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CNRS, Institut Polytechnique de Paris Sorbonne Université, CNRS,
91120 Palaiseau, France 75005 Paris, France

May 31, 2023

A higher-order homogenization method for linear elastic structures is proposed. While most existing
approaches to homogenization start from the equations of equilibrium, the proposed one works at the
energy level. We start from an energy functional depending on microscopic degrees of freedom on the
one hand and on macroscopic variables on the other hand; the homogenized energy functional is derived
by relaxing the microscopic degrees of freedom and applying a formal two-scale expansion. This method
delivers the the energy functional of the homogenized model directly, including boundary terms that have
not been discussed in previous work. Our method is formulated in a generic setting which makes it applic-
able to a variety of geometries in dimension 1, 2 or 3, and without any particular assumption on material
symmetry. A generic implementation of the method using a symbolic calculation language is proposed, and
distributed as an open-source library. Simple illustrations to elastic trusses having pre-stress or graded
elastic properties are presented. The approach is presented in the context of discrete elastic structures
and the connection with previous work on the higher-order homogenization of period continua is discussed.

1. INTRODUCTION

This work addresses the growing need for effective models capturing accurately the mechanical response of archi-
tected materials produced, e.g., by additive manufacturing techniques. In these materials, finite-size effects are not
captured by standard (Cauchy) continuum models. Generalized continua theories, including higher-order (gradient)
terms or micropolar fields have been introduced to overcome this limitation. Among various strategies proposed to
obtain such models, asymptotic analysis offers a rigorous and fully predictive tool to derive exact higher-order or
micropolar contributions without resorting to ad-hoc kinematic assumptions [Boul9].

Asymptotic homogenization is a well-established technique for either discrete or continuous periodic microstruc-
tures. It aims at deriving an equivalent macroscopic set of equilibrium equations by means of a formal two-scale
expansion, see [San80; BP89; CD99; CP12] among others. The results of classical periodic homogenization are recov-
ered at leading order. Later contributions focussed on pushing the asymptotic expansion to higher-orders, with
the aim of deriving gradient contributions, either as small correctors to the leading-order prediction [GK89; Bou96;
SC00; HB08; LM18; AB21] or as a non-local leading-order model when the standard equivalent medium is degen-
erate [BS11; AS18a; AS18b; ASB19; DLSS22]. Asymptotic analysis has also been used to derive micropolar effective
theories [BC72; DG12; NCH20].

In spite of a large body of existing work, some aspects of higher-order homogenization remain elusive. Besides
the question of applicable boundary conditions which is largely overlooked in existing work, most contributions
typically start from the strong form of the equilibrium equations thus loosing the variational structure of the ini-
tial problem (some try to reconstruct the effective energy a posteriori, but systematically ignore boundary terms).
Besides, natural extensions such as pre-stress or slow spatial variations of the elastic or geometric properties of the
microstructure are rarely addressed, especially in higher-order contributions.

In this paper, we adapt our earlier work on higher-order, nonlinear asymptotic dimension reduction [LA20] to
linear homogenization of discrete elastic structures, such as elastic trusses or networks of elastic beams. Based on
formal arguments, we propose a homogenization method that is directly applicable to any given discrete microstruc-
ture (the connection with the homogenization of periodic continua is discussed in Section 7). We carry out homoge-
nization at the energy level, thereby following the pioneering work of [LM18]. As a benefit, important simplifications
are made during the homogenization procedure, allowing the higher-order homogenized model to be obtained in
compact form via a formal, systematic expansion. In addition, our method is versatile and allows for natural exten-
sions such as the case of pre-stressed structures. We also keep track of boundary terms that have been ignored
in previous work. Lastly, our method is implemented in a symbolic calculation language and distributed as an
open-source library named shoal, for Second-order HOmogenization Automated in a Library [sho23].

Our method starts from an energy formulation derived by applying a continuum approximation to a linear dis-
crete microstructure. This preliminary continualization step is not at the core of this paper, and is briefly illustrated
based on an example. We apply to this continualized energy a two-scale expansion, assuming slow variations for
macroscopic quantities such as strains and lattice properties, and rapid variations for the degrees of freedom at
the microstructural scale. Our method aims at condensing out these rapidly varying fields, by solving an energy
stationarity problem order by order. Constraints are included from the onset in the energy formulation, which helps
making the derivation compact. The procedure involves solving a set of elementary linear-algebra problems, and is
implemented in a formal calculation language.
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2. INPUT TO THE HOMOGENIZATION PROCEDURE

In this section, we present the elastic model serving as the starting point of the homogenization procedure. It is
formulated in a continuous domain Q C R? of the d-dimensional Euclidean space. The elastic model is specified
in an abstract and generic form, making the homogenization procedure applicable to a broad range of situations
including both periodic continua and discrete structures—such as one-dimensional (beam-like), two-dimensional
(plate-like) and three-dimensional (bulk) elastic trusses. It is also versatile enough to handle structures possessing
slowly modulated properties or pre-stress, as illustrated in Section 4.1 and 4.2, respectively.

The task of casting a given problem into the generic form proposed in this section is not particularly difficult but
has to be carried out on a case-by-case basis: this aspect is barely touched upon in Section 4 and will be illustrated
in follow-up papers. When the structure under study is a discrete elastic truss, this preliminary step involves a so-
called continualization assumption that turns the original discrete energy into the continuous energy functional
used as a starting point in this paper, see Equation (4) and the discussion in Section 4.1.

We limit attention to /inear homogenization problems. The extension to nonlinear homogenization can be done
by adapting our previous work on nonlinear dimension reduction [LA20; AL21].

2.1. Energy formulation of the input model

We proceed to specify the continuous elastic model used as an input to the homogenization procedure. The presen-
tation is intentionally abstract: illustrations will be provided in Section 4.

/
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Figure 1. A homogenization problem formulated in a domain Q C R?, here with d =2. In this stylized representation of a beam
lattice, the gradient of material parameters Vm includes both gradients of elastic properties (varying thickness of beams) and
geometry (mesh curvature).

The model is formulated over a continuous domain (0 C R, and we denote by X € Q the space variable, see
Figure 1. A deformed configuration of the elastic body is parameterized by three vector fields ¥ (X), I(X) and m (X)
defined over ():

e microscopic degrees of freedom y(X) € R™ which we seek to eliminate using the homogenization procedure,
e macroscopic variables which are held fixed during homogenization, namely:

o the macroscopic strain 1(X) € R™

o variable material parameters m(X) € R™".

The integers n,, n; and n,, are input parameters of the homogenization procedure. The goal of the procedure is to
slave the microscopic degrees of freedom y to the macroscopic variables I and m, thereby delivering a homogenized
model depending on I and m only. The difference between the macroscopic variables I and m is that m captures the
slowly variable properties of the elastic structure which are prescribed once for all, although 1 is considered fixed
during the homogenization procedure but is actually an unknown of the structural problem that the homogenized
energy helps solving.

The input model makes use of microscopic strain variables, which are collected into a vector E € R"2. The geo-
metric definition of the strain E is taken of the form

E=EmX);1(X),VIX),VAX),...;yX),VyX), V¥ X),...) (1)
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where the dependence on the macroscopic strain Z and of the microscopic degrees of freedom y and their gradients is
linear in the context of linear elasticity,

Em;Ll',l",.. ;y,y,y",..)=E;(m) - l1+E[{(m) :I' +E;"(m) - I"" + ... @)

+E,(m) -y+Ey(m):y +E;/(m) -y +---
Here, I€R™ I'=VIe T [ =V Tmdd yecRY y' =VyeT™D y"’ =2 T %) are dummy variables
representing the local values of Z, ¥ and their successive gradients. The homogenization procedure is implemented
in a symbolic calculation language, and the tensors E;(m) € T"#™  Ef(m) € T"&»d  E{’(m) € Temdd
Ey (m) e T Ej(m) € T (&:n.d) gnd E/(m)e T enrdd)  gre provided as input, see Table 1, in the form of sym-
bolic, tensor-valued functions of m. Our tensor notations such as T 4 for tensor spaces are given in Appendix A.

