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Abstract
In the context of constrained control-systems, the Set of Sustainable Thresholds
plays in a sense the role of a dual object to the so-called Viability Kernel, because
it describes all the thresholds that must be satisfied by the state of the system
along a time interval, for a prescribed initial condition. This work aims at ana-
lyzing the sensitivity of the Set of Sustainable Thresholds, when it is seen as a
set-valued map that depends on the initial position. In this regard, we investigate
semicontinuity and Lipschitz continuity properties of this mapping, and we also
study several contexts when the Set of Sustainable Thresholds is convex-valued.

Keywords: Set-valued maps, Set of Sustainable Thresholds, Discrete-time systems,
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1 Introduction

This paper aims at contributing in the understanding of the so called Set of Sustainable
Thresholds, which roughly speaking corresponds to the set of all possible parameters
c € R™, called the thresholds, for which the evolution of a dynamical system remains



viable for a prescribed set of constraints, which in our setting will take the form
glk,x,u) <e¢, Vke[0:T]:=A0,...,T},

for a given mapping g : [0 : T] x R? x U — R™ and a given nonempty set U. Here
and in the sequel, the inequalities are understood in a component-wise sense.

The Set of Sustainable Thresholds plays in a sense the role of a dual object to the
so-called Viability Kernel. To be more precise, in Viability Theory (see, e.g. [1]) one is
concerned with the question of finding all the possible initial positions for which the
constraints are satisfied for at least one control; in that setting the thresholds are fixed.
The Set of Sustainable Thresholds is an object that focuses on a converse question:
assume the initial position is known, find all the possible thresholds for which the
system is viable for at least one control. In some contexts, such as in natural resources
management, the sustainability question is more appropriate than the viability one,
because usually one has an estimate of how many resources are in an ecosystem, so
the initial position is already prescribed and cannot be modified at will. However, in
the same setting, decision-makers can fix different values for payoffs, scores or quality
indicators, and put them in the form of the set of constraints described above. In this
case, the decision-makers have more freedom for choosing these parameters, i.e. the
thresholds.

The Set of Sustainable Thresholds has been studied in the literature from several
points of view. For example, in [2], motivated by an epidemiology model, a method for
computing this set for controlled cooperative models was investigated; see also [3-6].
In [7], a detailed study of the Set of Sustainable Thresholds was reported concerning
the problem of characterizing their Pareto boundaries, and so forth, the set itself. This
study was done considering the initial position as given; see also [8] for an extension to
dynamics with uncertainty. We also mention [6] where another approach to compute
the Pareto boundaries of the Set of Sustainable Thresholds was presented.

Our task in this paper is to study how the Set of Sustainable Thresholds changes
with respect to the initial position. In mathematical terms this means studying the
continuity properties of the set-valued map associated with the Set of Sustainable
Thresholds. We focus on lower semicontinuity and Lipschitz continuity, and we prove
that under mild condition both features can be ensured. Being able to ensure these
properties is relevant from a theoretical as well as from a practical point of view. On the
one hand, it allows us to infer that sustainable thresholds do not vary abruptly when
the initial position changes; in the Lipschitz case we can actually quantify the variation.
Moreover, and as it can be observed in the proof of Theorem 5 and Theorem 6,
it allows us to establish a rule useful for decision-makers: a given control produces
similar sustainable thresholds for similar initial conditions. This, in a manner, allows
to handle measurement error on the initial position. On the other hand, it opens to
path for studying the stability of numerical schemes to compute the Set of Sustainable
Thresholds, such as the one reported in [7], and also to provide error estimates.

In this paper we also discuss cases when the Set of Sustainable Thresholds is
convex-valued. It is well-known that the viability kernel has convex images in the
linear-convex setting. Analogously, we prove that it is also the case for the Set of



Sustainable Thresholds. Furthermore, we prove that that fact also holds if some gen-
eralized notions of convexity and monotonicity are considered. The fact that the Set
of Sustainable Thresholds is convex-valued could potentially be an important tool for
developing new numerical schemes for computing its Pareto fronts. Notice that the
results reported in [7] are rather general and do not take advantage of convexity.

This paper is organized as follows: In section 2, we describe the dynamical sys-
tems studied in this paper, and present basic properties of the images of the Set of
Sustainable Thresholds (closedness and convexity). In section 3, we focus on the sen-
sitivity analysis, and study the continuity properties mentioned above. In section 4
we introduce a new object, called the Set of Sustainable and Attainable Thresholds,
which can be thought as the core of the Set of Sustainable Thresholds and we study
its regularity properties. Finally, in Section 5 we provide some numerical experiments
to complement the theoretical analysis and in Section 6 we make a short discussion
on possible extensions to continuous-time dynamical systems.

2 Mathematical background and basic properties

The focus of this paper will be on discrete-time dynamical systems. Feasible controls
in our setting are all the functions u = [0 : 7] — U, which can be seen as sequences
of inputs u(0),...,u(T) € U. Here and in what follows, the time horizon T' > 0 is a
given nonnegative fixed integer, U is a given nonempty set, [p : ¢] := {p,p+1,...,q},
stands for the collection of all integers between p and ¢ (inclusive), assuming always
that p < ¢g. The collection of all feasible controls will be denoted by U.

For a given dynamics F : [0 : T] x R? x U — R?, a given initial condition ¢ € R?
and a given control u € U, we are concerned with functions z : [0 : T + 1] — R4
solution of the dynamical system

x(k+1) = F(k,xz(k),u(k)), Vke[0:T], =x(0)=¢. (Dg)

A solution of this system is uniquely determined by the initial position and the control,
and therefore it is denoted by xg.

Mathematically speaking, the Set of Sustainable Thresholds (SST for short),
denoted by S(&) in the sequel, is defined in the following way:

S(€) := {c € R™ | Ju € U such that g (k,x{(k),u(k)) <c, Vke[0:T]}

where, as pointed out in the introduction, g : [0 : T] x R? x U — R™ is given.

