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Abstract
This work is largely concerned with trajectory tracking in linear complementarity systems
(LCS). The main analytical tool for stability analysis and control design, is passivity and the
associated linear matrix inequalities (LMIs). Cases with and without state-jumps, with and
without parametric uncertainties, are analysed. Theoretical findings are illustrated with many
examples from circuits with set-valued, nonsmooth electronic components, and networks with
unilateral interactions.

1 Introduction

Complementarity dynamical systems are a class of nonsmooth nonlinear systems, that has received
attention in the Automatic Control and Applied Mathematics literature because of their applica-
tions in many fields [20, 11]. Trajectory tracking in fully-actuated complementarity Lagrangian
systems has been tackled in [62, 61, 63, 46, 45, 19, 18, 9, 65, 64, 57, 51, 71, 70]. The stabilization
is studied in [25, 69, 5], the output regulation is analyzed in [76]. The Lyapunov stability of linear
complementarity systems (LCS) has been tackled in [28, 25, 16, 15, 47]. Tracking in complemen-
tarity mechanical systems with state jumps is studied in [43, 8]. The trajectory tracking problem
is solved in [62, 61, 63, 46, 45, 19, 18, 9, 65, 64, 57, 51, 71, 70] using different strategies. It is
noteworthy that in most of these articles, the desired trajectory is suitably modified in the neigh-
borhood of state jumps (impacts), and/or the tracking error dynamics ’stability is tailored to the
problem. The tracking of cyclic trajectories which undergo constrained /unconstrained /impacting
phases of motion (including multiple constraints and multiple impacts phenomena) is studied in
[19, 18, 9, 65, 64] for n-degree-of-freedom (dof) systems. Basically, the controllers are extended
passivity-based algorithms which switch between three sub-controllers (persistent contact with
constant number of activated constraints, mode obtained from the deactivation of one or several
constraints, impacting transition phase between two persistent contact modes when the number of
activated constraints increases). The authors introduce the notion of weak stability, which extends
Lyapunov stability by disregarding the Lyapunov function variation during the transition phases
(nonmonotonic Lyapunov functions are used). Trajectory tracking in planar billiards is studied in
[62, 61, 63, 46, 45]. The objective is to control a two-dof particle inside a closed compact domain
when trajectories collide with the domain’s boundary and never undergo persistent contact with
it (a kind of vibro-impact systems [13, section 1.3.2]).

This article is dedicated to trajectory tracking in LCS, which make a class of complementarity
systems different from Lagrangian complementarity systems. Certainly, the frameworks that are
the closest to what is presented in the sequel, are in [76] and [57] (though the class of studied
systems is not the same, and the robustness analysis is not led in [57]). The output regulation
problem tackled in [76] differs from the problem tackled in this work:

e The desired systems are different: The desired system to be tracked is defined by the dy-
namics of the quadruple (4,,G,, H,,J.) as mentioned in [76] which is different from the
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real system defined. It is noticeable that the controller w in [76] is introduced only in the
ordinary differential equation (ODE) of the real system, but not in the variational inequality
(VI). Besides, there is no presence of a desired controller ug in the desired system, which is
autonomous.

o The objectives are different: In the presence of uncertainties, the real and the desired systems
have different dynamics. Hence, in this case, the aim of the regulation problem in [76] is to
design a controller using internal model principle that achieves a zero steady-state regulation
error: e := x — Ilz,. But, the aim of the tracking problem, tackled in this work, in the
presence of uncertainties is to ultimately bound the tracking error: e := x — x,.

o The controller in [76] is state feedback, while state and multiplier feedback are considered in
this article.

This article is organised as follows: useful notations and definitions are given in the next paragraph;
section 2 is dedicated to recall the main results about the well-posedness (existence and uniqueness
of solutions) of LCS, as well as state jump mappings; section 3 presents in details the control design
and the error dynamics analysis, in the known parameters case, with and without state jumps;
section 4 is devoted to extend the results to the case when parametric uncertainties are considered;
the particular case of FOSwP is analysed in section 5; a simple scalar example is studied in section
6, and many circuit examples are analysed in sections 7 through 13; mechanical systems examples
are presented in section 14; conclusions end the article in section 16, and several useful tools,
results, code design details, are provided in Appendices A.1 through A.7 and in Appendix B.

Notation and Definitions The elements of a matrix M € IR™*™ are denoted M;;. A matrix
M € IR"™™", possibly nonsymmetric, is said to be positive definite, M > 0 (resp. positive semi-
definite, M = 0) if 2" Mz > 0 for all # # 0 € IR" (resp. ' Mz > 0). M is a P-matrix if all
its principal minors are positive; a positive definite matrix is a P-matrix. The minimum and the
maximum eigenvalues of M are denoted Apin(M) and Apax(M). The maximum singular value
of M € R™™ is denoted opmax(M), Im(M)is its image, Ker(M) is its null space. The singular
values are ordered as opmax(M) = 01 (M) > 02(M) > ... > 0,(M) > 0, where r = rank(M). Let
M = M7, its eigenvalues are real and ordered as Amax(M) = A\ (M) > Xo(M) > ... > N\, (M) =
Amin (M). M denotes the Moore-Penrose pseudo-inverse of M. Let 1 < p < +00, a Lebesgue
integrable function f : I C IR™ — IR belongs to £ (I3 IR) if ([, ||f(t)|\pdt)% < +oo for any open
set I (extended spaces). If I = IR™ then f € LP(IR";R). Also f € L*(IR"; IR) if f(-) is Lebesgue
integrable and ||f(x)|| < +oo almost everywhere on IR™. We denote ||f]|1,p 2 (f; ||f(t)\|pdt)%
for 1 < p < 400, and ||f]]1,00 2 esssup,e;||f(¢)|| (when I is obvious from the context it may be
avoided). The range of the function f(-) is Im(f), its domain is dom(f) = {z | f(z) < +o0}. Right
and left limits of the function f(-) at t are denoted f(t*) and f(¢t7). Let S be a nonempty set,
rint(S) is its relative interior [72]. Let S and S’ be closed sets, dg(S,S’) denotes the Hausdorff
distance between S and S’. AC is for absolute continuity, BV is for bounded variation, LBV is
locally BV, and RCLBV is for right-continuous LBV. Let S C IR™ be a closed convex set containing
0. Tts polar cone S° = {x € R™ | 2"v <0, Yv € S} = —S* where S* is the dual cone. Let us
recall some useful definitions [20, 72, 73, 42, 22].

Definition 1. Let S C IR" be a closed, non-empty and convex set. The normal cone to S at a
point x € S is given by

Ns(z)={g9eR" |g"(z—2) <0, Vz€ S}. (1)
For z ¢ S one usually sets Ng(z) = 0. The tangent cone Tg(-) is the polar to the normal cone.
The domain of a set-valued mapping 7' : R" = IR" is Dom(T) = {z € R" | T(z) # 0}.

Definition 2. A multivalued mapping T : Dom(T) C IR" = IR"™ is monotone if for all uy,us €
Dom(T), for all v1 € T'(u1), vy € T'(uz2), then

<’LL1 — U2,V1 — U2> Z 0
It is maximal if its graph cannot be enlarged without destroying monotonicity.

The normal cone to a convex closed nonempty set, defines a maximal monotone set-valued mapping.
More generally, let ¢ : IR™ — IR U {400} be a proper, convex and lower semicontinuous function.



Its subdifferential at « is defined as the set dp(z) = {g € R™ | p(v) —¢p(x) > g (v—1), Yv € R"},
and it defines a maximal monotone mapping. The normal cone in (1) is the subdifferential of the
indicator function defined as Ug(xz) =0 if 2 € S, Ug(x) = 400 if x € S. Another function plays
an important role: the support function of the set S, defined as o5(y) = sup,¢g v'y. Tt is related
to the indicator function as: 7 € Ng(v) = 0¥g(v) < v € dos(n) = Ng'(n) (the indicator and the
support functions are conjugate functions, and their subdifferentials are inverse mappings.

Definition 3. A linear complementarity system (LCS) with inputs is a nonsmooth dynamical

system defined as:

(a) @(t) = Az(t) + BA(t) + Eu(t) (almost everywhere) @)
(b)) 0<A(t) Lw(t)=Cx(t)+ DA(t) + Fu(t) >0

where x € IR™, A€ R™ andw € R™, A, B, C, D, E and F are constant matrices of appropriate
dimensions, u : Ry — IR? is an exogenous signal or a control input. The constraint in (2) (b) is
a linear complementarity problem (LCP), denoted LCP(D,Cx + Fu).

A mode of the LCP (2) (b) corresponds to a pair (A, w) with A; = 0 and w; > 0 (noncontact indices),
A; > 0 and w; = 0 (contact indices), A\, = wi = 0 (degenerate indices), i € Z C {1,...,m},
jegc{l,....mhkeKC{l,....m},) ZUTUK ={1,....,m}, TN T NK = (). The switching
times between modes ¢ and j correspond to junction times, or detachment times. It is noteworthy
that most of the results in this article apply to linear cone complementarity systems (LCCS), with
V) K 5 A(t) Lw(t)=Cx(t)+ DA(t) + Fu(t) € K*, where K C IR™ is a nonempty closed convex
cone, K* = {z € R™ | 2w >0, Vw € K} is its dual cone. Using tools from Convex Analysis it
is possible to rewrite equivalently (2) as the differential inclusion (DI):

A

i(t) € An(t) + Bu(t) = B(D + Nyh )~ (Ca(t) + Fu(t)) £ —H(t,2(t)), (3)

where A(t) € —(D —l—./\/ﬁlﬁ)_l(Cx(t) + Fu(t)). We shall see later that the DI may sometimes be

written in a slightly different way when the input is given a specific form, see (21). A state x* is

an equilibrium point of (2) if and only if there exist \* and w* € R™ such that the mixed LCP
(MLCP)

0= Az* 4+ BX*

{ (4)

0< N Lw =Cx*+DX* >0

holds. Passivity plays an important role in the sequel of this work. Let us define Moreau’s first
order sweeping process:

Definition 4. Moreau’s first order sweeping process (FOSwP) is a differential inclusion of the
form:

i(t) € =Ngw (x(t)) + f(t, x) (5)

where Ng(y(x(t)) is the normal cone to the closed convex non-empty set S(t) C IR™ at x(t), defined
in (1), and f(t,x) is a single-valued map such that f : R x IR" — IR".

Definition 5. A quadruple (A, B, C, D) is said to be passive, or dissipative with respect to the
supply rate \Tw, if there exists a non-negative function V : IR" — IR, called a storage function,
such that for all tg < t; and all time functions (A, x, w) € Lao([to, t1]; IR™ x IR™ x IR™) such that
@(t) = Ax(t) + BA(t), w(t) = Cx(t) + DA(t), the following inequality holds:

V(z(to)) +/ l AT (w(t)dt > V(x(ty)) (6)

to

The inequality (6) is called the dissipation inequality. FEquivalently, the following LMI

T _ T
(A P+PA PB-C )_40 (7)

B'P-C -D-DT

has a solution P = PT = 0. Then V(x) = %xTPx. The quadruple (A, B,C, D) is said strictly
state passive if the LMI (7) holds with P = PT = 0 and ATP + PA + ¢P for some ¢ > 0. It is
said strongly passive if the LMI (7) holds with strict inequality and P = PT = 0.

Strict state passivity is related to SPR tranfer functions, while strong passivity is related to SSPR
transfer functions [22, 58]. Using the Schur complement theorem (see e.g., [22, Theorem A.65]),
strong passivity implies that D = 0 and —ATP — PA > 0.



2 Well-posedness of Time-Varying LCS

2.1 LCS with External Inputs

LCS as in (2) are nonlinear nonsmooth dynamical systems with inputs, whose well-posedness (ex-
istence, uniqueness, and continuous dependence of solutions) has been investigated. Let us provide
a short summary of well-posedness results in [25, 28, 27, 26, 21, 23, 16, 76]. Most of them apply
to larger classes of nonsmooth systems than LCS. Let us remind that a right-continuous function
f:IC IR — IR of locally bounded variation (RCLBV), has a countable set of discontinuities on I
(allowing for left accumulations of jump instants), and possesses a differential measure df, see [60].

1. (Well-posedness based on reduction to an ODE) Assume that D is a P-matrix. Then from
the fundamental theorem of Complementarity Theory [42], it follows that A is a piecewise
continuous, Lipschitz single-valued function of z and w. Hence the LCS in (2) is an ODE
z(t) = Ax(t) + BA(z(t),u(t)) + Eu(t). Provided u(-) verifies basic Lebesgue intregrability
conditions, an absolutely continuous solution exists on IR for any bounded initial condition,
with uniqueness and continuous dependence on initial data [34, 32]. Assume that D >
0, then using the formalism in (3), the result can be extended to systems with operators
(D + M;)~ () where M,(-) is a maximal monotone operator for each fixed t. Using [16,
Proposition 1] or [2], the mapping (D + M;)~!(-) is then single valued, defined everywhere,
and Lipschitz continuous with constant mfor each fixed t.

2. (Well-posedness based on passivity and relaxations) Let us summarize the results presented
in [25, 76, 27, 29, 16, 26], which deal with the case with external inputs.

(a) [25, Theorem 7.5] Assume that i) (BT,D+D")T has full column rank, ii) (A, B, C, D)
is passive with P = PT = 0, and minimal, iii) u(-) is piecewise continuous with rational
Laplace transform. Then for any xz(0) = =z, there exists a unique global solution to
(2) such that (A, z,w) € L2(IRy; R™"™™), the space of Schwartz’ distributions, with

regular parts in £2, C £} ., and atomic part with isolated atoms (instants of state

jumps) that is represented by sums of Dirac measures (higher degree distributions do
not occur).

(b) [27, Theorems 7, 8, 9] Assume that: i) (A4, B,C, D) is passive with P = PT = 0, ii)
Fu(t) € Qp +Im(C) for all ¢ > [0,T), T > 0 (see below for the definition of @p),
ifi) u(-) is a Bohl function (i.e., u(t) = M exp(Nt)R for some constant matrices M,
N, R). Then z(0") is calculated as in (9) below, there exists a unique AC solution
xz : (0,T) — IR", and A(-) is locally Lebesgue integrable. The solution is a forward
solution, i.e., it is the concatenation of Bohl functions defined between state jumps.
Left accumulations of state jumps are allowed.

(c) [76, Corollary 2] [20, Corollary 5.9] Assume that: i) D = 0, Ker(D + D7) C Ker(PB —
CT) for some P = P >~ 0, ii) rint(RY — Fu(t)) C rint(Im(do gy —puy + D)), iii)
DRT C Im(C), iv) Im(C) — R} = IR™, v) for each x € IR" and each t > 0, if the
set A ={\€ R} |v=Cx+ DX+ Fu(t) >0, ATv =0} has a nonzero element, and
ANIm(D+ D7) # (. Then if Fu(-) is AC (resp. RCLBV), there exists a unique AC
(resp. RCLBV) solution to (2) for any z(0) such that Cz(0) € Im(9orm —pu(o) + D).

(d) [26, Theorems 11, 26] Let i) (A, B, C, D) be passive, ii) Im(C)Nrint(Im(D+Npy o)) #
(), iii) Fu(-) be AC. Then there exists a unique AC solution for any z(0) = x¢ €
Dom(H (0, -)).

¢ 5 e

m i) F = 0, iii) u(-) is continuous with @ € £} (IR+;IRP, iv) there exists a full-

rank R = RT € IR"" such that R?2B; = C], B = (B; By), C = (C] CJ)T v)

there exists wg € IR™ at which the operator w 8‘1/1,?7:1 (C1R~tw) is continuous,

vi) the operator w +— RBa(Ds + G\IIRTQ)*l(ngRflw) is well-defined, single-valued

and Lipschitz continuous. Then there exists a unique continuous right-differentiable

solution for any x(0) € Dom(@klfﬂﬂu (C1R71) = {w € R" | C;1R~'w > 0}, with

& € L®(IRy; R™). The result holds if my = 0 and i-v) are verified, or if ms = m and vi)

is verified (then item 1 applies). Condition vi) holds if D5 is a P-matrix [16, Proposition

1, Corollary 1].

(e) [16, Theorem 1, Corollaries 2, 3] Assume that: i) D =



(f) [56, Theorems 5.3, 5.4] and [55, Theorems 1, 2] deal with DIs of the form: #(¢) €
g(t,z(t)) — B(D + F[})"*(Cx(t)), where F,, : IR™ = IR™ is maximal monotone for
each (t,x). For briefness we focus on F} ;(-) = Ni(1,0)(-) [55]. Assume that: i) D 3= 0,
Im(D) C Im(C), Ker(D + D") C Ker(PB — CT) for some P = PT = 0, ii) K(t, )
has closed convex values, K(¢,z) NIm(C) # 0, dy (K (t,z) NIm(C), K(s,y) NIm(C)) <
kit — s| + lz||z — y|| for all t,s,z,y, 1 > 0,0 < Iy < ﬁ, Ao the smallest positive

eigenvalue of CC'T | iii) (/\/'I;(lt,w)—i—D)_l(Cx) #0= Im(D—l—DT)ﬂ(NI;(lm)+D)_1(Cm) #

0, iv) Im(C) N rint(Im(/\/;(lt)I) + D)) # 0, v) g(-,-) is continuous in ¢ and Lipschitz
continuous in z. Then existence and uniqueness of Lipschitz continuous solutions is

guaranteed for each initial condition such that (A 1;(10 wo) T D)~ Y(Czo) # 0. Moreover,

|l&(t)|| < a+ B||z(0)]| for some o > 0 and 5 > 0.

3. (Well-posedness by transformation to a sweeping process [21, 20, 10]) Assume that D = 0.
Assume that i) PB = CT for some P = P" = 0, ii) u € £}, ,(IRy; R"), iii) Im(C) — R =
IR™, the LCS in (2) can be rewritten equivalently as a first-order sweeping process (FOSwP),
i.e., a DI of the form @(t) + Mxz(t) + Nu(t) € —Ngq)(2(t)) for some constant matrices M and
N, and S(t) is a closed polyhedral moving set (see [21, 20] for details on the transformation,
and [60, 20] for details on FOSwP). The basic condition i) is implied by, but does not imply,
the passivity of (A, B,C,0). Depending on the signal u(-) being AC (resp. RCLBV), the
solution is shown to be AC (resp. RCLBYV), defined on IR, , and uniqueness holds. For AC
to hold it is needed that x(0) € S(0) (no initial jump).

Comments: Most of the above results use the passivity of (A4, B,C, D), or conditions implied by
passivity (item 2 (a) ii), (b) i), ¢) i), (e) iv), (f) i), item 3 i)). This allows to use the maximal
monotonicity of the operator H(t,-) in (3) for each t using a result established in [16, 29, 10]. The
various assumptions made in items 2 and 3 have different meanings: property of the plant’s model
(item 2 (a) ii), (b) i), (¢) i), (d) i), (e) i) ii) iv), item 3 1)), constraints qualifications (item 2 (a) i),
(b) ii), (c) ii), iii), iv), v), (e) v), (f) ii), iii), iv), item 3 iii)), exogenous signals properties (item 2
(a) iii), (b) iii), conclusion of item 2 (c), item 2 (e) iii), (f) v), conclusion of item 3). The condition
in item 2 (b) ii) stems from a fundamental result in Complementarity Theory [42, Theorem 3.8.6,
Corollary 3.8.10], which guarantees the existence of solutions to the LCP in (2). This assumption
thus secures that there exists a bounded multiplier A(t) which solves the LCP (notice that at time
T, there may be a state jump if this assumption does not hold). This is an assumption quite similar
to item 2 (c) ii), and item 2 (d) ii). Roughly speaking, they all guarantee that the various operators
have nonempty domains so that the problem makes sense. Condition in item 2 (c) iii) and (f) i)
(Im(D) € Im(C)) are used to compute Vladimirov’s pseudo distance between time-varying and/or
state-dependent sets.

Multipliers boundedness (AC solutions): Well-posedness analyses usually focus solely on
the state. However, the boundedness of the multiplier is an important feature, since it may be
used for feedback in this article. The condition in item 2 (b) ii) guarantees the existence of a
solution to the LCP in (2). If the conditions in item 3 are verified, then explicit upper-bounds
lz@®)| < 0(t) + a(t)||=z(t)|| can be obtained for some integrable «(-) and AC v(-) [77, Theorem
4.3] [60, section 5.2, Theorem 2.1]. In our case, these upper-bounds depend on the properties of
the set-valued map ¢ — S(t) (which in turn depend on Fu(-) being AC, or Lipschitz continuous,
or LBV [21, Proposition 3.2]). Following the developments in [76] (see item 2. (c) in section
2), A = N%(t,x) + AkT where 2 — A™(t,2) € Im(D + D) is Lipschitz continuous, while
ket € Ker(D + DT). Moreover, A™ is the least norm element in the (possibly) set-valued right-
hand side of the DI, see [76, Equ. (15), Lemma 3].

It is inferred that in case the existence of AC solutions is proved, then BA() is a bounded selection
of the (possibly set-valued) right-hand side in (2). The part of A inside Ker(B) does not play any
role in x(-), but we may need the whole multiplier vector for feedback purpose. It is therefore
reasonable to assume that the minimum norm element is available and that it satisfies a linear
growth condition in ||z|. Finally, it is worth recalling that even if z(-) is AC, the multiplier A()
may have discontinuities at junction times when w(-) reaches the boundary (i.e., w = 0), when D
is not a P-matrix. In the case of item 1, the multipliers are AC when Fu(t) is AC since they are
a Lipschitz continuous function of AC functions.

From a more practical point of view, multipliers in LCS can be calculated by constructing the
contact LCP [20, section 2.4.1]. Thus they appear to be a nonsmooth function of both state and
input. The uniqueness of A can be deduced from the conditions in item 2 (a) and (b), where
passivity is the main property, plus some constraints qualification.

State jumps: Let the solution z(-) of (2) be RCLBV. Then z(-) may undergo discontinuities



and the LCS has to be interpreted in the Measure Differential Inclusion (MDI) formalism [60,
44, 20]. In other words, the DI (3) has to be embedded into an MDI: dz € (Az(t) + Fu(t))dt —
B(D + Nfgl;L)_l(Cx(tJr) + Fu(t))dv, where dx is the differential measure associated with the

RCLBYV function z(:) [60], dt is the Lebesgue measure, and dv is a specific Radon measure, see
[76, Definition 4] for a rigorous introduction. The dissipation inequality extends to MDI, see [13,
section 5.4.4.5] [22, section 7.2.4.1].

Let the set of time instants at which the state undergoes a jump, be denoted as 7, and the set
of time instants at which Fu(-) is discontinuous be denoted as Jp,. Then if conditions of item 2
(a) hold, J,, C {0} U JF. [25, 21]. In other words, the state can jump only initially, or at times of
discontinuity in Fu(-) (or in the set S(t) in the FOSwP formalism). This means that state jumps
can be chosen and dwell times can be imposed (contrarily to complementarity mechanical systems),
by suitably choosing Fu(t).

In the case of BV solutions, and under the conditions stated above, the term B is a Dirac measure
at times of state jumps, and we may denote A = AP + A\"¢9. The input in (15) below, may be
defined with the total A ("impulsive” input), or just with its function part A"®9. In both cases, the
stability analysis has to incorporate the jumps. At an instant of jump ¢, using (3) and [76, section
3.4], we have [76, section 3.4]:

o(th) —x(t7) € =B(D + dos(er)) " (Ca(th)) (8)

with S(t*) = R' — Fu(t"). State jump rules formulations are given in [20, Lemma 2.3], compiling
results in [25, 21, 27, 48]. They are based on a maximum dissipation principle (a kind of plastic
impact). Let us introduce such rules briefly. If (A, B,C, D) is passive with P = PT > 0 and

if0ek 2 {z € R" | Cz+ Fu(tt) € Q%} (notice that the set K # @ by the condition in
item 2 (b) ii)), Qp = {z € R™ | 0 < z L Dz > 0}, then the jumps dissipate "energy”,
V(x(tT)) < V(z(t™)) [48, Lemma 3], and the state jump rule is given by:

(th) = argminze,cé(x - :c(t*))TP(as —z(t7)). (9)

Notice that @p is a polyhedral set, and so is its dual cone [73, Lemma 6.45, Theorem 3.52]. If
D » 0 then Qp = {0}, Q5 = R™, K = R" and using (9), z(t7) = x(t7). If D = 0 then
Qp =R} =Q}, K={2€ R"|Cz+ Fu(t") > 0}, hence 0 € K if and only if Fu(t) > 0. Thus
strongly passive systems have continuous-time solutions, but strictly state passive systems may
have state jumps. Notice that : z(tT) — z(t7) = Bo, with A" = ¢§;, and 0 < o | Do > 0. As
shown in [25, 20, 48] the state jump does not depend on a particular choice of the storage function
matrix P. The meaning of the complementarity conditions at discontinuity times is explained in
[25, Theorems 6.1, 9.1], see also [20, Lemma 2.3].