Remark 1. We work in the discrete case, i.e., assume a finite number (n, < co) of microscopic degrees of freedom.
This is typically relevant to elastic truss structures, see Section 4. The extension of the method to infinitely many
microscopic degrees of freedom (n, = ), relevant to periodic continua, is discussed in Section 7.

Remark 2. We will present the homogenization method without providing definitions of the macroscopic strain Z,
variable material parameters m and microscopic degrees of freedom y. These quantities can be anything as long as
they match the postulated forms of the strain, constraints and energy in Equations (2-5). This abstract presentation
makes the method quite versatile, and opens up the way for extensions that we will cover in future work. Specific
choices of I, m and y are proposed in the truss illustration (§4).

The input model may make use of constraints and we denote denote by n. >0 the number of applicable (scalar)
kinematic constraints. By convention, the left-hand sides of these kinematic constraints are incorporated into the
microscopic strain vector E € R, and are extracted from E using an appropriate matrix @ € T ">"®  In view of this,
the kinematic constraints are written in the form

Q-EmX);1(X),VI(X),...;5X),VyX),...) =0, VX. ®)

Section 4 provides a specific illustration on how E and @ can be set up to conform to Equation (3). The constant
tensor @ is provided as an input of the homogenization procedure, see Table 1.

In the input model, the strain energy is assumed to be of the form
®[m,lL;y] = fQ W(mX),E(mX);1(X),VIX),...;yX),VyX),...)) dX, 4)
where the strain energy density in the bulk term is given in the context of linear elasticity by
W(m,E) =5 E- % (m) -E. ®)
The elasticity tensor J (m) € T"#") is provided as a tensor-valued, symbolic function of m upon input of the

homogenization method, see Table 1. Note that the expression of W (m,E) above should be used only with vectors
E satisfying the constraint @ - E =0: when this is not the case, the energy should be considered infinite.

The square brackets around the arguments of ®[m,;y] in the left-hand side of (4) denote a functional depen-
dence: the strain energy ® depends on the functions m, I and y over the entire domain ().

The list of parameters passed as an input to the homogenization procedure is recapitulated in Table 1.

nature tensor space symmetries

d>1 [space dimension
nm =0 [number of material parameters
n;20 |number of macroscopic degrees of freedom
ny>0 [number of microscopic degrees of freedom
ng =nc | number of strain variables
Ne number of kinematic constraints

E;(m) |dependence of strain on / T (i)

E](m) | dependence of strain on VI T (ne,nd)

Ej’ (m) | dependence of strain on VI T (ne,nd,d) S34

E,(m) |dependence of strain on y T (n&:15)

E;(m) | dependence of strain on Vy T (nE:n,d)

E;/ (m) | dependence of strain on VZy T (2,19, Ssy
(@) constraint extraction, see (3) T (ne,n)

5 (m) | stiffness matrix, see (5) T (nnE) S12

Table 1. List of parameters passed as an input to the homogenization procedure. The notation used in the last two columns
is defined in Appendix A.



4 GENERIC, ENERGY-BASED APPROACH FOR ASYMPTOTIC HIGH-ORDER HOMOGENIZATION

Remark 3. This formulation of the input model is designed to be versatile. For instance, the presence of pre-strain
can be accommodated by adding a coefficient capturing the pre-strain intensity as an additional entry in the vector
I (whose definition is up to the user), and by propagating it to E by an appropriate definition of E;(m), as illustrated
in Section 4.2. Similarly, the presence of pre-stress can be accommodated by including a constant entry with value
1in I, propagating it to E, and inserting the pre-stress into the corresponding rows and column of %.

2.2. Assumption of slow variations

One of the key assumptions of homogenization is that there is a separation of scales between a microscopic length
¢ (typically the spatial period of the underlying discrete lattice or periodic continuum) and the size L of the domain,
¢ < L, as sketched in Figure 1. The goal of homogenization is to deliver an effective model applicable at the macro-
scopic scale L, by hiding the ‘details’ taking place at the microscopic scale ¢.
Mathematically, this separation of scale is captured by the small parameter
4

7]=f<< 1. (6)

The various fields f (X), such as f =m, f =l or f =y, are assumed to depend on the variable X evolving on the slow
scale L =¢/n, implying that their successive gradients scale as

VEFX) =0 (). (7

In the following, the gradient V = aiX will therefore be treated implicitly as a small quantity of order 7. This implicit
notation has the benefit of avoiding a large number of predictable occurrences of the parameter 7, as discussed in
Remark 4 below.

The scaling assumption (7) is not applicable in the layers that are present near the boundaries or near the point of
application of point-like force. The domain () therefore needs to be slightly smaller than the actual physical domain
of the elastic body, see Equation (1) in the work of [AS18b] for an accurate definition. Alternatively, boundary
layers can be solved for rigorously, and represented in the homogenized model by means of boundary terms, see for

example [DMP12], but this is beyond the scope of the present work.

Remark 4. The scaling assumption (7) can be motivated as follows. By convention, we consider the microscopic
length ¢ to be ¢ =@ (1) and the macroscopic length to be L = © (571). In our notation, any macroscopic field f such
as m, [ or y is implicitly a function of the slow variable X = n X, i.e., what we write as f (X) should be spelled out
as fFX)=F (nX), where f_ is a dimensionless function, independent of 7. The gradients can then be obtained as

ka X) = %’:(X) = nk ;XZ nX)= nk ka(n X), where ka= © (1) denotes the gradient with respect to the slow
variable: this implies the scaling assumption V*f (X) = © (%) in (7). The formal rule (7) dispenses with a notation

for the slow variable.

Remark 5. The dependence on m(X) of the strain E in (1-2) and of the energy density W in (4-5) allows one to
handle the case of structures whose elastic properties vary over the large scale L = ¢ /7, as conveyed by the variations
in thickness of the microstructure sketched in Figure 1. The definition of m(X) is entirely up to the user. For a
2D elastic truss possessing rotational symmetry, for instance, one could define m(X) = (\/Xlz + Xzz) and n,=1to
capture the dependence of the local truss properties on the distance to the center of symmetry. In the case of variable
properties without any particular symmetry, one should set m (X) =X and n,, =d. When specifying the input model,
one should ensure that any dependence of the properties of the elastic medium on the slow variable X take places
through the quantity m(X), as illustrated in Section 4. For structures having uniform properties over the large
scale, one can ignore any dependence on m and set n,, =0, see Appendix D.

3. SUMMARY OF THE MAIN RESULTS

3.1. Homogenization as a partial energy relaxation

In this paper, we identify an equivalent continuum by making stationary the functional ® in (4) over the microscopic
degrees of freedom y(X) for a fixed distribution of the macroscopic variables m (X) and I(X). The stationary point
is denoted as y*[m,1], and will be assumed to be unique—as indicated by the square brackets, the stationary point
y* is a functional of m and ; it is also a function of X which can be evaluated at a particular point as y*[m, 1] (X).

Taking into account the kinematic constraint which, in view of (2-3) can be written as @ - (E,(m (X)) -y(X) +
E;(mX)):VyX) +...+E;(m(X)) - 1(X) +E{(m(X)): VI(X) +...) =0 VX. Treating it using Lagrange multipliers
£(X) € R™, we therefore address the following variational problem: for given m and I, we seek the solution (y,
g) = (y*[m,1],8"[m,1]) of

{ Q- E,mX)) yX)+E;mX)):VyX) +...+E;mX)) - I X) +E[(m(X)):VIX)+...)=0 VX ®

Dy®[m,Ly;8y] + [ £X)- Q- (By(mX)) - 8y (X) +Ey(m(X)): V3y(X)+...) dX =0, Vdy.
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where Dy®[m,1,y; Oy] =lim,_o (®[h,y + 7 Oy] - Pc[h,y]) /7 denotes the directional derivative and Sy (X) is an
arbitrary perturbation. Equation (8); warrants that the stationary point y =y*[m, 1] satisfies the kinematic con-
straint, while Equation (8)9 warrants that it is indeed a stationary point among the y's satisfying the kinematic
constraints—as usual in the calculus of variations, this is enforced by multiplying the Lagrange multipliers by the
incremental form of the constraint.