Our task in this paper is to provide a sensitivity analysis for the SST. In other
words, we aim at understanding how the set S(£) changes with respect to the variable &.
Therefore, the SST will be deemed as a set-valued map S : R? = R™ and we will
study continuity and regularity properties of this set-valued map. Properties such as
convexity, closedness, semi-continuity and Lipschitz continuity will be investigated.

In this work, and in compliance with [7], we assume that the data of the dynamical
system with mixed constraints satisfy the following basic conditions, which we term
standing assumptions:

(H1) U is a nonempty compact metric space;



(H2) F(k,-,-) is continuous on R? x U for any k € [0 : T];
(H3) g(k,-,-) is lower semicontinuous on R? x U for any k € [0 : T].
In the next section, these assumptions may be accordingly strengthened to get
stronger regularity conditions.

2.1 Basic properties

In this part we present some basic regularity properties that are satisfied by the graph
and the images of the set-valued map S : R? = R™. We also show that, under suitable
additional assumptions, this set-valued map also satisfies a monotonicity property.

2.1.1 Closedness

The first property we study is closedness.
Proposition 1. Assume that the standing assumptions are satisfied. Then, the set-
valued map S : R* = R™ has closed graph with closed and nonempty images.

Proof. Consider two sequences, {£,}, C R? and {c,}, C R™, so that ¢, € S(&,) for
any n € N, with &, — £ and ¢, — c.
By definition, there is a sequence {u, }, C U such that

g (k,xg:(k),un(k)) <cn, VEE[0:T], VneN.

Since U = UT+! by (H1) and Tychonoff’s theorem we have that I/ is compact, and
so, passing into a subsequence (which we do not relabel), we can assume that there is
u € U such that u,, — u; that is u, (k) — u(k) for any k& € [0 : T]. Since we also have
that x;'" (0) = &y, it follows that x;"(0) — &. Thus, by induction on k and by (H2)
(the continuity of the dynamics), it is not difficult to see that for any &k € [0 : T fixed
we have

X2 (k+ 1) = F (k,x‘g:(k), un(k)> - F (k,x@(k),u(k)) = x¢(k +1).
Consequently, in the light of (H3) and the fact that ¢, — ¢, we get
g (k,xg(k),u(k)) <e¢, Vkel0:T],

or in other words, ¢ € S(&), and so the graph of S is closed. It is then a straightforward
matter to check that S(¢) is closed for each ¢ € R? fixed.

Finally, notice that for any ¢ € R? and any u € U, the threshold ¢ = (c; ..., cp)
given by

ci = kélﬁg};ﬂ (gi (kvxg(k)au(k))) )

belongs to S(¢). This means that for any ¢ € R, we have that S(&) # 0. O



2.1.2 Convexity

Similarly as for the viability kernel, when the system is linear-convex, it can be proven
that the set-valued mapping S verifies some convexity properties, as described below.
Proposition 2. Assume that the standing assumptions are strengthened as follows:
(H1) U C R" is a nonempty convex subset;
(H2) for any k € [0 : T] fized, F(k,z,u) = A(k)x + B(k)u, where A(k) and B(k) are
matrices of dimension d X d and d X n, respectively;
(H3) for any k € [0:T] and i € [1:m] fized, g;(k,-) is convex on R x U .
Then, the set-valued map S : R* = R™ has convex graph with convex images.

Proof. Let &1,& € R and cj,co € R™, such that ¢; € S(&) and ¢ € S(&3). Let
A €]0,1]. Let uy,us € U, be such that

g (k,x;i(k),ui(k)) <ec, Vkel0:T], ¥i=1,2.
By convexity of the constraints mapping we have
g (k AL () + (1= \)x2 (k) Ay (k) + (1 — A)ug(k)) <Aer+(1-Nea, Yk € [0: T

By convexity of U, we have that Aui(k) 4+ (1 — A)uz(k) € U for any k € [0: 1], and
since the dynamics is linear, we also have that

Xt (k) = Axgl (k) + (1= Nxg2(k), ke [0:T+1].
From here we conclude that
ey + (1 — )\)CQ esS ()\51 + (1 — /\)52) .

Therefore, the graph of S is convex. In particular, this implies that the images of S
are convex as well. O

In Proposition 2 it is fundamental that the control space U is convex as the
following example demonstrates.
Example 1. Take F(k,z,u) = u, ¢1(k,z,u) = —u and ga(k,z,u) = x. Notice
that (H2) and (H3) hold. Take U = {—1,1}, which is not convez, the final horizon
T > 2 and the initial position & > —1. There are three types of admissible controls
that we need to analyze:
e u(k) = —1 for any k € [0 : T]: Here we have that the minimal value that c1 can
take is ci = 1, and since x¢(k +1) = —1 for any k € [0 : T] the minimal value
that ¢z can take is c; = &, because x¢(0) = § > —1. Therefore, (1,£) € S(§).
e u(k) =1 for any k € [0 : T]: Here we have that the minimal value that ¢y can
take is ¢i = —1, and since x¢(k+ 1) =1 for any k € [0 : T] the minimal value
that co can take is ¢5 = 1. Thus, (—1,1) € S(&).



® u is not constant: : Here we have that the minimal value that ¢; can take is

c; =1, because u(k) = —1 for some k € [0 : T]. Notice that if u(j) =1 for some

j € [0:T—1], the minimal value that ca can take is ¢5 = 1, otherwise it is c5 = &.

Notice that (—1,1),(1,0) € S(0), but (0,3) ¢ S(0). If it was the case, then the asso-

ciated control must satisfy u(k) > 0 for any k € [0: T], and so u will be the control

constantly equal to 1. But, we have seen that in this case the minimal value that co
can take is c5 = 1. It follows then that S(0) is not a convex set.
As a matter of fact, one can check that for & > —1 we have

S(€) ={(c1,c2) ER? |1 > 1, 2 > 1}U{(01,02) ER?[c1>1, e >¢}.

Therefore, S(§) is not a convex set for any § > —1.

C2

C1

Fig. 1: Sketch of the SST of Example 1.

