences which appear also 
on these figures. Let us note, in accordance with what has 
already been stated, that the theoretical relative amplitude of 
m  rank component (SS PWM) is 100% while, 
experimentally, for a S PWM, it is only 60 %.  

In order to minimize the effects of harmonics generated by 
this control, a technique called "carrier-phase jump" has been 
developed. In this case, the suppression of a harmonic 
becomes rather a mitigation. The idea relies on the use of the 
additional degree of freedom provided by the constants in 
order to control the amplitude of the unwanted harmonics 
which reappear. 

IV. CARRIER PHASE JUMP 

A. Principle 

The rank x  harmonic is suppressed during the first ref
qv  

period and the rank y  component during the second one. That 

imposed transition leads to a transition on the modified 
STPHSs. The general expression of a k  rank STPHS, is 
given, taking into account (10) and (12), by: 
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)( sinˆ yorxs
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)yorx(s
)k(q , defined by identification, depends on q  and on 

)x(C  and )y(C . The Fourier series of resulting )y,x(s
)k(qw  signal 

requires considering an interval which corresponds to T2 . The 
two expressions of this signal on the considered interval are: 
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Let us denote kh  the rank of the harmonic. If 0t  is the 

instant which corresponds to the passage of )x(s
)k(qw  to )y(s

)k(qw , it 

can be written: 
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with: 
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Table 2 gives the expressions of 
kh)k(qA  et 

kh)k(qB  with: 

2/)( )y(s
)k(q

)x(s
)k(q

s
)k(q   , 2/)( )y(s

)k(q
)x(s
)k(q

s
)k(q   . 

On T , for given k , this method leads to associate to the 
initial harmonics some harmonic groups. The latter are 
centered on the k  Integer (I) rank harmonic, that is called 
main component and which amplitude is defined by the values 
given in Table 2 for: k2hk  . This k  component is 



TABLE 2: EXPRESSIONS OF THE SERIES FOURIER COEFFICIENTS FOR A JUMP ON THE K RANK TERMS  
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TABLE 3. EXPRESSIONS OF 
)x(s
)k(q   AND 

)x(s
)k(q  AND (C), (A) AND (H) COMPONENT CHARACTERIZATION 

 
)x(s
)k(q  

)y(s
)k(q  s

)k(q  
s

)k(q  )C(  )A(  )H(  

2m     )x(
q C  )y(C  2/)C( q

   2/)C( q
  0 0.5 0.5 

2m    )x(C    )y(
q C  2/)C( q

  2/)C( q
  0.5 0 0.5 

m    )x(
q C    )y(

q C  C  2/Cq
  0.5 0.5 0 

1m2     )x(
q C2  )y(C2  2/C q  

 2/C q 
 0.5 0 0.5 

1m2   )x(C2  
)y(

q C2  2/C q  
 2/C q 

 0 0,5 0.5 

3m2     )x(
q C2    )y(

q C2  C  
 Cq  0.5 0.5 0 

3m2   
)x(

q C2  
)y(

q C2  C  
 Cq  0.5 0.5 0 

surrounded by harmonics whose ranks are only defined for kh  

odd. kh  can be expressed as follows:  k2hk  with   

odd. On T , these ranks are defined by: 2/k  . These 

harmonics of Non-Integer (NI) ranks are defined by the values 
given in the first line for kh  odd in Table 2. Insofar these 

harmonics present significant values only for the   first 

values, the second line for kh  odd gives the simplified 

expressions valid only under these conditions. 

Let us point out that for 1k  , the expressions of )x(s
)k(qw  

and )x(s
)k(qw  that can be deduced from (10) and (12) are the 

same. Thus, the carrier phase jump has no effect on this 
component.  

B. Numerical applications 

The expressions of )x(s
)k(q  and )x(s

)k(q  , grouped in Table 3, 

are obtained: 
 by identification considering the expression (10) and (12), 

with k  taking successively the values: 2m  , m , 1m2   
and 3m2  ,  

 and by characterizing the quantities 
)yorx(

q  with their 

general expressions given by (9) and (11).  

The expressions of s
)k(q  et s

)k(q , expressed in function of 
)y()x( CCC   and )y()x( CCC  , are also given in 

this table. 

These mathematical developments have a notable interest 
because the kh  rank harmonic amplitudes, which differ with 

the value of q , only depend on s
)k(q  (see Table 2) and thus 

on C . The phases depend only on s
)k(q  and thus on C . 

Fig. 3 shows the variations of s
)k(qcos  and s

)k(qsin  

with C  for the previous values of k  and the three values of 
q . Let us point out, in order to exploit these curves, that for 

1m2k   and 3m2   the horizontal scale must be divided 
by 2. The harmonic amplitudes are obtained by multiplying 
these quantities by the coefficients given in Table 2. Fig. 3 
shows that, for a given value of q , the maximal value of the 

main component k  corresponds to non-integer harmonic 
whose values are null.  

The new STPHSs are all unbalanced, so they can be 
characterized with their components )C( , )A(  et )H( . The 

study made on these component modulus, and more especially 

on s
)k(qcos  and s

)k(qsin , shows that, for a given value of 

the main component k , the coefficients which intervene in 
their definitions (multiplying the modulus given in Table 2) 

are independent from kh , as well as the values given to C  

and C . The numerical values of these coefficients are given 
also in Table 3. 