Zeno behavior : LCS undergo two classes of events, i.e., switching between modes of the LCP
(2) (b) (AC solutions), and state discontinuities (BV solutions). Zenoness with AC solutions is
tackled in [75, 28] when Fu(-) = 0. It states that if BSOL(D, Cx) is a singleton, then the LCS (2)
is Zeno-free. This holds if D is a P-matrix. Thus junction and detachment times are separated
(dwell time). The conditions stated in [27, Theorem 7] also prevent Zeno behaviour in LCS with
external inputs and state jumps, by imposing condition ii) in item 2 (b) between jumps.

2.2 Time-Varying LCS (TVLCS)
We may also encounter TVLCS of the form:

(10)

(@) @(t) =At)x(t) + B(t)A(t) + E(t)u(t) (almost everywhere)
(b) 0<A(t) Lw(t)=C(t)x(t) + DE)Nt) + F(t)u(t) >0

when we deal with uncertainties which may be time-varying. The TVLCS is rewritten equivalently

o z(t) e A(t)z(t) + E(t)u(t) — B(t)(D(t) +N‘%)*1(C(t)x(t) + F(t)u(t)) a1
= A(t)a(t) + E(@)u(t) — BO(D() + Ngh _ p,0) " (CO)(1)

Clearly, some of the results described above can be used to analyse (11), in particular cases. One
such case is as follows. Assume that A = A(t), E = E(¢t), F = F(t), D =0, C and B are constant.
Assume that there exists P = PT > 0 such that PB = CT. Then (11) is rewritten equivalently
as:

(t) € A)x(t) + E@)u(t) — BNRy - pyus(Cx(t)) (12)



After the classical state change z = Rz, R> = P, R = R = 0 [20], (12) is rewritten equivalently
as:
(1) € RA(R™ () + RE®u(t) - Ny — rayaco(=(0), (13)

which is a FOSwP with affine perturbation. Then the material in item 3 can be used to analyse
the well-posedness with both AC and RCLBYV solutions. The general problem of well-posedness of
(11) is not tackled in this work.

3 Trajectory Tracking in the Nominal Case

In this section, it is assumed that the plant model and parameters have no uncertainties. That is,
the matrices A, B, C, D, E, F in (2) are known.

3.1 Controller Design

Let us consider the LCS with external input in (2). Let us define the system which generates the
desired trajectory to be tracked, as follows:

{ dq(t) = Aza(t) + BAa(t) + Buq(t) (14)

0 < Aa(t) L wa(t) = Cza(t) + DAa(t) + Fua(t) = 0

where u4(+) is an input. The aim is to design a feedback controller such that the error dynamics

with state vector e = z — T4 possesses some stability property, to be defined later. Let us state the
following that will be used later:

Assumption 3.1. The solution x4 : Ry — IR" of the LCS (14) is AC and uniformly bounded,
and the multiplier vector A\g(uq,xq) is a bounded function of time.

Conditions such that this holds can be obtained from the results stated in section 2.
Assumption 3.2. The state z(-) and the multiplier A(-) are available for measurement.

In practice, the multiplier may be a physical quantity (like voltages and currents in circuits, contact
force in mechanics), and Assumption 3.2 is realistic. Thus the feedback controller in the plant (2)
is chosen generically as:

w(x, A\, t) = K[z — zq(t)] + G[A — Aa(t)] + ua(t). (15)

Inserting (15) into (2) for some feedback gains K € IRP*™ and G € IRP*™ gives rise to the
closed-loop LCS:

{ #(t) = (A + EK)z(t) + (B + EG)A(t) — EKz4(t) — EGA(t) + Bua(t) (a.e.) 16)

0 < A(#) Lw(t) = (C+ FK)z(t) + (D + FG)At) — FEKxa(t) — FGA(t) + Fug(t) > 0

It is noteworthy that in general both Ay4(+) and u4(+) in (14) may be discontinuous time-functions,
hence (16) is in general an LCS as (2) with a potentially discontinuous term —F Kxq(t)—FGAq(t)+
Fug(t) inside the complementarity constraints. As a consequence jumps in z(-) may occur unless
conditions hold (see the end of section 3.2). We shall come back on state jumps in section 3.3.
Rewriting (14) equivalently as

{ 2q(t) = (A+ EK)xq(t) + (B4 EG)\i(t) + Euy(t) — EKx4(t) — EGAg(t) (17)

)
0 S )\d(t) L wd(t) = (C + FK)xd(t) + D)\d(t) + Fud(t) - FK:L‘d(t) Z 0

gives rise to the error dynamics:

é(t) = (A+ EK)e(t) + (B + EG)(A(t) — (1))
o< (i) = (i) 0+ (P07 ) () + (oa're ) (50)

II:: ud(t;) * <;\d(ft))> =0
(18)



Clearly, the LCS in (18) is well-posed if both (14) and (16) are. It is noteworthy that (18) cannot
be used for well-posedness directly, because z(-) acts as an exogenous signal in complementarity
constraints, whose properties have to be proved. The closed-loop’ well-posedness has to be tackled
with (16) and (17) (or (14)). In view of the structure of the closed-loop LCS in (16), let us state
the following assumptions, which will be used in the sequel for both well-posedness and stability
purposes.

Assumption 3.3. There exist matrices K and G such that the plant’s closed-loop quadruple
(A+ EK,B+ EG,C+ FK,D + FQG) is strictly state passive.

From Assumption 3.3, there exist gain matrices K and G such that the following nonlinear matrix
inequality with unknowns P, K and G:

A ((A+EK)TP+P(A+EK) P(B+EG)—(C+FK)T\ , (—eP 0
M= < (B+EG)TP— (C+FK) (D+FG)(D+FG)T) < ( 0 o>’ (19)

has a solution P = PT » 0. This may be replaced by the more stringent assumptions:

Assumption 3.4. There exist matrices K and G such that the plant’s closed-loop quadruple
(A+ EK,B+ EG,C+ FK,D + FG) is strongly passive.

From Assumption 3.4, there exist gain matrices K and G such that the nonlinear matrix inequality:
M =<0 (20)

has a solution P = PT = 0. Using Convex Analysis, the closed-loop system (16) is rewritten
equivalently as the DI:

i(t) € (A+EK)z(t)—(B+EG)((D+FG)+005)) " (C+FK)x(t))—EKz4(t)— EGAq(t)+Eua(t).

(21)
where S(t) = {v € R | v+ FKuxq(t) + FGAa(t) — Fuq(t) > 0} is closed nonempty convex for
each ¢, and og(4)(+) is the support function of S(¢). The DI in (21) has the form

i(t) € =M(t, (1)) + £ (1), (22)

with f(t) = —EKz4(t) — EGAq(t)+ Eug(t) and M(-,-) is a set-valued operator. In view of (14) and
Assumption 3.1, depending on the system’s parameters, the multiplier A4(-) may be discontinuous
at some instants, hence the set S(t) may also be discontinuous at those instants (D > 0 prevents
such jumps). It is noteworthy that (14) is also equivalently rewritten as the DI:

4(t) € Aza(t) — B(D + 00s,()) " (Cza(t)), (23)

with Sq(t) = {v € R™ | v — Fuq(t) > 0}, and the set Sy(t) is continuous as long as wug(t) is.
Therefore the DI (23) also fits with (22). Let us now examine (18). Using that z(t) = e(t) + z4(t),
the error dynamics may be rewritten as:

. it ~ 1 1,5
é(t) € Ae(t) — B(D +Ng(t7e(t))) (Ce(t)) (24)
i S = 2m 3 a o 0 = - C:Ed(t) + Fud(t)
with S(t,e) = {z € R“™ | 2+ FEe+ F(t) > 0}, E = <C—|—FK>’ F(t) = (de(t) T F®))’
~ D+FG —-FG\ x4 C+FK N R '
b= 0 D >’C_ —C - FK ,B=(B+FEG —B—-EG),A=A+FEK. The Dl in

(24) has a state and time-dependent polyhedral set S(-,-) which renders its study more complex.
For each t and e the normal cone N .y defines a maximal monotone mapping, which may allow
to recast (24) in the framework of item 2 (f) in section 2, and deduce conditions such that (24) has
a Lipschitz solution. A second equivalent way to write the LCS (18) is:

- é(t) = Ae(t) + BA(t)

é(t) € Ae(t) — B(D+ Ng})) 7' (Ce(t) { - . (25)

with A = A, B = B, C — <C+OFK>, D =D 50t =1{xec R™ | 2+ Ft) e R>™,

=« [Cxq(t) + Fugq(t) . . .
F(t)= <C;1cd(t) + Fug(t)) It is noteworthy that some conditions have to be imposed so that the

construction of the DIs in (24) and (25) is possible, see section 3.3 for more details. Now we have



at our disposal several (equivalent) formalisms for the closed-loop plant dynamics (16) and (21),
the desired trajectory generator (14) and (23), and the error dynamics (18) and (24) and (25).
This is useful for the well-posedness analyses relying on the various results recalled in section 2. A
difficulty is to determine under which conditions the passivity in Assumptions 3.3 or 3.4, implies
the passivity of the quadruples (4, B, C, D), or (A, B,C, D), see (35).

Remark 3.5. In the framework of this article, the well-posedness of the plant dynamics is not a
fundamental issue, since it is only the closed-loop system which is used in the analysis. In a similar
way as feedback can be used to make an unstable system, stable in closed-loop, it may be used to
render an ill-posed plant’s model, well-posed in closed loop.

Remark 3.6. The trajectory tracking problem as tackled in this work, can be interpreted as a
synchronization problem between the master system (14), and the plant (2).

3.2 Error Dynamics Stability Analysis (no state jumps)

This section is dedicated to the stability analysis of the error dynamics (18), and it is assumed that
all trajectories are at least absolutely continuous. The arguments used for the proof of Proposition
3.7 are similar to those employed in [17, 3, 16], and are given for completeness.

Proposition 3.7. Suppose that Assumptions 3.1, 3.2 and 3.3 hold, and that the solution x(-) of the
closed-loop LCS (16) is AC on IRy. Then, the error dynamics in (18) has a globally exponentially
stable equilibrium point e* = 0.

Proof. Let AX(t) 2 M(t) — \a(t) and Aw(t) 2 w(t) — wa(t) = (C + FK)e(t) + (D + FG)AA(?).
Consider the Lyapunov function candidate V (e) = e Pe. From the assumptions e(-) is absolutely
continuous and thus it has a derivative almost everywhere. Along the error dynamics trajectories
(18) it holds that:

V(t)=e [(A+ EK) P+ P(A+ EK)le +2¢" P(B + EG)A(t)
From the complementarity conditions in (16) and (17) we obtain equivalently:
At) € =Ngwy((C+ FK)xz(t) + (D + FG)A(t)) (26)

and
Ad(t) € =Ns)((C + FK)za(t) + (D + FG)Aa(t)) (27)

with S(t) defined after (21). It follows from the monotonicity of the normal cone mapping that:
[w(t) — wa(®)] T [A(t) = Aa(t)] = Aw(t) "AA(t) < 0. (28)

In matrix form (the time argument is dropped on the right-hand side):
Vi) = e TM e\, (¢ T 0 (C+FK)T e
A AN AN C+FK D+FG+ (D+FG)") \AX

T T
[ e e T e e
() () ~aanmaw< (&) (&) <o

where (C+ FK)e = Aw — (D + FG)AM. So, for all e and AX and using the strict state passivity,
it is inferred:

(29)

V(t) < —ee(t) Pe(t) = —e V(1) (30)
Classical arguments yield V (t) < V(0) exp(—et). Using the inequality: Amin(P)]le]|?> < e Pe, the

following is obtained

V(t) V(0)

|? < < —et

le()” < o (P) = Ao (P) exp(—et)

Therefore, the equilibrium point of the error dynamics is globally exponentially stable. O

Notice that using (18) it follows that A(t) — A4(t) converges exponentially fast to Ker(B — EG).

Comments on passivity Following on from the proof of Proposition 3.7, the supply rate in
(??) indicates that the passivity, in this case, is studied between the input A — Ay and the output
w — wy. The variation of the storage function in (??) is written as V(t) < 2AXT Aw. This shows
the incremental passivity [68, 22] of the LCS defined in (16).



Continuity of the solutions A sufficient condition for no state-jump is that D and D+ F'G be
P-matrices, and u4(+) is continuous. Then (14) has continuously differentiable solutions z4(-) with
uniqueness for any initial data, and A4(+) is time-continuous (being a Lipschitz continuous function
of x4 and ug). Thus the trajectories of the closed-loop system (16) (or (21)) are also state-jump
free. Let now G = 0 in (15). Then A4(-) does no appear in (16). Thus provided both x4(-) and
uq(+) are continuous, no state jump occurs, except possibly at the initial time. These results follow
by applying, e.g., items 1 or 2 (a) in section 2. When D = 0 and/or D + FG = 0 (which cannot
be excluded by Assumption 3.3), item 3 can be used. We may also rely on item 2 (f) to analyse
(24) and guarantee it has Lipschitz continuous solutions for the admissible initial state. Let us
check conditions i) of item 2 (f) under Assumption 3.3 (= D + FG 3= 0) and D > 0 (most of the
conditions assuring Assumption 3.1 imply it):
(a) D04 D+ D" = 0. Using Lemma A.3, equivalently we have:

L. Im(GTFT)CIm(D+ DT),

2. D+ FG+ (D+ FG)" = FG(D + DT)IGTFT. A sufficient condition for this to hold,
is D+ FG = 0, and opax(FG(D + DTYIGTFT) < opax(D + FG + (D + FG)T) =
Amax(D+FG+(D+FG)"). From [6, Corollary 9.6.5] we have: 0pax(FG(D+DT)IGTFT) <
02 (FGQ)omax (D + D). If D4+ DT = 0 the matrix inequality is satisfied. If D+ DT #
0, rank(D + D) = d, then owax((D + D)) = o;'(D + DT) [6, Fact 6.3.28], and
oa(D+ D7) = X\g(D + DT) since D + DT = 0 is symmetric. Thus a sufficient condi-
tion is 02, (FG) < Aa(D 4+ D) Apax(D + FG + (D + FG) 7). Another sufficient condition,
following similar steps, is D+ DT = 0, omax(FG) < Aa(D+FG+(D+FG) ") Amax(D+DT).
We see that in both cases we allow for D+DT of D+ FG+(D+FG)" to be low rank, which
hampers D > 0. Finally, we may use Lemmata A.3, A.4, as well as the matrix decompositions
described after Lemma A.4, to get necessary and sufficient conditions.

(b) Im(D) C Im(C): & Im(D + FG) + Im(FG) C Im(C + FK) and Im(D) C Im(C + FK).

(c) Ker(D+DT) C Ker(PB—CT) for some R"*" > P =P = 0: & {(z,y) € R™™ | (D+
FG)+ (D+FG)")x — FGy = 0,—-G'"F'z+ (D+ D")y = 0} C {(z,y) € R™™ |z —y €
Ker(P(B+EG)—(C+FK)")}. This is verified if FG = 0 and Assumption 3.3 holds, since in this
case Ker(D+D") C Ker(P(B+EG)— (C+FK)T) [27] [22, section 3.8]. If D and D+ FG are P-
matrices, and if FG(D+D ") 'GTF" # D+FG+(D+FG)", then Ker(D+DT) = {0}, hence the
inclusion holds. If FG(D+DT)"'GTFT = D+ FG+(D+FG)", then Ker(D+DT) = R™ x R™,
hence the inclusion holds only if P(B + EG) = (C + FK)T.
The various conditions stated in section 2 are sufficient only, so it may be that some of them are
unnecessary in some cases (e.g., condition b) above is needed for continuity arguments using the
Vladimirov’s pseudo-distance as done in [76, 56, 55], but it is not necessary at all [20, section 5.3]
[26]). Condition b) is not necessary for the well-posedness of (18) when both D and D + FG
are P-matrices. The point is also that the error system (18) or (24), is a specific interconnection
of both subsystems, which does not necessarily inherits good properties of the subsystems (e.g.,
D =0 and D 4+ FG = 0 may not imply D = 0). Conditions in a) and c) are necessary for the
passivity of (A4, B, C, D) [27] [22, section 3.8].
The stability proof shows that under the proposition’s assumptions (like the continuity of the
solutions) the generalized equation 0 € Ae* — B(D +N§(1))*1(C*e*) has the unique solution e* = 0
for all ¢ > 0.

3.3 Error Dynamics Stability Analysis including State Jumps

An important question is whether or not the tracking control framework developed above is suitable
for trajectories with discontinuities. Let us study how to relax Assumption 3.1 and the continuity
of the closed-loop state z(-). State jumps are known to add difficulty to the trajectory tracking
problem, especially when the jump times are unknown. The so-called peaking phenomenon, due
to nonsynchronized jumps in the plant and the desired trajectories, has long been known to be one
of the obstacles. The jumps in z(:) and z4(-) may arise from different reasons:

1. Let the conditions in section 2.1 item 2 (a) or item 3 hold for (4, B,C, D). Jumps at ¢ in
x4(+) occur only if Fug is discontinuous at ¢t and rank(D) < m.

2. Let the conditions in section 2.1 item 2 (a) or item 3 hold for (A + EK,B + EG,C +
FK,D + FG). Jumps at ¢ in the closed-loop state occur only if rank(D + FG) < m and
—FKxg — FGAg + Fug is discontinuous at t.
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The following is deduced, where 77 denotes the set of discontinuity times of the function f(-):

Lemma 3.8. Let A\g(-) and uq(-) be bounded functions of time. (a) Ty, C {to} U Tpu, and (b)
T € {to} U Tru, UTrGo,-

Proof. (a) is obvious. (b): Ty C {to} U T-rra,—Fcrs+Fus S {to} U Trke, U Traa, U Tru, C
{to} UTrar, U Tru, since Tris, C Tru,- O

Lemma 3.8 indicates that when FG)\; is continuous, then either z4(-) jumps while z(-) is continu-
ous, or the inverse, or they jump simultaneously. This will be illustrated on examples. Notice that
when z4(-) jumps, then A4 is a Dirac measure, and the meaning of the feedback in (15) has to be
carefully studied, as well as the mere meaning of the complementarity constraints in (16) which
contain the term FG\4. Also depending on F'G, the sum of two Dirac measures, one stemming
from A4 (due to a jump in u4(t)) and one stemming from A (due to a jump in —FKaq—FGA\g+Fug)
could occur in the differential part of the closed-loop dynamics (see section 6): we may call this a
forbidden situation (this is not to be confused with the case of Measure Differential Inclusions, or
with passive LCS with state jumps [20, 21, 25]). It is inferred that:

(C1) If z4(-) jumps, we impose FG = 0. A sufficient condition to prevent forbidden situations, is
that FG = 0 if ugq(-) is discontinuous. In other words, only continuous ug(-) is allowed if FG # 0.

In view of condition (C1), we can refine item 2: Jumps in the closed-loop state can occur at ¢ if:
1. FG =0 and —FKzx4 + Fuy is discontinuous at t,

2. or FG # 0, x4 is continuous at t and Ag jumps at ¢ (which can occur if u4 is continuous at ¢ at
a junction time with the constraint boundary (Cxy+ DAg+ Fug); = 0 for some 1 < i < m).

Conditions in item 2 are not straightforward, because we want that F'G # 0, but F'G also multiplies
A, see (16), and passivity implies D + F'G = 0. The scalar case m = 1 is analysed in section 6.

The first step is to characterize the jumps in (18), then to study the variation AV(e(t)) =
V(e(t™)) = V(e(t™)) = (e(t?) —e(t™)) T P(e(t") —e(t™)).

Case G=0and D=0

In this case A\g does not enter (16), and D = 0. Let Assumptions 3.1 and 3.3 hold, and let us study
the case when z(-) jumps while z4(+) is continuous. Then (A+ EK, B,C + FK,0) is strictly state
passive, and PB = (C + FK)T for some P = PT = 0. The closed-loop system in (21) becomes:

#(t) € (A+ EK)z(t) — BNs((C + FE)a(t)) — EKz4(t) + Bua(t). (31)

where S(t) = {v € RT" | v — FKx4(t) + Fuq(t) > 0}. This DI can be rewritten equivalently as a
FOSwP, see item 3 in section 2 and [20, 21, 10], as:

((t) € R(A+ EK)R™'((t) + RE(=Kxa(t) + ua(t)) — Nag) (C(¢)) (32)

where R2=P, R=R" = 0,( = Rz, ®(t) = {Rz | (C+FK)x—FKz4(t)+Fuq(t) € S(t)}. We see
that ®(t) # 0 for each ¢ if and only if there exists = such that (C'+ FK)z — FKxz4(t) + Fug(t) > 0.
This is guaranteed if a condition as in item 3 iii) holds, i.e., Im(C + FK) — IR}" = IR™ (which
is a constraint qualification). Assume in addition that uy(-) is continuous on IRy. Suppose that
Cz4(0) + Fug(0) > 0, hence x4(-) is continuous at t = 0. Then a jump in z(-) (thus in e(:)) can
occur only at the initial time and V(0%) — V(07) = e(0%) T Pe(0F) — e(07) T Pe(07) = (e(0) +
e(07))TP(e(07) — e(07)) = (2(0) + #(07) — 254(0)T Px(0%) — 2(07)) = (0%) T Pa(0+) —
2(07) T Pz(07)—224(0)) T P(z(07)—2(07)). Now using the passivity of (A+EK, B, C+FK,0), we
have (see the paragraph State Jumps at the end of section 2): z(0%) " Pz(0%)—z(07) T Pz(07) <0,
provided that 0 € {z € R" | (C + FK)z — FKz4(0) + Fuq(0) > 0}, equivalently 0 € &(0),
equivalently —FKz4(0)+ Fug(0) > 0. In this case, V(0F) =V (07) < —2x4(0)) " P(x(0") —x(07)).
We have P(xz(0") — z(07)) € —Ni(2(0")) [20, Lemma 2.3]. Thus it is necessary and sufficient
that z4(0) € (Nic(z(01)))° = Tc(z(07)) to guarantee that the right-hand side is nonpositive.
Therefore, the following has been proved:

Lemma 3.9. Assume that ug(-) is time-continuous, G =0, D =0, —FKx4(0) + Fuq(0) > 0, and
z4(0) € Trc(projplK;z(ty)]). Then at an initial state jump, we have V(01) — V(07) < 0, where
P = P" = 0 is a solution of the passivity LMI associated with the triple (A + EK,B,C + FK)
and V(t) = V(e(t)).
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The condition on x4(0) is certainly not easy to check in general (but z4(0) = 0 is always suitable).
The interest of Lemma 3.9 is that it allows for a jump in z(0) while z4(0) does not jump. But
applying it at any time of state jump t; > 0 implies to impose a suitable desired state, which
may not be possible in our framework where x4 is generated by (14). Under the same conditions,
assume that Fug(-) has a discontinuity at time t.. From (14) and (16), both z(-) and z4(-)
may jump at t., so A and Ay are Dirac measures at t.. From (16) the discontinuity may act
in both terms FKxz4 and Fuy. Using (21) and (23), this implies that the jumps’ magnitudes
in the sets S(t) and Sg(t), may not be equal. The post-jump states are computed using (9),
where K = {z € R" | (C + FK)z — FKz4(t) + Fuq(t) > 0} for the closed-loop plant, and
Ka={z€ R" | Cz+ Fuqy(t) > 0} for the desired system.

Extension for further jumps at ¢t > 0

Let us now place ourselves in another perspective. Until now we have assumed that x4(-) is time-
continuous. First notice that condition (C1) can be relaxed, if we admit that the state z4(+) of the
dynamics in (14) can be arbitrarily reset to some value at arbitrary times, without considering A4
as a Dirac measure. This has important consequences, because as we shall see this means that the
desired dynamics is no longer autonomous (the desired state has to be modified online, a common
feature in trajectory tracking for systems undergoing state jumps [65, 64, 70]). Consider (16), with
Assumption 3.3.

Proposition 3.10. Let V(e) = e' Pe, with P a solution of the closed-loop passivity LMI, and
let {0} e K={z€ R"|(C+FK)z—FKzq— FG\(t") + Fuq(t) € Qp pg}- Assume that
xq(tt) € Tic(projp[KC; z(t7)]) and xq(tT) T Px(t™) > xq(t™) T Pz(t™), then AV (e(t)) < (zq(th) —
2a(t™)) T P(za(tt) +za(t™)).