Having slaved the microscopic degrees of freedom y =y*[m,1] to the macroscopic variables, we can then define a
homogenized energy functional ®*[m,1] by inserting the stationary point y*[m, 1] into the original ®,

O*[m,l] =P [m,l,y* [m,l]]. 9)

The main goal of this paper is to derive an explicit expression of the homogenized functional ®*.
The stationary point problem in (8) can be written formally as
y*[m,l] = stpt D[m,l,y]. (10)
y such that @-E=0 VX

Equations (9—10) are at the heart of our variational approach to homogenization. They can be motivated as follows,
by considering the broader structural problem of interest: a discrete truss, for instance, is governed by a total poten-
tial energy ¥V [m,l] + ®[m,l,y], where ®[m,1,y] is the strain energy of the truss and ¥ [m,] is the potential energy
of the applied loading (under standard scaling assumptions, the latter does not depend on the microscopic degrees of
freedom y). Recalling that the variable elastic properties m (X) are fixed by design, the full elastic problem is solved
by making the total potential energy ¥ [m,l] + ®[m,l,y] stationary with respect to both the macroscopic unknowns
1(X) and the microscopic ones y(X), subjected to the kinematic conditions @ - E =0, VX. Homogenization consists
simply in enforcing the stationarity conditions sequentially, with respect to the microscopic degrees y first and to
the macroscopic strain I next. Indeed, the stationarity condition of ¥ [m,1] + ®[m,1,y] with respect to y is nothing
but that considered in (10), given that ¥ [m, 1] does not depend on y. Next, it can be checked that the stationarity
condition with respect to Z of V[m,l] + ®[m,l,y] is equivalent to the stationarity condition of the modified functional
V[m,l] + ®*[m,l] based on the homogenized strain energy ®* introduced in (9). This argument not only provides a
justification to Equations (9—10), it also explains why the homogenized energy ®*[m,l] can be used as a substitute
for the original energy ®[m,l,y] in the analysis of the structural problem.

3.2. Homogenization results in compact form

The variational problem (8) is impossible to solve in closed form in general but thanks to the assumption of scale
separation (§2.2), we can derive the following approximation of ®*[m,1],

*(m,1] = _[Q (K[m] :léﬂﬁLA[m] ~(1®Vl) +B[m] ::—VZ§VZ

$, [k[m] (%@n) ta[m]:: (l®Vl®n)] da+0 I47P).

)dX+ )

In the boundary terms gﬁm ...da in the second line, 0() denotes the boundary of the domain, n is the unit outward
normal, and da the area (if d =3) or the length (if d =2) of a boundary element, see Figure 1. The typographical
variant of the integral sign ¢ will be used throughout for boundary integrals.

The dimension and symmetries of the homogenized tensors K, A, B, k and a are specified in Table 2. Our main
result is to derive their expression in the form of expansions in the successive gradients of m: recalling the hierarchy
Vim=0 (nk), these expansions read

K(im] = Ko(m) + Ki(m):Vm + Ko(m)::(Vm®Vm) + ...

A[m] = Ag(m) + A1(m):Vm +

B[m] = By(m) + 12)
k[m] = ki(m):Vm +

alm] = ao(m) +

Explicit expressions for the tensors K;(m), A;(m), Bo(m), k1(m) and ao(m) appearing in the right-hand sides
of (12) are given in terms of the local medium parameters m in Appendix B, see (81), and in Appendix C, see Sec-
tions C.5 and C.10. Their properties are listed in Table 3.

With these expressions, the homogenized model in (11) is fully specified up to order 52 included

tensor space symmetry
K[m]| T S12
A[m] T (ni,mu,d) _
B[m] T (ne,d,nid) S{12) (343
k(m]| Tmd Sz
a[m] T (ne,na,d,d) _
Y[m] T () -
Y'[m]| T®wmd) -

Table 2. Dimensions and symmetries of the tensors appearing in Equation (11).
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tensor space symmetry usage
Ko(m)| T S12 ®fo = [, Ko: 2L ax
Ki(m)| T S12 Oy = [, (K1:Vm) :llgldX+ -
Ky(m) | Twmmmdnnd) 1o Sy sey Pfoy= Jo K2:(Vm® Vm)) :%dX+ -
Ag(m)| TOwmd) - Dtiy= [y Ao+ U@V AX +---
Ai(m) | Tendnnd - Dy = [, (A1:Vm) = A VI) dX +- -
Bo(m)| Tmdmd Sanes  Piy=[oBo:itetdX + -
Ei(m) | T(mndinnd) S12 Dfy =4, (k1lm]:Vm) - (2lon)da+t -
ao(m) T (i nusd.d) - lbfg]:gﬁ(mao[m] 2 (A®Vien)da+---
Yo (m) T (1) - yioy=Yo(m) -1
Yi(m) [ T rnmdnd - yy=i(m):Vm) 1+
Yo(m)| TOomd - Y =Y)(m):VI+--
Go(m) T (Rent) - gl01=Go(m) -1

Table 3. Tensors delivered by the homogenization procedure, defining the homogenized model in Equations (11-12).
The expansion (11-12) is established in section 5 by solving the variational problem (8) for y order by order in 7.
The solution is found in the form
¥ [m,1(X) =Y [m](X) - 1(X) +Y'[m](X) : VLX) + O (%) (13)
where Y [m] and Y'[m] are given as expansions in the successive gradients of m,

Y[m]X) = Yo(mX))+Y1(mX)) :Vm(X) +---

Y[mlX) = Yym) +--- (14)

and the localization tensors Yy(m), Y1 (m) and Yy (;n) are derived in explicit form in terms of the variable material
parameters m in the Appendix, see (77) and (126).

3.3. Homogenization results in the form of a systematic expansion

The various contributions to ®* in (11) can be grouped order by order as follows, by inserting (12) into (11) and
using (7):

o The leading-order contribution ®{o;= O (L?7°) is given by

Bfoylm 1= [ Kom):L2Lax, as)

and characterizes an equivalent Cauchy medium through a homogenized stiffness tensor K(o(m) depending
only on the local material parameters m: this homogenized stiffness Kj(m) matches that predicted by clas-
sical homogenization.

o The first correction @)= O(L?7') is given by
iyim, 1= [, (Kuom):Vm) L2+ Agem) - 1 VD) ) ax. (16)

e The second correction ®fy;= oL 7]2) is given by

N I®l VIi® Vi
im0 = [ ((Kz(m) . (Vm®Vm)) :%+ (A1(m):Vm) - 1® V) +Bo(m)::%) X +
17)
¢ [(kl(m) :Vm) - (%@n) +ag(m):: (l®Vl®n)] da.
The homogenized energy ®*[m, 1] in (11) is nothing but the sum
O*[m,1] = i) + P17+ Py + O (L), (18)

and it is asymptotically exact up to a higher-order contribution ®{31=0O (L% %) which we do not attempt to resolve.
The justification of the homogenized energy proceeds in the opposite order to the above presentation: the homog-
enized energy is first obtained in the form of the systematic series expansion (18) in powers of 7 and the equivalent
compact form (11-12) is derived next by rearranging the terms.
The solution for y in (13—14) is derived based on the assumption that the microscopic variables y =y*[m,1] can
be expanded in powers of 7,

yX) =y01X) +y11X) +y21(X) +- -, (19)
where y;(X) =@ (nk ) denotes the contribution of order nk to y. Specifically, the microscopic solution y*=y*[m,
11 =y{0;(X) +y{17(X) + - - - is derived order by order as

¥ X) = Yo(mX)) - 1(X)

, 2
Y X) = FmX):VmX))-1X) + ¥ (m X)) : VI(X), @0
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which yields (13—14) by rearranging the terms.

