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Power exchanged between subsystems with non-diffuse fields in statistical energy

analysis.

V. Tyrode,! N. Totaro,? L. Maxit,? and A. Le Bot!'?*

Y Univ Lyon, Ecole Centrale de Lyon, Laboratory of tribology and system dynamics,
UMR CNRS 5513, 6913/, Ecully, France

2Univ Lyon, INSA Lyon, LVA, EA677, 69621 Villeurbanne,

France
(Dated: 25 April 2023)

This article is a discussion on the necessity of the assumption of diffuse field in sta-
tistical energy analysis (SEA) and the validity of the coupling power proportionality
which states that the vibrational power exchanged between coupled subsystems is
proportional to the difference of their modal energies. It is proposed to re-formulate
the coupling power proportionality in terms of local energy density instead of modal
energy. We show that this generalized form remains valid even if the vibrational field
is not diffuse. Three causes of lack of diffuseness have been studied: coherence of rays
in symmetrical geometries, non ergodic geometries, and the effect of high damping.
Numerical simulations and experimental results conducted on flat plates in flexural

vibration are provided to support these statements.

aalain.le-bot@ec-lyon.fr
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I. INTRODUCTION

Predicting the dynamical behaviour of structures in the low frequency range is a problem
that is largely overcome today. But at high frequencies, the classical methods like the well-
known finite element analysis become quickly inefficient. This has motivated the emergence
of methods with a lower numerical cost like statistical energy analysis (SEA)"* (see Ref.”

for an up-to-date synthesis of the theory).

The principle of SEA is to subdivide a complex system into subsystems and to analyze
their exchanges of vibrational energy. The main result which allows a systemic approach is
the so-called coupling power proportionality which claims that the power exchanged between
two lightly coupled subsystems is proportional to the difference of their modal energies also
referred to as vibrational temperatures. It is in this way that SEA may be interpreted as

the theory of thermodynamics of sound and vibration®.

The foundation of the coupling power proportionality must be found in the assumption
of modal energy equipartition, or equivalently, in the assumption of diffuse field (see Refs.”®
for a definition of diffuse field). Several alternative theories have been proposed to relax
these assumptions. The theory of statistical energy modal distribution analysis (SmEdA)%1°
extends SEA to mid-frequencies by setting power balance equations to individual modes
instead of mode packets making it possible not to assume energy equipartition. Whereas
non-diffuse fields are naturally accounted for in the framework of geometrical acoustics for

11-14

instance by the approach of radiative energy transfer equations and more recently by

dynamical energy analysis'® 7, these two approaches have the advantage to establish clearly
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the link between geometrical acoustics and SEA!® and even to propose a continuum between

a full ray-tracing analysis and a more gross SEA analysis.

In the wave approach of SEA'20 the coupling power proportionality is naturally derived
from the analysis in terms of plane waves impinging on the boundary separating the two
subsystems?h?2. The advantage of this approach is that it provides explicit formulas for the
coupling loss factors that are also applicable to the case of non isotropic incidence. But this
type of analysis is restricted to the hypothesis of rays and its main innuendo the principle of
locality. In case of point connected subsystems, the applicability of locality is questionable

although the coupling power proportionality remains valid.

There is however an interest to test the validity of the coupling power proportionality
beyond the assumption of diffuse field in the most general case. Some particular effects
may frustrate a uniform and isotropic distribution of energy and therefore may constitute
an obstacle to application of SEA. For instance, symmetries in geometry can lead to a non-
homogeneity of the field. In a circular plate, one observe the presence of a caustic passing
through the point of excitation where the energy density has a higher level?*. Vibrational
energy is also enhanced on points and lines outside source position for spatial symmetry
reasons>?. This phenomenon is caused by an effect of coherence in ray propagation. This
energy enhancement has been observed for instance by deflectometry?® and with vibrational

field measurements with a laser vibrometer?°.

In this context, the objective of this study is to check if the coupling power proportion-
ality is still valid for point connected subsystems in situations where the field is not fully

homogeneous.
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The paper is organized as follows. Section II reminds of theoretical aspects of SEA and
proposes a local formulation of the coupling power proportionality. Section III presents four
examples of vibrational fields for which the energy is not perfectly uniformly distributed.
The validity of the local form of the coupling power proportionality is tested by numerical
simulations in Section IV and by experiments in Section V. Finally, in Section VI, the notion
of vibrational temperature is introduced and a thermodynamic interpretation of these results

is proposed.

II. BASICS OF SEA

The principle of statistical energy analysis is to divide a complex system into simple
subsystems and, for each subsystem, to estimate the power supplied by external sources, the
losses of vibrational energy by natural processes of dissipation, and the exchange of energy

with other subsystems.

A. SEA assumptions

The theory of statistical energy analysis requires three assumptions.

e (H1) The sources are random, stationary, wide band, and uncorrelated;
e (H2) The couplings between subsystems are conservative and weak;

e (H3) The vibrational field is diffuse in all subsystems.