 
 

Fig. 3. Variations of s
mq )(cos  (a) and s

mq )(sin
 
(b) with 

C  (rd)  

First, it can be underlined that a carrier phase jump which 
involves in the transition an )H(  STPHS, leads to 

corresponding qw  STPHS which contains )H(  component. 

Table 3 shows that in this case, the output STPHSs are 
balanced. They are unbalanced for all the other cases.  

The second remark concerns the NI rank harmonics. They 
form balanced STPHSs when they are tied to the 2m   and 

1m2   rank main components, and unbalanced STPHSs for 
the other considered main components. These harmonics 
combine them as shown in Fig. 4 which considers these 
quantities which appear around m  (Fig. 4a) and around m2  
(Fig. 4b). For this analysis, the number of NI rank harmonic 
considered is limited to the   first four values. It results that 

the characteristic predetermination of NI rank harmonics 
needs to associate several terms taking into account the 

)y,x(s
h)k(q k

  quantities given in Table 2, which depend on s
)k(q , 

and consequently on 
C  quantities as it appears in Table 3.  

 

 
Fig. 4. NI rank harmonics: (a) around m ; (b) around m2  

 
 

TABLE 4. 
s
qv  COMPONENT RELATIVE AMPLITUDES FOR 0C 

 

 %)100(m  %)3.33(2m  %)3.33(1m2   %)20(3m2 
 I NI I NI I NI I NI 

1q   100 0 16.65 10.64 16.65 10.64 20 0 

2q   50 55 16.65 10.64 16.65 10.64 10 11.1 

C. SS PWM: experimental validation 

The goal of these applications is to validate the theoretical 
developments and the previous case ( 2mx   and 

2my  ) is considered with 55m   and 1r  .  

 First, the constants are adjusted such as: 0CC )y()x(  , 

leading to 0C  . The analytical developments lead to the 
)y,x(s

qv  component relative amplitudes in % given in Table 4. 

The quantities for NI rank harmonics are defined for 1 . 

Let us precise that only 2 lines, 1q   and 2q  , appear in 

this Table. This particularity results from the fact that, for the 
considered cases, the  2q   and 3 components have the same 

amplitudes. When the numerical values for 1q   et 2  are 

equal, the STPHSs are balanced. 

The )y,x(s
qv  spectra corresponding to this SS PWM are 

presented in Fig. 5. Let us consider the main components. It 
can be noted a very good correspondence between the 
calculated values and the values measured on the spectra.  

Concerning the NI rank harmonics, let us consider the 
5.0m  rank harmonic which results of the combination of 3 

terms: 
- the harmonic relating to mk   for 1 , which relative 

amplitude is 0% for 1q   and 55% for 2q   and 3 , 

- the harmonic relating to 2mk   for 2 , which relative 

amplitude is %32.5  for the 3 phases, 
- the harmonic relating to 2mk   for 3 , which relative 

amplitude is %55.3  for the 3 phases. 
The approach is exactly the same to characterize the 

5.0m  rank harmonic. Without doing rigorous calculus, it 
can be estimated that the components of 5.0m   ranks have 
an amplitude of a few percents for 1q   and an amplitude 

between 50 and 60% for 2q   and 3 . These quantities 

correspond to those measured on the spectra. A similar 
approach for the other NI harmonics leads to similar 
conclusions. 

 The constants are adjusted such as: 0C )x(   et )y(C , 

leading to C . The analytical developments lead to the 
)y,x(s

qv  component relative amplitudes given in Table 5 where 

only the harmonics around the m  rank are considered 
because, considering the remark about the periodicity of the 
Fig. 3 curves, the spectral content around m2  is the same than 

the content obtained for 0C  . The spectral contents shown 
in Fig. 6 concern only the harmonics around m . The 
comparison between the predetermined and the measured 
values, shows the validity of the analytical method. 

D. S PWM: experimental validation 

The spectra measured for a S PWM have the same 
properties when the constants are changed ; only the 
amplitudes are modified. For example, the spectra shown in 
Figs. 7 corresponds to the spectra given in Fig. 6 SS PWM. 



 

 
Fig. 5. s

1v  and s
2v  spectra around m  and m2  for a SS PWM and 0C   

 

 
Fig. 6. s

1v  and s
2v  spectra around m  for a SS PWM and C  

 

 
Fig. 7. 

1v  and 
2v  spectra around m  for a S PWM and C  

 

TABLE 5. 
s
qv  COMPONENT RELATIVE AMPLITUDES FOR C  

 %)100(m  %)3.33(2m   

 I NI I NI 
1q   0 64 16.65 10.64 

2q   86,6 32 16.65 10.64 

V. CONCLUSION 

In this paper, the authors use a model that they have 
developed. It allows controlling the STPHSs of the output S 
PWM in order to reduce some undesirable effects generated 
by the switching. Many controls can be applied; the carrier 
phase jump is presented in this paper. This method which 
consists in acting simultaneously on several harmonics, leads, 
in term of spectral content, on similar results as the spread-
spectrum with the generation of harmonics of non-integer 
ranks. 

A fundamental aspect of the method concerns the simple 
and fast determination of the consequences due to the control 
on all the components of the spectrum, what is generally not 
developed in the litterature. From an application perspective, 
the goal is to control the noise of magnetic origin produced by 
AC machines suplied by PWM converters.  
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