Proof. At a state jump time:

AV (e(t)) =(fﬂ(t+)—x(t_))TP(fU(t+)+$( 7)) = (@) —a(t7)) T P(za(th) + za(t™))
(za(tT) —za(t7)) " P(z(tT) + 2(t7)) + (za(tT) — za(t ))TP(xd(t+)+$d(t )
—(z(tt) —a(t ))TT}lj -

(x
(za(th) +@a(t™)) = (2a(t™) — za(t™)) T P(a(t") + 2(t7))
(za(t") —za(t7)) Pz ))

(
at™) +za(t™)

—(xa(th) +aq(t™) T Pa(tt) —ax(t™)) — (wa(tt) —za(t™)) T P(x(tt) —x(t7))

—2(xa(tt) —wq(t™) T Pr(t™) + (xa(th) —zq(t™)) T Plaa(th) + zq(t™))

tT) —«x

)

I+ IA

—22q(t1) T P(x(th) —x(t7)) = 2(za(tt) — za(t™)) T Pa(t™)
F(zg(tT) — 2q(t7)) T P(zg(tt) + z4(t7))
(33)

The first term in the first equality in (33) is nonpositive from the passivity. It is noteworthy
that we cannot infer the same conclusions about the last term in (33) from (17) because these
dynamics are equivalent to that in (14). Let us consider the last equality in (33). We know that
Pz(tT) —x(t7)) € —Nx(z(tT)) [20, Lemma 2.3]. Thus the nonpositivity of the first term is
equivalent to z4(tt) € (Ni(x(t1)))° = T(z(¢tT)). Using (9) the first condition follows. The
second condition is obvious. O

Thus under the conditions of Proposition 3.10, AV (e(t)) < 0 if and only if z4(t*) T Pzy(tt) <
24(t7) " Pz4(t™), which means that the desired state jump is dissipative with respect to the closed-
loop storage function (in general there is no reason that it should satisfy this property). This makes
a set of constraints that the reset desired state z4(¢") has to satisfy. It is noteworthy that the
conditions of Proposition 3.10 are sufficient only. Examples show that they may not be satisfied,
while AV (e(t)) < 0, see section 6.4. Also, we note that the reset mechanism is not needed when
G =0 (then condition C1) holds true), while the characterization of AV (e(t)) as in (33) remains
valid.

Using the DI (25)

The formalism in (24) is not convenient for the state jumps analysis, because it involves a state-
dependent set. Let us use the error dynamics (25) to analyze the state discontinuities. At a state
jump time ¢, the DI in (25) may be written as:

e(tt) —e(t™) € —=B(D + N L.)) M (Ce(th)), (34)

which has a solution (possibly with jumps) if the quadruple (A, B,C, D) is passive with positive
definite storage function. Then (9) holds. Thus it is inferred tha AV (e(t)) < 0 provided that
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0eK={eeR"|Ce+ F(t) € Q%}, and:

—~P(A+ EK)— (A+EK)'P —-P(B+EG)+(C+FK)" P(B+EG)
—~(B+EG)'P+C+FK D+FG+ (D+FG)T FG =0, (35)
(B+EG)™P (FG)T D+D"

where P = P = 0 is a solution to —M = 0 with M in (20). Notice that (35) holds only if M < 0,
hence only if P is also a solution of the plant’s closed-loop LMI. Thus, the solution P of (35) must
be the solution of NLMI in (20). From Assumption 3.3 we have —M = 0. Using Lemma A.3, we
infer that (35) holds if and only if:

1. D4+ DT 3= 0 (see item a) at the end of section 3.2 for sufficient conditions),

_ T
5 Im( (B+EG)'P+C+FK

3.

~M = (-P(B+EG)+(C+FK)" P(B+EG))(D+D")f (—(B +(§CJ?F);Z;(ZJD+ FK
(36)

Some comments arise:

« A sufficient condition for (36) to holdis D = —D' <= D+ FG = —(D+FG)",D=-DT,
FG = 0. This is allowed by strict state passivity in Assumption 3.3. However item 2 then
implies that —(B + EG)" P+ C + FK =0 and (B + EG)"P = 0, hence C + FK = 0 and
B+ EG = 0 since P is full-rank. Thus in (16) the ODE part and the complementarity part
are decoupled.

e Assume that D = %1 8), Dy = 0. Ttem 1 implies that FG = <(F(C);)1 8) Then
_ _ D DT _ _ D DT\T _ _
D+ DT = D14(3D1 8 ,and (D + DTt = <(D14E)D1) 8), with D; + D] =

Di+(FG)1+ D1+ (FG){ 0 —(FG)
0 0 0 . Similar calculations can be done for M in
—(FG){ 0 Dy+Df

(20), and also for the ranges inclusion in item 2. Pursuing the calculations and matrices
partitions allows to simplify (36).

« Assume that (A, B,C, D) is passive. A jump in e(-) occurs at ¢ only if F(-) jumps at t. In
turn F(-) jumps at ¢ if and only if Czg+ Fug jumps at ¢, while 24(-) jumps only if u4(-) does.
Hence e(+) jumps at ¢ only if ug(-) does. How is this related to the jumps in z(-) in (16) and
in z4(+) in (14) 7 As we saw above, if z4(-) jumps at ¢, then A4 is a Dirac measure at t. and
the complementarity constraints in (16) are meaningless at t.. This means that applying an
impulsive feedback control to an LCS (2) with FGu # 0, has to be avoided as pointed out
in condition (C1). In fact, the DIs in (24), (25), (21), and (22) are constructed with the
underlying assumption that the complementarity conditions can be rewritten equivalently as
inclusion into a normal cone (see, e.g., [20, Equ. (B.1)] [72, Corollary 23.5.4]). For instance,
f(t) in (22) is a Dirac measure if EGAq is. This might let one think that in this case, z()
jumps at t.. We set that this is true if ' = 0 only, in which case z4(-) can jump only
initially, see (14). Obviously, if A4 is a Dirac measure, both formalisms (complementarity
and inclusion) require further analysis for their understanding if F'G # 0.

e The conditions in this paragraph are different from those of the foregoing paragraph, because
now we consider both the desired system and the closed-loop plant simultaneously, instead
of looking at (31) only. However, jumps in both z(-) and z4(-) are permitted under some
conditions as stated above. A quick examination of the LMI in (35) shows that the occurrence
of state jumps is quite restricted in this context. Indeed, if D + DT = 0, then (35) implies
that B+ EG = 0 and FG = 0. In fact, the LMI in (35) shows that studying state jumps
from the passivity error dynamics in (25) is almost impossible.

e The controller may be impulsive if G # 0 and a jump occurs in z(-). Condition (C1) still
applies.
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Analysis of jump sets K and Ky

These sets are crucial in the state jump characterization and computation, see (8). We have:
K={z€R"|Cz+ Fus(t") + FK(z — za(t")) € Q1 pa} (37)

and
Ke={z€ R"|Cz+ Fuy(tt) € Q% } (38)

In general both sets are different. However if FG = 0 then they differ only by the term FK(z —
z4(tT)). Since z(tT) belongs to K, both sets are almost equal if the tracking error x(t™) — z4(t™)
and FK are very small. So if in addition both storage functions matrices P (calculated from the
closed-loop system LMI) and P; (computed from the desired dynamics LMI when this dynamics is
passive) are closed one to each other, both state jumps are almost the same as well. On the other
hand, the state jump as computed in (8) is independent on P (or Py, respectively), provided it is
a solution of the passivity LMI. Thus, if FG = 0, which implies that the ”input” matrix of the
closed-loop system is equal to the input matrix of the desired system, the forms of K and Ky in
(37) and (38) will imply that both jumps in x and x4 are close one to each other.

The jump-mismatch (peaking) phenomenon

This is a well-known phenomenon in trajectory tracking when state jumps are present, as recalled
in the introduction. The problem that is faced in the following is twofold: 1) is the mismatch issue
present 7 If it is, how can it be coped with ? It will appear that if the plant’s parameters are
known, the peaking is not present in our systems, because passivity constraints prevent it from
occurring: did we prove this really? passivity forces the jumps (in either  or x4 or both) to occur
in such a way that the Lyapunov function of the error system decreases. Things are different when
parameter uncertainty is considered. In the scalar case treated in section 6, it will be shown that
if both states jump then they jump at the same time. However, it is also possible that = jumps
while z4 does not, and vice versa.

4 Robustness Analysis: Parametric Uncertainties

It is of interest to analyse the tracking problem when the plant’s dynamics have uncertainties.
In this case, the desired dynamics’ matrices in (14), and the plant’s model matrices, differ. The
desired dynamics (14) has to be designed using a nominal plant model.

4.1 Controller Design

The controller u(t) = Ko[z(t) —xq(t)]+Go[A(t) — Aa(t)] +uq(t) is designed from the plant’s nominal
quadruple (Ag, Bo, Co, Dy), along the same procedure as in the foregoing section. Therefore the
desired system (14) is represented by the following LCS:

{ £4(t) = Aowa(t) + BoAa(t) + Eoua(t) (39)

0< )\d(t) 1 wd(t) = Col‘d(t) + Do)\d(t) + Fo’u,d(t) >0

If strong passivity is used (Assumption 3.4) instead of strict state passivity as in the foregoing
section (Assumption 3.3), the controller gains are computed assuming there exist matrices Ky and
Gy such that the inequality (20) is satisfied for the nominal plant, i.e.,

a2 (Aot EoKo)" Py + Po(Ao + EoKo)  Po(Bo + EoGo) — (Co + FoKo) " <0  (40)
0 (BO + EoGo)TPO — (Co + FQK()) —Dgy — FoGo — (D() + F‘()G;())T

has a solution Py = POT > 0. The plant dynamics is represented as follows

{ #(t) = (Ao + AA)z(t) + (Bo + AB)A(t) + (Eo + AE)u(t) ()

0 < At) Lw(t) = (Co+ AC)z(t) + (Do + AD)A(t) + (Fo + AF)u(t) > 0

where AA, AB, AC, AD, AFE and AF represent additive uncertainties. Sufficient conditions
on the uncertainties upperbounds are calculated in the next section so that some stability is
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guaranteed. The closed-loop system is given by:

i(t) = (Ao + AA + (Ey + AE)Ko)a(t) + (Bo + AB + (Eo + AE)Go)A(t)
—(Eo + AE)(Koza(t) + Gola(t) — ua(t))

0 < A(t) L w(t) = (Co+ AC + (Fy + AF)Ko)x(t) + (Do + AD + (Fy + AF)Go)A(t)
—(Fo + AF)(Koxg(t) + Gora(t) — ug(t)) >0

(42)

It is noteworthy that the well-posedness of (42) may not be guaranteed for any uncertainties.
Some of the results in section 2 can be used. The following assumption is supposed to hold in this
section:

Assumption 4.1. The closed-loop system (42) is well-posed, i.e., it has unique AC solutions for
any initial condition x(tg) = xo satisfying w(to,xo) > 0, equivalently:

2o € Dom ((Do + AD + (Fo + AF)Go + dog(1)) ") =Im ((Do + AD + (Fy + AF)Go + dos(1)))

with S(t) = {V e R™ | v+ (Fo + AF)(K@!Ed + GoAg — Ud) > 0}

4.2 Error Dynamics Stability Analysis

The error dynamics is given by:

é(t) = (Ap + EoKp)e(t) + (Bo + EoGo)AX(t) + AAx(t) + ABA(t) + AEKpe(t) + AEGoAX(t)
+AEBuq(t)
Aw(t) = w(t) —iud(t) = (Co + FyKo)e(t) + (Do + FoGo)AA(t) + ACz(t) + ADA(t) + AF Kpe(t)
FAFGoANE) + AFug(t)
0<w(t) LAt)>0 and 0 <wy(t) L Ag(t) >0

(43)
with AX(t) = A(t) — Aa(t). Let:
p(xz,t, \) 2 AAz(t) + ABA(t) + AEKpe(t) + AEGoAX(t) + AEug4(t) (44)
and A
q(z,t,\) = ACx(t) + ADA(t) + AFKoe(t) + AFGoAX(t) + AFuy(t). (45)
Let us now state the stability result.
Proposition 4.2. Let Assumptions 3.1, 8.2, 3.4 hold for the nominal system. Let
AATAV'AAX T, ABTAG'AB< I, ACTAZ'AC KT, (46)

ADTAL'AD 5 1,,,, AETAL'AE X 1,, AFAL'AFT X1,

hold for any Ay, = Al =0, k € {A,B,C,D,E,F}, and assume there exist Py, Ko and Gq such
that the matriz inequality

—(Mo)11 —(Mo)12 | P Po K, I, 0 0 0

—(Mo)iz —(Mo)e2 [0 0 0 0  Gj Im In

Py 0 ATT 0 0 0 0 0 0

Py 0 0 A0 0 0 0 0

Ko 0 0 0 AZE 00 0 0 =0 (47)
I, 0 o o0 0 i, 0 0 0

0 Go 0 0 0 0 At o0 o0

0 I, 0 0 0 0 0 AL 0

0 I, o 0 0 0 0 0 A’

and Py = Py = 0, with Ap 2 I, + Ap, Ay 2 Ay + 205 + Ap, Ay 2 Ac + Ap +41,,,. Then, the
solution of the error dynamics in (43) is globally uniformly ultimately bounded.

Proof. The derivative of the Lyapunov function candidate V() = e' Pye along the closed-loop
trajectories is calculated as follows:

V=e'[(Ao+ EoKo)" Py + Po(Ao + EoKo)] e +2¢ " Po(By + EgGo) AN + 2¢ " Pop(z,t,A)  (48)

15



In matrix form

v= [ T (Ao + EoKo) T Py + Py(Ag + BoKo)  Po(Bo + EoGo) ( e
AN (Bo + EoGo)TP() 0 A

+2e T Pop(x,t,\)
+ e T 0 (CO + FOKO)T e
AP Co+ FoKy Do+ FoGo + (Do + FoGo)T ) \AX
The purpose of the & term is to obtain the matrix in (40) and

e\ 0 (Co + FoKo)T e
0 0420 _ T
(A)\) (co + FoKo Do+ FoGo + (Do + FOGO)T> (A/\) = 2827 [(Co+ FoEo)e + (Do + FoGo) AN

=2ANT (Aw — q(z,t, \))

(50)
Then,
' e’ e T T
V(t) = (A)\> My <A)\) +2e' Pyp(z,t, A) + 2AN " (Aw — q(x, N)). (51)
Let us substitute the values of p and ¢ and write explicitly the following
2e" Pop(x,t,\) — 2AMq(z,\) = 2T Py[AAz + ABX + AEKpe + AEGoAN + AFEu,
+AAzg + ABAg)] (52)
—2ANT[ACz + ADXN + AFKpe + AFGoAN
+AFug+ ACzq + AD}\d]

Hence,

2eT Pop(,t,\) — 2AXTq(x, \) =

e\ [(AA+AEK)) TPy + Po(AA+ AEK,) Po(AB + AEG) — (AC + AFK)T [ e
AN (AB + AEGo) TPy — (AC + AFK,)  —AD — AFGo — (AD + AFGo)" ) \AX

+2e" Py(AAxg + ABNg + ABug) — 2ANT (ACz4 + ADNg + AFu,)

(53)
Let
AM. A _(AA+AEKO)TPO —Po(AA+AEKO) —Po(AB+AEGU) + (AC+AFK0)T
07\ —=(AB+ AEG) TPy + (AC 4+ AFKy) AD + AFGy + (AD 4+ AFGo) "
(54)
Thus,

.
V< - < AeA) (—Mo+AM,) < AeA) +2¢" Py(AAzg+ABN+AFug)—2ANT (ACz4+ADNg+AFuy)

(55)

Let a(t) 2 AAxg+ ABM; + AFEuy and b(t) 2 ACzq+ ADMg + AFuy. For any A] = A; = 0 and
A = Ay = 0, it holds that:

12¢" Pya(t)] < e" PyArPoe +a’ (t)AT a(t) (56)
[2AXNTB(t)] < ANTALAN+bT (£)AS'b(t) (57)
So,
Vo< T {—MO + AM, — (P‘)Aolpo N )} 24 aT (DA alt) + b (H)A; b(t)
2
PyAPy O _ _
< huin | <o+ a0ty = (PP DNl A (A a7 + 3k (Aa) o)
(58)
where z(t) 2 (Ae)\). Let us prove that if the conditions, (46) and (47) hold, then the matrix
PoAM Py 0. . . . .
—My+ AMy — 0 A, ) positive definite. For this purpose, the upper-bounding of A M
2
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can be done term by term as:

.
( Ai) AMy ( Ai) = —2¢" Py(AA+ AEKo)e — 2¢T Poy(AB + AEG) A\

+2e" (AC + AFKy) "AXN + 2AMT (AD + AFGp) AN
Thus, for any A, =A] =0, k€ {A,B,C,D,E,F}

2¢ " Py(AA+ AEKg)e > —e' [Py(Aa+ Ap)Py + AATA'AA+ K AETAL'AEKy| e (59)

2ANT(AB+AEG,) " Poe > —e' [Po(Ap + Ap)Pyle—ANT [ABTAL'AB + Gy AETAL' AEGy] AX
(60)

2ANT(AC + AFKo)e > —ANT [Ac + AFAZ'AF T AN — e [ACTAZ'AC + K ApKo)e (61)

2ANT(AD + AFGo)AX > —ANT [Ap + ADTAL'AD + Gy ApGo + AFAL'AFT] AN (62)

Assume that the constraints on uncertainties in (46) stated in Proposition 4.2 are satisfied, then

T T ~ ~
& & . € POA1P0+KS—AFKO+21n 0 €
() o) = (4) ("5 v iry) (£)

Thus:

27 [—Mo +AM, — (POAlPO 0 )] z >
0 A

T ((—MO)11 — PyA Py — PyA Py — K ApKy — 21, —(Mp)12 i ) B
_(MO)12 —(Mo)zg - A2 — A.2 — GS—AFGO

(64)

Applying the Schur complement Lemma A.3 for positive definiteness, it is inferred that the
matrix obtained in (64) is positive definite if and only if the matrix inequality (47) in Proposition
4.2 holds. The inequality obtained in (47) is a nonlinear matrix inequality due to the upper-left
sub-matrix My. Then, in order to solve this inequality, it must be transformed into LMI, according

Qo 0 ... 0

to Appendix A.2, by multiplying the left and right-hand sides with the matrix I
0
0 0 I

where Q¢ = P(;1 and by defining a new variable Ny = KyQq. It follows that

M. AL (-QoAg — QAo — Ny Ej — EgNo  —By — EgGo + QoCqy + NoTFoT) (65)
Orin —Bj — Gy Ej +CoQo+ FoNo Do + FoGo + (Do + FoGo) "
So, the inequality in (47) is written as;

—(Mo,, )11 —(Moj )2 | In In Ny Q 0 0 0
—(Mo,,, )21 —(Mo,;, )22 | O 0 0 0 Gy ILnm In
I, 0 AT 0 0 0 0 0 0
I, 0 0 A0 0 0 0 0
No 0 0 0 Ao o0 0 0 -0  (66)
Qo 0 0 0 0 i1, 0 0 0
0 Go O 0 0 0 Ayt o0 0
0 I, 0 0 0 0 0 AP0
0 I o 0 0 0 0 0 At

The LMI in (66) can be solved, under some conditions, in the new variables Qo = Q] = 0, Ny

and Go. Thus, it is possible to say that the inequality: z " [Mo + AMy — (P0%1P0 /(3 ﬂ z>=0
2
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holds. As a consequence of the result obtained about positive definiteness of the matrix obtained in

(64) and due to symmetry, there exists > 0 such that —Apin | Mo + A — My — (PO%IPO /8 )] -
2

—p < 0. According to Assumption 3.1 where ug4, 74 and Ay are bounded, the terms ||a(t)|* and
l6(¢)]|* are bounded such that ||a(t)]|* < B1 and [|b(t)||?> < B2 for some 31,82 > 0. Then, it is
inferred that:

Vo< —pll2l? + Ani (A8 + A (A2) B2
MH ||2 - M||AAH2 + )‘mln(Al)ﬁl + )‘rmln(AQ)/B (67)

< —pllel? + Anin (A1) B1 + Ani (A2)Ba

It shows that V < 0 outside the ball B,.(0) C IR", with r 2 \/A’?“l“(Al)’BlJr/\‘;‘l"(AQ)ﬁQ. Then,
the solution of (43) is GUUB [53, 41] According to Theorem A.2, the ultimate bound with
ai(llell) = Amin(Po)lel* and az([le]]) = Amax(Po)lle]|? is given by

lell < a7 (aa(r)) =

)\max(P())’f’Q \/ max PO )\mlln(Al)Bl + >\m1n(A2)62) (68)

II]lIl(PO)

AInin(PO

O

Notice that under the conditions of the proposition, then My + AMy > 0. This implies that the
closed-loop system’s quadruple in (42) is strongly passive (in other words the uncertainties do not
destroy the strong passivity of the nominal closed-loop system). In particular this implies that
Do+ AD + (Fy + AF)Gy > 0. Consequently, Assumption 3.1 and item 1 in section 2 guarantee
that the solutions of (42) are AC as long as uncertainties are constant matrices. Time-varying
uncertainties yield a closed-loop system which can be analyzed along the lines of section 2.2.

4.3 Relaxing the Strong Passivity

Tt is of interest to relax the strong passivity condition (Assumption 3.4) of Proposition 4.2, with
strict state passivity (Assumption 3.3). The strict state passivity LMI is (40) modified to My <

<_€PO 0). This means that the nominal closed-loop system may have Dy + FyGy = 0, hence

0 0
PoA Py O
0 Ay ) 7 0,
where M correspond to the strict state passivity LMI. To this end, we may rely on Lemma A.3
in Appendix A.4.

My < 0. Therefore we have to find conditions which guarantee — Mg+ AMy—

Proposition 4.3. Let Assumptions 3.1, 3.2, 3.3 hold for the nominal system, and Assumption 4.1

holds for the closed-loop system. Then —My + AMy — (PO/(\;PO /8 > =0 if:
2

1. R2 (Do + FoGo) + (Do + FoGo)T + (AD + AFGy) + (AD + AFGo)T — Ay 3= 0,

2. Q é —(A0+E0K0)TPO—Po(A0+E0K0)—(AA+AEK0)TP0—Po(AA+AEK0)—P0A1P0 =0
with —(AO + EoKo)TPO — Po(AO + E()Ko) =ePy, € >0,

3. Im(ST) C Im(R), with S 2 —Py(Bo + EoGo) + (Co + Foo)T — Po(AB + AEGy) + (AC +
AFKO)T7

4. Q= SRIST.

Proof. Notice that @ and R are symmetric by construction. The proof follows from Lemma A.3. O

It is of interest to analyze under which conditions on the plant’s nominal model and on the un-
certainties, the conditions in items 1-4 in Proposition 4.3 hold. For item 1, assume that AD = 0,
AF =0, AC = 0 (the complementarity constraint has no uncertainty) then we may take Ay =0
(since b(t) = 0), so that R = 0 by closed-loop strict-state passivity. For item 2, using the
fact that @y = 0, Corollary A.6 can be used to derive sufficient condition such that @ > 0:
Tmax(Q0) > EAmax(Po) > 20max(Po)(0max(AA) + omax (AEK))) + 02, (Po)omax (A1), where we

used [6, Fact 9.14.15, Corollary 9.6.5]. Let us focus on items 3 and 4. We have —M, = (g-? ZO),
0 0
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and —Mo-‘rAMo— P()AlPQ 0) _ QO —|—AQ S() + AS

0 Ay _(SJ—FAST Ro+AR)’
and items 1, 2 and 3 in Proposition 4.3. Using Lemmata A.3 and A.4, the strict-state passivity LMI
for the nominal system implies that Qg = Qo — Py = SOR(T]SJ, and Im(SoR(T)SJ) CIm(Qo — ePy)
(we also have Im(SOR(T)SOT ) C Im(Qp) = IR™ since strict state passivity implies that Qg > 0),
and Im (S ) C Im(Ro) = Im(R}) [7, Proposition 8.1.7]. Assume that Im(AST) C Im(S] ). Then
Im(ST) =Im(Sy +AST) C Im(Sy ). Thus item 3 is satisfied if Im(R) = Im(Ry) (which holds if
AD =0, AF =0, AC = 0, since in this case AR = 0). We can therefore state the following:

where the matrices stem from (40)

Lemma 4.4. Let Assumption 3.3 hold for the nominal system. Assume that Im(AST) C Im(S, ),
and that Im(R) = Im(Ry), then Im(ST) C Im(R).

Notice that item 4 is Qo + AQ 3= (So + AS)(Ry + AR)T(Sy + AST). In the next proposition we
derive conditions on the uncertainty matrices, that guarantee that the inequality in item 4 holds
true when the nominal system is strictly state passive.

Proposition 4.5. Let Assumption 3.3 hold for the quadruple (Ao, Bo,Co, D). Assume that:
(i) R = 0, (i) Im(AR) C Im(Ry), (iii) rank(Rg) = r, Ry # 0, omax(AR) < 0.(Ryp), (iv)
amaX(OT)+0max(O((RSAR)Q))—I—JmaX(AQ) < Emax(Po), where OT is in (69). Then Q = SRTST.