These assumptions have been discussed in the literature (see Ref.?” for a review of them)

and some of them have been partly relaxed. The consequence of strong coupling is discussed

4
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in Ref.?®?. The necessity of conservative coupling is justified in Ref.?’. Since the purpose
of this article is only to investigate the influence of diffuse field in the subsystems on SEA

results, the rest of the discussion will be held under the condition that (H1) and (H2) apply.

The diffuse field assumption is certainly the most difficult to satisfy in practice. A diffuse
field is defined as a homogeneous and isotropic superposition of plane waves whose phase is

random.

A solution to obtain a diffuse field is to excite the structure with a uniform distribution
of point forces which are d-correlated in space and time (rain-on-the-roof). In that case, all
modes receive an equal amount of energy and if their damping ratio is the same, they store

a same amount of energy.

With a single point force, the state of diffuse field is reached when the source is random
and the structure sufficiently reverberant. Then, a large number of modes weakly damped
contribute to the vibrational energy within the system. The number of resonant modes
must be large to avoid a modal effect by a dominating mode and the damping must be low
to ensure the mixing of energy by rays that propagate over a long range and are reflected

throughout the subsystem.

To check if the vibrational field is diffuse in the subsystems validity diagrams have been
proposed?®!. This diagram plots a criterion of uniformity of energy in the frequency, damping
loss factor plane. The zone of diffuse field is confined by two lines marking the conditions
of large number of resonant modes and weak attenuation of rays during a mean-free-path.
Based on the location of each subsystem in these diagrams, it is possible to anticipate the

applicability of SEA?2.
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Subsystem 1

Subsystem 2

FIG. 1. Two flat subsystems coupled with a spring at point ry on plate 1 and point rs on plate 2.

Plate 1 is excited with a wide-band stationary random force F' at point s.

B. The law of coupling power proportionality

Let us consider two flat plates in flexural vibration weakly coupled by a spring attached
at point r; on plate 1 and point ry on plate 2 as shown in Figure 1. Subsystem 1 is excited
by a wide band random force F'(t) at point s. We assume that the field is diffuse in both
plates.

Under these conditions, the coupling power proportionality states that the expectation

of the power P (W) exchanged between connected subsystems is

pos(Bo ) o

where E; is the expectation of vibrational energy (J) in subsystem ¢, n; the modal density
(modes per rad/s), and 8 a dimensionless coefficient. In particular, this law shows that the
vibrational energy always flows from subsystems having a large modal energy to that with

a lower modal energy.
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In the case of flat plates in flexural vibration, the modal density is given by

Ai my;

-\ D, )

n;
where A; is the area (m?) | m; is the mass per unit area (kg/m?), and D; = E;h?/12(1 — v?)
the bending stiffness (N.m) with E; the Young modulus (Pa), h; the thickness (m) and v;
the Poisson coefficient of plate 7. Note that the modal density of a plate does not depend
on the frequency and is proportional to its area.

When the plates are coupled by a spring of stiffness K, the coupling coefficient is

K2
- 3271'&}2\/ m1m2D1D2

B

where w, is the central frequency (rad/s) of the wide-band random source.

C. Generalized coupling power proportionality

Introducing the mean energy density e; (J/m?) defined as e; = F;/A; the energy per unit

area into Eq. (1) gives

pos (61A1 - eQAg) | ”

n T2
This form suggests a generalization to the case where the energy is not uniformly dis-
tributed into the subsystems. Substituting the local energy density e;(r) at the coupling

point r to the mean energy density e; in Eq. (4) leads to

pog <el(r1)A1 B 62(r2)A2) | 5

ni no

where e;(ry) and ey(rp) are respectively the energy densities at point ry on subsystem 1 and

point ry on subsystem 2.
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In Eq. (1) appear the modal energies E;/n;. Since most of modes expand over the whole
subsystem, these are global quantities. But Eq. (5) is written in terms of energy densities
e;(r) which are local quantities. Furthermore, the ratio A;/n; = 4w/ D;/m; is also a local

since it only depends on local characteristics of the plate (m; and D).

When the vibratory fields are diffuse, Eqs. (1) and (5) are equivalent. However, it is
relevant to wonder if the latter remains valid in cases where the local energy density e;(r)

is not equal to the mean energy density e;. The rest of the paper focuses on this question.

III. DIFFUSE AND NON-DIFFUSE FIELD

Three geometries of plates are considered: a Bunimovich stadium plate, a rectangular
plate, and a circular plate (see Fig. 2). These shapes have been chosen because they are
representative of various behaviours in ray propagation®*. A Bunimovich stadium is a chaotic
billiard**. Almost all rays propagating and specularly reflecting on boundaries explore the
entire phase space (all positions and all directions) with an equal probability of presence.
The vibrational field resulting from a large number of rays emitted by a single source is

therefore naturally diffuse.

A rectangular billiard is an integrable dynamical system. A ray does not generally explore
the entire phase space. It generally passes near all points of the rectangle excepted if its
path is closed. But the angle of incidence is always the same on small edges and the same
(with possibly a different value) on large edges (with positive or negative sign). Thus the

ray can take only four directions during its propagation. The resulting field is therefore
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homogeneous but not isotropic. However, if a point source emits many rays equally in all

directions, then it enforces the field to be isotropic and therefore to be diffuse.