Remark 6. As discussed in Section 2.2, there are implicit scaling factors nk in all our formulas. Their consistency
can be checked as follows. Take equation (20), for instance: the subscript ‘[1]’ in the left-hand side indicates that
this is a quantity of order 7; this is consistent with the fact that the right-hand side is homogeneous of degree 1 with
respect to the symbol V = © (n). When checking homogeneity, the boundary terms must be treated with special
care: in Equation (17), for instance, the integrand of the bulk integral is as quantity of order %2, in line with the
subscript ‘(2] appearing in the left-hand. The integrand of the boundary integral is however a quantity of order 7;
this apparent discrepancy is resolved by noting that the measure of the domains of the bulk and boundary integrals
are O (L% and O (L* Y =0 (Ldn) , respectively—recall that /=0 (1) and L=0O (77‘1) in our conventions—implying
that both integrals are of order © €? 772).

4, TLLUSTRATION

In this section, we provide a simple illustration of the homogenization method. An equivalent high-order beam model
is derived for a truss lattice, in the same line as a number of earlier works on periodic 1D structures, including
[HBO08; AS18b]. This is not a fundamentally new contribution, our main goal being to illustrate how the abstract
method can be applied to specific problems. Still, the example demonstrates that the homogenization can naturally
handle elastic structures possessing graded properties (§4.1) and pre-strain (§4.2), two features that are not com-
monly addressed in the literature.

4.1. A truss lattice having slowly variable elastic properties

We consider a truss lattice comprising elastic bars connected by perfect hinges, arranged in rectangular geometry
made up of square cells with side length a, see Figure 2.

Figure 2. Truss lattice example. (a) General view. (b) a specific bar.

Discrete model. Let (e1,e2) be a frame of orthonormal directors with e; aligned with the longitudinal direction of
the truss. The nodes are labelled with indices ¢, = (a,+) where « in an integer spanning the longitudinal direction,
and the symbol + tags the transverse direction. We denote by X, = (S’a =aa, i%) the (undeformed) position of node
@+, and by 8, its infinitesimal displacement.

Given a bar labelled by ¢, we assign to it an orientation and denote by ,8511) and b’f) its ordered end-nodes, by
ty,= (X/gi —Xﬁ;) its undeformed tangent and by l(/, =it ll its undeformed length. The (dimensionless) axial strain in

the bar is given by
8p—085)-t
¢=—( B lf“) ‘. @1)
14
The discrete elastic energy in the lattice is written in the form
. 1., .5
Py= Z wy(ey)  with  wy(ep) =§K(Sfﬂ) 53,. (22)

P

The lattice has graded properties, and the elastic constant K of the bars is taken to be a function of the midpoint
coordinate gz, = %(Sg; + gﬁi)' In order to keep the homogenization results as simple as possible, we make the sim-
plifying assumption that the different types of bars have identical elastic constants K: the more natural assumption
that all bars have identical cross-sections (and thus that their elastic constants K is proportional to the length /,)
could be addressed by making K a function of not only Si, but also of the type of the bar ¢, which does not raise any
particular difficulty.

Continualization, scaling assumptions Our continuous model is one-dimensional (d =1) and involves macro-
scopic fields that are functions of the longitudinal coordinate S. As part of a continualization step, the nodal displace-
ment §,, is sought in terms of continuous fields in the longitudinal direction as

8= (UB) FFV S0 +YE S0 ) e1+ (VS0 + Y5 (S)) es, 23)

where U(S) and V(S) denote the macroscopic longitudinal and transverse displacement of the equivalent rod,
respectively, and Y;* (S) are the components of the microscopic displacement for either row of nodes (+). The special
case Yi* =Y5" =0 corresponds to the (non-asymptotically correct) assumption of an unshearable model having rigid
cross-sections—note that the term Fa V' /2 represents the rigid rotation of the cross-section imposed by the center-
line— but we do not impose Yi* and Y3* to be zero.
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We impose the kinematic constraint
(¥*(8)=0, VS Vie(1,2}, (24)

where (-) denotes the average over the top and bottom rows, ((Y;*) = —(Y +Y;")). This warrants that ( U®s),
V(S)) capture the average nodal displacement at coordinate S: 1ndeed by combining (23-24), we have {0,,) =
U(S,) e1+V (S,) es: the equivalent rod passes through the midpoints of the nodes «..

We define the macroscopic length to be a /7, with 7 a small dimensionless parameter; see (6). A standard scaling
analysis yields the macroscopic stretching strain as e~ U’ ) , the macroscopic rotation as ¢ S)~V'(S) , the relative
rotation between successive transverse links as a 0’ (S), and thus the differential stretching strain of bars located
on the inner and outer sides (curvature effect) as e ~a 0’ (S). Natural scales are found by balancing the two sources
of stretching strain e, yielding e ~ U’ ~a 8’ ~aV'’, which suggests introducing dimensionless quantities in the form

X a S = a S . S
U(S)—;u(m], V(S)—Fv[m], Y= (S) = ay;[ T ] (25)

where u, v and y;* are dimensionless unknowns and S =% is a slow variable, i.e., the arclength scaled by the

macroscopic length a /7.
In addition, we assume that the variations of elastic properties take place on the macroscopic scale, i.e.,

. S
K(S)=k|—]1. (26)
& =45
In what follows, we eliminate the original quantities in favor of the dimensionless ones, u(S), v(S), y(S) and k(S)
everywhere. By contrast with the rest of the paper, we keep explicit track of the small coefficient 7 in the present
section.

Setting up the input of the homogenization procedure In the classical theory for linear, planar beams, the
two relevant strain measures are the stretching strain e(S) :==u’(S) and the bending strain ¢(S) :=v"’(S). We thus
anticipate that the homogenized energy with depend on the macroscopic strain I (n;=2) which we define as

= (e(8),¢(8)) = @' (S),v”(S)). @7

In addition, we define the vector of microscopic degrees of freedom (n,=4) as

¥(S) = (y1(5),y2(5), 7 (S), 3 (S)). (28)

These quantities I and y were chosen in such a way that the strain of a bar ¢ can be expressed in terms of 7, y and
their successive gradients at the midpoint coordinate S, see Equation (30) below.

In our discrete model (22), the elastic constants k(SS‘;}) depend on the midpoint coordinate Ss‘j)' This makes the
energy density W in (32) depend explicitly on S. Since W is required by design to depend on m and E only, see (5),

we pack up the coordinate S into the list of material parameters m(S),
mS)=(S), np=1. (29)

An alternative (and ultimately equivalent) approach would be to define m(S) as (&) ).

Next, we define the strain E as the concatenation of (i) the discrete strains E; = €, given in (21), in each of the
5 types i of bars that make up the lattice, see Figure 2, together with (ii) the left-hand sides of the two kinematic
constraints appearing in (24),

E=(E; -+ Es Es=(y1) Er=(y3))- (30)

We therefore have ng =7 strain variables.

Having included the left-hand sides of the kinematic constraint (24) at positions 6 and 7 in E, we can easily
express the n. =2 constraints in the form @ - E =0 expected in Equation (3), by defining the constraint extraction
matrix as @ = ( 02x5 loxg ) using block-matrix notation.

Inserting the expression (23) of the nodal displacement in the expression of E, using the scaled quantities intro-
duced in (25), and performing Taylor expansions about the midpoints of the bars, we get

E1 = y3-y3
E;

l
ll+§2+7]y1 +—(2ll +lz)+O(7) )

lLi-yi-y2+ + 7 4 7’
Ey = 471 y22 I 455 77 (lz 6 (yT'+y3' +y1 +y3 ))+ (l1 -3 (1" +y3" -1 -y3")) + O P

(31)

l ’” 3
Ey = I1- 2+77y1 +48(21 -1 +0m°)

1+ + 2 ’ s ’” 7
By = AE¥IZ y; i yz (lz+6(y1 -y3'+y1 -y3 ))+%(11 +3(17-y2" -y +53)) + 0P

Es = (y1+y7)/2
E; = (y92+y3)/2,
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which is of the form E=E (m;Ll',l"”,...;y,y",y",...) expected in Equation (2). In (31), the argument of the functions
LU,l"”,y,y',y" is implicitly assumed to be the midpoint S, of each bar. The details of the calculations can be found
in the companion Mathematica notebook.