Proof. Since AR = AR, using [7, Fact 8.4.3] and [7, Fact 8.4.38] and (ii), we have (Ry + AR)! =
(I, + RIAR)T (R} + RIARRY)(I,, + ARR})'. Using Corollary A.6, [7, Fact 8.3.33], [7, Corollary
11.6.5], it follows from (iii) that I,, + RJAR > 0. Thus (I,, + RLAR)T = (I, + RIAR)™! =
S o(~RIAR) = I, — RIAR + O((RSAR)?) [7, Proposition 11.3.10]. Therefore (Ro + AR)' =
(I, — RYAR)(R) + RIARRY) (I, — ARR]) + O((RIAR)?) = R} — RIARR] + O((RIAR)?).
Consequently, (So+AS)(Ro+AR)T(S] +AST) = (So+AS) (R} — RIARR! + O((RIAR)?))(S] +
AST) = SOR(JSSJ +0T + O((RE;AR)z), where OT stands for other terms defined as:

OT = SoRIAST — SoRIARRLS] — SoRIARRIAST + ASRI S + ASRIAST (60)
—ASRIARR}S] — ASRIARRIAST.

The result follows from Qg — SORE;SJ %= €Py, (iv), Corollary A.6 and [7, Fact 11.16.18], which

guarantee that ePy = OT — AQ + O((R} AR)?), so that Qo + AQ = (So + AS)(Ro + AR)T (S +

AST). O

Item (iv) in Proposition 4.5 means that a class of nonzero, sufficiently small uncertainties are
allowed. The matrix A; which appears in AQ can be chosen small if AA, AB, AE are small. As
said above, AR can be made small if the uncertainties inside the complementarity constraints are
small.

5 Tracking Control for First-order Sweeping Process (FOSwP)

Under some conditions (see, e.g., section A.7), LCS can be equivalently rewritten as a FOSwP. Let
us first rewrite both the closed-loop plant and the desired dynamics under the perturbed FOSwP
format, when D = 0 in (14) and D + FG = 0 in (16). Here we are interested to see how the
material in sections 3.2, 3.3 and 4.1, 4.2 and 4.3, adapt to trajectory tracking applied to FOSwP.
Indeed the control of FOSwP has recently received much attention, especially its optimal control,
stabilization, and the existence of periodic orbits [50, 35, 49, 37, 4, 36, 38, 40, 39, 30, 31, 66, 78,
52]. Thus it is of interest to investigate the trajectory tracking issue for such DlIs.

The LCS of the desired system in (14) can be represented equivalently as a FOSwP when D = 0 if
the conditions in section 2, item 3 are satisfied. These conditions require the system represented by
the quadruple (A, B, C,0) to be passive which implies the condition PB = CT where P = PT = 0
is the solution of the matrix inequality of strict passivity in (19), the controller u € £, (IR : IRP)
and the constraint qualification Im(C') — IR = IR™ holds. The FOSwP is represented as follows
(see section A.7)

Ca(t) € RgAR; Ca(t) — Nigyey (Calt)) (70)

where R(Zi = Py, Rg = R;li—, (4 = Rgqxq and ¢d(t> = {Rdxd ‘ Cxy € Sd(t)} with Sd(t) =
IR™ | v+ Fug(t) > 0} and z4(t) = R, 'C4(t). Thus, ¢4(t) = {¢q € R™ | CR;Cq + Fuga(t) > 0}.
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Recall that the closed-loop system in (32) when D 4+ F'G = 0 is the following FOSwP:
{(t) € R(A+ EK)R™((t) + RE(=K Ry Ca(t) + ua(t)) — Naw (C(1)) (71)

where ¢(t) = {Rx | (C + FK)z € S(t)} with S(t) = {v € R™ | v — FKxq(t") + Fuq(t) > 0}
and ((t) = R™x(t). It is noteworthy that the set ¢(¢) depends on the post-jump desired state
a:;l". This means that it can be characterized only once the desired state jump has been calculated.
Thus, ¢(t) = {¢ € R" | (C+ FK)R™'¢ — FKR;"'Ca(t™) + Fuq(t) > 0}.

Recall that f(t1) = limsﬁtt f(s)and f(t7) = limsﬁf f(s). It is noteworthy that = € K if and only

s> s<

if € ¢(t) and x4 € Ky if and only if {4 € ¢g(t).

The aim in the following is to show under which conditions x; =zt holds. As a first step, let us
check if 27 € OK, it is required to show that 27 € KC (the set K is defined for (16)). Knowing that

JF
x; € Kgq, then
Czy +Fuq>0& (C+ FK)z} — FKx} + Fug >0 (72)

which means that x;r satisfies the condition of the set K. Hence x; € K. In addition, given that
m;{ € 0Ky, it follows that

[Czj + Ful], =0& [(C+ FK)xj — FKa] + Fuj], =0 forsome ke {l,....,m} (73)
Thus, the following is proved:

Lemma 5.1. The post-jump desired state satisfies: x;}' € 0K NOKy. So a necessary condition to
have x+ =z is that x* € OK, which is equivalent to x~ ¢ Int(K).

Assume that P(z~ — ) € Nic(z]), equivalently 2} = Projp[K;27] = 2T (the last equality holds
from (9)). The question that arises is: what are the conditions such that the first inclusion holds?
Let us present the given information in the following. The optimization problem in (9) for the
desired system leads to the following:

2§ = Projp, [Kaiag] & Palag — 7)€ N, () (74)

Similarly, according to the optimization problem in (9) for the closed-loop system, the following is
derived:

Pz~ —2%) € Ni(z™h) (75)
Using the definition of the normal cone in (1), the equations in (74) and (75) are written as follows,
for the desired and closed-loop systems, respectively:

(g —23) T Py(zg—2}) <0 Vag €Ky (76)
(z= =2 Px—2") <0 Vazek (77)

And the third inclusion for x:{ = 27T is equivalent to the VI:
(z7 —z))"P(x—x])<0Vzek (78)

Let (4 = Rqzq and ¢ = Rz. Note that ) € 0K if and only if Rz} € 9¢(t) & RR;'¢S € 04(t),
then the state RR;lcd becomes relevant. Hence, the set RRJlgﬁd(t) is considered in the following
since RR; "¢y € RR;'¢q(t). Let ¢, = RR; "¢y = Rag and ¢,(t) = RR; ¢a(t) = RK4 which is
defined as:

9a(t) = {Ch € R* | CR™'(j + Fuq > 0} (79)
The desired system in (70) is written, in the terms of the new variable ; = RR;lgd, as follows:
Ci € RART'Cy = RP; RNy, )(Ch) (80)
Similarly, z* € 9K if and only if (T € 9¢((t). Hence, equivalently the three Vs are obtained:
(Cr =i (G =61) <0 Ve du(t) (81)
(CT=¢NHTC-¢H <0 Ve (82)
_ + +
(CT=C)T(C=C) <0 Ve (83)
The optimization problem in (75) for the closed-loop FOSwP in (71) is written as follows:
(" =Proj[p(t), ] & (7 = ¢ € Nyr(¢T) (84)

Then, it is required to prove under which conditions ¢~ — C('; € N¢(t)(c;f) (which is the VI (83))
holds, equivalently Cg = (T (ie., R7IT = R'¢H & 2 =a%). Let us study this on a particular
example.
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Example 1. Consider the desired FOSwP in (70). Take A= —I, B =1, and C = I where I is

the 2 x 2 identity matriz. Let E = (1 O)T and F = (2 l)T. The LMI in (19) for the desired
system’s quadruple (A, B,C,0) has a solution Py = P; = I > 0. Thus, the desired system is
strictly state passive. Given that R% = Py, then Rq = I. Let us check if there exist K and P such
that the closed-loop system’s quadruple (A+ EK, B,C+ FK,0) is strictly passive. This means that
it is required to check if the matriz inequality in (19) has a solution. The solution of (19) is given

by

K= (007 0.035) and P= (1'14 0-07)

0.07 1.035 (85)

1.07 0.034
0.034 1.017
system in (71) is written as follows:

¢ —0.93 0.034) (¢ 014 007\ (¢ 1.07
(gi) < (0.034 -1 > (Ci) - <o.07 0.034) (C;*Z) * (0.034> ua = Now(€)  (86)
where Ny (¢) = {v € R? | v (C—n) <0 Vnep(t)} and ¢(t) is given by:
#(t) ={¢e R*|(C+FK)R™'(~ FKR'()(t") + Fuq(t) > 0}

/ (87)
B 2| (1065 0.034) (¢) (0129 0.065\ (¢ P 0
- {C € | (0.034 1.016> (@) <0.064 0.032) (g;d’ )= \o
The desired FOSwP in (80) is written as follows:
{la ¢a) (114 0.07 ,
((éd €(&;) oo 1035 Newo(Ca) (88)
where Ny 1)(¢h) = {v € R? | v (¢ —na) <0 Vg€ ¢y(t)} and ¢/,(t) is given by:

o) = e @ | erGrreaz oy = {q e | (e i) (84)+ (3) = (o)}

Given that R?> = P, then R = ( ) Thus the FOSwP associated with the closed-loop

(89)
Let us define the set of active constraints for the desired system in (83) as:
Aa((t) = {i € {1,2} [ (CR™)5aC) + Fiaua(t) = 0 and ¢} € ¢/y(1)} (90)
Ay 2| { 0.936  —0.031 + 2uq\ ~+ ,
and we define Q;q = { 5 €IR ’ <_0-031 0984 ) y o+ ui ), =0 and(, € @,(t) ¢, for
i € {1,2}. Let us draw the set ¢/,(t) in (89) as shown below in Fig. 1:
)
Qld
)
nax G
2uy
Qog
Figure 1

It is noticeable that the set ¢(t) in (87) depends on the value of the state C(’;. This implies that

there exists a unique set ¢(t) associated with each C{’; which is the solution to the optimization
problem in (74) with a specific set of active constraints applied. Let us consider the following cases
based on the different values of (gr, resulting in different sets of ¢(t).
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5.1 Case 1: the state ¢} € Q14N Qyq

In this case, both constraints Q1 and Qo in (90) for the desired system are considered active.
According to the set of active constraints Aq(¢l(t) in (90) and given that the matriz CR™' i
invertible in this example, it follows that the state variable C; is expressed as C(’; =—-RC 'Fu4 €
Q14 N Qoq. By substituting the value of C(’; in the set ¢(t) in (87), it gives the following expression

of ¢(t):
o(t) ={¢ € R* | (C+ FK)R V)¢ + (FKC ' F)ug(t) + Fugy(t) > 0} (91)

Figure 2 below shows both sets ¢(t) and ¢q(t).

G2

©-

TN
N

~——

I1

Ug +

2@4 Cl

v |1

Figure 2

By observing Figure 2, it is noticed that the state Cg is located at the corner of the set ¢;(t) (ie.,
Cg € Q14 N Qaq defined in (90)), and this corner represented by Cg is shared by both sets ¢!,(t)
and ¢(t) such that C(’; € 04(t) N 0Pl (t). Let us define the active constraints for the closed-loop

system in (86) as follows:

A1) = {i € {12} | (C + FK)R™)ieC" + (FEKCT'F)iaua(t) + Fiaua(t) =0 for ¢t € ¢(t()})
92

A o] (1065 0034 ., . (235us) N ‘
and we define ; = {C eR ’ <0.034 1.016 i.C + 175u4) 0 for(t € 0¢(t) o, foric
{1,2}.

If (- € Region I (i.e., (~ ¢ ¢(t)) and the active constraint is Q1 defined in (92), then the
post-jump state (T € Qy and is defined as (T = Proj[Q1;(7].

o If{~ € Region II (i.e., (~ €int @(t)), then (T = ¢~ € into(t).

If (~ € Region III (i.e., ¢~ ¢ ¢(t)) and the active constraint is Qo as defined in (92), then

¢t e Q.

e If (™ € Region IV (ie., (T — (g € J\/¢(t)(§[f)) and both constraints Q1 and Qo are active as
defined in (92), then (* = (/;

Thus, regardless of the active constraint, (T = C{; if and only if {— — Cé;r € N¢(t)(C&+).

5.2 Case 2: the state C(’; € Ny

In this section, only one of the constraints for the desired system is considered active whzch s Qg
as defined in (90). Let ¢ = (—2.104ug,uq)" € Q14 and let us substitute the value of Cd in the

set ¢(t) in (87), then:
2 1.065 0.034\ (1 0.129 0.065\ [—2.1036uyq 2ug
— — >
o(t) {C €| (0.034 1.016) \¢2) ~ \0.064 0.032 wg ) T\ )20 99
and it is represented graphically in Figure 3 below showing the different regions to be studied.
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By observing Figure 3, the state CC’; is shared between the active constraint of the desired system
Q14 and the set ¢(t). It can be noticed that the set ¢(t) in Figure 3 is different from that in Figure
1 due to the new selection of C(’;. Let us define the active constraints for the closed-loop system in
(86) as follows:

t+

A(6(t) = {i € {12} | (C+FE)R™)iaCT+(FKR™)iaCy (t)+Fraua(t) =0 for (™ € ¢(t)} (94)

oo A (1065 0.034) . [2.206u5) N
and we define Q; = {C e R ‘QZ— (0.034 1.016 i.C + 0.815uy i.—() for ¢t e ¢(t) ¢,

for i € {1,2}. The same reasoning as before is applicable in this case. It is worth noting that
the equality (T = Cl’; holds if and only if ¢~ is selected such that ¢~ —C{; € N¢(t)(<;+). Otherwise,

the resulting feasible solution (T # Cg, but it belongs to the boundary of the set ¢(t), that is,
¢T € 9¢(t), which can be any of the three possible domains: 1, Qa, or Q1 NQy as defined in (94).

5.3 Case 3: the state C(T € Oy

In this section, only one of the constraints for the desired system is considered active which is Qog
defined in (90). Let C{; = (4ug, —0.89uy) " € Qoq and let us substitute the value of C(’; in the set
o(t) in (87), then:

N 1.065 0.034) (¢ 0.129 0.065\ [ 4ug 2ug
o) = {C € R ’ (0.034 1.016> <§;> - <0.064 0.032> (—0.89ud) i (ud> = 0} (95)

which is represented in Figure 4

G
M
o(t)
U
d 2ud Cl
G
I +
N (Ch)
Figure 4
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The state Cl’; is shared by both sets ¢(t) and ¢q(t), as shown in Figure 4. More precisely, C(’; €
Qoq N @(t). Let us define the active constraints for the closed-loop system in (86) as follows:

A(6() = {i € {1,2} | (CHFE)R™")iuC +(FKR™)iaCy ()4 Fraua(t) = 0 for (* € ¢(t)} (96)

Ao (1065 0.034) ., (1542ug . .
and let Qz_{g cR ] <0'034 Lots) " (0rrauy) =0 Jor €t (), fori € {1,2).

Let us examine, in the following cases, under which conditions the equality Cg = (T holds, taking
into account the active constraints of the closed-loop system.

6 Simple Scalar Example with State Jumps

This section and sections 7 through 13 are dedicated to analyse and mainly to present numerical
simulations of the above theoretical developments. The numerical simulations are done with the
INRIA software package SICONOS!, and the LMIs are solved with MOSEK 9.3.14 solver.

6.1 Dynamics and Closed-loop System
Consider the scalar LCS with d = 0:

{a’c() az(t) + bA(t) + u(t)
0<A(t) Lw(t)=cx(t)+ov(t) >0

where a, b, and ¢ € IR, u and v are two inputs. The desired system is represented by an LCS as

follows:
:i‘d(t) = axd(t) + b)\d(t) + ud(t)
0 < A\g(t) L wqa(t) = caq(t) +va(t) >0

(97)

(98)

If a > 0, then the real system in (97) and the desired system (98) are unstable (i.e the quadruple
(a,b, c,d) has a positive real pole). But, in the context of trajectory tracking, the stability of the
error dynamics is the main concern and not the stability of the real and the desired trajectories.

Let
u=ki(z—zq)+91(A—Xa) + uq
and (99)
v=rko(x —xq) + g2(A— Aag) +vq

so that K = (ki,ko)" and G = (g1,92)". By substituting the equations of v and v in (97), the
closed-loop system is written in the form of (16) as follows:

J?(t) = (CL + kl)x(t) + (b + gl))\(t) — klxd(t) — 91)\(1(15) + Ud(t) (100)
0 < A(t) Lw(t) = (c+ ka)x(t) + gaA(t) — kazalt) — g2Aa(t) +va(t) >0

Remark 6.1. Consider G = 0. Recall the conditions of well-posedness given in section 2.1, item
3 for the case when d = 0. Assume that there exists p > 0 such that the quadruple (a,b,c,0)
is passive (i.e., the LMI in (7) has a solution). If the desired system in (98) is well-posed, then
the condition pb = ¢ holds. In addition, if the closed-loop system in (100) is well-posed, then the

condition pb = ¢ + ko holds. Therefore, knowing that p > 0, the variables b, ¢ and ¢ + ko should
have the same sign (see Example 2).

Example 2 (Ill-posed LCS). Let b =1 > 0 and ¢ = —1 < 0. Consider the LCS in (97) with the
following linear complementarity system (LCP):

0<At) Lw(t)=cx(t)+v(t) >0

In the case when d = 0 and at contact (i.e., cx(t) +v(t) =0), the sign of the variable w is studied.
For this purpose, the following LCP is obtained:

0 < A(t) L cax(t) + cbA(t) + cu(t) + 0(t) > 0 (101)

According to Theorem A.1, the LCP in (101) is ill-posed because ¢b = —1 < 0. Therefore, the LCS
in (97) is ill-posed when cb < 0.

lhttps://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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Following the same steps as before for the desired system in (98) and the closed-loop system in
(100), the coefficients cb and b(c + k2) have to to positive. Otherwise, the result of ill-posedness
s observed in the following numerical simulation with a = 0.5, b =1, ¢ = —1, and k; = —1.19,
ko = 2.96, p = 1.96 being the solution of the LMI of strict passivity in (109). Take x(0) = 5,
2q4(0) =0, uq(t) = 5sin 3t and vgq a discontinuous periodic function as shown in Figure 5b with the
time step h = 0.001.

—

X 10 \_/\/_,—/ — 40

o [
Q 1 4

— v

vd

3 2
time (s) time (s)
(a) (b)

Figure 5: Numerical simulation of ill-posed LCS

As shown in Figure 5, the linear complementarity problem is not valid for both desired and closed-
loop systems since the complementarity variables w < 0 and wq < 0, Thus, the LCS in (98) and
(100) is dll-posed and it is pointless to study trajectory tracking for an ill-posed system. Therefore,
the conditions stated in Remark 6.1 must be respected in the following.

6.2 State-jumps Analysis

State-jumps in z(-) and z4(-) can occur for different reasons discussed in section 3.3. The purpose
of this section is to analyze state jumps in the desired and closed-loop systems in different cases.

If the controller gain G =0

Notice that the dynamics (100) may not be well-posed due to the possible presence of Dirac
measures that stem from both the complementarity conditions in (100) which create an impul-
sive multiplier A and from the complementarity in (98) which implies an impulsive multiplier \q.
Therefore we shall consider G = 0 (which means that (C1) in section 3.3 is satisfied). In order to
analyze state jumps, the following sets are calculated as follows (See section 2.1). For the desired
system in (98):

Qd’D:{)\dEIR|OS)\dJ‘dAdZO}:{)‘dEB|O§>\leZO}:{)\dER‘)\dEZRJr}
Qi p ={wa € R | (wg,A\a) > 0} ={wq € R|wq € Ry}

Ki={ra€ R|cxq+va(t") € Q5 p}t = {za € R|crqg > —va(tT)}
(102)
A jump can occur in the desired state x4 at initial time if and only if cz4(07) < —vg(0"). The
desired state x4 jumps at ¢ = t. if and only if czq4(t)) < —vg(t}). For the closed-loop system in
(100):

Qp={AeR|0<ALdN>0}={ e R | e R:}
Qp={weR|(w\) >0} ={weR|we Ry}

K={zeR|(c+ka)r —kowa(t™) +va(tt) € Qj p} = {r € R (c+ka)x > kowa(t™) —va(t™)}
The state = of the closed-loop system in (100) jumps at any ¢ = t., t. € [0, +00), if and or(j}(l)sl)f

cx(ty) + kalz(t)) — za(t))] < —va(t)). Thus, when G = 0, the jumps at ¢ > 0 in z(-) and z4(-)
occur only if vy is discontinuous at ¢, as expected.
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If the controller gain G # 0 and x4 is continuous

In this case, a state jump in z (if any) is caused by the discontinuity in A4, which can arise when
the complementarity problem switches (i.e., cz(t) + v(t) = 0) and vg(t) remains continuous. The
desired system’s state is considered continuous to avoid the Dirac measure Aq appearing in (100).
For the closed-loop system represented by (a+ k1,b+ g1, c+ ko, g2) to be strictly passive, one must
have go > 0 given that d = 0. But, go multiplies A as shown in (100). The LCP of the closed-loop
system (100) is

0 < A() Lw(t) = (c+ ka)a(t) + gaA(t) — kazalt) — g2Aa(t) +va(t) >0

has a unique piecewise continuous solution A. Hence, the LCS in (100) is an ODE with an AC
solution on IR, provided that u(t) and v(t) are continuous (see section 2.1, item 1). Thus, the
closed-loop system’s state is jump-free in the scalar case with G # 0 and the desired system’s state
x4 is continuous. Therefore, the error dynamics e(t) is continuous in this case.

The explanation of this result can be further understood by analyzing the following sets of the
closed-loop system.

Qp={AeR|0<A L (d+g2)A =0} ={0}
Qp ={we R | (w,)) =0} = {R} (104)

K ={zeR|(c+k)z(t) + gaA(t) — kaza(t) — gaAa(t) +va(t) € Q3 p} = {IR}

Using the optimization problem in (9), z(¢t*) = x(¢~). Thus, the closed-loop system’s state x(t) is
continuous even if A4 is discontinuous. Therefore, the error dynamics e(t) is continuous.

6.3 Stability Analysis of Error Dynamics with State-jumps (G = 0)

This section is dedicated to the stability analysis of the error dynamics in (105) when state jumps
occur. The error dynamics e(t) = x(t) — 24(¢) in the form of (18) is represented by:

é(t) = (a+ kr)e(t) +b(A(t) — Aa(t))

0< ( S@)) N <$;((tt)>> _ <_Cc+_k1§2) e(t) + <c+0k2 _22> <§d(<tt))) ) (%D L, (105)

Let us now try the passivity criterion introduced in (35) to cope with state jumps directly from

¢ —Bk2> The passivity of

the error dynamics represented by the quadruple (a, b, ¢, 0) is determined by checking analytically
if the nonlinear matrix inequality in (35) has no solution for the system (105). Consider

the error dynamics passivity. Let @ = a + kq, b = (b —b) and ¢ = (

—2p(la+ki) —-pb+c+ks pb
—bp+c+ko 0 0] >0 (106)
bp 0 0

A
Me:pt =

has a solution for p > 0. The nonlinear matrix inequality in (35) has a solution for the system
(105) if and only if the nonlinear matrix inequality in (106) has a solution for p > 0. This means
that 27 Mgz = 0 for all z € R® and z # 0. But

X1 T X1
z Moz = | 2o Mes | 22 | = (=2p(a + ky1))x? + 2bpxy 23
T3 z3

Thus, 2" M,z = 0 is not satisfied for all z € IR® such that z # 0. Notice that it can be inferred
directly from Lemma A.3 that M., can be positive semidefinite only if —pb + ¢ + ko = pb = 0.

Therefore it is inferred that this approach (imposing the passivity of the error dynamics with the
LMI in (35)) is not fruitful.

The following Lemma states the stability result.

Lemma 6.2. Consider the dynamical systems in (100) and in (98). Suppose that Assumptions
3.2 and 3.3 hold. Assume that the states x(-) and x4(-) have jumps for t > 0 since d = 0 in the
complementarity constraint. Then, the error dynamics in (105) has a globally asymptotically stable
equilibrium point e* = 0.
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Proof. Consider the Lyapunov candidate function V'(e(t)) = e(t) T Pe(t). Recall from section 3.2,
Proposition 3.7, that error dynamics in (105) has a globally exponentially stable equilibrium point
e* = 0 when both the states z(-) and x4(-) are continuous. This result is proved by showing the
variation of the storage function of the error dynamics V (e(t)) < 0 for all e # 0.

In view of the desired dynamics (98), the closed-loop dynamics (100) and the controllers (99), let
tr where k > 0 be the set of time instants at which v,(¢) is discontinuous. The states z and x4
undergoes a jump at t € {0} U {¢x}. The goal is to study the sign of AV'(e(t)) at the jump time
which is written as follows in scalar case:

AV (e(t)) =V(e(t+))—V(e(tT*)) ,
= ((t*) — za(t™)) ZP(I(tJr)*xd( ) = (@(t7) —za(t7)) " (2(t7) — za(t7))
=p(2(t*) — za(t*))’ —p (z(t7) — za(t7))?
(107)

There are three cases to consider when analyzing the sign of AV (e(t)). To lighten notations we
denote fT = f(tT) and f~ = f(t7).