A circular billiard is also an integrable dynamical system. The angle of incidence of a
ray on the boundary is constant during its propagation. The ray forms a circular caustic
that never get into. Thus the ray explores entirely the part of the disk located outside this
circular caustic excepted if its path is closed. But the ray does not explore the part of the
disk located inside the circular caustic. The phase space is not entirely explored and the
resulting vibrational field is never diffuse neither with a single ray nor with an isotropic

source emitting rays in all directions.

A. Direct numerical simulation of energy field

In all subsequent numerical simulations, the values of the mechanical parameters are the
followings. The Young modulus is £ = 203 GPa, the mass density p = 8010 kg.m™3 and
Poisson’s ratio v = 0.3. The thickness of the three plates is h = 2 mm. Their dimensions
are represented in Figure 2. They all have an area about A = 0.25 m?. Two values of
the damping loss factor are used: n = 0.002 in case of light damping and n = 0.2 when
the damping is strong. A unique external force F(t) is applied to plate 1 at point s. The
excitation point is located at x=176 mm, y=164 mm in the stadium plate, at x=120 mm,
y=70 mm in the rectangular plate, and at x=150 mm, y=150 mm in the circular plate. The
force is a stationary random process of power spectral density Sy constant in the octave

band Aw centred on w, =27 x 4000 rad.s~! and zero elsewhere.
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(c)
FIG. 2. Shape and dimensions of plates in mm. (a); Bunimovich stadium, (b); Rectangular plate,

and (c); Circular plate.

With these values, we may estimate the mean-free-path [ = mA/P where A is the plate
area and P the perimeter. For the stadium plate [ = 0.42 m, for the rectangular plate
[ = 0.40 m, and for the circular plate [ = 0.44 m. The group velocity is ¢y = 553 m/s and
the wavelength is A = 7 cm at 4 kHz which is six times lower than the mean-free-path. This
justifies that a geometrical acoustics approximation applies. The modal density is about
0.0065 mode per rad/s and therefore the number of resonant modes in the octave band

4 kHz is about N = 120 which is high enough to consider a statistical population of modes.

10
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Finally, the attenuation per mean-free-path is m = nwl/ cg is m = 0.04 when the damping
is light (7 = 0.002). This means that 1 —exp (—m) = 4 % of the energy is lost between two
successive reflections of a ray. This low value ensures that rays experience a large number
of reflections before to vanish. But this value grows up to 98 % when the damping is high

(n = 0.2) meaning that rays loss almost all their energy before the first reflection.

The expectation of vibrational energy density e(r) at position r is e(r) = m < % >
where % is the vibrational velocity and < . > denotes the random expectation operator.
The variance of 1 is f Sia dw /21 where Sy, is the power spectral density of . In addition,
Sua = Sow?|H|* where H (r,s;w) is the receptance (frequency response function between the
force I’ at point s and deflection u at point r). Since the power spectral density Sy of the

force is constant within Aw, this gives

. mSO

e(r)_—/A W H (r:5: )| dw. (6)

™

In the numerical estimation of this integral, the angular frequency step is chosen as wn/4+v/2.
The receptance H(r,s;w) in terms of natural frequencies w,, and mode shapes ¥, is obtained
with a modal expansion

H(r;s;w) = Z m(wgi(z);y:ﬁ?wnw) (7)

n>0

where i is the imaginary unit. The modes are calculated by the finite element method with
MSC/NASTRAN 2021.1 up to the frequency 6 kHz to ensure that H(r;s;w) is correctly
estimated within the entire octave band 4 kHz. About 240 modes have been found.

11



185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

JASA /Sample JASA Article

The inverse participation ratio is defined as the fourth-order moment of vibrational ve-

locity @ or equivalently as the second-order moment of energy density e(r)

e
ANy PPN ®)

Its definition imposes I, > 1. When the vibrational energy is uniformly distributed over
the subsystem (e(r) = cste), I, goes to one. But when the vibrational energy distribution
is not uniform and presents large fluctuations from one point to another one, I, can take
arbitrarily high values. We shall adopt the criterion I, < 2 to characterize a uniform

distribution of energy.

B. Diffuse field

Fig. 3(a) shows the distribution of energy density in a lightly damped stadium-shaped
plate with clamped edges excited by a random force at point S;. Fig. 3(b) shows the
distribution of energy density in a lightly damped rectangular plate with simply supported
edges excited by a random force.

The values of I, for stadium and rectangular plates are given in Table I. They are both
lower than 2 (respectively 1.09 for the stadium and 1.38 for the rectangle) so that following
this criterion, the vibrational field is uniformly distributed over the rectangular plate and
the stadium.