Example 2. The assumption on convexity over the constraints mapping (ﬁS’) may
seem rather strong at first sight. However, it appears somewhat naturally in renew-
able resource management models. Consider for instance a discrete-time version of an
example taken from [9], where each xy, represents the stock of a renewable resource at
a time period k and the control u(k) is the catch. In this model a regulatory agency has
the social objective of ensuring a minimal stock and a minimal catch. In mathematical
terms this means that for some thresholds "™ and h'"™ we must have:

—xj, < —glim and —u(k) < —plim, Vk e [0:T].



Notice that this example lies within the setting of (ﬁé’)

On the other hand, the assumption over the dynamics (I:I2) may indeed rule out
several interesting cases of study; it is not very often that dynamics in natural resource
management are linear. Fortunately, the convexity of the STT can still be preserved
if linearity is replaced with some notions of generalized convexity and monotonicity
for vector fields.

We now present a criterion, which covers several cases of interest, that allows to
ensure that the set-valued map S : RY = R™ has convex graph and images. The
underlying idea is the following. From [7], we have that S(§) = {c € R™ | we(c) < 0},
where

== i i k) 3 k7 k —Ci)y v R™.
we(c) = miy max max, (9 (b xg (k) ulk)) —ci),  Vee

Notice that we also have
er(S) = {(f,c) ERIXR™ | ce S(§)} = {(f,c) eRYx R™ | we(c) < O} (1)

Therefore, the convexity of the SST can be obtained from studying the convexity of
the function (&, ¢) — we(c). To do so in a nonlinear dynamics framework, we need to
introduce some definitions.
Definition 1. For a nonempty set K C R?, let us consider the relation < on R?
defined as follows
T =Ky — y—z € K.
e Given a nonempty conver set S C RP, we say that a vector field U : S — R is
K -convex if

T(Az+ (1 —N)y) <g AU(z) + (1 —X)T(y), Ve,y €S, Ae[0,1].
Similarly, we say that it is K-concave if
ANU(z) + (1= NU(y) =g Tz + (1 - N)y), Ve,yes, Aelo,1].
e A mapping ® : R* = R? is said to be a K-monotone vector field if
O(z) =k P(y), Vr,y € RY, such that x <k v.
e A function ¢ : R? — R is said to be a K-monotone function if
o(x) < o(y), Vz,y € R, such that x <k v.

Remark 1. K-monotonicity of functions is preserved under inf and sup operations.
Indeed, let {pa},cp e a family of K-monotone functions, and define

o_(x):= inf o(x) and " (x):= sup pa (), Vr € R%.
a€eh acA



For any x,y € R? such that x <k y, it follows that

In particular,
p-(2) S paly) and ¢s(x) <¢T(y),  Va,a €A (2)

Therefore, taking infimum over a € A and supremum over & € A in (2), we obtain

o_(z) < p_(y) and T (x) < ¢ (y), and so p_ and p* are K-monotone functions.
The monotonicity character of the dynamics is a rather common property

encountered in applications as the following examples demonstrate.

Example 3. Consider first a particular case of the renewable resource management

model mentioned in Example 2, where the dynamical system is then given by

x(k+1) = fpu(z(k)) —u(k), Vk e [0:T],

where f is the so-called Beverton-Holt population dynamics, which is given by

Fon(@) = (1 + 1)z (1+£x)_1, VIER\{—;}. (3)

The parameters r and Kk are both positive, the first one being the intrinsic growth
and the second one the carrying capacity k. It is not difficult to see that fgpy is
strictly increasing and concave on (—%,4-00). In particular, since fpy(0) =147, the
Beverton-Holt population dynamics can be re-defined on (—o0,0) in the way described
below, so that it is strictly increasing and concave on R:

x ) feu(z) ifxr>0
foi(w) = {(1 +r)z ifx<0. )

Consequently, the dynamics
F(k,x,u) szH(J;) —u, Ve, u € R,

satisfies the conditions of Theorem 4 stated below for K = R,.

Remark 2. Note that the modification of the Beverton-Holt population dynamics done
in FExample 3 does not have a true impact on renewable resource management models,
because in general one is concerned with the case where the state satisfies x > 0.
Example 4. Let us consider now a single species age-classified model of fishing (see
e.g. [10, §2.6]), where the state variable x = (x1,...,2q) corresponds to the abundance
population, that is, each x; represents the number of individuals of age between j — 1
and j. The evolution of the abundance of the age structured model presented in [10,
§2.6] can be written as follows:

ok +1) = Fz(k),u(k)), Vkel[0:T],



where

d
Fi(z,u) = fem (Z ’ijjz]) and Fjii(z,u) = xjef(Mf+“Fj), Vz e R, ueR.

j=1

Here for a given age j, v; > 0 is the proportion of mature individuals, v; > is the
weight at age j, M; > 0 is the mortality rate of individuals of age j and F; > 0
is the exploitation pattern at age j. The control u represents the fishing effort. It
can be readily checked that the dynamics associated with this model complies with the
conditions of Theorem / stated below for K = Ri.

Remark 3. If K = Ri, then K-convexity, K-concavity and K-monotonicity mean
component-wise converity, concavity and monotonicity in the usual sense on R,
respectively. Note as well that in the case K = {0}, the K-monotonicity is trivial.

It is well-known that if K is a closed convex cone, <k is a reflexive and transitive
relation, which is also antisymmetric if for instance K is pointed (K contains no
lines). However, for our purposes, none of these features are required.

Let us now present the main results of this section.

Theorem 3. Assume that the standing assumptions are satisfied. Let K C R? be a
given nonempty set and assume in addition that
(A1) U C R" is a conver subset;
(A2) for any k € [0 : T] fized, F(k,-) is K-convex and F(k,-,u) is a K-monotone
vector field for any v € U fized;
(A3) for any k € [0 : T] and i € [1 : m] fized, g;(k,-) is convex on R? x U and
gi(k, -, u) is a K-monotone function for any u € U fized.