First case: In this case, both x and x4 jump at the same time ¢t. The values of the state jump for
ko] Tq— :ir

the desired and the closed-loop system are given by x:{ = —%vf{ and zt = o respectively
by referring to section A.6. If we substitute the value of x;r in T, then 27 = — 1vd+ The variation

of the storage function at the jump time is written as follows:

AV(@(t)) — p(J)(LH_) _ l‘d(t+))2 —p(z(t™) — $d(t—2))2
(2 + Fu) — p(ol00) — 2t
() et <0

Thus, when both x and x4 jump, the variation of the storage function of the error dynamics
AV (e) < 0 for all e # 0.

Second case: In this case, the closed-loop system’s state x jumps and the desired system’s state
x4 is continuous such that z7 = z; = x4. The value of the closed-loop system’s state jump is

+
kﬂik < (see section A.6). If these values are substituted in AV (e(t)) in (107), then

given by 27 =

AV

szd ’L) 2 — 2
p(MHE —wa) —pla — )
—CT 'U —
p((cﬁz - — )
—cxg— 'u 7czd7v3' —
P~/ =% T\~ T — T

- —(C+k2)f£7+k2$d—’uj (c+k2)m7—(20+kg)md—v;
=P ks ctkz

= W (( (c+ ko)ax™ + kazy —vd) ((C—l—kg) — (2¢+ k2)xg —vj))

Let h(x ) —(c+ ka)x™ + kowg — v and r(z ) (c+ko)z™ — (2¢ + k2)zg — v} . Let us study the
signs of h(z) and r(x).

Knowing that ~ ¢ K, the following inequality holds:
(c+ ko)™ — kowg + v <0 —(c+ke)x™ + kowg — v > 0% h(z) >0

Now, let us check the sign of r(z). If we add and subtract v}, then

r(z) £ v} (c+ k2)x™ — koxq + v — 2cwq — 20

—h(z) — 2czq — 20}

>l

Provided that —h(z) < 0 and cxq + v >0 (i.e. 24 € Kg) & —2cxq — 20} < 0. So, r(z) < 0.

Thus, h(z) > 0 and r(z) < 0. Therefore, AV (e(t)) 2 m (h(z)r(x)) < 0.
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Third case: In this case, the desired system’s state x4 jumps and the closed-loop system’s state
x is continuous such that x* = 2~ = z(t). The value of the desired system’s state jump is
zy = —Lvl (check section A.6). If these values are substituted in AV (e(t)) in (107), then

AVi(e(t)) =p (a: + %)2 —p(x — x;)2

B )
c d c d

Let h(x ) Sp4 i +x —x; and 7(x) 2% 4 x, . Let us study the signs of h(x) and 7(x).

C
Knowing that z ¢ K4, then

R

+
cx;+vj<0©x;+v?d<0(:}r(ac)<0

Now, let us check the sign of h(x) by adding and subtracting vd Then,

h(z) £ v} = 2(cx +v]) —cxy — v}
2 2(cz +v)) —r(x)
Let us write the following:
rek & (chkg)xka:z:jJrv;ZO
REN (c+k2)x+k—jv;+1):{20
&= @(cx +v])>0

According to Remark 6.1, % > 0. So, cx + U;_ >0< 2cx + 21;; > 0 and —r(z) > 0. So,
h(z) > 0.

Thus, in this case, h(z) > 0 and r(z) < 0 and AV (e(t)) =

= p(h(z)r(z)) < 0.
Therefore, the storage function is strictly decreasing (i.e., V < 0 when t # t; and AV < 0 when
t =t for all e # 0 where t; are the time instants of jumps) on R.. O

Corollary 6.3. Following on from Lemma 6.2, assume that vq(-) is discontinuous at time instants
te, withk = {1,2,...,n} wheren € IN*. For anyty, if there exists va(t}) < min {—cxz(t;,), —cza(ty )},
then both x and xq jump to the value zq(t}) = x(t;) = —Lvg(t]). Therefore, there will be perfect
tracking for all t >t (i.e., finite-time tracking).

Proof. Let the time instants at which v, is discontinuous be denoted by t; with k = {1,2,...,n}.
The goal is to show that if the input vy(t) < min{—cz(t; ), —czq(t; )}, then both = and x4 jump
to the same value at ¢ = t;. According to the set ICy in (102), the state x4 performs a jump at
t =ty if and only if x4(¢; ) ¢ Kq which is written as follows:

za(ty) ¢ Ka & cxa(ty) +va(td) <0 e vg(t]) < —caalty)

Also, the state  in (100) performs a jump at t = ¢, if and only if (¢,’) ¢ K in (103). Let us write

the following:
z(t;,) ¢ K& (c+ ka)x(ty) — kaza(tl) +va(tf) <0 (108)

Given that x4 jumps at ¢t = t, let us substitute zq(t;) = —Lvg(t]) (see (171) in section A.6) in
(108). Then,
(c+ ka)z(ty,) + 22og(tf) + va(tf) <0

& C+k2 (cac(t,C )+ vd(tg)) <0

Let ¢ and ¢ + ks have the same sign due to the well-posedness of LCS as in Remark 6.1. So,
va(ty)) < —ca(ty)

According to the solution of the optimization problem in (9) in section A.6, the closed-loop system’s

Y (1
state = jumps at t; such that z(t]) = %k;d(tk) = —Lug(t) where z4(tf) = —Lva(t]).
Therefore, both z and x4 jumps at t; to the same value xd(t+) z(t) = —Lva(t) (see section
A.6) if and only if vg(t]) < p where p is given by p = min {—cxq(t}), —cz(t;,)}. O
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6.4 Numerical Applications with G =0

The open-loop system with © = v = 0 is not strictly passive but there exist k1, k2, and p such that
the closed-loop quadruple (a + k1,b, ¢ + ka,0) is strictly state passive, equivalently the nonlinear
matrix inequality
—2(a+ki)p—ep —pb+c+ks “ 0
—bp+c+ ks 0 -

has a solution p > 0 with € > 0. According to A.2, the following LMI is obtained

—2qa —2N1 —eq —b+ qc+ Ny
—
( —b+cq+ N 0 z0 (109)

where ¢ = p~1, Ny = k1q and Ny = koq. The LMI in (109) has a solution such that:
by = —1.198, ky = 0.96 and p = 1.9607

for a = 0.5, b = 1 and ¢ = 1. For the sake of numerical simulation, take a = 0.5 (so that the
systems in (98) and (97) diverge slowly).

Example 3 (Both z and x4 jump). Let us take b =1, and ¢ = 1. The numerical simulation below
for the closed-loop system and the desired system is implemented with a discontinuous controller
va(t) at tp with k = {1,2,3,4}. Take x(0) = 3, 24(0) = —3, ug = 5sin3t and vg = 4 for t < 1s
with the time step h = 0.001. Given that z4(17) = —0.7 and x(17) = 2.28, and following Corollary
6.3, let us choose vg(17) such that vg(11T) = min{—xz4(17) = §,2(17) — 6} < min{—=z4(17),2(17)}
with § = 0.5. Based on the value of §, v4(17) = min{0.2, —2.78} = —2.78.
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Figure 6: Numerical simulation of LCS where both x and x4 jump
Both x and xq4 jumps att =1 to the same value of —vd(tf) = 2.87. It is noteworthy that the storage
function’s variation AV is non-positive at the time of the state jump (i.e., V(e(17)) =V (e(17)) <
0). After the first jump of both states x and x4 at the same time t = 1 and following Corollary

0.3, the controller vg can take any value at the time of discontinuities such that ’ud(t;_l) € R and
perfect tracking is preserved (i.e., e =0).

Example 4. Let us illustrate the case when x4 jumps but x does not jump. Take xz(0) = 3,
xq4(0) = =3. Knowing that ©4(17) = —0.7 and x(17) = 2.28 from the simulation in Figure 6, let
us choose vg(17) such that x4(17) ¢ Kq in (102) and z(1) € K in (103). Thus,
2q(17) ¢ Kg & cxq(17) +ug(17) <0 = vg(11) < 0.7
and

z(1) e K & (c+ko)z(1) — kaxg(1T) + vg(17) > 0 = v4(17) > —2.28

with ¢ = 1 and ko = 0.96 (the solution of LMI in (109)). Take vg(1T) = —1 and observe the
following:
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Figure 7: Numerical simulation of LCS when only x4 jumps

It is noticed from Figure 7 that the variation of the storage function V' is negative when x4 jumps
at t = 1s even though the closed-loop system’s state x does not perform a jump at t = 1s. This is
explained by the fact that the desired state xq jumps toward the set of solutions of the closed-loop
system x which means that the error e = x — x4 is decreasing, thus the variation of storage function
V = pe? is negative at the jump time.

Let us create another jump in x4 in the transient regime of the error dynamics (i.e., before e =0
at t =1.5s). Knowing that £4(1.27) =1 and z(1.27) = 2.057, choose —2.057 < v4(1.27) < —1 s0
that 4(1.27) ¢ Kq and (1.2) € K. Take vy(1.2%) = —1.5.
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Figure 8: Numerical simulation of LCS where only x4 jumps

In Figure 8, the desired state xq jumps at t = 1.2s such that x4(1.27) = —vg(1.2%) = 1.5. The
value of the error e(1.2%) = 0.557 < e(17) = 1.057, so the variation of the storage function V,
defined in (107), is negative at the jump time t = 1.2. It is observed in Figure 8 that the error
has an asymptotically stable equilibrium point e* = 0 which is consistent with the result in Lemma
(6.2). It is noteworthy that, in the case of Figures 7 and 8, the necessary and sufficient conditions
to have a jump in the closed-loop state z (i.e., vg(1T) < —2.28) generate a jump as well in the
desired state x4 at the same time which means that Corollary 6.3 applies.

Example 5. Let us change the initial values of the states in order to consider the case where
the desired state x4 is continuous for all t but the closed-loop state x jumps. Take x4(0) = —1,
x(0) = —4 and vg = 4 for t < 1s with the time step h = 0.001. At t = 1s, the values of the states
are £q(17) = 2.59 and x(17) = 1.83. It is required to choose v4(1") such that x4(1) € Kq in (102)
and x(17) ¢ K in (103). Thus,

md(l) ey & de(l) +Ud(l+) >0 = ’Ud(1+) > —2.59
and
2(17) ¢ K & (c+ko)z(17) — kaza(1T) +va(17) <0 = vy(17) < —1.1

knowing that ¢ = 1, ks = 0.96 and z4(17) = 24(17) = z4(1) = 2.59 (i.e., x4 is continuous). Let us
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4, ift=mn,

where n € {1,2,3,4}.
-2, ift=n+1 { )

take v4(17) = —2 and observe the following with vy(t) = {

10 xLd(t)
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Figure 9: Numerical simulation of LCS where only x jumps

In Figure 9, the closed-loop system state x performs a jump at initial time t = 0 and a further jump
at t = 1s. At the initial time t = 0, the state x jumps such that z(01) = —2.53 € K which is the
solution of (9) and according to Lemma 3.9, at an initial state jump we have V(07) —V(07) <0
which is observed in the simulation shown in Figure 9.

At t = 1.2s, the state x performs a jump such that x(17) = 2.29 € K which is the solution of the
optimization problem in (9). Knowing that the controller is chosen such that —2.59 < vg(17) <
—1.1 in order to have a jump at t = 1, it is noteworthy that if v4(17) < —2.59, then both x and
xq will jump at t = 1s and Corollary 6.3 applies. Whereas if vg(11) > —1.1, then neither of the
states will jump beacuse x(1) € K and x4(1) € Kq when vg(11) > —1.1.

6.5 Conditions such that Proposition 3.10’s conditions are satisfied at
state jump, with G =0

The above conditions that guarantee a negative Lyapunov function jump, may not match with the
sufficient conditions of Proposition 3.10. The goal in this section is to find examples such that the
sufficient conditions of Proposition 3.10 are satisfied, as an illustration. Let a = 0.5, b=1,c=1,
p=1.96 and ky = 0.96.

Example 6. Let 2(0) = 10, x4(0) = —5, ug = 5sin 3t and vq is discontinuous as shown in Figure
10. Let us create a jump at t = 1s such that the conditions in Proposition 3.10 are satisfied. At
t =17, the values of the states are x4(17) = —4 and x(17) = 3.45. If we consider the case when
xq is discontinuous at t = 1s, then xq(17) = —vga(17). Assume that at t = 1s:

0eK & *kgil?d(lJr) + ’Ud(lJr) >0«< (1 + kg)vd(1+) >0= ’Ud(1+) >0

and
2q(17)pr(17) > 2q(17)pa(17) & —vg(17)pr(17) > 24(17 )pr(17) = va(17) < 4

and
2q(17) € Tre(projp[Ks2(17)]) & za(17) € Te(x(17)) & 2a(17) € (Nic(2(17)))°

Knowing that —p(z(17) — z(17)) € Nic(x(11)), then the last condition is written as
z4(17) € Wic(z(17)))° = —za(17)p(z(17) — 2(17)) <0

which is satisfied since x(11) = x(17) = z(1) (i.e., the state x is continuous at t = 1s).

Let us choose vg(11) such that 0 < vy(17) < 4 which is obtained from the above assumption and
—3.45 < v4(17) < 4 which comes from the fact that at t = 1 x4(17) ¢ Kq and z(1) € K. Take
va(1T) = 2. The numerical simulation is shown in the following with a time step h = 0.001.
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Figure 10: Numerical simulation of LCS where only x4 jumps

As shown in Figure 10, at the jump time ¢ = 1s, the variation of the storage function AV (e(1)) =
V(e(17)) — V(e(17)) < 0 which agrees with the result stated in Proposition 3.10.

Example 7. Let x(0) = —15, 24(0) = 1, ug(t) = 5sin3t and vg is a discontinuous function as
shown in Figure 11. Let us create a jump at t = 1s such that the conditions in Proposition 3.10 are
satisfied. At t = 17, the values of the states are x(17)
the case when x4 is continuous at t = 1s (i.e., z4(11) = 24(17) = x4(1)) and z is discontinuous

T
att=1 (ie, z(1T) = kzicj_ik:}d

—2.06 and z4(17) = 5.89. If we consider

from section A.6). Assume that at t = 1s:

0ek& —k)2$d(1+) + ’Ud(1+) >0< Ud(1+) > 5.65

and

2a(1M)pzr(17) > 24(17)p2(17) & za()pr(17) = za(1)pz(17)

and

za(t™) € Tic(projp[K; 2(t7)]) & za(t™) € Tic(a(t?)) & za(tT) € Wic(x(t1)))°
Knowing that —p(z(17) — z(17)) € Nic(x(11)), then the last condition is written as

za(1%) € Wi (2(17)))°

=

=

=

xd(1+)p(

vg(1) > 1.5

—zg(1)p(x(17) —2(17)) <0

kazy g x(lf)) <0
c+ko —

Let us choose vg(17) > 5.56 such that the above conditions (i.e.,the conditions of Proposition 3.10)
are satisfied and —5 < v4(17) < 9.6 (i.e., 24(1) € Kg and x(17) ¢ K at t = 1s), so take vg(1T) = 6.
The numerical simulation is shown in the following with a time step h = 0.001.
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Figure 11: Numerical simulation of LCS where only = jumps

As shown in Figure 11, at the jump time t = 1s, the variation of the storage function AV (e(1)) =
V(e(1™)) — V(e(17)) < 0 which agrees with the result stated in Proposition 3.10.
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6.6 Recapitulation

The occurrence of "peaking phenomenon”, which occurs when the jump times of two trajectories
do not coincide, is not observed in our case. This is due to the fact that the desired system in (98)
is derived from the dynamics of the real system in (97) and that both systems are passive.

The challenge in our work results from the different situations leading to state jumps (¢.e., discon-
tinuities in v4(t) or in A4(¢)). It is noteworthy that, in the scalar case, the jumps only occur due
to discontinuities in v4(t) as discussed in section 6.2. The closed-loop system’s state z(t) in (100)
jumps when either x4(t) or vg4(t) jumps, and since the desired system’s state 24(¢) only jumps when
vq(t) jumps, it follows that both states jump at the same time (i.e., no jump mismatch occur).

The electrical circuits with ideal diodes, presented as examples in section 6.4, cover all the possibil-
ities of state jumps due to the discontinuities in vg(t) (i.e., only x4(¢) jumps, only z(t) jumps, and
both x4(t) and z(t) jump) and show the stability of the error dynamics in (105), of each example,
in the presence of state jumps.

7 Applications: Circuits with Ideal Diodes

The next sections are dedicated to applications on electrical circuits with ideal diodes (recall that
hydraulic circuits share same components where ideal diodes are replaced by check valves [54]). Let
us consider the following examples which differ mainly by the structure of the matrix D as well as
the position of the controller in the dynamics (i.e the differential equations and/or complementarity
problem). The following examples are provided with their numerical simulation which is done with
the INRIA software package SICONOS?. The algorithm of the code is explained as follows: the
nominal system is defined at the beginning and it is used in order to design an optimal controller
with optimal control gains by solving the LMI in (66) using MOSEK 9.3.14 solver. Then, the
real system is defined with constrained uncertainties. It is noteworthy that the uncertainties are
constrained according to the values of Ay’s for k € {A, B,C, D, E, F'}, as shown in (46), which are
unknown variables determined from the solutions (A1, Ag, Ay, Ag and Afp) of the LMI in (66).

8 Electrical Circuit with Parametric Uncertainties
Consider the circuit in Figure 12 with the states x1: the charge on the capacitor C and xo: the

current passing through the inductor L. The dynamics of the electrical circuit in Figure 12 is given
by the system in (110):

Figure 12: RLCD circuit with one ideal diode.

d1(1) = —wa(t) + A1)

( ) _ m1(t) + u(t) (110)
0 <A(t) Luw(t) = 28 + RA®#) > 0

with L=1H, C=0.025 F, R =10 Q.

8.1 Study the passivity of (12) with u =10

The energy stored in the circuit of Figure 12 with u = 0 is: V(z) = 1C (%)2 + 1Lz3. The rate
of change in stored energy is given by V(z) = C (2) (%1) + Lxoas. If the first two lines of (110)

?https://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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are substituted in the equation of V', then

V(z) = L.’Iﬁgﬂ + ﬂ(—.’lﬁg +A) = z1A

c (111)

Knowing that 7 = CVg = C(—Vr — Vp) where Vg and Vp are the voltages across the resistor
and the diode respectively, the rate of change of the storage function is represented as follows:

V(z) = %(—R/\ —w)) = _gv (112)

where wA = 0 due to orthogonality. So, V(z) < 0 (i.e., the rate of change in stored energy is less
than the power supplied to the system). Thus, the dynamical system in (12) with u = 0 is passive.

Let us check the passivity of (12) by proving that its open loop transfer function (i.e., TF with
u = 0) which is given by Ho(s) = C(sI — A)"'B + D is positive real. Then,

w(s) RLCs*+Ls+R
As) LCs?2+1

Ho(s) =

The transfer function Hy is Hurwitz and Re(Hy(jw)) = R > 0. Then, the transfer function Hy is
strictly positive real [22, Theorem 2.45]. Therefore, the open loop system in (12) is strictly passive.

8.2 Passivity of closed-loop system (12) without uncertainties

Let u = K(z — zq) + G(A — \a) + ug with K = (k1 k2) and G = g1. In the case of which the
system (110) has no uncertainties, the control gains are calculated by solving the LMI in (20); the
solution is obtained as follows:

K = (493.07978501 —42.07565724), G = 40.65023 and P = (40‘12136978 _3'14335292>

—3.14335292  0.32336045

(113)
If the LMI in (20) is solved with the minimum value of the control gain G, then the solution is
given by the following:

(114)

K = (75.0276 —5.2589), G =-3.9x 107" and P = (26'06268 _0'99185)

—0.99185  0.25716

It is observed that the control gain G has a negligible value and this indicates that the additional
feedback from the complementarity variable A is useless in this example. So, in the following, the
value of G is neglected.

In order to decrease the magnitude of the control gain K, the steps below are followed knowing
that K = NQ~%:

e solve the LMI in (20) with G = 0 for the minimum Euclidean norm of the matrix N with
fixed Q = P71 in (114).

o Now, fix the value of N obtained from the previous step and solve the LMI in (20) again for
the maximum trace of the matrix Q.

o repeat the first two steps until there is no change in the values of N and @ obtained.
This methodology gives the following solution when followed:

10.911047 —0.26867

K = (38.89363 —2.145726), P = (_0.26867 0.12605

) and N = (3.31969 —9.94634)

The plots in Figure 13 show the numerical simulation for the desired and closed loop system
with two different forms of controllers. The initial state vectors are 2(0) = (1,0)" and x4(0) =
(=1.5,1)T, the time step h = 1073 and the desired input is u4(t) = 30sin 5¢.
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Figure 13: Solution of (110) with two forms of controllers and without uncertainties

In Figures 13a and 13b, Lo and L., norms of the error between real and desired trajectories are
observed at steady state. In Figure 13a, [le1]|[2,3,, = 0 and ||ez||j2,3),, = 0 which increases in Figure
13b such that [le1|[2,3],, = 0.23 and [|ea]|[2,3],, = 2.01. As well, [[e1[|[2,3),.. = 0and |lez|lj2,3),.. = 0in
Figure 13a and both values increase to ||e1||[2,3),.. = 0.04 and ||ez||j2,3),.. = 0.38 in Figure 13b. This
increase shows that the transient response takes a shorter time when the controller has additional
feedback from the variable A as observed in Figure 13b even if it is shown that this additional
feedback is useless in the sense of tracking.

8.3 Passivity of closed-loop system (12) in the presence of uncertainties

The uncertainties are introduced to the passive elements R, L and C. The plots below show
the numerical simulation for the desired and closed-loop systems. It shows the trajectories of
the systems, the complementarity variables A and w, and the controller u with different values of
bounded uncertainties.
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¢) with AD = 0.9sin5t, AE = 0.2 and AA =(d) with AD = 0.9sin5¢, AE = 0.2, AA = 0.3sint
0.3sint and AC =0.9cost

Figure 14: Solution of (110) with different values of uncertainties

In Figure 14a, the matrix D is perturbed by AD due to disturbance in the resistor R. The
perturbation is selected such that AD is bounded according to the value of Ap. For this purpose,
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the following LMI

(Mo,,, )11 (Mo, )12 | O 0

M M, Ln I,

(() bl gm S AT 0 =0 (115)
0 In, 0 A?

which is a special case of the LMI in (66) is solved such that /~\51 < 0.25 and Agl > 10; the
solution is given as follows:

13.497987 —0.304643

Ko = (45.815006 —2.158609), P, = (0.304643 0.142712

) , Ay =13.86, Ay =0.15

Then AD is selected such that |AD| < 1.63 as in Figure 14a. It is observed that |le1[|j2,3),, = 0.57
and |[lez]|[2,3],, = 4.89. Also, |le1][[2,3],.. = 0.108, [leal|f2,3,.. = 0.85 and [Ju|[2,3,.. = 31.98. In order
to increase the upper bound of AD, the constraint on 1~\£ ! is modified such that A; 1 <0.15. The
solutions of the LMI in (115) with a new constraint on A;* are given as follows:

15.09418 —0.32588

Ko = (52.60207 —2.25634), Py = <_0 3258  0.14667

) , At =14.03, Ay = 0.105.

Then, it is possible to choose AD such that |[AD| < 2.44. Tt is noticeable that a higher gain is ob-
tained when the bound of the uncertainty is increased. As the value of AD increases, it is noticed
in Figure 14b that Ly and L., norms of the error function increase such that [le;|[2,3,, = 0.89,
||62H[273],2 = 817, H€1||[273],Oo =0.16 and ||62H[273]700 = 1.7 with ||'U/H[273]700 = 35.4.

In Figures 14c and 14d, the uncertainties are added to more matrices of the dynamics in (110).
So, the controller is designed by calculating Ky and Gy such that the quadruple (Ag + Eo Ko, Bo +
EyGy, Cy, Dy) is strongly passive and the values of the control gains are the solutions of the LMI
in (66); they are given as follows:

Ko = (55,155 —26.438) , Go — 1292 P0(146.481 —57.51) . (21.602 —2.11>

-1 _
—57.51  27.342 A= —2.11 8.916

18.761 —1.756

A;1=0.169, A7! = <_1,756 8.115

) and A;' =14.015

The bounds of the uncertainties are calculated according to the values of A;* and A;'. In Figure
14c, the matrices A, E and D are perturbed by AA, AE and AD respectively due to the uncer-
tainties on the elements R and L. The values of Lo norm of the error function are [|e;||f,3],, = 0.43
and [lez||[2,3,, = 1.08 and that of Lo, norm are [le1||2,3,.. = 0.09 and |lez|(2,3),.. = 0.18. These
values increase when a new disturbance AC is introduced and the results are shown in Figure
14d. This increase is noticed such that [le1[[2,3,, = 0.5, [leallj2,3,, = 1.2, [le1]lj2,3),.. = 0.12 and
||€2H[273]_’00 = 0.25.