But even if the inverse participation ratio is low, the vibrational field is not fully spatially
homogeneous. The energy distribution exhibits patterns with energy enhancement. For the

stadium shape, four points with energy enhancement are visible. They are noted si, ss, s3,

12
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FIG. 3. (a) Numerical simulation of vibrational energy distribution (dB) in a stadium thin plate
lightly damped (7 = 2 x 1073) with clamped edges and excited by a wide-band random force. The

cross indicates the force position. (b) Vibrational energy in dB along the black line.
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FIG. 4. (a) Numerical simulation of vibrational energy distribution (dB) in a rectangular thin plate
lightly damped (n = 2 x 1073) with simply supported edges and excited by a wide-band random

force. The cross indicates the force position. (b) Vibrational energy in dB along the black line.
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TABLE 1. Inverse participation ratio for the four plates excited by a random force in the octave

centred on 4 kHz.

Stadium 7 = 2 x 1072  Rectangle n =2 x 1073  Circle n =2 x 1072 Rectangle = 0.2

IPR 1.09 1.38 8.89 4.61

and s, in Fig. 3(a). The enhancement factor on these four points is equal to 2 (this effect
at the source point is known as coherent backscattering effect®®). In Fig. 3(b), we can see
lines noted dy, ds, d3, and d4 which form a tic-tac-toe pattern with the driving point at one
of the four intersections. In Fig. 4(a), we see a step of about 1.5 dB on points p; and p,.
In linear scale, the enhancement factor of energy on these four lines is equal to 3/2. On
the four points noted si, so, s3, and s; located at the intersections of the four lines, the

enhancement factor is equal to 9/4 (3.4 dB on point s3 in Fig. 4(a)).

Several works have shown that a symmetrical mechanical structure excited by a wideband
random point force exhibits a pattern of points or lines where the vibrational response is
enhanced (see for instance Ref.? where a proof of these enhancement factor based on the
image source method is provided). These enhancements may be explained in geometrical
acoustics by considering the phase of pairs or quadruplets of rays arriving at the receiver
points with same phase. They interfere constructively and therefore contribute to the local

energy density more than the simple sum of their energies.

15
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C. Non diffuse field

Fig. 5(a) shows the distribution of energy density in a lightly damped circular plate
with clamped edges excited by a random force at point S;. The damping loss factor is low

n=2x10"3.

From Fig. 5(a) we see that the vibrational energy fluctuates a lot and reaches a maximum
on the circle € passing through the excitation point. Furthermore, the diameter passing
through the source also shows a higher level of energy. The inverse participation ratio is

high (8.89).

The evolution of energy density along a diameter can can be explained again with ge-
ometrical acoustics. Each ray starting from the source turns into the circle by conserving
its angle of reflection. Excepted for periodic orbits, the ray forms a circular caustic that is
never crossed by it. The ray does not explore the entire disk and the resulting distribution
of energy is henceforth not uniform. The combination of large number rays emitted in all
directions from the source point gives roughly the distribution of energy observed in Fig.

5(b). It is not necessary to invoke interference of rays to explain this distribution.

The enhancement of energy on the diameter passing through the source point stems from
another phenomenon. This is again a phenomenon of constructive interference. The spatial
symmetry of the circle imposes that each ray starting from the source and arriving at any
point of this diameter, admits a symmetrical ray starting from the source and arriving at
the same point. Both direct and symmetrical rays have same length and therefore have the

same phase at arrival. They interfere constructively giving the observed enhancement.

16
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(b)
FIG. 5. (a) Numerical simulation of vibrational energy distribution (dB) in a circular thin plate
lightly damped (n = 2 x 10~3) with clamped edges and excited by a wide-band random force. The

cross indicates the force position. (b) Vibrational energy in dB along the radius d;.
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A last cause of breaking homogeneity is the influence of strong dissipation. Fig. 6(a)
shows the distribution of energy density in a highly damped (n = 0.2) rectangular plate
with simply supported edges excited by a random force at point S;. Fig. 6(a)a shows the
maps of energy density and Fig. 6(b) shows the vibrational energy along the line ds while

the dashed line is obtained with a reference calculation.

We observe that the distribution of energy is clearly not uniform which is confirmed by
the high value (4.61) of the inverse participation. The maximum of energy is reached at the

source point from which the energy strongly decreases in a axi-symmetrical way.

We know that the attenuation per mean-free-path is high (m = 3.6) and that rays loss
98 % of their energy before the first reflection. The vibrational field is therefore dominated
by the direct field and the reflected field remains negligible. For the direct field, the energy
at distance R from the source is exp (—mR)/2mc,R. The exponential term is the dissipation
while the second term is due to the geometric scattering. In Fig. 6(b), we observe that
the dashed line (direct field) and the solid line (actual field including reverberation) well fit

which confirms the domination of the direct field in the actual field.

IV. NUMERICAL SIMULATION OF EXCHANGED POWER

Let us now turn to the verification of the generalized coupling power proportionality (5)
by a numerical approach.