The discrete energy (22) is finally continualized in the canonical form (4-5) as

5
IO s _k(m) 2
‘I’d~f_w W(m,E)dS  where W(m,E) == ZlE (32)
iz
The notation k£ (m1) conveys the fact that the argument m; =S to be passed to the stiffness distribution %(S) is the
first (and only) component m of m, see (29).

In (32), the discrete energy (22) has been continualized by using the formal rule ZW wy = Zil ZW o W~
Zle f_t: widT = Zil f_t:)% E?g = f_t: W dS, where i is an index running over the 5 different types of links,
¢ €1 is included in the partial sum of all links ¢ belonging to a particular family i, and w; denotes the expres-
sion of the energy w, relevant to the links ¢ belonging to a particular family i. The coefficient 1/7 appearing
in the definition of W in (32) is nothing but the lineic density of links of each type per unit dimensionless length S.

Remark 7. In the argument sketched above, the continualization is based on the formal approximation rule for a
discrete sum in terms of an integral, Zsﬂ ciWo ™ Jw i%, which has been used in a number of earlier work. A rigorous
justification of this approximation will be discussed in future work: it is correct to order 7]2 in an infinite domain, but

would need to be corrected by additional boundary terms in a finite domain.

At this point, we can identify the quantities that are required on input of the homogenization method, as specified
in Table 1: they are identified in Table 4. The integer constants appearing in the left column of Table 4 and the
constraint extraction matrix @ have been collected from the above discussion. The tensors E, ..., E]’ collect the
numerical coefficients appearing in (31) and are found by identification with Equation (2). The elastic stiffness tensor
F6 (S) is found by identifying (32) with (5).

3+ 87 3 — 84
E;(S) (827+8Z+—8’;85)®8%+828 ® 82

g-1 E® = %48 @836 8]

nmo=1 E['S) = 5;E(S) @8 e 8

Z’l - ‘23) E,S) = 8o..+8e..+8e.. .+t §lelitd
n =2 E&(S) o —81-83+ 83+ 8¢ +81-84-84+8¢

V:LEC:; E/(S) = (8e=t=tiiti, §le i titi) g 8l e 8

k(S 5
FS) = =2y, 8l ed]
Q®) =Y’ 8208,

Table 4. Input parameters used for the homogenization of the truss lattice, using the notation 8% = (0; ... 0,1 L 0i41 ... 0,) €
R” for the i-th Kronecker vector with length n. For the sake of brevity, the terms denoted by ellipses were omitted: full
expressions are available in the input file inhomogeneous-truss.nb included in the library.

Homogenization results We propose an implementation of the general homogenization method described in this
paper (§5-6), in the form of an open-source library named shoal [sho23]. The quantities listed in Table 4 are
passed to the library in symbolic form, see the input file shoal-library-v1.0/discrete_engine/illustrations/
inhomogeneous-truss.nb. The code executes without any further input from the user. It delivers the tensors listed
in Table 3, which we now proceed to interpret using (11-14) and (27-28). We note that Vm = 3% ® 311 in view
of the definition (29) of m.
The homogenization method returns ¥, = Bég&;‘ ® 87, Yy = % ®83®8f and ¥; = ;1;(% (8{-6) @ d8%®
1 ® 81. In view of (13—14), the microscopic displacement y =Yy-1+ Yy : VI+ (Y1:Vm) -1 + - -- is found with the help
of (27-28) as

- 1, nk’(S) 2
¥ = + 5p0c S) + 255 c(S) + O(*)
¥ =+ &) + OO
. 1, 7k’ (S) 9
yi = - 577¢ |S) - 25 S c(S) + O
y3 = - —e(ég) + O

The quantities %e(S) /6 of order 5° in the right-hand side represent the predictions of classical (leading-order)
homogenization. Note that the correction of order 5! includes not only a contribution proportional to the strain
gradient ¢’ but also one proportional to the gradient 2’ of elastic properties—this corresponds, respectively, to the
V1 and Vm contributions appearing in the right-hand side of (20)q.
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The homogenized energy functional is obtained by interpreting the output of the code similarly using Table 3, see
also (11-12),

I 2172 ’ 2

e[ [ () ) s Be) (e B,
The detailed expressions of the tensors Ky, K1, ... underlying the above expression of ®* can be found in the
Mathematica notebook inhomogeneous-truss.nb included in the library. The energy ®* in (33) depends on the
stretching strain e(S), on the curvature strain c(S), as well as on their gradients e¢’(S) and ¢’(S), and on the
gradients of elastic properties 2’ (S) (the dependence of e, ¢ and % on S implicit in the above integral). This result
is valid for any given slowly varying distribution of spring stiffness % (S) since a symbolic function £(S) has been
provided on input. As we consider an infinite structure, we have ignored the boundary terms in (33).

In view of the negative coefficients —1/6 and —11/24 appearing in the last term in the integral, the energy ®* can
be made arbitrarily large and negative by incorporating oscillations into the unknowns e(S) and ¢(S), having both
small amplitude and small wavelength. This holds even in the simple case where the elastic properties are uniform
(k" =0). This points to the lack of lower semi-continuity of the homogenized energy ®*, an undesirable property of
higher-order gradient models that has been documented by several authors for various elastic structures, see for
instance [LM18]. It calls for a regularization of the functional ®*, a point which we study in future work.

4.2. A truss lattice with pre-strain

In order to illustrate the ability of our method to handle pre-strain, we now include an additional tensile pre-strain
+E=2 (ZS) in the lower layer of bars, and a contractile pre-strain —@ in the upper layer of bars. For the sake of
simplicity, we focus on the case of uniform elastic properties across the length, taking % to be 1ndependent of S.

Accordingly, we change the strain definition for the two diagonal bars to Ey=E$ —M and E4= O]
where the quantities E? refer to the expressions of E' in the absence of pre-strain given in the right- hand 31des of (31)
(§4.1).

Since E is expected to be a function of I and y and their derivatives, we add a third component /3= p to the
macroscopic strain I and rewrite Eg = E0 B(S) and E4= E0 13( ) Note that the pre-strain is subtracted to the
original element strain, so that the energy in the bar labelled 2 1n Flgure 2, for instance, is given by 5 (EO p(S) )

and is minimum when E0 22) ( ),

s

To sum up, we make the following changes in the specification of the input problem:
5
m=(), np=0, m=3, l=(em=u/,km=0",p), E2=ES—@, E4=E} +@, F =%Z 87ed]. (34

The tensors E,, E; and E;’ are unchanged. The dimension of the tensors E;, E/ and E|’ is increased to reflect the

new dimension n; =3 of the macroscopic strain vector I. This change of dimension takes place simply by adding zero

‘82 + & 2%+ % ® 83 to Ej, to reflect the new I3-terms in

entries to E/ and E;’, and by including a new contribution E;=
Es and E4.
The homogenization code is run again with the modified set of input parameters, see the notebook prestrained-

truss.nb included in the library. The homogenized energy is obtained as

’2

+o [R (7 , (c—p)2) nzk( ¢ 11 2 23, p’z] 3 ]dS
= 5 |z + +— |55+ 55 - +0 —. (35)
I [2(3e 2 5 |76 2 *2r¢” N

In the leading-order term, the pre-strain sets the natural curvature of the equivalent beam as ¢o(S) = p(S), as could
be anticipated. Note that the gradient of pre-strain p’(S) contributes to the energy at order 7]2.