9 Electrical circuit that cannot be made strictly passive

Consider the circuit depicted in Figure 15, with the states 1 which is the charge on capacitor C
and x5 is the current passing through the inductor L.

Figure 15: RLCD circuit with one ideal diode.

36



i (t) = — 2 +x2( ) + 1>\(t)f% 1 (t)

a(t) = 5 + LAY — Fust) (1) (116)

0 < A L wlt) =~ + 22(6) + EAD — hua(®) > 0
Take L = 1H, C = 0.025F and R = 102. Let us begin with studying the passivity of the open
loop system. So, it is required to check passivity of the quadruple (A, B, C, D) with uy = uy =0
by checking the positive realness of the transfer function:

Ho(s) w(s) 52+ %S
S) = =
0 AMs)  Rs2+ s+ s

where H(s) = C(sI — A)~*B+ D. The Nyquist plot of H(s) lies in the closed right-half plane (see
Figure 16), which is consistent with positive-real systems theory.

0.25

0.2

0.15

0.1F

Imaginary Axis
- °
° o o
Y

-}
=

=1
LR

o
N

-0.4 -0.2
Real Axis

Figure 16: Nyquist Diagram

Then, from minimality and the KYP Lemma [22], the quadruple (A, B,C, D) is passive. The

storage function of the circuit of Figure 15 with u = 0 is: V(z) = $C (%)2 + 1Lz3. It follows

that:
2

Vi(z) = —% A (xz + ﬁ) (117)

Due to complementarity conditions between A\ and w, we have:

o If A =0, then V(z) = — <0.

Rcz =

e If A >0, then w =0 and A = G — Rxy. Hence, V(z) = —Ra3 <0.

Thus, the storage function of the circuit of Figure 15 with u = 0 is nonincreasing. Take u = u;
and ug = 0. The transfer function of the closed-loop system is: Hy(s) = [C' + FK][s] — (A +
EK)|7'[B+ EG]+ D + FG. Knowing that u = K[z — zq] + G[A — A\g] + uq with K = (ky  k2)
and G = g, the following is obtained:

) LCs?> + RCs
YRLCs2 + (L + kLC + kRC)s + ki RC + R

(118)

Let us consider u; = 0 and u = ug. The transfer function of the systems is represented as
follows:
w(s) LCs? + (k2C + RC — gRC)s
A(s)  RLCs?2+ (koRC +L)s+ k2 + 5B RC+R

ZQ) and G = (il) then the transfer function of the system
4 2

HQ(S) =

(119)

If u= (ui,us)’ with K = (Zl
3

is represented as follows:

w(s) (1 — g1)(LCs? + [(k2 + k4)C — g2(RC + k2C)]s)

A(s)  RLCs2 + [RC(ky + kg) + L + k1 LCJs + RC(ky + k3) + C(k1ky + koks) + 1(1 +)k4
120

We can see from (118), (119) and (120) that the transfer functions of the closed loop system cannot

be made strictly positive real, thus the circuit shown in Figure 15 cannot be made strictly passive

with u; and wus of the general form u = K[z — z4] + G[A — \g] + ug. In terms of zero dynamics of

the closed-loop system, when w = 0, there is always one zero at zero (i.e &1 = 0).

Hg(S) =
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10 Study of passivity of the circuit in Figure 15 with current

source
The problem that appeared in section 9, which states that the system in (116) cannot be made
strictly state passive even with u = (uy,u2) " motivates us to change the type and the connection of

the controller for the circuit of Figure 15. If the controller is designed as a current source connected
in parallel with the capacitor, then the following is obtained:

i(t)

Figure 17: RLCD circuit with current source

Let i(t) 2 u(t) and ig(t) 2 uq(t) be the controller and the desired controller respectively. The
dynamics are represented as follows:

1(t) = =58 + 2(1) + M) +ult)
da(t) = =28 L) (121)
A(t) Lw(t) = =220 4 oo (t) + LX) >0

If u(t) = K[z — xq] + uq(t), then the transfer function of the closed loop system is: Hy(s) =
C[sI — (A+ EK)]7'B + D and represented as follows:

_ LCs?+ (RC — k| LC)s — k;RC
"~ RLCs? + (L — ;;RLC)s + R + koR

Hy(s) (122)
It is noticeable that the zeros of the transfer function are replaced by the feedback controller
designed and implemented in the RLCD circuit as shown in Figure 17. This is observed through
the zero dynamics of the system presented in (121). If w = 0, then &7 = w which means that the
zero dynamics is set in the desired place using the feedback controller.

Proposition 10.1. The transfer function in (122) is strongly strictly positive real (SSPR) if and
only if there exists K = (k1 kg) such that

o« k1 <0

e kye |1 h(kiLC— %~ 2RC) + 2/ -k RLC® + LC~ ki R*C— R

Proof. In order to check the strong strict positive realness of the transfer function Hy(s), it is
required to present the transfer function in its frequency domain as Hy(jw) = Re[Hy(jw)] +
Im[H4(jw)] such that:

RL*C?w* 4+ (—k3RLC + E?RL?C? — k1 L?C)w? — E;R?*C(1 + ka)
(-RLCw? + R + koR)2 + (L — k;RLC)2w?

Re[Hy(jw)] = (123)
, (L*C — R’LC?*)w® + (R*C + k;R*C — EIR’LC? — k1 k;RLC)w
Im[Hy(jw)] = j
(-RLCw? + R + k2R)? + (L — k& RLC)2w?
The transfer function Hy(s) is strongly strictly positive real if and only if the following conditions
are satisfied [22, Definition 2.78]:

(124)

o Hy(s) is Hurwitz,

o Re[Hy(jw)] > d >0 forall w € [—00,00] and some § € R.
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The transfer function Hy(s) is Hurwitz if the poles of Hy have real part in the open left half-plane
(LHP). The quadratic function: RLCs? + (L — k;RLC)s + R + k2R has roots with negative real
part if and only if k1 and ko satisfy:

e 1+ky>0
e L-KRLC >0

The function Re[H4(jw)] > § > 0 if and only if the function g(w) 2 RL2C%w! + (—k2RLC +
E?RL?C? — k;L*C)w? — k;R?*C(1 + k») has a global minimum at w = wy such that g(wo) > 0.
Knowing that 1 + ko > 0, it is necessary to have:

—kiR2C(1+ ko) >0 = Kk <0 (125)
so that the function ¢g(0) > 0. The minimum of g(w) is studied as follows:

d
a—g(w) = 4RL?C?%w? + 2(—k,RLC + E?RL?C? — K, L°C)w
(09}

At this step, there are two cases:
First case: If

L
—kRLC + KIRL?C? - kiL’C >0 & k< kg (MRC—1) (126)

then the function g(w) is convex and has a global minimum at w = 0 where 3—5(0) = 0. The

function g(w) > 0 Vw € [—o0, 4+o0] if and only if the following holds:

9(0) =~k R?’C(1+ k) >0 & k1 <0 (127)
Second case: If
L
—kRLC + KIRL?C? - k]L’C <0 & ky > kg (MRC—1) (128)
then the roots of g—f}(w) are: w; = 0 and wy3 = j:\/f —szLc+21§§2LéS2—le2ch The second
derivative of g(w) is:
82
aTg(w) = 12RL*C?w? + 2(—k,RLC + k?RL*C? — k;L2C)

The value of %(wlg) = —4(—kyRLC+k?RL?C? — k; L?C) > 0. So, the function g(w) has global

minima at w = i\/— 7k2RLC+21ﬁ§2LéELk1L20. The value of g(ws 3) must be positive. It follows

that:
—(—ksRLC + K2RL%C? — k1 L2C)? + 4RL%C?*(-k; R?C(1 + k
glwa3) = (Chy i : 2) x CRRCU+R) 5 (199
4RL*C
Then,
,RLC 5 JRL?’C?* .L°C L? 5
——k2—|—k2 k2 ——kl——klR C) —kf 1 + k3 5 k14R—k1R C>0 (130)

The function g(ws 3) in (130) is a concave function in ks with the discriminant:
A = 16R*C(—k’RLC + k’L + k?R2C — k;R) > 0 since k; <0

The roots of the quadratic function h(ks) are:

ks, = K2LC — kl(R + 2RC) +2\/ E3RLC? + k?LC — k;R?C — R

or

ks, = K2LC — /ﬁ( +2RC) — 2\/~k3RLC? + KLC — y R’C — kiR

So, the function h(ks) is posmve iff ko, < ko < ko,. Hence, the function g(w), in this case, is
positive, if and only if the conditions (125),(128) and (129) are satisfied.

It is noteworthy that if ky = ki & (k{RC — 1), then RL*C?w* — k;R’C (1 + kILC — k1 &) > 0
Yw € [—o0, +00]. O

39



If the transfer function in (122) is SSPR for k; and ko satisfying Proposition 10.1, then the nonlinear
matrix inequality in (20) always has a solution. Thus, the system is strongly passive.

Let us check strong passivity by solving the NLMI in (20). Take L = 1 H, C = 0.025 F, and
R =10 Q. The solution is shown below:

—0.26929383  0.99594605

K = (~11.78022858 0.54878816) and P = <27'65215362 _0'26929383>

Using the given values of L, R, C and K parameters, the plot of Re[Hy(jw)] in (123) is depicted
in the following figure:

tf———————7—y T

Re[H(jw)]

0.1

Figure 18: Graphical representation of (123) with given parameters

which shows that Re[Hy(jw)] > 6 > 0 with § = Re[Hy(joo)] = & = 0.1. After designing the
controller, the simulation of the system is performed with the desired current source ug = 30sin 5¢
and the initial state vectors are (0) = (=5 l)T and z4(0) = (-3 71)—r with the time step
h=1073.

0.0 05 1o 15 2.0 25 3.0
time (s)

Figure 19: Solution of (121) with a controller represented by the current source

11 Electrical circuit with state jumps (D = D' = 0)

The circuits of the foregoing section have the matrix D = DT > 0 which gives the possibility of
having state jumps. Let x1, z2, 3 and x4 be the voltages across the capacitors C;, Cs, C3 and
C, respectively. Take C; = C; = C3 =C4 = C and C =0.025 F, R =10 2. Consider the circuit
of Figure 20 with its dynamics in (131)
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iy (t) 0 0 0 0 x1(t) & 0
ia(t) | _ |0 -Rc —me —wo | | =0 " 0 0| (M)
l’g(t) 0 7% 7% 7% I’g(t) 0 % /\Q(t)
i’4(t) 0 —% —ﬁ —% 1’4(t) % 0

R 0\ (A1) -1
+ + >0
<0 0) (Ag(t) 0)"=
(131)
Note that there exists P = 0 such that the quadruple (A, B, C, D) is passive (i.e the LMI in (7) has

a solution). In order to check the strict state passivity of (131). Let us observe the strict positive
realness (SPR) of the transfer function matrix given by:

R?Cs*+s® (5R—k1R—k4R)+% (—3k1+ko+ks—2ks+5)  ksRCs®+s%(ko+2ks+ka—1)

RCs%+3s3 RC?54+3Cs3
G(s) = 2 (132)
_ g2 Rs®+ 25
RC25443Cs3 RCs4+3s3

A (Gu(s) Gu(s))a (% x
whereG(5)<G2l(S) Goals)) — \2 2 )

In view of the matrix of the transfer functions in (132), it is noticeable that the transfer func-
tion is not Hurwitz, hence not strictly positive real due to the pole at zero of multiplicity 3.

Remark 11.1. According to [22, Definition 2.70], all the principal sub-matrices of the transfer
function matriz G11, Gaz and |G11 * Gaa — Ga1 * G1a| are of index = 1 (i.e all the principal sub-
matrices are proper). So, the transfer matriz G(s) is totally index 1. As well, according to [22,
Proposition 2.71], the transfer matriz G(s) (132) is totally of index 1 knowing that (A, B,C, D) is

passive, (A, B) is controllable and the matriz has full column rank.

B
D+D"
Thus, the circuit of Figure 20 is not strictly state passive (SSP) and we cannot analyze the stability
of the LCS in (131) in the presence of state jumps.

11.1 Build a strict state passive circuit without adding controllers

Knowing that strict state passivity is a sufficient condition for stability analysis in the case of state
jumps, the aim is to find an SSP circuit with a matrix D > 0. One approach to make the circuit
of Figure 20 strictly passive would be by adding proper resistors, i.e adding dissipativity in the
circuit as shown in Figure 21.

41



Figure 21: RLCD circuit with two ideal diodes.

Their dynamical equations are given as follows:

iy (t) -ac 0 0 0 w1 (t) s 0
Bt _| 0 ~Ho ~He —He| ||, [0 0 (Al(t)>
a3(t) 0 ®R¢ —®e —®o | | #s(®) 0 |\
a(t) 0 RG RG RG z4(t) s 0
(0)
(El(t)
)\1(t) wl(t) - 1 0 0 1 l‘g(t) R 0 Al(t) -1
0§<)\2(t)>L<w2(t)><O 0 1 0) 23(t) +(o 0) (x\g(t)>+<0>u>0
$4(t)
(133)
iy (t) s O 0 0 z1(t) & 0
#®|_| 0 -re ~me “me|[w®| |0 0 (M(ﬂ)
3(t) 0 &8¢ —®c —me | | zs®) 0 & [\
I4(t) 0 RlC 7% % I’4(t) é 0
()
$1(f)
)\1(75) wl(t) o 1 0 0 1 Z‘Q(ﬁ) R 0 /\1(t) -1
0§<)\2(t)>J_<w2(t)>_(O 0 1 o) 75(t) +<o o) <>\2(t)>+<0>u20
z4(t)

(134)
It is noteworthy that connecting a resistor across the capacitor C3 would cancel the property of
positive semi-definiteness (PSD) for the matrix D which is a necessary condition for the existence
of state jumps.

The transfer function matrix of the closed-loop system in (133) is represented as follows:

mot (5 B) (e mo)

>\1 )\2

where

RAC3 (k1 4 ko 4+ 2)s% + R3C2(5k1 — ko — k3 + 4kq + 9)s2 + R2C(5k; — kg — 2ks + 4ks + 9)s + R(k1 — k3 + kg + 2)

Hii(s) = 1vd 33 2 +R

RAC%*s4 + 6R3C35s3 4+ 10R?C?s2 + 6RCs + 1
Hia(s) RAC3k35% + R3C%(—ka + 5k3 — kg4 — 1)s2 + R2C(—2k2 + 4k3 — 2kq — 2)s + R(—k2 + 3ks — kg — 1)
S) =
2 RC%s* 1 6R3C?s® + 10R2C?s2 + 6RCs + 1
—R3C2%s2 - 2R?Cs — R R*C3s3 + 5R3C2s2 + 4R2Cs + 3R
Ha1(s) and Haa(s)

~ R'C%s* + 6R?C%s® + 10RC2s2 + 6RCs + 1 ~ R'C%* + 6R?C%s® + 10R?C2s2 + 6RCs + 1
The poles are the roots of the characteristic equation:
RAC*s* + 6R*C3s® + 10R?C?s% + 6RCs + 1

and they are respresented as follows:
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¢ s = —gs (double root),

_ 2 3
* = ~grc t\/ mice and

- __2 _ _3
* S=~"®rCc ~ \ R?CZ-

Hence, the problem of the pole at zero with multiplicity 3 which appears in the system represented
in Figure 20 is solved in system represented in Figure 21a since all the poles have negative real
part.

In order to check if there exist K and P such that the quadruple (A, B,C + FK, D) of the closed
loop system (133) is strictly passive, the NLMI in (19) is solved and the solution is:

0.0032 0 0 0
0 0005 0  0.002
K =(-0304 —0.658 0 —0962 ) and P=| 0 00025 0 (135)

0 0.002 0 0.005

with e = 0.1.

The variable € is chosen arbitrarily by the user such that the system is strictly passive with a
desired degree of strict passivity (as € increases, the degree of strict passitvity increases). The
value of € can be increased until it reaches a crtitical value, at which the LMI becomes infeasible
again. If F = 0, then the open loop system of (133) is strictly passive as well. So, in our case, the
open loop system is strictly passive and the role of € is to increase the degree of strict passivity by
pushing the eigenvalues of the matrix A + EK to be more negative. But, £ = 0 in this system,
thus varying the value of € does not have an interesting effect on the control gain. It is noteworthy
that the critical value of € (the last value at which the system is strictly passive) is e = 2 in the
closed-loop system represented by (133).

In order to check if it is necessary to connect three resistors across Cy, Co and CYy, let us remove
one of these resistors as shown in Figure 21b. The poles of the transfer function can be viewed as
the poles of det|sI — A|~! which is given by:

R*C?
s(RCs +1)(R?C?s2 + 4RCs + 2)

with one pole at zero. Hence, the transfer function is not strictly positive real and the system
represented by (134) is not strictly state passive.

Thus, the closed-loop as well as the open-loop of the system in (133) of the circuit in Figure 21a
are strictly state passive.

11.2 Build a strictly state passive circuit from the circuit in Figure 20
by adding controllers

Let us now add controllers (current sources) to the circuit in Figure 20 in different numbers and
places in order to study strict state passivity of the closed-loop system as shown in circuits of
Figure 22.
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Figure 22: RLCD circuit with two ideal diodes and both voltage and current sources.

Their dynamics are given as follows:

(1) 0 0 0 0 z1(t) & 0 0 -& 0 0
a(t)| _ |0 a6 —Re —mo | | z2(®) N 0 0| (M) N 0 0 =& o
i3(t) 0 —ms —me —ms | [z 0 & \ (@) 0 0 0 0
2) \0 -gs -Fe -me/ \w®)) \& 0 00 0 -
(d)
z1(t)
)\1(75) wl(t) - 1 0 0 1 .Z’Q(t) R 0 )\1(75) -1 0 0 O
0<</\2(t)>J_<w2(t)>_<0 0 1 0) z3(t) +(o o) </\2(t)>+<0 0 0 0)
$4(t)
(136)
iy (t) 0 0 0 0 z1(t) s 0 0 -& 0 )
)| _ |0 “re ~mre ~re | | 220) I IR R STOA A U -& .
() 0 me —me —me | |z 0 &\ 0 0 0 Zfl
d4(t) 0 -5 e —ms/ \@) &0 0 —& &) v«
(e)
z1(t) "
OS(Al(t)>L<w1(t)>:<1 0 0 1) 2o (1) +<R o) (Al(t)>+<—1 0 0) P
$4(t) c2

(137)
If E=0and F = 0, then the NLMI in (19) has no solution and the open loop system (4, B, C, D)
for circuits in Figure 22 is not strictly passive. In order to avoid Dirac measure in the presence of
state jumps, let us take G = 0 in the following study (so that (C1) is satisfied). The NLMI in (19)
for strict state passivity has a solution when solved for the closed loop system (A + EK, B,C +
FK, D) represented by (136). The solution is:

Uo
Zbcl
Z'c2

icB

0.52 —0.01 0 0.504 0.012 0 0 0
K— 0.014 —0.00001 0 —0.0006 and P — 0 0.012 0 0.00025
0 —0.088 —0.302 —0.025 0 0 0.025 0
—0.0006 0.18 0.302 0.09 0 0.00025 0 0.012
(138)
ki1 ko ks ki
withe = 0.1. Let K = Foi Koz kas Kas . The closed loop system with u = (uo Tl Te2 icg)T =
k31 k32 ksz ka3
kar  kaz ka3 kag

K[x — x4] 4+ uq is represented as follows:
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iy (t) = & & —& 1 (t) c 0
@2(75) _ *’(9331 _%(ﬁ +/€32) —%(% -l—kgg) _é(ﬁ +/€34) LUQ(t) I 0 O ()\1(15))
l"3 (t) 0 - - Rlc — L T3 (t) 0 % )\2 (t)
4(t) —ha L (L k) —E(E 4 kas) —& (k4 kaa)) \@alt) Lo
C c\r 42 c\r 43 c\r 44 4 C
— k2 *% *% *% l‘ld(t) 0 7% 0 0 Uod
o i it L T I E100) 0 0 =& 0 |[|ica
_ C C C (] + C e
0 0 0 0 x34(t) 0 0 0 0 1e2d
—h ke ke ka Jo\gg,(t) 0 0 0 —3&) \desa
z1(t)
0< (WO _ (L=ku —ki2 —kiz 1=k [ 22(0) L (RO Ap(t)
- \w2 (t) 0 0 1 0 l‘3(t) 0 0 )\2 (t)
74(2)
Z14(t) Uod
—kin —ki2 —kiz  —kua) | 224(¢) -1 0 0 0\ |dca A1 (t)
_ >
( o 0 0 0 > waa® | TL0 0 0 0) | | T \att)) 20
Z44(t) ic3d
(139)
The desired dynamics are represented as follows
i14(t) 0 0 0 0 r14(t) s 0 0 =& 0 0 Uod
:Egd(t) _ 0 % —$ —$ l’gd(t) n 0 O Ald(t) n 0 0 *é 0 teld
(Eg,d(t) 0 % —@ @ :cgd(t) 0 é )\Qd(t) 0 0 0 0 1e2d
d4a(t) 0 —gs —rs/ \zaa(t) & 0 0 0 0 =&/ \desd
r14(t) Uoq
0< /\1d(t) wld(t) (1 0 0 1 .rgd(t) n R 0 /\1d(t) i 1 0 0 O teld
=\ Aaq() woq(t)) —\O 0 1 0 234(t) 0 0/ \Xaa(t) 0 0 0 O 1e2d
Z44(t) 1c3d
(140)
The error dynamics of (136) is written in the form of (18) as follows:
OIS & O\ () (&0
éat) | _ [ =& —&(& +hs2) —&(% +ksz) % + ks4) ea(t) n 0 0 A1 — Mg
é3(t) 0 —% —Rflc €3 (t) 0 é )\2 - /\2d
¢a(t) —f Gl the) —g(gt+hs) - +k44 ea(t) c 0
w1 (t) 1-— kll —k’12 —klg 1-— k14 61(t) R 0 0 O )\1(75)
0< wo (t) 0 0 1 0 €9 (t) + 0 0 0 0 )\2 (t)
- wld(t) kll —1 klg ]{13 k14 —1 eg(t) 0 0 R O Ald(t)
’wgd(t) 0 0 -1 0 64(t) 0 0 0 0 )\gd(t)
T
€2
0 0 0 0 1 0 0 1 T3 —Uod Al(t)
0 0 0 0 0 0 1 0 T4 0 Aa(t)
+ -+ 1 >0
1—Fkiy —kio —kiz 1—ku ki ki kiz ki Z1d —Upqd Aa(t) | =
0 0 1 0 0 0 0 0/ |z 0 A2a(t)
T3d
T4d
(141)

Let us study state jumps in the system represented by the circuit in Figure 22d whose dynamics

is in (140). For the corresponding desired system, the set:

Qip={MER*|0< A\ L DN\ >0} ={Ng€R* | N\g=0 and Ayy € R, }

The dual cone of Qg p is

Qip = {wa € R* | (wa, M) > 0} = {wg € R? | w1y € R and wq € Ry}
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and
Kqg= {l‘d S B4 | Cxg+ Fud(tJr) S Q:l,D} = {l‘d S B4 | T1d, Tod, Taqg € IR and x3q > 0}

According to the conditions stated in the set K, a state jump exists only at initial time in the desired
system trajectory x3q, and it occurs if and only if 234(07) < 0. It is notable that , by solving the
minimization problem in (9), if 234(07) < 0, then z34(0%) = 0. Otherwise, if if x34(0~) > 0, then
xgd(0+) = xgd(O*).

For the closed-loop system whose dynamics is in (139), the sets are calculated as :
Qp={N€R*|0<ALDA>0}={ € R*| X\ =0 and Xy € R, }
with a dual cone:
Qp={we R | (w,\) >0} ={wec R*|w; € R and wy € IRy}
and the set:
K={zeR"|(C+FK)x—FKzq+ Fuq(t) € Q5}
:{:EER4|:E320 and 1, 22 and z4 € IR}

In the closed-loop system, it is observed from the set K and the state jump rule in (9) that a
state jump occurs in the state x3 only at ¢ = 0, and it occurs if and only if 23(07) < 0 so that
XT3 (0+) =0.