18
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FIG. 6. (a) Numerical simulation of vibrational energy distribution (dB) in a rectangular thin
plate highly damped (n = 0.2) with simply supported edges and excited by a wide-band random

force. The cross indicates the force position. (b) Vibrational energy in dB along the radius ds.
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A. Principle of the simulation

We consider again the three geometries of plates introduced in Section [II: the stadium,
the rectangle, and the disk. But now, the plates are mechanically coupled by a spring
of stiffness K. FEach numerical test case consists in two similar plates among the three
geometries coupled by the spring whose position may vary to explore zones with different
levels of vibrational energy. The spring is attached at point r; on plate 1 and at ry centre of
plate 2. Plate 1 is excited at point s always with a random force of power spectral density Sy
constant in the octave band Aw. The positions of the point force are the same as in Section
IT1. The exact positions r; of the spring will be specified in each numerical simulation.

The expectation of vibrational energy density e;(r) in plates 1 and 2 is calculated again by
Eq. (6). The only difference is concerned with the receptance H which is now the receptance
of the coupled system. Thus, H(r,s;w) denotes the deflection at point r (in plate 1 or 2) of
the coupled system excited at point s (in plate 1).

The expectation of exchanged power via the spring is P = K < (uy — uy)uy >= K <
ugtyy >= — K < tsuy > where u; is the deflection of plate i at the coupling point. In terms

of receptance, this power becomes

_ KS,

™

P

/ Re[iwH (11, s: ) H(ra, ;)] dw (9)
Aw

where Re denotes the real part, the overbar the complex conjugate, and i the imaginary
unit.

The numerical simulation is conducted with the same modes of isolated plates calculated
by MSC/NASTRAN in Section II. But instead of using Eq. (7) to calculate H, the receptance

20
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Plate 1 |

Plate 2 C;rl i)
0
2 )

XN

(c)
FIG. 7. (a) The stadium-shaped plates, (b) the rectangular plates, and (c) the disk plates coupled

with a spring.

of coupled system is derived from the receptances of uncoupled subsystems by introducing
the deflections uq, us at both ends of the spring as unknown and solving a set of two linear

equations to determine them (the exact procedure is detailed in Appendix A).

Once, we have computed the energies e;(ry), ea(rz) and the exchanged power P by the
above procedure, the coupling coefficient [ is estimated by

21
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(10)

In particular, we shall compare the numerical determination of 5 by Eq. (10) with its

theoretical value given in Eq. (3).

B. Test cases

All numerical simulations of this Section are conducted on plates whose geometrical and
mechanical parameters are those of Section III. In particular, the frequency of excitation is
w, = 21 x 4000 rad/s and the wavelength is 7 cm to be compared with a mean-free-path
of 42 cm. The number of resonant modes is about 120 per subsystem that is 240 for the
whole system. The spring stiffness is K = 1.10°> N/m. To ensure that the weak coupling
assumption is satisfied, the coupling loss factor defined as 75 = /w.n; has to be lower than
the damping loss factor n?. The coupling loss factors 1,5 = 12, are equal to 3.107% which is
lower than the damping loss factor (2.1073) and so the coupling is weak enough.

Four simulations are carried out with the four types of diffuse and non-diffuse fields

presented in Section III.

1. Stadium plate

The numerical simulation with two coupled stadium plates is presented in Fig. 8(a).
In the inset of Fig. 8(a) the stadium is represented and the four points with an energy
enhancement of 2 are noted s; (the source), s, s3, and s4. Four other points noted 1
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to 4 are chosen at random inside the zone where the field is diffuse. Fig. 8(a) shows a
comparison between the exchanged power P determined by Eq. (9) and the difference of
local energies e1(r1)A;/ny — ex(ry)As/ne where e; is determined by Eq. (6). The bold line
with the crosses represents the power exchanged between the two plates. The thin line with
the stars represents the difference of the local energies. Fig. 8(b) presents the relative error
between § determined by Eq. (3) and by Eq. (10).

First, the spring is successively attached at the four points 1 to 4 where the vibrational
field is diffuse. It can be seen in Fig. 8(b) that the ratio of P and e;(r1)A;/n1 —ea(ra)As/no
(or difference in log-scale) is almost the same for the four points. Furthermore we see in Fig.
8(b) that this ratio is close to the theoretical value of § given in Eq. (3).

Secondly, the spring is successively attached at the four points sy, so, s3, and s;. The
exchanged power is increased by a step of 10log(2) which corresponds exactly to the en-
hancement factor of 2. Again, the ratio of P and e;(ry)A;/n; — ea(ra)As/ns is close to the
theoretical 3.

In all cases, the numerical coupling coefficient is found to be in fine agreement with the
theoretical value. The mean relative error between the numerical and theoretical values is

28.8 %.