Then, gr (S) is a convex subset of RY x R™, for each & € R? the set S(€) is convex

and S(§) C S(&') whenever £ <k &.

Proof. The conclusion follows from proving, thanks to (1), that (§, ¢) — we(c) is convex
and that we (c) < we(c) for any ¢ € R™ fixed and ¢, ¢ € R such that &' < €.

Let us begin by recalling that the value function w¢ can be computed by means of
the Dynamic Programming Principle (see, e.g., [7, Proposition 3]). Indeed, define for
any n € [0:T]

Vi) = mip |, mox (ki (k) | s = F(bag,u), k€ 0T, 20 =€},

where

Ok, z,u) = iér[[ll%ﬁ]] gi(k,z,u) — ¢;.

Notice that Vi(§) = we(c) and VE(E) = mig (T, ¢, u). From [7, Proposition 3] we
ue
have

V’I(L:(g) = min max {V;L:—i-l (F(nv 57 u)) ; (I)C(na Ea u)} . (5)

ueU



Therefore, to get the conclusion, we use the Principle of Mathematical Induction
backward on the time variable n to prove the following claim: given n € [0 : T

(c,&) — VE(€) is convex and & — V(€) is a K-monotone function. (6)

Before going further, let us state two affirmations that will be helpful in the sequel:

(Af1) for any k € [0: T fixed, the mapping (¢, z,u) — ®°(k, x,u) is convex;

(Af2) for any k € [0:T], c € R™ and u € U fixed, z — ®°(k, z, ) is K-monotone.
Notice that (Afl) is a consequence of (A3), because we have that the mapping
(c,x,u) — P°(k,z,u) is the maximum of a family of the convex functions. More-
over, (Af2) is a consequence of Remark 1. Indeed, in this case we need to observe
that z — ®°(k, x,u) is the maximum of a family of K-monotone functions.

Base case: the fact that for n = T the claim (6) holds true is a rather direct
consequence of (Afl) and (Af2). Indeed, we can deduce first that (¢,§) — Vi5(§)
is convex, since it is the marginal function of a convex function, and second that
& — VF(€) is K-monotone, because it is the infimum of a family of K-monotone
functions; see Remark 1.

Induction step: given n € [0 : T'— 1], assume that the mapping (¢, &) — V,7, (&)
is convex and & — V,¢, (&) is a K-monotone function. We divide this part of the proof
into two steps.

1. We first prove that (¢, &) — V,¢(€) is convex. Notice that, thanks to (5) and (Af1),
we just need to prove

(¢,&u) = Vi (F(n,&u)) is convex. (7)

Indeed, this will imply that (¢, &, u) — { w1 (F(n, & u)), ®¢(n, &, u)} is convex,

and so is (¢, &) — V,¢(§) since it is the marginal of a convex function. The fact

that (7) holds true follows from the fact that (§,u) — F(n,&, u) is K-convex and

from the induction hypothesis: Observe that for any ¢ € R™, =,y € R?, u,v € U

and X € [0, 1] we have that

Ve (F(n Az + (1= Ny, du+ (1= o) < Vey AF(ma,0) + (1— NF(n,y,0))
Evaluating at ¢ = Aa + (1 — A)b for a,b € R™ and using the convexity of the
mapping (¢, §) = V71 (), we get (7).

2. Let us prove now that & — V¢(¢) is a K-monotone function. Notice first that
£ Vi (F(n, & u)) is a K-monotone function. Indeed, since § — F(n,&, u) is
a K-monotone vector field, by the induction hypothesis we get:

€I jK € = F(n,f',u) jK F(n7€7u) = T[Lz+l (F(’I’L, 5/7u)) < 7f+1 (F(n,f,u)) .
From Remark 1 and (Af2) we get that & — {V,¢; (F(n,&,u)),®(n,&,u)} is a
K-monotone function. Thus, by (5) and again Remark 1, the latter implies that

&€ — Ve(€) is a K-monotone function.
Therefore, the conclusion follows from the Induction Principle. O

10



Remark 4. Notice that the data in Example 1 satisfy the assumptions (A2) and (A3)
with K = {0}. Thus the convezity assumption (A1) is also essential for the validity
of Theorem 3.

Similar arguments as the ones presented above can be used to prove the following
result. Notice that in this theorem, the monotonicity behavior of the mapping & — S(§)
changes with respect to Theorem 3.

Theorem 4. Assume that the standing assumptions are satisfied. Let K C R? be a
given nonempty set and assume that
(A1) U CR" is a convex subset;
(A2) for any k € [0 : T] fized, F(k,-) is K-concave and F(k,-,u) is a K-monotone
vector field for any v € U fized;
(A3) for any k € [0 : T] and i € [1 : m] fized, g;(k,-) is convex on R x U and
—gi(k,-,u) is a K-monotone function for any u € U fized.

Then, gr (S) is a convex subset of R x R™, for each & € R? the set S(&) is convex

and S(§') C S(&) whenever £ <k &.

Proof. The idea in this case is to prove as well that ¢ — we(c) is convex, but now that
we(e) < wer(c) for any ¢ € R™ fixed and ¢, € € R? such that & < €.

The proof is essentially the same as for Theorem 3, however noticing that in this
case for any given u € U and ¢ € R™, the function £ — —®°(k, £, u) is K-monotone,
which implies that the function & — —V£(€) is K-monotone for any given ¢ € R™.

Therefore, the Induction Hypothesis in this case says that for n € [0 : T — 1] the
mapping (¢, &) — V£ 1(§) is convex and & — V7, () is a K-monotone function.
The conclusion then is obtained arguing as in the proof of Theorem 3.

O

3 Sensitivity analysis of the SST

In this part we focus on the sensitivity analysis of the SST, by studying several notions
of continuity for the set-valued map S : R* = R™.

3.1 Lower semicontinuity

Recall that a set-valued map ¥ : R = R™ is said to be lower semicontinuous at
r € R? if and only if for every y € F(z) and for every sequence {z,, }, converging to ,
there exists a sequence {y,}, converging to y such that y,, € F(x,), for any n € N.
Theorem 5. Assume that (H2) holds and suppose that g(k,-,u) is continuous on R?
for anyu € U and k € [0 : T] fized. Then, S: R? = R™ is lower semicontinuous.