5. DERIVATION OF THE HOMOGENIZED MODEL

5.1. Leading order (classical homogenization)

At order 7°, the microscopic displacement (19) is given by y(X) =y[0;(X) + @ (). The gradients terms Vim, V1
and V*y are of order nk by (7) and can be ignored for £ > 1. With the gradients neglected, we denote the microscopic
strain in (2) as

E®(m,1,y) =E(m;l,0,0,...;y5,0,0,...) =E;(m) - 1+ E,(m) -y, (36)
and the bulk energy density in (5) as
WO (m,1,y) =W(m,E® (m,1,y)). 37

The order 770 approximation of the strain energy (4) can then be obtained as ®[m,l,y] = ®[o;[m,l,y;01]1 + O (Ldn),
where

@ 10)0m, Lyjo)] = [, W (m(X), LX), 310 X)) dX. (38)
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At leading order 7°, the variational problem (8) can be written as

{ Q- (Ey(m (X)) -yi0)(X) +E;(m (X)) - 1(X)) =0 VX 39)

Dy ®@101[m, 1, y10; O3] + fﬂ ((@-Ey(mX)T-g10)X)) - Sy(X)dX =0 VJy.

Its solution is denoted as (¥[01,&101) = ¥[01,&707)-

No gradient of Vy|q) is present in the expression of ®[g; in (38) nor in the integral in (39)y, implying that this
variational problem is local: at any point X, we must solve the following problem for the unknowns y{o;(X) and
gl (X),

Q -Ey(m(X)) -3{0)X) + Q@ -E;(m(X)) -1X) = 0
oW ©®

40
I m X, 10,5101 X)) + (@ By (m (XD iy X) = 0, “0

where we have used the expression of ®{) in (38). The solution (y[o;(X),&[0;(X)) at any particular point X depends
on the local values of m(X) and I(X) only. In Appendix B, the solution y{o;(X) is obtained in the form announced
earlier in (20)1,

¥io1 X) =Yo(m (X)) - 1(X), (41)

and an explicit expression for the localization tensor Yy(m) is given in (76-77).
Inserting (41) into (38), we derive in Appendix B the dominant contribution to the energy ®{o;[m,1] = ®o1[m,1,
¥{o7] that was announced in (15), namely

oy Im, 1= [ 21X -Ko(m (X)) -L(X) dX. (42)

The expression of the leading-order stiffness tensor Ky(m) is given in Equation (81) in the Appendix.

5.2. Analysis of the gradient effect
We now proceed to solve the next orders in the microscopic displacement, see (19) and (41),
yX) =Yo(m (X)) -1X) +y11(X) +yp21(X) + -+ (43)
Inserting this into (4), we derive a Taylor expansion of the energy as
D =D{p;[m, 1] + P1)[m, 1] + Pg;[m, 1, y(1]] (44)

where ®[;) denotes the term of order 7%, and the star is used to mark energy contributions that do not depend on
the yet-unknown corrector y;1j. The dominant term ®7p; is the functional found earlier in (42), while the next-order
terms ®[1] and ®(9; are obtained in Equations (102) and (106) in Appendix C as

Oty [m, 1] IQ(.J@(m):hgah):Vh(X)dX

I m+(9§(l)(m)~h) ~ (VR ®y1))
Q

+ Wy (m) .y ?ym

(BOm): (hoh))::
(45)

Doy[m,1,y111]

+[, (€O m): (h@h)) -V + (€D (m)-h): Vyp) dX,

Closed-form expressions for the operators appearing in the right-hand side are derived in Appendix C. In the right-
hand sides above, we have introduced the vector h = (I,m, (1)) obtained by concatenating the macroscopic variables
I and m, and adding a trailing entry 1, see Section C.1: this notation trick simplifies the calculations significantly.

It is remarkable that ®{;;[m,] does not depend on the corrector y;17, even though both are of order 7). As aresult,
the first correction @1 depends on the macroscopic variables (m,1) only, as conveyed by the star notation which
we reserve for the output of the homogenization procedure.

For a similar reason explained in the Appendix, ®9;[m,1,y1]] does not depend on y[2) even though both are
of order 7% It does depend on the unknown correction y(1j, however. The gradient term Viy[1] appearing in the
integrand of ®[9) in (45); can be removed by integrating by parts the €D term—the benefit is that the problem of
optimizing ® 9] with respect to the function y[1](X) then becomes a local problem. We choose to integrate the €O
by parts as well, as the result can be merged with the B (m) term. These two integration by parts are carried out
in the Appendix and the result is

Do1[m, Lypy] = O [m, L y1] + iy [m, Ly], (46)
where the boundary terms tb}[’él and integral terms tbi[tZ] are given in (111), respectively, as
DS, [m, Lyp1)] = gﬁag ((€O@m):(h®h)) - (VRon) + (€D (m) -h): (yy;®n))da 47

and

Vh®Vh
2

Py = [, (B0 0m): hoh)) + (B ) -h) < (Vh@yi) + Wiy (m) AUEII ) ax  as)

As anticipated, the gradient terms Vy[1j have all disappeared.
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Having worked out the expansion of the energy, we proceed to solve the variational problem (8) at order %:
inserting the expansion y(X) =y{o;(X) +y117(X) + - - - into the energy (44) we get a variational problem for the
corrector y[1] and a Lagrange multiplier g(1],

{@(Ey(m(X))~y[u<X>+<yl<m<X))~h<x>):Vh<X))=0 VX )

Dy®(91[m, L,y113; Sy] + IQE[I](X) -Q-E,(m(X)) - 8y(X)dX=0 (VJy).

The incremental form of the kinematic constraint appearing in (49); above is established in the Appendix in terms
of an operator gl(m), see (96), (93)1 and (95)1.

In the absence of any gradient of y[1}, see (48), the variational problem for y;1; in (49) is local. This variational
problem is solved in the Appendix, §C.8:

¢ The boundary integral tb]fél from Equation (47) yields a stationarity condition applicable on the boundary 0}
of the domain, see Equation (113) in the Appendix. This condition does not depend on y[1] and it warrants
variational consistency of the input model ®. We will analyze this condition further in future work.

e The bulk integral @i[tg] from Equation (48) yields a stationarity condition applicable in the interior (° of
the domain, that yields the corrector y{1;(X) and Lagrange multiplier g{17(X). The solution is of the form
announced in (20)g,

¥ X)) =XmX)):VmX)) - 1(X) + Y5 (m(X)) : VI(X), (50)
where the localization tensors Y (m) and Yy (m (X)) are derived in Equation (126) in the Appendix.

Inserting this solution into (46—48) yields the functional ®{yj[m,1] = lbi[tg] [m,l,y[1] + 1131[’5] [m,1,y1;] that has
been announced in (17).

6. NUMERICAL IMPLEMENTATION: THE SHOAL LIBRARY

We have implemented the method in the symbolic calculation language Wolfram Mathematica [21], and we distribute
it as an open-source library named shoal (for Second-order HOmogenization Automated using a Library). The
library can be obtained with the command git clone https://git.renater.fr/anonscm/git/shoal/shoal.git,
and is also stored in the permanent Software Heritage Archive [sho23].

The data listed in Table 1 describing the problem at hand is passed to this library, which then returns the tensors
listed in Table 3.

The homogenization proceeds by computing the following quantities, in the following order:

o W,(m), W,,(m) using (73)s_3
o R (m), Yy(m), Go(m) using (76-78), and then Fy(m), Ko(m) and So(m) using (80), (81) and (83), see also
Table 5

. W’l, aqm qrl using (86)

o P (m) using (89), Bl(m), L (m), L2(m) using (91), yl(m), gll(m), gz(m) using (93)

e A (m) using (103), and then Ay(m) K;(m) using (105)

o« BO@m), BYm), €O m), €L (m) using (107)

o ABOm), ABD (m) using (110), and then B (m), B (m) using (112)

o R'(m), Y (m), §'(m) using (117-119), and then Y;(m), Yy (m) using (126)1 2

o RB(m), € (m) using (123) and (121), and then Ko(m), A1(m), Bo(m), k1(m), ap(m) using (126)3_7.
The implementation makes use of standard tensor algebra operations on symbolic tensors, including general trans-
positions and multiple contractions, as well as symbolic differentiation with respect to m, see (110). Note that the
vector I never appears explicitly in the implementation.