2. Rectangular plate with light damping

The numerical simulation with two coupled rectangular plates is presented in Fig. 9(a).
In the inset of Fig. 9(a) the rectangular plate is represented with the four lines presenting
an energy enhancement of 3/2. The five points (d;, ds, d3, d4 and d5) are chosen randomly
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FIG. 8. (a) Comparison between the exchanged power and the difference of local energies. The
bold line with the crosses represents the power exchanged between the two plates. The thin line
with the stars represents the difference of the local energies. In the insert: stadium plates excited
with a random white noise at point s;. Points with an energy enhancement equal to 2 are noted
S1, S9, 83, and s4. The spring is successively attached to the points noted si, so, s3, s4, 1, 2, 3
and 4. (b) Relative error between the coupling coefficient predicted theoretically with Eq. (3) and

numerically with Eq. (10) for two coupled stadium plates excited by a point force on plate 1.
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on these four lines. The four points of energy enhancement 9/4 (s;, s, s3, and s;) are
represented with a cross. Five points noted 1 to 5 are chosen at random inside the zone
where the field is diffuse. Fig. 9(a) shows a comparison between the exchanged power P
determined by Eq. (9) and the difference of local energies e;(r1)A;/ny — ea(re) Ay /ngy where
e; is determined by Eq. (6). Fig. 9(b) presents the relative error between 8 determined by

Eq. (3) and by Eq. (10).

First, the spring is successively attached at the five points 1 to 5 where the vibrational
field is diffuse. It can be seen in Fig. 9(a) that the ratio of P and e;(r1)A;/n; — ea(ra) As/no
is almost the same for the five points. Furthermore we see in Fig. 9(b) that this ratio is

close to the theoretical value of § given in Eq. (3).

Secondly, the spring is successively attached on a point located on a line (d;, dz, d3, and
d4). The exchanged power is increased by a step of 10log(3/2) which corresponds to the
enhancement factor of 3/2. Once again, the ratio of P and e;(r1)A;/n1 — ea(ra)As/ng is

almost the same for the four points and this ratio is close to the theoretical value of j.

Thirdly, the spring is successively attached on a point located at the intersection of the
lines (s1, Sq, 83, and s4). The exchanged power is increased by a step of 10log(9/4) which
corresponds to the enhancement factor of 9/4. The ratio of the exchanged power P and
e1(r1)A;/ny — es(ry) Az /ny is almost the same for the four points and this ratio is close to

the theoretical value of 5.

Whatever the position of the spring attachment, the value of 3 is found to be in fine
agreement with the theoretical value. The mean error is 31.02%.
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FIG. 9. (a) Comparison between the exchanged power and the difference of local energies. The
bold line with the crosses represents the power exchanged between the two plates. The thin line
with the stars represents the difference of the local energies. In the insert: Rectangular plate
excited with a random white noise at point s;. Lines with an energy enhancement equal to 3/2 are
represented with lines and the energy enhancement at these lines intersections is 9/4. The spring
is successively attached to the points noted s1, s2, s3, s4,d1, do, d3, dg, ds, 1, 2, 3, 4 and 5. (b)
Relative error between the coupling coefficient predicted theoretically with Eq. (3) and numerically

with Eq. (10) for two coupled rectangular plates excited by a point force on plate 1.
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3. Circular plate

The numerical simulation with two coupled circular plates is presented in Fig. 10(a).
The circular plate is shown in the inset Fig. 10(a). The source is located at point s;.
The energy enhancement is represented with the dashed circle noted C;. Fig. 10(a) shows a
comparison between the exchanged power P and the difference of local energies e (r1) Ay /n;—
ea(ry)As/ngy. Fig. 10(b) shows the relative error between 5 determined by Eq. (3) and by

Eq. (10).

The exchanged power P and the difference of local energies e;(r1)A;/n; — ex(ry)As/no
are calculated for 108 points along the radius d;. It can be seen in Fig. 10(a) that the energy
is higher on the circle passing through the excitation point and decreases inside and outside
of this circle. The ratio of the exchanged power P and the difference of the local energies
e1(r1) Ay /ny — ea(ry) As/ngy is almost the same for all the points and this ratio is very similar

to the theoretical value of .

The coupling coefficient is found to be in fine agreement with the theoretical value. The

mean relative error between the numerical and theoretical value of 3 is 36.8%.

4. Rectangular plate with high damping

The numerical simulation with two rectangular plates with high damping is presented
in Fig. 11(a). The rectangular plate is shown in the inset of Fig. 11(a). Fig. 11(a)
shows a comparison between the exchanged power P and the difference of local energies
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FIG. 10. (a) Comparison between the exchanged power and the difference of local energies. The
bold line with the crosses represents the power exchanged between the two plates. The thin line
with the stars represents the difference of the local energies. In the insert: Circular plate excited
with a random white noise at point s; on the plate 1. The circle with an energy enhancement is
noted C. The spring is successively attached to 108 points along the line d;. (b) Relative error

between the coupling coefficient predicted theoretically with Eq. (3) and numerically with Eq.

(10).
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e1(r1)Ar/ny — ex(ra)As/nse. Fig. 11(b) presents the relative error between [ determined by
Egs. (3) and (10).