Proof. Let ¢ € S(§) and u € U the corresponding control given by the definition of the
SST. Take a sequence {&,}, such that &, — &. Notice first that for every k € [0 : T
fixed, we have x§ (k) — x¢(k); this is a straightforward consequence of (H2). Also,
by assumption, since each mapping g(k, -, u(k)) is continuous at x = X‘g(k;)7 we have
that

kgﬁg%]] Ji (k,xgn (k),u(k)) — kgﬁg%]] gi (k,xf (k),u(k)) , Vi e [1:m].
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Define now

Cni=C; — kgﬁg};ﬂ Ji (k, x?(k)7 u(k)) + kgﬁg;);]] gi (k, x‘gn (k), u(k))

Clearly, ¢, ; — ¢; for any i € [1 : m] and also since ¢; > knﬁgz}ﬂ gi(k,x¢ (k),u(k)), we
€[0:

have that (cn,1,---,¢n,m) € S(§,), which completes the proof. O

Another concept that may be worth studying is the continuity of the mapping
€+ S(€). Recall that a set valued-map ¥ : R? = R™ is said to be continuous at z if
it is lower semicontinuous at x and upper semicontinuous at x in the sense that for
every neighborhood V' of ¥(x), there exists nn > 0 such that:

U(z") CV, V' € RY such that ||z — /|| < 7.

Upper semicontinuity for set-valued maps is a notion that does not fit well with
non-compact valued maps, as can be inferred from [11, Theorem 1.1.2]. Notice that
the SST is by definition unbounded because

S(€) + R} C S(¢), Ve e RY

This suggests that upper semicontinuity is not a property commonly satisfied by the
SST, even for very simple cases. Indeed, it is not difficult to see that in Example 1,
the mapping & — S(&) is not upper semicontinuous at £ = 0.

Therefore, in general the mapping & — S(£) will not be continuous. However,
contrarily to the single-valued case, continuity of a set-valued map is not mandatory for
that mapping to be Lipschitz continuous. Recall that a set valued-map ¥ : R® = R™
is said to be Lipschitz continuous if there is a constant kg > 0 such that

sup dist(y, ¥(2)) < kyllz — Z, vz, € RY,
ye¥(z)

where dist(z, S) := ing |Is — z|| is the so-called distance function to a set S.
s€

Remark 5. A set-valued map can be Lipschitz continuous without being upper semi-
continuous. For example, one might consider the set-valued map ¥ : R = R, such
that ¥(x) = {y € R? | y = f(z) +v,v € Ri}, where the mapping f : R — RY is
Lipschitz continuous on RY.

3.2 Lipschitz continuity

As can be inferred from the discussion above, Lipschitz continuity of the mapping
& — S(§) can be examined despite the fact that this mapping is not continuous in
general. Indeed, it is possible to demonstrate that the SST depends in a Lipschitz way
on the initial position variable, provided the data of the problem is regular enough.
Theorem 6. Suppose that there exist kp, kg > 0 such that F(k,-,u) and g(k,-, u)
are Lipschitz continuous on R? of modulus kr and k,, respectively, for any u € U
and k € [0 : T| fived. Then, & — S(&) is Lipschitz continuous on RY.

12



Proof. Let kg :=\/m kymax {1,x5}. We are going to prove that

sup dist (¢,S (€)) < rsll¢ — €], VEEeR
ees(§)

Let &, ¢ € R? be given and take any ¢ € S(¢) (fixed but arbitrary). Let u € U be a
control such that
g (k,x¢(k),u(k)) <c, Vk e [0:T].
Let ¢ € R™ be given by

Ci=¢ + krerig:)%]] (gi (k,xg‘f(k),u(k)) — g (kz,xg(k),u(k)))Jr , Yie[l:m]

where a™ stands for the positive part of a € R.
It follows by construction that ¢ € S (f) and in particular

dist (¢,S(§)) =inf {lc—¢| |e€S(&)} < [c—q.
Let us prove first that -
e —ell < rsll§ — €] (8)
Notice that if

g (k,xg(k;),u(k)) < gi (k,x¥(k),u(k)),  Vke[0:T], ie[l:m],

then ¢ = & and therefore (8) holds. So, let us assume that there is k € [0 : T] and
i € [1:m] such that

gi (kox2 (), u(®)) > g (kx2(0),u®))
In particular, for some k € [0 : T
& —cil = & — i = g; (k. x2(k) u(k) ) = gi (k. x2(K), u(k) -
Notice that ~ ~
l9(0,€,1(0)) — 9(0, &, (O] < Ayl ~ €.

Fix now j € [0 : T — 1]. Then, we have that

lg0i + LXEG + D, ul+ 1) — g + Lx2G + D, u(i+ )]
< rgllx2G +1) = x2G + 1)
< kgl FG.XE (), u(i)) — F(G, x2(), u(i))]
< rgrrlXEG) — x2G)]

13



It is not difficult then to get by the Induction Principle that for any j € [0 : T
g, x€ () u(5)) = g0 x¢ (), u())| < rgrfell€ —E]I-

Consequently,
e — cil < kgripllE — €]
Therefore,
le —ell < Vm rgr|I€ = €.
Thus, since x5 < max {1, H%}, we get that inequality (8) holds.
Recall now that dist (c,S (£)) < [|c — €| because & € S (€). Then, from (8) we get

dist (¢, S (€)) < wsl€ —€]l. 9)

Finally, observe that ¢ in (9) could be any threshold in S(¢) and the righthand side in
(9) does not depend on ¢. From this remark, we can conclude that

dist (¢, (€)) < mallé —&l, Ve eS(©). (10)

Therefore, taking supremum over ¢ € S(§) in (10), we get the desired conclusion. [

Remark 6. If in the preceding result we assume that the standing assumptions are
satisfied and if we change Lipschitz continuity with local Lipschitz continuity, the result
holds as well, with § — S(&) being now locally Lipschitz continuous. This is due to the
fact that the set of admisible trajectories is locally bounded with respect to the initial
position; recall that the dynamics is continuous and the control space is compact.