At leading order, the procedure is implemented by the equations listed in Table 5, corresponding to the first two
bullet points above. The homogenization at the two following orders makes use of the formulas referenced in the

subsequent bullet points above—the special case of uniform properties, when the parameter m is absent, is worked
out in Appendix C, see Table 7 in particular.

Wyy(m) = Ey(m)-F (m)-E,(m)
Wy(m) = Ej(m)-F (m)-Ei(m)
Rm) = (g e ()
Yo(m) = (L, Onre) - S (m)
Go(m) = (O I,) - Fo(m)
Fo(m) = Ej(m) +E,(m) -Yo(m)
Ko(m) = F( (m)-F (m)-Fo(m)
So(m) = F(m)-Fo(m) + Q" Go(m)
Table 5. Implementation of the leading-order procedure, based on the formulas referenced in the first two items in the bullet
list from Section 6.
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7. CONNECTION WITH THE HIGH-ORDER HOMOGENIZATION OF PERIODIC CONTINUA

In this section, we show that the extension of the proposed homogenization method to the case of periodic elastic
continuum gives similar results to the classical approach [SC00; Boul9; DLSS22]. Similarly to the discrete example
discussed earlier, we consider an infinite medium, so that boundary terms do not matter. We consider a periodic
microstructure: the extension to slowly varying material properties or geometry could be considered as well, and
would yield a derivation similar to the one proposed in [LM18].

X

Figure 3. Continua with a periodic microstructure.

All the quantities introduced in this section are only loosely related to those defined in the discrete setting: a
detailed connection with the discrete quantities is possible but technical. We thus carry on the homogenization
independently, following the same sequence of steps, and point out the formal similarities with the corresponding
equations of the discrete method.

7.1. Canonical form

We consider a linear elastic continuum of dimension d =2 or d =3 with a periodic microstructure of unit cell %, as
illustrated in Figure 3 for d =2. The displacement field in the composite depends on a slow coordinate X and a fast
coordinate x, with X = nx where 7 is a small parameter, see (6), as

uX,x)=UX) +y(X,x) (61
where y(X,x) € R? denotes a rapidly fluctuating field, 2-periodic with respect to its second argument and subject
to a zero-average constraint over one unit-cell,

@&, =[, yX,x) dx=0, VX. (52)
This constraint ensures that U (X) captures the average displacement, (u(X,-)) =U (X). We define the macroscopic
strain I as the symmetrized gradient of U (X)
I(X)=VsUeT@D,
where the symbol V* denotes the symmetrized gradient with respect to the slow coordinate X. The microscopic
strain is the list E= (¢ (X,%) ((X,))) with e€ T@d,
eX,x) =1(X) + Viy(X,x) + Py (X, %),

where 0° denotes the symmetrized gradient with respect to the fast coordinate x. This definition is formally similar
to (2): we can identify E;-1~ (1X) 0), Ey-y ~ (yX,x) 0) and E,»- Vy ~ (V’y(X,x) 0) and cast the constraint (52) in a
form similar to (3): @ -E(X,x) ={(y(X,-))=0 VX, with @ = (0 1).

The energy is postulated in the form

= jﬂ WX)dX where W(X) =ﬁf& e(X,x):C(x):e(X,x) dx, (53)

and where e(X,x) = (1,0)-E(X,x). In (53), C(x) € T @449 j5 a 9-periodic elasticity tensor (slowly varying proper-
ties could be considered here by including an additional dependency on X, i.e., by considering C(X,x), see [LM18]).
Note that no boundary integral is present in the above expression of ®. Boundary integrals do emerge, however,
when one attempts to justify rigorously the hierarchy in the integrations postulated in (53)—over x first and over X
next—, starting from the elastic energy of a periodic continuum in the limit of scale separation 7 — 0. In addition,
boundary terms make it possible to account for the incomplete unit cells located at the boundary of the structure.
The analysis of these boundary terms is however beyond the scope of this paper.

7.2. Leading order homogenization

At leading order, we neglect slow gradients by setting VSy(X,x) =0, the energy writes in the form (38) with

WO (1, y) =ﬁh (I+y®)) :C(x) : (I + Py (x)) dw.
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For a given symmetric strain tensor I € ’]I‘(d’d), we seek the stationary point y (x) =y[o; (x) subject to the constraint
(y) =0. This writes, using Lagrange multiplier g = g1o1,

@ =0
{ I% I+ %(x)) :C(x) : 058y (x)dx +g-(Sy) =0 VJy (54)

where dy(x) is a test function. This problem is similar to (40).
Replacing by a constant dy shows that g =0. Integration by parts provides the strong form of equilibrium.

divy 0@ (1,y,) =0 on %, (55)
@ =0

where we have defined the microscopic stress
o O y,x)=C(x): (I+Fy(x)).

Note that 0© is automatically periodic in &, which warrants the equilibrium at the boundary of a cell 2.
We denote the solution of (55) as y =y{o;(!,x) and build catalog such that yfo;(I,x) =Yy (x) :I. We further define
the strain in homogeneous solution as e[o) =Fy(I,x) where

Fol,x) =1+ Yo (x) :1)),

as well as the stress So(l,x) = 0@ (L, y01,x%) =C(x) :Fo(l,x).
The principle of virtual work at dominant order (55) then takes the form

f% So(l,x) :0%0y(x)dx=0 VJy. (56)

We eventually obtain the leading order energy of the form (15), (42) as
¥ n X 1
®foy (1] = [ Wioyd(X))dX  where Wiy (D) = 51971 [, Fo2):C(x) : Fo(lx) dx. 7

The expression (57) is formally identical to the leading order energy (35) in [DLSS22], which has been derived based
on the approach of [SC00]. This is akin to standard periodic homogenization (see also (22) in [LM18]).

7.3. Gradient correction

We further expand the microscopic strain E order by order following (95): EM = (¢® (X, %) (yy(X,))) ,
E® = ("X, pX,))) , With
eM(X,x)
e@X,x)

VE(Yo(x) :1(X)) + %11 (X, x)
Vey (X, x) + 0%yp01 (X, x).

Following (99), (100), we eliminate y[1) from the energy at order 1 using (56) and obtain
®py= [ So@X),%): V¥ (%) :L(X)) dX. 58)

In [DLSS22], odd-order tensors are considered to be zero due to centro-symmetry assumption: here we work in a
more general setting. A similar order-1 energy contribution is derived in [LM18], see their equation (36), with an
additional contribution coming from the macroscopic gradient of elastic properties.

The energy at order 2 further writes, see (99),

D = [y [y (560 ®0) 116D Xx) + 80U X, 2) 16 (X, ) ) dw dX. (59)
Using relation (56), we can eliminate y[2; from the second term
j% So(l(X),x) @ (X,x) dx = j% So(l(X),x) : Viyp1) (X, x) dx.
Next, we identify the terms (108) and (109) that require an integration by parts
[, (P X) @h(X))) - VZR(X) dX =0,
[L DR V(X0 AX = [ [ So@X),2): Ty (X, ) dw X,
After integration by parts, the energy (59) writes
P2y = IQ %IM (%e(l) (X,%):C(x) : 6D (X, x) -divxSo (1 (X),x) -311] (X, %) )dde 0
+6 0 (1), S0 X, 2) 311y (X% dx ) -mda,

where n is the unit normal to the domain boundary. In (60), we use the notation divy for the divergence with respect
to the slow coordinate X. The domain being infinite, we can ignore the boundary term and the associated stationarity
condition on the boundary.
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The corrector y =y;17(V1,x) is eventually found as a solution to the local variational problem, similar to (49),

@ =0
{ f% (0. 958y —divxSo (1, x) - 8y) dx +g111-(0y)=0 VJy,

where we have identified the first order correction to the microscopic stress oMW (VL 1, y,x2)=C(x): VS(Yp(x):1) +
d% (x). After integrating by parts, we obtain

div, oV (1,y,%) —g 1] =—divx So (I, x) on %, ©61)
@»=0

In (61), we use the notation divy for the divergence with respect to the microscopic (fast) coordinate x. The micro-
scopic stress o is automatically periodic in &, which warrants the equilibrium at the boundary of a cell 2. This
microscopic problem (61) is similar to equation (16) in [DLSS22].
The correction y{1;(VI,x) to the microscopic degrees of freedom writes, following (50), y{1;(VI,x) = Yy (x) - VL.
We can thus write the first order correction to strain as 1) =F1 (I, VI,x) where

Fi(1,Vl,x) =Vs(Yy(x) :1) +5(Y0 (x) - VI).