The spring is successively attached at the 108 points along the line d;. We see in Fig.
11(a) that the exchanged power evolves proportionally to the difference of the local energies.
The difference of local energies and the exchanged power are very high at the vicinity of the
source point and decrease rapidly. The ratio of P and e;(r1)A;/ny — ea(ra)As/ns is almost
the same for the 108 points. Furthermore we see in Fig. 11(b) that this ratio is close to the
theoretical value of 5 given in Eq. (3). The mean relative error between the numerical and
the theoretical value of § is 14.06%. This proves that the coupling coefficient is still valid

with non diffuse field caused by high damping.

V. MEASUREMENT OF EXCHANGED POWER

Finally, we present measurements of the power exchanged between two rectangular plates

coupled with a spring to verify the generalized coupling power proportionality (Eq. 5).

A. Principle of the experiment

The experimental set-up is shown in Fig. 12. The plates are suspended from a rigid
frame with bungee cords attached to the plates by small holes. The two plates are coupled
with a spring of stiffness K=431 N.m™! held by magnets. The plates are made of stainless
steel. The mechanical characteristics of the plates are exactly the same as in Section III
excepted that the boundary conditions are now free.
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FIG. 11. (a) Comparison between the exchanged power and the difference of local energies. The
bold line with the crosses represents the power exchanged between the two plates. The thin line
with the stars represents the difference of the local energies. In the insert: Rectangular plates with
high damping excited with a random white noise at point s;. The spring is successively attached
to 108 points along the line d;. (b) Relative error between the coupling coefficient predicted

theoretically with Eq. (3) and numerically with Eq. (10).

30



379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

JASA /Sample JASA Article

The excitation signal is a white noise with a cut-off frequency of 7 MHz generated via a
Agilent 33210A signal generator. The signal is then filtered with an SR650 bandpass filter
between 10 Hz and 8 kHz and amplified by a Briiel & Kjaer power amplifier type 2718. This
filtered signal drives a shaker Briiel & Kjaer type 4810 which applies a transverse force to

plate 1.

Two accelerometers PCB 352C67 are attached with wax to the two plates at the position
of the spring attachment but on the opposite side. These accelerometers have a sensitivity of
100 mV /g and allow measurements from 0.5 Hz to 10 kHz. The mass of these accelerometers
is 2 g which is negligible compared to the mass of the plate which is 2 kg. To measure
the force injected into the system, a Briiel & Kjaer impedance head type 8001 is screwed
on the shaker. The impedance head is connected to a Briiel & Kjaer type 2635 charge
amplifier. The data acquisition is done with a National Instruments NI 9234 acquisition
board with a sampling frequency of 12.8 kHz per channel. The averaging is performed with
20 measurements with an overlap factor of 25 % representing an acquisition time of 25.6 s.
A Hamming window is applied to each measurement. With the software M+P Analyzer, the

time signal is processed and the frequency response function is obtained with the estimator

Hs.

To ensure that the energy is transmitted only through the coupling spring and not through
the frame, the spring is first disconnected plate 1 being always excited. The energy of plate
2 without the coupling is found 35 dB less than with the coupling. This gives the part of
energy transmitted through the frame or the air.
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FIG. 12. Experimental set-up. Both plate 1 and 2 are coupled with a spring. The shaker excites
plate 1 through the stinger, which is bonded to the plate. The force injected is measured with

a force transducer. The acceleration of both plates is measured at the coupling point with the

accelerometers.
400 B. Measurement protocol
401 The different steps performed to measure the plate energy, the power exchanged and the

w2 coupling coefficient are the followings. The excitation is located at point sy (x= 0.12 m;
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y=0.2 m). The origin of the reference frame is the centre of the plate. The coordinates
of the different measurements and coupling points are presented in Table II. s; and s, are
points with an energy enhancement equal to 9/4, dy, dy and d3 are points with an energy

enhancement of 3/2.

TABLE II. Attachment points of spring on plate 1 (m).

S1 S92 d; ds d; 1 2 3

(0.1;0,5) (0.1;0.1) (0.1;0.35) (0.22;0.5) (0.1; 0.25) (0.25; 0.35) (0.2; 0.25) (0.25; 0.2)

For each attachment point of the spring, the measurements are performed five times and
the average is calculated. Between each measurement the two accelerometers are taken off
and then put back at the same point. A slight variation in measurement is observed due
to the thickness of the wax and the slight variation in the measurement position. In order
to quantify this uncertainty, 100 measurements are made for measurement point 1 and the

standard deviation is calculated and is equal to 0.71 dB.

From accelerometers measurements, the local energy at the coupling points €] and the

exchanged power P®” are calculated. Finally the coupling coefficient is calculated with

erp
Bexp — P
eTp

e (r1) Ay /ny — €57 (ra)As/ns’ (11)

with A; the surface of the plate and n; the modal densities of the plate i determined numer-
ically.
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C. Results

The experimental results with two coupled rectangular plates are shown in Fig. 13(a).
Fig. 13(a) shows the difference in local energies at the coupling point ei™(ry)A;/n; —

ey (

ro)Ay/ny and the exchanged power PP, Looking at Fig. 13(a), we see that the lines
and the points with energy enhancement appear well because the energy on the lines (d;)
and on the points (s;) is higher than the energy on the rest of the plate. These experimental
enhancement factors are very close to the theoretical values. Moreover, the exchanged power

evolves in a proportional way to the difference of the local energies.