4 The attainable thresholds

As we have discussed in the previous section, upper semicontinuity of the SST is
unlikely to hold, even in very simple cases as in Example 1. This is mainly due to
the fact that the SST is by definition unbounded. Now, this unboundedness is not
necessarily due to the data of the problem, but to the structure of the inequalities,
because we have that if ¢ € S(§), then ¢ +v € S(§) for any v € R''. This hints that
some useful information can also be obtained from the thresholds that can be achieved
by some control.

Accordingly, let us define the Set of Sustainable and Attainable Thresholds (SSAT
for short) as all the possible thresholds in the SST that can be realized by some control:

SA(€) = {c €S(€) | Fuel, Vi e [1:m] such that kgﬁg?%]] i (k. xg(k),u(k)) = cl} .

It is not difficult to see that

S(¢) =s%(¢) + R},  VEeR%

14



4.1 Lower semicontinuity and Lipschitz continuity

Similar arguments as the ones used to prove Theorem 5 and Theorem 6 can be devel-
oped for proving continuity properties of the SSAT. Here we provide the statement
and the sketch of the proofs. Notice that the assumptions of Theorem 5 and Theorem 6
agree with the assumptions in the first and second items of Theorem 7, respectively.
Theorem 7. The following statements are true:
1. Suppose that (H2) holds and that g(k,-,u) is continuous on R for any u € U
and k € [0: T] fivzed. Then, S* : R = R™ is lower semicontinuous.
2. Suppose that there exist kp, kg > 0 such that F(k,-,u) and g(k, -, u) are Lipschitz
continuous on R of modulus kr and kg, respectively, for any u € U fized and
k € [0:T] fived. Then, & — SA(€) is Lipschitz continuous on RY.

Proof.
1. Take ¢ € S*(&). Then, there is u € U such that ¢; = krrﬁg};ﬂ gi(k,xg (k),u(k)). As
c€|0:

done in Theorem 5, for any sequence {&, }, such that &, — &, we have that

Cni = kgﬁg:}%]] gi (k,x¢ (k),u(k)) — kgﬁg};]] gi (k,x¢(k),u(k)), Viel[l:m].

By setting ¢, = (¢p.1,- - -, Cn,m), We get that ¢, — c and by definition ¢,, € SA(&n).
This completes the proof of this item.

2. Take £, & € R? be given and any ¢ € SA(€) (fixed but otherwise arbitrary). As in
Theorem 6, to conclude, we need to prove that there is kga > 0 (independent of

¢, & and ) such that B
dist (¢S (€)) < won € — €], (1)
Let u € U be such that ¢; = max _g;(k,x¢ (k),u(k)) and set ¢ € R™ as
ke[0:T]

G =, max. gi (k‘,Xg(k),u(k)) :

Notice that

G — il < , u — g u )
e — il < mas i (. x¢(8), u(k) g0 (k¢ (), (k) |

Recall that from the proof of Theorem 6, it follows that for any j € [0: T
(i, xE (), u(d)) = 9, x¢ (1), u(G))| < kgrllE = E]I-
Consequently, proceeding as done for proving Theorem 6, we get
le =2l < vim kgrlIE €]

Thus, inequality (11) holds with kga := /m r, max{1,x%L}.
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Proposition 1 also holds for the SSAT, however now the continuity of the
constraints mapping is required.
Proposition 8. Assume that the standing assumptions are satisfied. Moreover, sup-
pose that g(k, -) is continuous on R4xU for any k € [0 : T| fived. Then, S4 : RT = R™
has closed graph with closed and nonempty images.

Proof. Consider two sequences, {£,}, C R? and {c, },, C R™, so that ¢, € SA(&,) for

any n € N, with £, — £ and ¢, — c¢. By definition, we know that there is sequence of

controls {u, }, such that knﬁgué]] 9i(k,xg" (k), un(k)) = cn,; for any i € [0: m]. As in
€[o: "

the proof Proposition 1, we may assume by compactness that there is u € U such that
u,, — uwith x¢" (k) — x¢ (k) for any & € [0 : T]. Since the set [0 : 77 is finite, we can

Un

assume that ¢, = g(k, X (k), u,(k)) for some k € [0 : T] (passing into a subsequence

if necessary). Now, since g(l%, -) is continuous on R% x U, we get
cn = gk, x¢ (k), u, (k) = g(k, x (k), u(k)).

Therefore, ¢ = g(l%,xg(l;),u(l%)), and so, ¢; < knﬁg};ﬂ gi(k,x¢ (k),u(k)). On the other
€[0:

hand, since for any k € [0: T] and ¢ € [0 : m] fixed we have

gl(k7 Xg: (k)a un(k)) S Cn,is
. . u A
it is not difficult to see that kgﬁ[‘%]] gi(k,x¢ (k),u(k)) < ¢;. Therefore, c € S*(§). O
Remark 7. Notice that, in the proof of Proposition 8, the continuity assumption on
g(k,-) is fundamental for ensuring that c, the limit of the sequence {c,} belongs the
limit of the sequence {c,} is evactly g(k,xg(k),u) for some control u. If we assume

only lower semicontinuity on g(k,-), as in Proposition 1, we cannot reach the same
conclusion, i.e., that that ¢ can be attained by some control.