For the error dynamics in (141):

A R 0 0 0\ [\
Qep={AeR 0< ;12 I ?fd >0% = {Ae R |\ =0, A =0, Ay and Ay € R, }
Aod 00 0 0/ \N

with the dual cone given by:
Q:ip={wEe R*| (w,\) >0} ={w € R*|w; € R,wy € Ry, wiqg € R and wyy € IR, }

and the set

_ 4 C+FK 0 C T Fuy N
’Ce_{%]R | (CFK)6+(C+FK FK) (xd>+<Fud) GQ@)D}

={ec R* | e1, €2, €4 € IR, e3 +x34(07) >0 and —e3 +23(07) >0}
={e€R"|e1, es, es€ R and e3 € [—x34(0"), 25(07)]}

Knowing that the minimization problem in (9) is the same at initial time for the states x3 and x3q4,
the jump in e3 vanishes when 23(07) = 234(07). A jump occurs at ¢ = 0, in the error dynamics in
e if and only if e5(07) < —z34(07) or e3(0~) > x3(07). If 234 and x3 have state jumps at ¢t =0
and if 23(07) # x34(07) , then ez jumps.

Consider the following numerical simulation with the initial state x(07) = (-1, 1, —2, 2) and
zq(07) = (1, 0, 1, —2) and with a time step h = 0.001. Take upy = 5sin10¢, i.1q = sin 5t,
leog = 3sin 5t and .39 = 2sin 3t.
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Figure 23: Numerical Simulation

It is observed from the numerical simulation in Figure 23 that the state x3 of the closed-loop
system performs a state jump from x3(07) = —2 to x3(0") = 0. This numerical result confirms
the jump rule given by the minimization problem in (9).

In Figure 23b, a synchronization is noticed between the complementarity variables A and w in the
desired and the real systems. The reason of this result is the fact that the term A — A4 in (141)
converges to Ker(B + EG) which is zero in this example.

It is observable in Figure 23c that the storage function jumps at initial time such that V(0%) —
V(07) < 0. By applying Lemma 3.9, it is given in our example that uoq(0) is time continuous, z4 is
continuous at t = 0 and FKx4(0)—Fug(0) > 04 0 € {x € R* | (C+FK)z+FKz4(0)— Fug(0) >
0}, then at an initial state jump we have V(0%) — V(0~) < 0 where P = PT > 0 given in (138).

Let us decrease the number of controllers (current sources) as shown in Figure 22e. The NLMI in
(19) has no solution for the closed-loop system in (137) which means that the stability of the LCS
cannot be analyzed in the presence of state jumps.

11.3 Strictly state passive circuit with state jumps at t =¢. >0

Let us add a voltage source in series with the capacitor Cs to the strictly passive circuit in Figure
22d so that a jump can occur at t = t. > 0 when ug4 is discontinuous at t = t..
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Figure 24: RLCD circuit with two ideal diodes and both voltage and current sources.

Their dynamics are given by:

i1 (t) 0 0 0 0 z1(t) & 0 00 & 0
()| _ |0 ~Re ~Ho —He||m®|, |0 0 (Al(t)>+ 0 & 0 2=
d5(t) 0 -5 —mc —ms |z 0 & \ () 0 z& 0 0
i) \0 —gs —Re —me/ \m®)) \& 0 0 7 0 0
(f)
(El(t)
A () wit)) (1 0 0 1\ [za2(t) R 0) (\(D) -1 0 0 0
O<<)\2(t)>L<w2(t)>_<O 0 1 0) 23(t) +<0 o) (x\g(t)>+<0 10 0
4(t)
(142)
iy (t) 0 0 0 0 z1(t) s 0 0 -& 0
B | _[0 g ~me —Re ||| [0 0 </\1(t)>+ S
i3(t) 0 —5c —me —mc | =) 0 &1 \ () —as O 0
da(t) 0 —mc —me —mo/ \ml(t) s 0 -ac 0 0
(9)
z1(t)
Al(t) wl(t) o 1 0 0 1 xg(t) R 0 )\1(f) 0 0 0 O
0§</\2(t)>J_<w2(t)>_<0 0 1 0) z3(t) +<0 o) ()\g(t)>+<1 0 0 0)
l’4(t)
(143)

The open loop quadruple (A4,B,C,D) (i.ie E = 0 and F = 0) of circuits if Figure 24 is not
strictly passive. But, while checking if there exist K and P such that the closed loop quadruple
(A+ EK,B,C + FK, D) is strictly passive, the NLMI in (19) has a solution for circuit in Figure
24f such that:

—1.955 0.017 0.213 —1.942
0.001 0.212 -1.089 0.212 0.074 0 0 0
0 0.074 —0.005 0
K = 0.013 0 0 0 and P =
0 —0.005 0.052 —0.005
0 —0.1 —-0.086 —-0.015 0 0 —0.005  0.074
0 0.21  0.072 0.994 ’ ’
As well as the NLMI (19) has a solution for the circuit in Figure 24g such that
—-0.238 0.625 0.298 0.389 0.029 0.001 —0.006 —0.004
K— 0.009 0.006 0.009 0.003 and P — 0.001 0.033 0.016 0.001
| 0.042 —-0.22 —-0.25 —-0.109 ~ | —0.006 0.016 0.032 0.01
0.045 -0.31 -0.303 —-0.17 —0.004 0.001 0.01 0.0304

(144)
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with ¢ = 0.01. Consider the circuit of Figure 24g which is strictly passive with less number of

A1a(t)
(Am(w) "

controllers. The desired dynamics of (143) is given as follows:

Z14(t) 0 0 0 0 x14(t) é
igd(t) o 0 7% 7% 7% J?Qd(t) 0

. - 1 1 1 +
xgd(t) 0 ~RC ~RC ~“RC xgd(t) 0
i‘4d(t) 0 —% —ﬁ —% {E4d(t) é

T1d (t)

0 S Ald(t) N wld(t) _ 1 0 0 1 l’gd(t)

)\Qd (t) waq (t) 0 0 1 0 I3d (t)

$4d(t)

For the desired system, the set:

Qip={MER*|0<A\g LDN\; >0} ={\g€R* | A\g=0 and Myg € R, }

The dual cone of Qg p is

oqQ o o

(R
0

)

A1a(t)
A2q(t)

)

0 —& o0
1 1
I

1
—gs 00
0000
100 0
(145)

Q;,D = {wd € R? | (wd,)\d> > 0} = {wd € R? | wig € R and wyy € R+}

and

Kqg= {{Ed e R* | de+Fud(t+) S QQ,D} = {xd e R | T1d, Tad, T4q € IR and x3d+u1d(t+) > 0}

ki1 k2 ki3
B S NT B : _ | k2t ko2 ke
Letu—(u1 Tl e ch) = K(z—xq)+ug with K = ka1 ks ks
ka1 kao ka3
system is represented as follows:
i’l(t) *ézl */(6322 *1(6323
a0 | | S8 ol k)t e+ -
w3(t) wS re (L+ki2) —re (1 + Fki3)
d4(t) Lk kg L kg ks L kg kg
RC C RC ~ RC C RC ~ RC C
é 0 kél _ koo _kas
—k1 k31 —ky k —ky k
+ 0 (1) Ax(t) _|R¢ ¢ mRE-E ®E O E
0 o )\Q(t) _chlll —K12 —K13
c 0 R R we
0o -& 0 0 Uiq
N ¢ 0 -& 0 ic1d
~RG 0 0 0 le2d
re 0 0 =&/ \iea
z1(?)
’wg(t) ki1 ki 1+ kis kia .7}3(t) 0 0 )\Q(t)
z4(t)
Uid
00 0O leld A1 (t)
>
+(1 0 0 0) o2 J_()\Q(t) =0
ich

k14
K2 . The closed-loop
k34
ka4
—ko4
T
7i(1 +C/€14) — kaa x
RC C
— Rlc (1 —+ ]{114) X
Uk _ ka x
RC ~ RC C
_kog xld(t)
R & | | 2lt)
—K14 de(t)
R — &/ \waall)
(0 0 0 0 )
kir k2 kiz ki
(146)

For the closed-loop system whose dynamics is in (146), the sets are calculated as :

Qp={N€R*|0<ALDA>0}={\N€R*| X\ =0 and Xy € R, }

with a dual cone:

Qh={weR’|(w\) >0} ={weR*|w € R and wy € R,}
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and the set:
K={zecR"|(C+FK)x—FKzq+ Fuq(t) € Q%}
= {x S R* ‘ T1 + x4 € IR and ku(xl - CCld) + klg(xg - $2d) + k13($3 — £C3d) + k14(1‘4 — 55'4d) +x3 + U1d(t+) > 0}

The error dynamics is written in the form of the dynamics in (25) as follows:

; —ko1 —kao —kag —koyg
&i(t) k k 1 < k 1 < k 1 < k e(f)
)| _ | R -8 —mreltki)—"8 —-gell+kis)—& —-gell+ku)-—"g| e
és(t) =S re (1 +k12) —gro (L +ki3) e (1 + k1) es(t)
o) \cktt Tkt _pThh X T ) \aw
s 0 - o0 A1 (t)
n 0 0 0 0 )\Q(t)
0 & 0 =& a®
c 0 —¢& 0/ \aul)
w1 (t) 1 0 0 1 el(t) R 0 0 O /\1(t)
0< wo (t) _ kll k12 1 + klg k14 €9 (t) + 0 0 0 0 )\2(t)
- wld(t) 0 0 0 0 eg(t) 0 0 R O Ald(t)
’wgd(t) 0 0 0 0 64(t) 0 0 0 0 )\gd(t)
a:1d(t) + $4d(t) /\1(t)
:Egd(t) + Uld(t) )\2 (t)
1 >0
e +aaalt) | — | Mat) | =
w3q(t) + u1a(t) A24(t)

(147)
Numerically, it is checked that the nonlinear matrix inequality (35) has no solution. Hence, the
quadruple (A, B,C, D) of the error dynamics in (147) is not passive with A = A+ EK, B =

(B+EG —-B-EG), C = (C +0F K) and D = (D +0F G gG) Take ip1q(t) = sin5t,

. . . . 1 if t<1
le2a = 0.58In5t, dc3a(t) = 0.2sin 3t and ua(t) = {—10 if t>1
10- A~ A~ 7N — § / N — Wi
- N\ . e . / N /\ 7 N wie()
\\/ \_/ NG ~— N / \ ;\_// \ // \.
¢ ; 4 0 1 4
— y — wl
. \\/\/\ s o\ / \ T
ol DN LN N /
- g T T T 0 } 4
10- e CE—— —_— :;Lm e //\ — ﬁ:u‘n
X < 0.2 / \ /‘\
= 00 ] = [\
0 1 1 0 1 1
S S A —
x N \/ < 100
" o 1 2 3 9 5 ’ 07 1 2 3 4 5
time (s) time (s)

(2) (b)

— elff]
>1e}

— =30
L

— uld(t)

2 3 4
time (s)

(c)

Figure 25: Numerical Simulation
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12 Electrical circuit with state jumps (D = 0)

For the circuit in Figure 26, the states x1 and x4 are the charge on the capacitor C and the current
passing through the inductor L. The diode is connected in parallel with a voltage w and current
A

Figure 26: RLCD circuit

1 (t) = =28 o (1) + A1) — gult)
do(t) = 28 4 Ly(p) (148)
0<A(t) Luw(t) =2 1 u(t) >0

Take L = 1H, R = 102 and C = 0.25F. The storage function of the circuit of Figure 15 with

u=0is: V(z) = 1C (‘%)2 + 1La3. It follows that:

x

V@)= ~Rer

+ Aw

Due to orthogonality between A and w, the rate of change of the storage function V(x) = —ger <
0. If u(t) = K[z — 24) + uq(t), then the transfer function of the closed loop system is: Hy(s) =
[C + FK][s] — (A+ EK)]7'B + D and represented as follows:

s(RL + k; RLC)
s2 — (L + ki LC — k&2RC) + R + k&, RC

H(s) =

The transfer function H(s) cannot be made strictly state passive by the feedback u. In terms of
zero dynamics of the closed-loop system, when w = 0, there is always one zero at zero (i.e 2 = 0).
In this example, D = 0. So, the desired system has the following sets: Qp = {z € R|0<z L
Dz >0} =Ry = Q% and Kg = {xq € R* | Cxq + Fug(t) > 0} = {z4 € R? | 214 > —Cuq(t)}.
For the closed loop system, when u = K[z —24] +uq, the set K = {zx € R?* | (C+FK)z —FKxq+
Fud(t) Z O} = {x S B2 | (% + ]4;1)1,‘1 + k‘g.’EQ Z k‘ll‘ld + kJQZ‘Qd — ud}.

13 Diode Bridge Example

Consider the diode bridge rectifier circuit in Figure 27. Let x;7 be the current passing through the

inductor L, x5 be the voltage across the capacitor Cq, and x3 be the voltage across the capacitor Cs.

A . ) ) T A _ T
Take A(t) = (ipr1, ipri, —vpr2, ipre) and w(t) = (—vpr1, —VUpR1, ipF2, —VUDR2)
The dynamics are written as a linear complementarity system LCS and are given in (149).

Ior2

ic IL

+

O ior
u
Figure 27: Diode Bridge
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A (t
i1 (t) 0o L 0 N0 0 0 0 0 (1)
; _ 1 1 1 Aa(t)
i5(t) 0 0 —gs t L L oo As(l)
A4(t)
0 -1 1 00 =1 0\ /M\() ~1
o< Lu@- |0 0 1 xlg PR RN N EEO I U A
= T
= 0 0 0 2 11 0 —1]]x0 0 =
x3(t)
0 0 00 1 0/ \M@® 1

(149)
Clearly PB = CT with P = CI3, and D + D" = 0 (i.e., D is a skew-symmetric matrix). The
closed-loop system is not strictly passive.

Let us add more inputs (i.e., voltage sources) in the circuit of the diode bridge in Figure 27 as
shown in the following Figure:

>
et
—~

i1 (t) 0 + 0 x1(t) 0 0 0 0 \ Et; £ 0 0 uy (t
st | =|-& 0 0 s |+ -& 0 0 & 2 l+10 0 o us(t
. 1 1 1 As(t) 1
Aa(2)
0 -1 1 0 0 -1 0 A (t -1 -1 1
o o 1] (m® 00 -1 0 ;8 o o 1|[m®
0 < A(t) Luw(t) = 0|+ 20+ >
SAOLw® = g (2 11 0 —1|[x0 o o of|®2W]=
z3(t) us(t)
0 1 0 00 1 0 Aa(t) 1 1 0
(150)
The closed-loop system of the LCS with the external input u = (u1 Ug u;»,)T =Kz —xq4)+uq
ki1 k12 ki
where K = | ka1 koo  kos | is given by:
k31 ksz ka3
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o
<>
-

0
0
+1
0
-1
+O
0
1

by:

P:

Boop+ e bia 21(t) 0 0
i=| -3& 0 0 ) |+ -& 0
~R&  “Ré “Ho e/ \ms() ¢ ¢
Gk R fru0) (F 0
-1 o0 0 0 zoq(t) | +]0 0
—dar ko ks ]\ 34(0) 0 0 —gs

—1 —kig — koo + k3o

_ k31 k32
0 0
k11 + ko1 1+ k1o + koo
0 -1 0 Al(t) —k11 — ko1 + k31
0 -1 0 |[xne@] ka1
10 1| |x0 0
0 1 0 A4 (t) k11 + k21
-1 1
uld(t)
0 1
u2d(t) Z 0
0 O (t)
1 0 U3d

0.093 —0.001 0 —-0.99
—0.001  0.093 0 and K=| 095
0 0 0.048 0.0002

14 Applications: Mechanical Systems

o Q- ©
>

U1ld (t)
u2d(t)
U3d(t)

1 — k13 — kag + k33
1+ ks3
0
k13 + kos

—k12 — koo + k32
k32
0
k12 + koo

39 —0.015
—36 0.014
—-0.001  0.93

Z1(t>
z2(1)
w3(t)

—k13 — kag + k33
k33
0
ki3 + ka3

(151)

is strictly passive since there exist K and P such that the NLMI in (19) has a solution given

(152)

It is known that unilateral spring/dashpot contact/impact models, can be written in a complemen-
tarity framework [13, 20, 14, 5]. The set-valued signum function, which models planar Coulomb’s
friction with constant normal contact force, is also quite amenable for complementarity [24, 13].
Let us, therefore, present two mechanical systems and analyze their tractability to the foregoing

developments.

14.1 Mechanical System with Unilateral Springs

K O
b ™ AL

l

Figure 29: Mechanical system with unilateral spring.

Consider the mechanical system in Figure 29 with the following dynamics:

mg=uv+ A
0<ALA+Kz>0

where x is the deformation of the spring, K is the stiffness of the spring.
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14.2 Mechanical System with Set-Valued Friction

19
Vi l‘g

4.m

EONENO

Figure 30: Simple mechanical system with Coulomb’s friction.

Consider the one-degree-of-freedom system depicted in Figure 30. Its dynamics is:

i) = (0 o)a@+ (L DJuw+( )+ (0 D)aw
R e

with = (¢,4) ", u = (u1,u2) ", uz = rw, A = (A1, X\2) T, > 0 is the friction coefficient, w rad/s

is the pulleys’ angular velocity, r is their radius, g is the gravity acceleration, m kg the mass

weigth. The complementarity conditions in (154) stem from the representation of the set-valued

signum function [24]. It is verified that the quadruple (A, B, C, D) is passive with storage matrix
0

P= (pél 1 > There are two peculiarities to system (154): a) D 3= 0 and D+ D" = 0, b) there
29

are constant terms (1) ¢ Im(F) and <(/)W> € Im(E), hence it does not fit with (2). Solutions

to (154) are AC. The first step is the computation of fixed points of (2) in a closed-loop, in order
to determine whether or not a controller of the form (15) is able to modify the set of equilibria.
Notice that \; = % where Flyri. is the tangent interaction force between the mass and the
belt. However the multiplier A2 has no clear mechanical meaning and may be assumed not to be

measurable. It is inferred that only A; is available for feedback, which constrains G = (511 8)
21

Here the novelty is that we allow for feedback not only of the state x as is usually the case, but
also of the multiplier A\;. The desired system is:

£q(t) = 01 xq(t) + E 0 ug(t) + 70 + 00 Aa(t)
0< /\d(t)< (j_ u?d)(t) - <8 <(1)1> u:()t) + <2) <+ (%? ég?it)i)(g —01> za(t) > 0, 1)

It is noteworthy that the LCP in (155) always has at least a solution whatever uq(t) and z4(t),
possibly non-unique (when uga(t) — 242(¢) = 0 in which case Ag1(¢) € [0,1], which corresponds
to tangential sticking between the mas and the belt.) This gives rise to the closed-loop error
dynamics:

0=((0 ) <3 0)%) 0+ (o 3)«(2 5)e)po-ron

0 < Aa(t) L walt) = (8 (1)) walt) + (‘1)) + (01 (1)) Aalt) + (g ‘1) zat) = 0

0
o<xsv= (3 (3 ) (3 Homos
(5 )6 o) (0 )=

with G = <g11 8) Now the closed-loop LCP matrix is equal to (gzi (1)) > 0. Further work is
21 -

needed to characterize the equilibria of the LCS (156).
Take m = 1 kg, g = 9.8m/s%, p = 0.5 and K = 1N/m. Let us check if there exist matrices K, G
and P such that the closed-loop system’s quadruple (A+ EK, B+ EG,C+ FK, D+ FQ) is strictly

(156)

_|_
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state passive. This means that the BMI in (19) has a solution which is given by the following:

~1.49 —1.18 ~10.28 0 1.3367  0.56
K= <—o.27 0.36>’ G_( 0.5 0) and F7= ( 0.56 1.3361) =0 (157)

Let us take G = 0 and check if there exist K and P such that the closed-loop system’s quadruple
(A+EK,B,C+FK, D) is strictly state passive which means that the NLMI in (19) has a solution

given by:
~1.52 —1.21 1.38 0.58
K= ( 5.76 14.53> and P = <0.58 1.38) (158)

However it is noteworthy that the above developments do not immediately apply to (156) because
these dynamics do not exactly fit with the above LCS.

15 Example of Networks with Unilateral Interactions

In this section, let us present an example of a network with unilateral interactions, which is
introduced in [59]. These systems can be treated as LCS [20], and by adding exogenous signals,
they can be formulated as LCS with external inputs as in (2). Network systems with unilateral
interactions have applications in various fields such as sensor networks, robotics, and game theory.
This example focuses on the study of trajectory tracking for a system of networks with unilateral
interactions and inputs with the following dynamics:

21 = max(0,x3 — 1 — uy) + uz
o =21 —x2 + min(0, 23 — xo + uz) + ug (159)
&3 = max(0,z1 — x3 — us) + ug

which is written equivalently in the form of LCS as:

0 0 O 1 0 0 Ug
=11 -1 0]Jz+]0 —1 O|A+[wu
0 0 O 0 0 1 Ug
(160)
10 -1 1 00 U
0<AL] 0 -1 1 |z+]0 1 0|AX+|us] >0
-1 0 1 0 0 1 Us
The desired system is given by the following LCS:
0 0 O 1 0 0 Uad
Tg=|1 =1 O0fxzq+ |0 —1 0| Ag+ | wa
0 0 O 0 0 1 Ugd
(161)
1 0 -1 1 00 U1d
0<XgL ] 0 =1 1 ]Jzgq+|0 1 0)lXg+]usq| =0
-1 0 1 0 0 1 Usd

Remark 15.1. In this analysis, the most general form of inputs is chosen (they appear in both the
linear and the nonsmooth parts of the dynamics). It is out of the scope of this analysis to justify
the feasibility of such inputs.

15.1 First case: Complete controller

Let u = (u1 Uz U3 Ug Us uﬁ)T and the matrices £ and F in (16) are defined as
0
FE = 1
0

o O O
O O =
S OO
o O O

0 1
0 and FF=|0
1 0

o OO
o = O
o O O
— o O
oS O O
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ki kot kst kar ksi ke
The closed-loop system with « = K(z — x4) + uq where K = | k12 ka2 ksz kao ks2 ke

ki3 koz ksz kas kss ke
is written in the form of the LCS in (16) as follows:

ko1 koo ka3 1 0 0 ko1 koo ko3 U2q
T = 1 + k41 -1 + k42 k43 x + 0 -1 0 A — k41 ]{742 k43 Tq + Uad
k61 ke kes 0 0 1 ke1 ke ko3 Ued
1+kn k12 -1+ ki3 1 0 kin ki ki3 U1qd
0 S AL kgl -1+ kgz 1+ k33 x4+ |10 1 O A— k31 k32 k33 Trq+ U3d
-1+ k5 kso 1+ kss 0 01 ks1 ks ks3 Usq
(162)
The solution of the NLMI in (19) for the closed-loop system in (162)
—-0.43 —0.497 0.003 —-0.97 0.996 0.002 T 0.57 —0.003
K =1-0.003 -0.017 0.431 0.5 —0.003  0.009 and P = [ —0.0032 0.57
0.996 0.0029 —-0.996 —-0.003 —0.43 —0.497 —0.003 —0.003
(163)

Hence, the quadruple of the closed-loop system (A + EK, B,C + FK, D) is strictly passive. Take
z(0) = (-=1,1,0)T, 24(0) = (1,2,—1)" and ug = (sint cost sin2t cos2t sin3t cos3t)T.
The numerical simulation is shown below with time step h = 0.001 It is noteworthy that in this

2 — xn » — el

x ady | v el

0 — a3t}
-2

o 1 4 0 1 2 4 5

3
= 2 G
< e < A3t
° 0 ! e
2z

Figure 31: Network with complete controlller

case, the closed-loop quadruple (A+ EK, B,C + FK, D) is strongly passive. Thus, the system can
be studied within the framework of section 4 which allows the consideration of uncertainties.

.
15.2 Second case: u = (u2 Usg uﬁ)

The solution is:

0 —087 0 —-0.16 0 026\ 099 —-0.085 —0.26
K=[0 -042 0 0327 0 0.233 and P=|-0.08  0.72 -0.2 (164)
0 018 0 -0.0001 0 -1.27 —0.26 —-0.2 1.18

Hence, the closed-loop system (A + EK, B, C, D) is strictly passive.

56

>0

—0.003
—0.003

0.57



z —— am — el()
X 00 (i oy aln
— &)

I 1 2 3 4 5 0 1 2 3 4 5

—_—,eeeee—— ). oY
. () 05 /—\ — n
X d(tl < Azdit)
= | | | | LN\ ‘

‘0 1 4 6 1 2 ; “‘
25 ﬁm 2 — W
x — ad(t] 3 w2dit)

1 2 3 4 5 Q 1 2 4

— Nt — M
< Nd(zi < 23dit)
]

] 1 2 3 4 5 1 2 4
2 — W) — W

2 wid(z) 3 w3d(t)
R R |
0 0 T T —_ T T T
[ 1 2 3 4 5 0 1 Z 3 4 5
time (s) time [s)
(a) (b)

Figure 32: Network with input (us, uy,ug) "

It is important to note that, in this case, the closed-loop quadruple (A+EK, B, C, D) is strongly
passive. This property allows us to analyse the problem of trajectory tracking in the presence of
uncertainties (see section 4). However, whether or not considering such uncertainties in networks
with unilateral interactions makes sense, is out of the scope of this work.