Fig. 13(b) presents the relative error between the experimental coupling coefficient and
the coupling coefficient 5 given in Eq. (3). The two values agree well and the average error
is equal to 25.2%. This validates experimentally for this case the proposed Eq. (5) in cases

of inhomogeneous vibrational fields.

VI. THERMODYNAMIC INTERPRETATION

In statistical energy analysis, we use the modal energy E/N where N = nAw is the
number of resonant modes in the frequency band Aw and E the total vibrational energy
of the subsystem. The subsystem is assumed to be in equilibrium in the sense that the
energy F is equally shared between a large number of modes N. In thermodynamics, the
temperature is defined for a system at equilibrium (all points of the system have the same

energy) as the total energy divided by the number of molecules (or atoms or degrees of
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FIG. 13. (a) Comparison between the exchanged powers and the difference of the local energies
obtained experimentally. (b) Relative error between the theoretical (5*) and the experimental

(B%P) coupling coefficient.

freedom). Tt is rather common in SEA literature® to define the vibrational temperature as

E

T=——
kg N

(12)

where kg is Boltzmann’s constant. But, £ = eA where e is the energy density and A the
system area, and N = AwAw/2mc,c, with ¢, and ¢, the group and phase velocities. The ratio
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E/N no longer depends on the area and is therefore a local quantity. It may be interpreted
as the local vibrational temperature. When the system is no longer in equilibrium (or when

the vibrational field is no longer diffuse), Eq. (5) reads

P= ﬁkBALU(Tl — Tg) (13)

where now T and 75 are the local vibrational temperatures at the exchange point. It is now
apparent that Eq. (13) states that the power transmitted from subsystem 1 to subsystem 2 is
proportional to the difference of local temperatures similarly to the thermal conduction. The
coupling power proportionality is similar to Clausius’ principle which states that thermal

energy always flows from high temperature to low temperature.

VII. CONCLUSION

In this paper, we have highlighted that the requirement of diffuse field in statistical energy
analysis may be by-passed provided that the local energies are known at the coupling points.
The key result is that a local form of the coupling power proportionality turns out to remain
valid even at points where the local energy is not equal to the spatial average of energy.

In order to reach this result, four different systems have been studied with mainly three
causes of non-diffuseness. First, spatial symmetries induce energy enhancement by coherence
of rays at some particular lines or points (lightly damped rectangular plate or stadium).
Second, non-ergodicity may induce a heterogeneity of field due to the presence of caustics
(circular plate). Third, high damping frustrates the homogeneity of field by imposing a
domination of the direct field (higly damped rectangular plate).
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Of course, this result does not presume the way by which the information of local energy
is obtained. Within the framework of a strict application of statistical energy analysis, this
seems to be out of range. However, direct measurements of local energy or application of
theoretical enhancement factors can offer insights to improve the predictability of statistical
energy analysis. In all other cases, it might also be possible to implement more advanced
theories such as ray-tracing or geometrical theory of diffraction for predicting interference
effects, dynamical energy analysis or radiative energy transfer to account for non homo-
geneity in wave propagation, statistical modal energy distribution analysis for non uniform
modal distribution, or even any other theory capable of delivering an information on the

distribution of vibrational energy.

APPENDIX A: CALCULATION OF RECEPTANCE

The calculation of the receptance H of the coupled plates used in equations (6) and (9)

is presented in this Appendix.

The coupling spring of stiffness K is attached at points r; on plate 1 and ry on plate 2.
A unit harmonic force exp (iwt) is applied to plate 1 at s as shown in Fig. 1. We denote by
H(r,s;w) the receptance of the coupled plates with a receiver at r in plate 1 or 2 and a unit
harmonic force at point s in plate 1. We also denote by H;(r,s;w) the receptance of plate i

isolated from the other plate.

Plate 1 is submitted to two forces: the external force F' = 1 applied at s and the force
K (us(ry) — ui(ry)) exerted by the spring at ry. The receptance H at any receiver r in plate
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1 is therefore

H(r,s;w) = Hy(r,s;w) + K(ug(ra) — ui(ry))Hy(r, 115 w0); (A1)

Plate 2 is excited by only one force, the spring reaction at point ro. The receptance H at

any receiver in plate 2 is therefore

H(r,s;w) = —K(ua(ra) — uy(r1)) Ha(r, ro5w) (A2)

But the receptance H at r; is the deflection u;(r;) and at ro the deflection wug(rs).

Substituting r = r; in equation (A1) and r = ry in equation (A2) gives

UI(I'1> = Hl(rl,s;w) + K(U,g(rg) — ul(rl))Hl(rl,rl;w);
(A3)
UQ(I'Q) = —K(Ug(rz) — ul(rl))HQ(rg,rQ;w)

This gives a set of two linear equations on the unknowns wu(r;) and wus(rg). Then, the

receptance H is obtained with equations (A1) and (A2).
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