4.2 Upper semicontinuity

The question that rises now is what can we say about upper semicontinuity. To answer
this, notice that under the standing assumptions, we have that

i(€) := mi i ; b — e [1:m].
m; () gggkgﬁégﬂgz(k,Xg(k),U(k))> oo,  Vie[l:m]

Consequently, if m;(¢) = (my(£),...,my(§)) then
$4(€) € m(¢) + R

In a similar way, if any g¢; is bounded from above or lower semicontinuity in (H3) is
strengthened to continuity, then we would also have that

SA(€) c M(€) +R™,
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where (&) = (M1 (€), ..., M (£)) and

M = ik,uk‘, k)) < R Vi e |1: .
© ﬁggkgﬁﬁi’%ﬂg( x¢ (k), u(k)) < +o0 i€ l:m]

This would mean that the SSAT has compact images, which can be useful to gain
properties such as upper semicontinuity. This is actually the case as we show next.
Theorem 9. Assume that the standing assumptions are satisfied. Moreover, suppose
that g(k,-) is continuous on R x U for any k € [0 : T] fized. Then, S* : RT = R™ is
upper semicontinuous.

Proof. As pointed out above we have that
S CK() ={c €R™ [mi(§) < e <M(¢), Vi€ [0:m]},  VE€R™

On the other hand, it also follows that £ — m;(§) and & — M;(€) are lower and
upper semicontinuous, respectively. This implies that for any £ € R% and 6 > 0 fixed,
there is a compact set K C R™ such that

K(¢) CK,  V¢&eR? such that [|€ — €| <.

Therefore, since the map S# : R? = R™ has closed graph (Proposition 8), in the light
of [11, Corollary 1.1.1], we conclude that S : R = R™ is upper semicontinuous. [

5 Numerical experiments

We have discussed in the previous sections various conditions ensuring continuity
properties of the SST mapping S : £ — S(£). We now assume another point of view
and investigate numerically these properties on two renewable resource management
examples.

We first start by considering the setting of Example 3, whose dynamics is given
for any time k by

F(k,z,u) = fBH(aﬁ) —u Vr,u € R,

with fgu defined in Equation (4) being the Beverton-Holt dynamics extended to the
whole real line. We consider the same constraints mapping as in Example 2, that is,
g1(k,z,u) = —u and go(k,z,u) = —z for any x,u € R and k € [0 : m]. This corre-
sponds to the competing goals of ensuring a sufficient yield while preserving a sufficient
stock. We can remark that this example satisfies the hypotheses of Theorem 6, ensur-
ing that S is a Lipschitz set-valued mapping. We now provide numerical simulations
showcasing this fact. We have considered the parameters K = 50 and r = 1.75, and
controls in U = [0,25]. These numerical simulations were obtained using the algo-
rithm from [7] using an 131-points discretization for the set of attainable states and a
126-points discretization of the control space U.

Figure 2 shows that in this example, the SST appears to be Lipschitz continuous,
as predicted by Theorem 6. Indeed, we have fixed & and considered several values
&€ > ¢ in the experiments and highlighted a constant xg such that the distance of any
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with radius 1.1]€ — €|.

point in S(¢) from S (§) can be bounded by rs|¢ — £|. In the case & < ¢, we have
that S(¢) C S (£) from Theorem 4. Note that we have used in Figure 2 the constant
ks = 1.1, for both T" = 10 and 7" = 50. In comparison, Theorem 6 gives an upper
bound on kg that is equal to (1+7)7. Our computations seem to indicate that in this
case, it is possible to have a Lipschitz constant that is uniform in 7', leading to much
lower Lipschitz constant, and thus better robustness of the SST in face of errors on £.

We now turn to simulations for the dynamics with age classes described in Exam-
ple 4. We consider here only two age classes, meaning that d = 2. Therefore, the
dynamics reads as

2
Fi(k,z,u) = fBH (Z’ijjxj) , Fa(k,z,u) = zre MUy e R2 w e R.
j=1

We consider the constraints mapping ¢; (k, z,u) = —u and go(k,x,u) = —(21 + x2).
Again, this example satisfies the conditions of Theorem 6, showing that S is Lipschitz
continuous. In order to conduct the simulations, we have used the algorithm from
[7], with a 2601-points discretization of the space of attainable states and a 201-point
discretization of U. We have considered the parameters v = (0.2,0.8), v = (0.3,0.1),
M =0.2, and F = 0.6, controls in U = [0, 2], and the time horizon T = 5.

Figure 3 illustrates the Lipschitz continuity of the SST in this example. Again, we
can observe that the maximal distance between a point on S(§) and S (@ is bounded
by ks||€ — &|| for some constant kg (in Figure 3, we used kg = 2). Contrary to the first
example depicted in Figure 2, the state space is now only partially ordered. This can
lead to outcomes that are hard to predict. For instance, £ = (9,9) and & = (18,0)
cannot be ordered, have the same total population, and their SST are very similar,
while the values [|£ — £ and ||€ — ¢'|| are very different for £ = (3,3). In the case where
one needs to evaluate the SST S(£) subject to measurement errors in £, this seems to
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indicate that some types of errors will have a larger impact on the resulting SST than
others, depending on the direction of the perturbation.

Overall, we have illustrated the Lipschitz continuity properties of the SST through
two renewable resource management examples, depicted in Figure 2 and Figure 3. In
the context of population dynamics, this property is crucial as it allows to bound the
perturbation of SST by the norm of the perturbation on the initial condition, which is
difficult to measure. Theorem 6 gives conditions on the dynamics and the constraints
mapping to ensure this property, and gives a possible Lipschitz constant. Our examples
allow us to reveal intriguing phenomenon that are not captured by Theorem 6. First,
we see in the example of Figure 2 that the actual Lipschitz constant of the SST can
be much lower than the one predicted by Theorem 6. Second, the simulations for our
second example, depicted in Figure 3 indicate that the direction of the perturbation
also impacts the magnitude of the perturbation of the SST. These two phenomenon
tend to make the SST more stable to perturbations than what was predicted by
Theorem 6, indicating future research lines for the sensitivity analysis of the SST.

6 Discussion and perspectives

The focus of this paper has been on discrete-time dynamical systems. This type of
model allows to simplify the mathematical content, while covering a wide range of
application in natural resources management, as pointed out in [10]. One of the main
advantage of this setting is that it allows us to treat mathematical models with mixed
constraints without the need of introducing additional structural assumptions on the
data of the problem, such as the bounded slope condition; see for instance [12].