-
15.3 Third case: u = (ul U3 u5)

The NLMI in (19) has no solution. Hence, the quadruple of the closed-loop system (A, B,C +
FK, D) cannot be made strictly passive with such a set of inputs and the chosen feedback, and the
framework developed in the foregoing sections does not apply. It is noteworthy that the conclusions
are still valid even if we consider G # 0.

16 Conclusions

Open issues: robustness with respect to Shockley’s model of diodes, output tracking [67] (tracking
of an output yq = Hxg + JAg + Lug with state feedback), output feedback (same problem as in
this paper but with only y = Hz + J\ available for feedback), state observation.

A Appendix
A.1 LCP and P-matrices

Definition 6. A matriz M is said to be P-matriz if and only if all its principal minors are positive.

The complementarity between two vectors z, y € IR" is denoted as 0 < z L y > 0 where the
notation | y means that 'y = 0, and nonnegativeness is understood componentwise. When
w = M+ g, this gives rise to a Linear Complementarity Problem (LCP), denoted as LCP(M, q).

Theorem A.1 ([1], Theorem 12.14). A matriz M € IR™*" is a P-matriz if and only if LCP(M, q)
has a unique solution for all vectors q € IR™.

A.2 Transformation of NLMI to an LMI

The inequalities in (20) and (40) are nonlinear matrix inequalities(NLMI). In order to solve these
inequalities, the NLMI must be reformulated to an LMI (following a classical technique, e.g.,
[74, Example 5.5 p.136]). First, the left-hand and the right-hand sides of (20) are multiplied by

(%2 ?), where @) 2 P~! and let N 2 KQ. It follows that

(QAT—FAQ—FNTET—FEN—FGQ B+EG—QCT—NTFT) 0 (165)

BT +GTET —CQ—-FN -D—-FG—-(D+FG)"

This LMI is a feasible problem and it is solved in the new variables Q@ = QT = 0, G, and N where
K=NQ .
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A.3 Uniform and Ultimate Boundedness
The following Lyapunov-like theorem is for showing uniform boundedness and ultimate bounded-
ness.

Theorem A.2. [58, Theorem 4.18] Let D C IR" be a domain that contains the origin and V :
[0,00) X D — IR be a continuously differentiable function such that

o ([[z]]) < V(z) < ax([|]]) (166)
oV OV Ox
o oy or = Wal@), Vil > >0 (167)

for all t > 0, for all x € D, where a; and as are class K functions and Ws(-) is a continuous
positive definite function. Take r > 0 such that B, C D and suppose that,

< ay(aa(r) (168)

Then, there exists a class KL function 8 and for every initial state x(to), satisfying ||x(to)|| <
ag (a1 (r)), there exists T > 0 (dependent on x(to) and ) such that the solution satisfies

lz@)ll < it (a2(r), VE=to+T (169)

Moreover, if D = IR" and «y belongs to class Ko, then (169) holds for any initial state x(to), with
no restrictions on how large p is.

A.4 Conditions for Positive (Semi) Definiteness

Lemma A.3. [6, Proposition 8.2.4] Consider the matriz M = (chr f}) Assume that Q = QT

and R = R". Then M = 0 if and only if:

1. R0,
2. SRIR=S < Im(ST) C Im(R),
3. Q= SRTST.

The equivalence in item 2 follows from [6, Remark after Fact 6.4.5]. The next lemma provides
some necessary conditions for item 3 to hold.

Lemma A.4. Assume that Q =Q" =0 and R=R" = 0. Then Q = SRIST:
1. = Im(Q) 2 Im(SRTST) <= Im(Q) 2 Im(S).

2. = MN(Q) > N(SRTST) for all i € {1,...,n}, and tr(Q) > tr(SR'ST) and det(Q) >
det(SRTST) > 0.

Proof. 1. From [7, Fact 7.17.24], there exists matrices L such that Q = LLT and N such that
SRTST = NNT, since R is symmetric [6, Proposition 6.1.6]. From [7, Theorem 10.6.1]
it follows that LLT = NNT = Im(N) C Im(L). Using [6, Theorem 2.4.3] we have that
Im(N) = Im(NNT) and Im(L) = Im(LLT). The first implication is proved. Using [6,
Lemma 2.4.1] we have Im(SRTST) C Im(S). The second implication is proved.

2. From [7, Theorem 10.4.9, Corollary 10.4.10].
O

Notice that A\;(SRTST) = N\(NNT) = 62(N) (because R' = 0), and similarly \;(Q) = o2(L).
The matrix inequality in Lemma A.3 item 3 can therefore be transformed into a singular values in-
equality, provided the matrices N and L are computed (Cholesky decomposition [7, Fact 10.10.42],
or the Gram matrix decomposition [7, Fact 10.10.41] can be chosen).

An interesting result follows from [7, Theorem 10.6.2] and the same reasoning as in the proof of
Lemma A.4 item 1: there exists a > 0 such that aQ = SRTST <= Im(Q) 2 Im(SRTST). A first
step may be to check the ranges inclusion, then to calculate an « > 0, following the reasoning in
the proof of [7, Theorem 10.6.2]: compute the matrices N and L, compute the matrix 7" such that
N = LT, and compute o = Apax(TT T). If & <1 then Lemma A.3 item 3 holds true. Following
the proof of [7, Theorem 10.6.2], T can be calculated.

Let us provide an excerpt of [33, Theorem 2.11], and a corollary of it. Let us recall that for a given
M € R™", ||M]||22 is the induced matricial norm such that ||[M||22 = omax(M) (the largest
singular value) [6, Proposition 9.4.9], it is a submultiplicative norm [6, Corollary 9.4.12].
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Theorem A.5. [33] Let M € IR"™" be a positive definite matriz. Then every matrix

[[M — All22 < 1}

2,2

Ae{Ae R H(MgMT)l

18 positive definite.

Corollary A.6. [12] Let D = P+ N, where D, P and N are n x n real matrices, and P > 0, not

necessarily symmetric. If
1

—1
-
1(Z55) e

[[V]|2,2 < (170)

then D = 0.

A.5 Numerical computation of state-jump times in (143)

Let us check numerically that the state jumps and the state-jump times are independent of the
matrix solution of the passivity LMI, as predicted by theoretical arguments [25, 20, 48]. It is also
shown in [48] that the event-capturing time-stepping Moreau-Jean scheme that is implemented in
the SICONOS software package, does approximate this state-jump rule. Hence the numerical results
obtained from SICONOS can be taken as the correct state-jump times when the chosen time-step is
small enough.

For the desired system: Knowing that at the time of discontinuity ¢ = 1, the values of the
desired state from simulation in Figure 25 at t = 17 is given by the numerical solver SICONOS as

follows:
3.4615397

—1.832126
0.238885
2.91881

za(17) =

In order to calculate the values of the states at ¢ = 17, the optimization problem in (9) is solved
using MOSEK solver with P = P; which is the solution of the LMI for the passivity of the desired
system in (7). We solved the optimization problem for different values of the solution Py (i.e., the

solution Py is not unique). The results is obtained below:

Values of Py Values of z4(17)
1.2165869  1.1915869 0 —1.1915867 3.4615397
p. _ | 11915869  1.2165866 0 —1.191587 —1.832121
dr = 0 0 0.02499 0 10
—1.1915867 —1.191587 0 1.2165868 2.91881
0.9388826  0.9138827 0 —0.9138835 3.4615397
p.— [09138827  0.9388826 0 —0.9138835 —1.832126
a2 = 0 0 0.024999 0 10
0.9138835 —0.9138835 0 0.9388818 2.91881
0.016668 —0.008336 0  0.008332 3.4615397
p._ | —0.008336 0.016673 0  0.008336 —1.832126
a3 = 0 0 0.025 0 10
0.008332  0.008336 0  0.016668 2.91881

It is noteworthy that the different values Pj;, P2 and Pj3 comes from solving the LMI in (7)
using MOSEK, CVXOPT and SCS solvers respectively. The numerical solver SICONOS computes the

3.499868
jump automatically and gives x4(11) = _1'71%8264 when the time step A = 0.001 as well as
2.932387
3.466
zq(17) = _11'334 when the time step A = 0.00001.
2.92
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For the closed-loop system: At the time of discontinuity ¢ = 1, the value of the closed-loop
state is given by:

3.391813

—2.0267

0.723447

3.42975

z(17) =

The value of the state jump is the solution of the optimization problem in (9). The table below
shows the values of z(17) for different value of the storage function matrix P being the solution
of NLMI in (19) for strict passivity.

Values of P Values of z(17)
0.029 0.001 —-0.006 —0.004 3.397125
P = 0.001 0.033 0.016 0.001 —2.0267
E —0.006 0.016 0.032 0.01 9.9417
—0.004 0.001 0.01 0.0304 3.431
0.04589 0.006245 —0.005963 —0.006264 3.3952
P = 0.006245 0.03969 0.015618 —0.001698 —2.0269
27 | —0.005963  0.015618 0.032439 0.009719 9.9415
—0.006264 —0.001698  0.009719 0.034227 3.431
0.03844 0.00339 —0.00596 —0.00489 3.3958
P. — 0.00399 0.03742 0.01562 0 —2.0268
37 | —0.005963 0.015618 0.032439  0.009719 9.9415
—0.00489 0 0.009719 0.03262 3.431
3.4299
. . . . i —1.9915
The numerical solver SICONOS computes the jump automatically and gives z(17) = 9.9262
3.4462
3.3986
. " —2.029 .
when the time step h = 0.001 as well as z(17) = 9.93 when the time step h = 0.00001.
3.4233

According to the results shown above, the value of the jump in the desired state and closed-loop
state x4 and x respectively given by SICONOS converges to the value of the jump which is the
solution of the optimization problem in (9) as the time step h — 0 [48, Definition 8].

A.6 Solve the optimization problem in (9) for the simple example in
section 6

In this section, the optimization problem in (9) is solved using KKT conditions since we are dealing
with quadratic optimization problems with inequality constraints. In this case, KKT conditions
are necessary and sufficient conditions for the optimal value because the following optimization
problem

2(th) = argminze,cé(:c —z(t7)) TPz — z(t7)).

is convex knowing that P = PT = 0, 2(¢) and z(¢~) € IR. The optimization problem is solved for
the two systems as shown in the following.

For the desired system in (98)

It is required to find z4(¢") which is the optimal value to minimize the following

fa(zq) = min 3(zq — z7)?
s.t. xq € Ky

where P=1and Kg={zg € R | cxg+vq(tT) >0} ={zq € R| — cxyq —vj < 0} . Let us write
the Lagrangian function of the minimization problem

1 _
L(war) = 5(wa—7) = pl=cza—v})
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where g is the lagrangian multiplier. Let us state KKT conditions to be satisfied:

oL _ - _ o
e, =0 zi -, tep=0& 20 =12, —cp

p(—cxqg —vi) =0 p(cp—cry —vi)=0

p<0

—cxd—v; SO@CQu—cm; —’U;_ <0
KKT conditions are written in the form of a linear complementarity problem LCP as shown below:
0<—pL —02,u+c:cg —|—vl‘i|r >0

The linear complementarity problem (LCP) is denoted by LCP(c?, cx; + v} ) and it has a unique
solution defined by:
0 if cxy + v;l" >0

1 : — +
—T; — vy if cx; +v; <0

Let us substitute the values of the solution in the KKT condition g—é = 0 to calculate x4 as follows:

x if cxy + vj >0
Tq = (171)
—%v;' if cx; + 11;; <0

For the closed-loop system in (100)

It is required to find the optimal value z(¢™) in order to minimize the following

f(z) =min {(z — 27)?
st. x ekl

where K = {z € R | (c+ks3)z—ksza(tT)+va(tt) > 0} = {z € R | —(c+ks)z+ksza(tT)—va(th) <
0}. Let us write the Lagrangian function

L(z,p) = %(x —z7)? = p(—(c+ks)z + ks —v))
The necessary and sufficient conditions to be satisfied are the following:
g—ﬁ =0ez—a +pulct+ks) =0 =0 —pu(c+ks)
p(—(c+ks)x+ksz) —vi) =0 p(—(c+ks)z™ +plc+ks)? + ksl —vf) =0

p<0

—(c+k3)z + ks —v) <0 —(c+ks)z™ +plc+ k3)? + ksz) —v) =0
KKT conditions are written in the form of a linear complementarity problem LCP as shown below:
0<—puL —(c+ks)’u+(c+ks)z™ —ksz) +v) >0

The linear complementarity problem (LCP) is denoted by LCP ((c + k3)?, (¢ + ks3)z™ — ksz} + v)})
and it has a unique solution defined by:

0 if (c+ks)a™ —ksz) +vi >0
—pu=
,mz* + (c-flig)Z i — (c+}€3)2 vF if (c+ks)x™ —kgz +v) <0
Let us substitute the values of the solution in the KKT condition g—i = 0 to calculate x as follows:
x~ if (c+ks)x™ — ks +v) >0
r= + 7t
*%_7,;3‘1 if (c+ks)z™ —ksz +v) <0
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A.7 Proof of the DI in (32)

Let us remind the transformation of an LCP into a differential inclusion of the first-order sweeping
process (FOSwP) with perturbation type, as proposed in [20, 10, 21]. it is assumed that the
constraint qualification stated after (32) holds true. Recall the closed-loop system in (16) with
D =0 and G = 0 as follows:

{ i(t) = (A+ EK)z(t) + BA(t) — EKz4(t) + Eug(t)

0 < A(t) L w(t) = (C + FK)z(t) — FKaa(t) + Fug(t) > 0 (172)

As a result of convex analysis, the linear complementarity problem (LCP) is written in the form
of a differential inclusion DI as follows:

OSwJ_)\Z()@U}G—NIRT()\)@)\E—N]RT(M) (173)

By applying this property to the LCP in (172), then
At) € =Npm ((C+ FE)z(t) — FEza(t) + Fua(t)) < AMt) € =Nsw) (C+ FK)a(t))  (174)
where S(t) = {v € RT | v— FKuz4(t) + Fuq(t) € IR }. Given that the quadruple of the closed-

loop system (A+EK, B, C+FK,0) is strictly passive, then PB = (C+FK)T forsome P = P = 0.
The closed-loop system in (172) is written as DI:

i € (A+ EK)z(t) — BNy ((C + FE)a(t)) — EKaa(t) + Bug(t) (175)

Let R? = P such that R = R" >~ 0 and ¢ = Rz, then the DI in (175) is written as:
((t) = Ri(t) € RLA+ EK)R™'((t)—~ RBN3s() ((C + FK)R™'((t)) — REKz4(t)+ REuq(t) (176)
But
RB=R 'PB=R Y C+FK)"

By using the following property from the convex analysis (the chain rule):
M T Ny (Mz) = Ny ()
where ¢(t) = {z | Mz € S(t)}. Then,
R™Y(C+ FK) N ((C+ FE)R™((1)) = Ny (C(8)) (177)

where ¢(t) = {Rx | (C + FK)z(t) € S(t)}. Thus, the differential inclusion DI in (176) is written
as follows: .
(€ R(A+ EK)R'((t) + R(—EKzq(t) + Bua(t)) — Ny (((t)) (178)

B Python Code

There are two files used in order to simulate the electrical circuits in ?7?. The first python file
is implemented to solve the matrix inequalities in (19), (20) or (47) after being transformed into
linear matrix inequalities using the solver Mosek. The solution of the LMI gives the values of the
control gain as well as that of the upper bounds of the uncertainties (in the case of robustness
analysis). Then, the real system is defined.

import siconos.kernel as sk

import numpy as np

import cvxpy as cvx
import math

Lvalue =1 # inductance
Cvalue = 0.025 # capacitance
Rvalue = 10 # resistance

def compute KOGO ():
#Nominal System
A0 = np.array(n,n)
B_0 np.array (n,m)
C.0 np.array (m,n)
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D.0 = np.array (m,m)
E_.0 = np.array(n,p)
F.0 = np.array (m,p)
eps = le—2

#Structures of @, N and G: parameters of LMI
Q-0 = cvx.Variable ((n, n), symmetric=True)
N_O cvx. Variable ((p, n))

G.0 np.zeros ((p,m))

#Structure of Lambdas in case of uncertainties
Laml_inv = cvx.Variable((n,n))

Laml_tilde_inv = cvx. Variable ((n,n))

Lam2_inv = cvx. Variable ((m,m))

Lam2_tilde_inv = cvx. Variable ((m,m))

LamF_inv = cvx. Variable ((m,p))

#Structure of LMI in the case of uncertainties
LMI_1 = cvx.bmat(
| [

—(Q-0 @ (A_0.transpose())) — (A0 @ QO0) — ((N.0.T) @ (E.0.T)) — (E.0 @ N.0O),
~B.0 — (E.0 @ G0) + (Q0 @ (C.0.T)) + ((N.0.T) @ (F_0.T)),
np.eye(n),
np_eye (n).
(N.0.T),
Q*Oa
np.zeros ((n, p))
np.zeros ((n, m
np.zeros ((n, m

—(B-0.T)
DO + (F0
np.zeros ((
np.zeros ((m,
((
((

.T) @ (E.0.T)) + (C.0 @ Q.0) + (F.0 @ N_0)
) + np.transpose(D.0) + ( F.0

np.zeros
np.zeros
GO0.T,

np.eye(m),
np.eye(m),
np.eye(n)
np.zeros (
Laml_inv,
np.zeros (
np.zeros (
np.zeros (
np.zeros (
np.zeros (
np.zeros (

np.eye(n),
np.zeros ((n, m))
np.zeros ((n, n
Laml_tilde_inv
np.zeros ((n, p
np.zeros ((n,
np.zeros ((n,
np.zeros ((n,
np.zeros ((n,

)

) k)

5 B0 B

)
)
))7
))7
))7
)
))7

N0,

np.zeros (
np.zeros (
np.zeros (
LamF_inv
np.zeros (
np.zeros (
np.zeros (
np.zeros (
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Q*O I

np.zeros ((n, m)),
np.zeros ((n, n)),
np.zeros ((n, n)),
np.zeros((n, p)),
0.5 % np.eye((n)),
np.zeros ((n, p)),
np.zeros ((n, m)),
np.zeros ((n, m)),

np. zeros ((p, 1)),
G0,

np.zeros ((p
np.zeros ((p
np.zeros ((p
np.zeros ((p
np.zeros ((p
np.zeros ((p
np.zeros ((p

np.zeros
np.eye ((
np.zeros

((
m)
((
np.zeros ((
((
((
((

np.zeros
np.zeros
np.zeros
np.zeros ((m,
Lam2_tilde_inv ,

)

EEEEE-E

)

)

# Constraints
constraints = |

LMI_1 >> 1.0e—3, #LMI is positive definite
Q-0 >> 1.0e—2, #the inverse of P ts PD
]
#
obj = cvx.Minimize (0)
prob = cvx.Problem(obj, constraints)
# solve
prob.solve (solver=cvx .MOSEK, verbose = 1)
K.0 = N_.0 @ np.linalg.inv(Q-0.value) #K =NQ~ !

#print solution if exists

if prob.status = cvx.OPTIMAL:
print (”P_0_=", np.linalg.inv(Q-0.value))
print ("N_0_=", N_.0.value)

print ("K_0_=", K_.0.value)

print (”G_.0_=", G.0.value)

else:
print (”No_solution”)

return K0, G.0
#Define real system dymamics in closed loop
class my_dynamics(sk.FirstOrderLinearDS):

def __init__(self, K.0):
ndof = n # number of states
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x0 = np.zeros (ndof)
#Define initial values
x0[0] =

x0[1] =

x0[n—1] =
self .K_.0 = K_.0

A = np.zeros ((ndof, ndof))
b0 = np.zeros (ndof)

# This line means that you build the wunderlying
# FirstOrderLinearDS with A, b0 and z0.
# A is empty and will be updated at each time step with a call to computeA.
# Same for b with computeb...
super (my_-dynamics, self).__init__(x0, A, b0)
#to recall the values of K and G, use self . K ...
def computeA (self , time):
self L A()[0, 0] =
self LA()[0, 1] =

.self.A()[n—l, n—1] =

#The function b in siconos is equivalent to Eu in our LCS
def computeb(self, time):
self .b()[0] =

self.b()[n—1] =

class my _relation (sk.FirstOrderLinearR):
# def __imnit__(self, arguments)
def __init__(self):
#self K0 = K_0
#Define relation (constraints)

# y = Cz + Dlambda + e(t)

# r = B lambda

# First create the operators (C, D, ...)of the extended system which contains the desired an
C = np.zeros ((2+m, 2xn))

D = np.zeros ((2xm, 2%m))

B = np.zeros ((2*n,2*m))

e = np.zeros (2*m)

# And then build the wunderlying relation with these operators

super (my_relation, self).__init__(C, B)
self.setDPtr (D)
self.setePtr(e) #if F#0
#define the matrices B and C of the extended system
def computeC(self , time, z, C):
self .C()[0, 0] =

self .C()[2«xm—1, 2xn—1] =

def computeB(self , time, z, B):
self .B()[0, 0] =

self . B()[2«n—1, 2xm—1] =

def computeD (self , time, z, D):

self .D()[0, 0] = (1.0/ Rvalue)
self .D()[0, 1] = 0.0
self D()[1, 0] = 0.0
self .D()[1, 1] = (1.0/ Rvalue)
#Fu
def computee(self, time, z, e):
self.e()[0] =
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.self.e()[2*m - 1] =

def computeh(self, time, x, 11, z, y):
self.computeC(time, z, self.C());
np.matmul (self.C(), x, y)
self.computeD (time, z, self.D())
self.computee(time, z, self.e());
y[...] += np.matmul(self.D(), 11

def computeg(self, time, 11, z, r):
self .computeB (time, z, self.B());
r[...] += np.matmul(self.B(), 11)

Now, the seond file is implemented and the first is imported.

import numpy as np

import scipy as sp

from scipy.integrate import quad

import siconos.kernel as sk

#import the file where the dynamics systems are defined
import System as ex

import matplotlib.pyplot as plt

import math

# A function to build the msds and launch a simulation
# — between start_time and end_time with a time step size equal to time_step
# — for some given wvalues of K_0 and G_-0
def build_and_run(time_step, start_time, end_time, K0, G.0):
# create dynamics
ds = ex.my_dynamics(K._0)

# create interactions
relation = ex.my_relation (K_0)

# Declare a nonsmooth law. It’s size must be the size of your algebraic

# system defining the constraints

# i.e the length of y and lambda vectors of your relation.

nslaw = sk.ComplementarityConditionNSL (m) #m is the number of complementarity variables
inter = sk.Interaction (nslaw, relation)

# nonsmooth dynamical system

nsds = sk.NonSmoothDynamicalSystem (start_time , end_time)
nsds.insertDynamicalSystem (ds)

nsds. link (inter , ds)

# simulation setup

theta = 0.5

integrator = sk.EulerMoreauOSI(theta)

osnspb = sk.LCP()

time_discr = sk.TimeDiscretisation (start_time , time_step)
simu = sk.TimeStepping(nsds, time_discr, integrator , osnspb)

# estimate the number of time steps
N = math. ceil ((end_time — start_time) / simu.timeStep()) + 1

# dataPlot: an array where each line k is wused to save
# values at time—step k
dataPlot = np.zeros ((N, 12)) # numpy array to save data for plotting.

# store initial values
k=0

x = ds.x() # state

wl = inter.y(0)[0]

w2 = inter.y (0)[1]

lambl = inter.lambda_(0)[0]
lamb2 = inter.lambda_(0)[1] # pointer on the wvariable lambda in the interaction

# store initial values of z, A and w

dataPlot [k, 0] = start_time
dataPlot [k, 1] = x[0]
\vdots

while simu.hasNextEvent ():
k=k +1
simu.computeOneStep () # compute one step
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def

if _

#plo

C

time = simu.nextTime ()

#print ("time =", time)

dataPlot [k, 0] = simu.nextTime ()
dataPlot [k, 1] = x[0]

dataPlot [k, 2] = x[1]

\vdots
simu.nextStep ()

# Save current wvars and prepare next step
return dataPlot

filter_datas (start_-time , end_-time, dataPlot):
t = dataPlot[:, 0]

imax = t.argmax ()

dataPlot = dataPlot [: imax + 1, :]

print (dataPlot [0, 0], dataPlot[—1, 0])
assert dataPlot[0, 0] = start_time

assert dataPlot[—1, 0] = end_time

return dataPlot

_name__ =— 7 __main__":

# This is where things are really done

start_-time = 0.0
end_time = 50.0 #* 10e—4

# Build the nsds and run the simu for a given time_step
K_0, G.0 = ex.compute_KOGO ()
current_time_step = le—2

dataPlot = build_and_run(current_time_step , start_time, end_time, K.0, G.0)

t figures

Circuits’ Dynamics

C.1 Circuit in Figure 12
C.2 Circuit in Figure 77
C.3 Circuit in Figure 77
C.4 Circuit in Figure 77
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