It is not difficult to conceive that the results we have presented in this paper could
be transposed to continuous-time dynamical systems. On the one hand, a continuous-
time version of Theorem 6 could be obtained if a Gronwall-type lemma is available for
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trajectories of the dynamical system. On the other hand, if there are just state con-
straints, rather than mixed constraints, many of the arguments we have exposed in the
preceding sections should be, mutatis mutandis, useful for proving the corresponding
continuous-time versions. For example, it is well-known that under mild assumptions
on the data, we have the compactness of trajectories theorem and the Filippov’s selec-
tion theorem (see, e.g. [11, 13]). These two properties seem at first sight to be crucial
for proving Proposition 1 and Theorem 5 in the context of continuous-time dynamical
systems.

Concerning convexity properties, it is worthy to point out that a continuous-time
version of Proposition 3 seems to be possible to obtain in the light of the results
reported in [14, 15], by using the notion of cross-nonnegativity. It is also apparent
that one needs to investigate a representation of the SST in terms of a suitable value
function, that is, whether the SST can be represented as S(§) = {c € R™ | W¢(c) < 0},
where for instance

We(c) := min ess- i (LxR(t),u(t) —c),  VeeR™,
s(©) Hgﬁefé[é?ﬂxiéﬁlﬁﬁﬂ(g( x¢ (1), u(t)) — i) ¢

with now U being the collection of measurable functions u : [0,7] — U. Notice that in
this case, ensuring the existence of an optimal control is not as straightforward as in
the discrete-time setting, specially for problems with mixed-constraints. Compactness
of Trajectories is a delicate issue in that framework; see for instance [12].

Finally, while we have provided a result ensuring the Lipschitz continuity of the
SST, our numerical simulations reveal situations where the SST is more robust to per-
turbations of the input than we could foresee. These additional sources of robustness
seem intricate, but identifying them precisely is an important matter. Indeed, the sen-
sitivity of the SST with respect to error in the input is crucial in applications where
the initial conditions is often known with imprecision.

All these issues demand further analysis, and go beyond the scope of this paper.
We plan to treat them independently and report them in another manuscript.

Acknowledgments. This work was supported by ANID Chile under grants
FONDECYT N° 1200355 (P. Gajardo) and FONDECYT N° 1231049 (C. Hermosilla).
This work was also supported by by ECOS-ANID (Grant number ECOS200064).

The results presented in this paper are the outcome of a research intership (stage
de recherche in French) done by Thomas Guilmeau in 2019 at Universidad Técnica
Federico Santa Maria, which was partially supported by the Basal Program CMM -
FB210005 (Center for Mathematical Modeling at Universidad de Chile). Since Dec.
2020, Thomas Guilmeau’s research is funded by the European Research Council
Starting Grant MAJORIS ERC-2019-STG-850925.

Competing Interests. T. Guilmeau and C. Hermosilla have no conflicts of interest
to declare that are relevant to the content of this article. P. Gajardo is on the Editorial
Board of this journal

20



References

[1]

2]

[13]

Aubin, J.-P.: Viability Theory. Systems & Control: Foundations & Applications.
Birkhéuser Boston Inc., Boston, MA (1991)

Barrios, E., Gajardo, P., Vasilieva, O.: Sustainable thresholds for cooperative
epidemiological models. Mathematical Biosciences 302, 9-18 (2018)

Martinet, V.: A characterization of sustainability with indicators. Journal of
Environmental Economics and Management 61, 183-197 (2011)

Martinet, V., Gajardo, P., De Lara, M.: Bargaining on monotonic social choice
environments. Theory and Decision 96, 209-238 (2024)

Gajardo, P., Olivares, M., Ramirez C., H.: Methods for the sustainable rebuilding
of overexploited natural resources. Environmental Modeling & Assessment 23(6),
713-727 (2018)

Doyen, L., Gajardo, P.: Sustainability standards, multicriteria maximin, and
viability. Natural Resource Modeling 33(3), 12250 (2020)

Gajardo, P., Hermosilla, C.: Pareto fronts of the set of sustainable thresholds
for constrained control systems. Applied Mathematics & Optimization 83(2),
1103-1121 (2021)

Gajardo, P., Hermosilla, C., Picarelli, A.: On the set of robust sustainable
thresholds. Natural Resource Modeling 34(4), 12334 (2021)

Clark, C.W.: Mathematical Bioeconomics: the Mathematics of Conservation, 3rd
edn. Pure and Applied Mathematics: A Wiley Series of Texts, Monographs and
Tracts, vol. 91. John Wiley & Sons, New York (2010)

De Lara, M., Doyen, L.: Sustainable Management of Natural Resources: Mathe-
matical Models and Methods. Environmental Science and Engineering. Springer,
Heidelberg (2008)

Aubin, J.-P., Cellina, A.: Differential Inclusions: Set-Valued Maps and Viabil-
ity Theory. Grundlehren der mathematischen Wissenschaften, vol. 264. Springer,
Berlin, Heidelberg (1984)

De Pinho, M.d.R., Kornienko, I.: Differential inclusion approach for mixed con-
strained problems revisited. Set-Valued and Variational Analysis 23(3), 425-441
(2015)

Vinter, R.: Optimal Control. Modern Birkhauser Classics. Birkhé&user, Boston
(2010)

21



[14] Gajardo, P., Seeger, A.: Cross-nonnegativity and monotonicity analysis of non-
linear dynamical systems. Journal of Differential Equations 300, 33-52 (2021)

[15] Gajardo, P., Seeger, A.: Monotonicity results for non-autonomous dynamical
systems: The case of a general convex cone. Proceedings of the American
Mathematical Society 151(02), 771-778 (2023)

22



	Introduction
	Mathematical background and basic properties
	Basic properties
	Closedness
	Convexity


	Sensitivity analysis of the SST
	Lower semicontinuity
	Lipschitz continuity

	The attainable thresholds
	Lower semicontinuity and Lipschitz continuity
	Upper semicontinuity

	Numerical experiments
	Discussion and perspectives
	Acknowledgments
	Competing Interests