Inserting into (60) allows us to identify the second order contribution to the homogenized energy in the form (17) as

VI VI
* .. 2
DPi[L, VI] = IQBO“ 5 dX, (62)
with
Bozz—l 5 l = _Io?lbl ” (—; Fi(l,Vl,x):C(x):Fi1(1,Vl,x) -divxSo(l,x) - (Yg (x) - Vl)) dx. (63)

Boundary integrals have been removed in (62) due to the fact that we consider an infinite domain. This result is
similar to equation (35) in [DLSS22] and equation (50) in [LM18] (this latter work reports additional terms that
capture the effect of a gradient of elastic properties).

Note that it is possible to identify the tensors Ky, Ag and By appearing in (11-12), by factoring out I, VI and n
in equations (57), (58), (62) and (63). However, this introduces cumbersome expressions and we prefer to ignore this
step.

8. DISCUSSION AND CONCLUSION

We have proposed an asymptotically exact, second-order homogenization procedure for linear, discrete elastic struc-
tures, such as elastic trusses or networks of elastic beams. Our homogenization method works at the energy level,
see Equations (9-10), and is similar in this respect to the approach to dimension reduction developed by [Ber81;
Hod06; LA20]. It uses an abstract energy formulation as starting point, see Section 2, and as a result can equally
cover two-dimensional or three-dimensional lattices made up of beams or springs. It is designed to be generic, and
addresses the case of pre-stress or pre-strain as well as slowly modulated elastic or geometric properties—in their
work on the homogenization of periodic continua, [LM18] address the case of slowly modulated elastic properties
but assume that the geometry of the unit cell is invariant. The method can also account for kinematic constraints,
and can be readily applied to, e.g., a lattice made up of inextensible beams. Besides, the connection with existing
approaches on the homogenization of periodic continua has been pointed out in Section 7.

The homogenization procedure involves a series of linear algebra calculations that have been implemented once
for all in the form of an open-source library, named shoal and based on the symbolic calculation language Wolfram
Mathematica. This work will serve as a foundation for a series of applications which we will cover in follow-up
papers. In one particular follow-up paper, we will analyze more advanced beam lattices than those treated in the
illustration section (§4).

The uniqueness of the solutions yfy; and y{1; to the variational problems (74) and (115) has been assumed, and
it is guaranteed if %, (m) is positive definite on the affine subspace of microscopic displacements y defined by
Q- (Ey(mX))-y+e) =0, for any e. In these circumstances, yfo; and yf1; do not only make the strain energy
stationary, as we have required, but also minimum.

Classical work on homogenization postulates the displacement in the form of an expansion u (X,x) = Zi v (X,
x), where (X,x) are the slow and fast variables, respectively, and identifies a potential ®*[(vg), (v1),...] depending
separately on each one of the macroscopic averages (v;) = (v; (X)), see [LM18] for instance. As a result, the station-
arity condition for ®* takes the form of separate problems for (vg), (v1), etc. It has apparently not been appreciated
that the homogenized energy has to be a functional ®*[(vo) + 7 (v1) + 772 (vg) + - - -] of the total macroscopic dis-
placement (u) = (vg) + 7 (v1) + 772 (v2) + - - -: this warrants that its value is unaffected by a re-parameterization of 5
leaving the physical displacement u# unchanged. Our approach works differently: with the notation of the continuous
case from Section 7, we postulate u (X,x) =U (X) + Zi niyl- (X,x), subject to the constraint (y;(X,-)) =0 (for any X
and any i), see (51-52), compute the strain I in terms of the (total) macroscopic displacement U = (u), and obtain a
homogenized energy ®*[1] depending on the fotal macroscopic strain I (and not on each of the various contributions
1; to the strain separately). This is simpler than the traditional approach, and ultimately equivalent.
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Among the perspectives opened up by the present work, we can mention the extension to non-linear elastic
structures (which can be addressed by adapting our previous work on non-linear dimension reduction [LA20]) and
a careful treatment of the boundary layers (which we could incorporate into the homogenized model by means of
effective boundary terms, along the lines of what has been done by [DMP12]).
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APPENDIX A. TENSOR ALGEBRA

The dimension of the Euclidean space is denoted as d. The Euclidean space is endowed with an orthonormal Carte-
sian basis (e1,...,eq). A generic point in the Euclidean space is denoted as X € R

We denote as T ®172--™%) the tensor space T 2™ = RM @ R™® ... ® R™ made of tensors R of rank p and
dimensions nixng x -+ xn,. In particular, I, € T ®*) denotes the identity matrix in dimension & and 0y x...xn, €
T (nun2....) the null tensor with dimensions 7y x - - - x np.

Tensors and vectors are denoted using bold symbols, while scalars (including tensor components) are denoted
using non-bold symbols.
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- /
Given two tensors R & T (*»72---%) and R’ € T+ we denote as
, ,
e R-R’ €T ™2 m-1n2.m) their simple contraction (whose existence requires np= n),
; /
o R:R'Tmm2-mp2ns...m) their double contraction (whose existence requires np_1=n} and n, =n5),

, ,
e R:R & Tn2- a4 1) their triple contraction, (whose existence requires np_g= ni, np_1= n5 and np=
7’
n3),
o etc.

If they exist, the contracted tensors are given by

’ ’
R-R) iy ipis..ip = Riy i,y R i1
’ ’
BBy, iyois. iy = Ry gy e Ririg. . a1 (64)

. ’ 7
R-R) iy iy = Riy iy yri Bjpiss. i1

Note the ordering of the contracted indices j, k&, [, etc. in the right-hand sides—in particular, the double contraction
of two rank-2 tensors A and B is given in our notation by A :B =tr (A -BT). Here and elsewhere in the paper, we use
Einstein summation whereby any index that is repeated on one side of the equal sign is implicitly summed.

The action of a matrix R on a vector v is viewed as a special case of the contraction of a tensor of rank 2 with a
tensor of rank 1, and is denoted as R -v, with a dot.

The outer product of two tensors T and T” is denoted as T ® T”. In particular, the outer product of two vectors is
denoted as v ® v’. Vector transposition is not a meaningful operation in our notation.

Given a tensor R € T (*"2---™) and a permutation (o1,..., op) of the levels (1,...,p) of the tensor, we denote as
RT71- the generalized transpose of R, such that the level i in the original tensor becomes level o; in the transpose:

(RTM..,ap)ilwip =R (65)

iy lop
For a tensor of rank p =4 and the permutation (o1, 09, 03, 04) = (1, 3,4,2), for instance, we have (RT”“)ijkl =Rpy.

Transposing will allow us to reorder the indices of a tensor in any desired order. Suppose for instance that we
wish to rewrite an expression R;zj; as the component R/jy; of another tensor whose indices must appear in alpha-
betical order: R’ is clearly a transpose of R, and the permutation is found by noting that the levels (1,2,3,4) in the
original tensor R, corresponding to the indices (i,%,, j), become respectively the levels (1,3,4,2) = (o1, 092, 03, 04)
in R’. This yields

Ripyi= (RT2) . (66)

Index reordering using transposition will be routinely used in combination with contractions to remove indices in
tensor algebra, as in Rz R =RT» .. R’

The transpose RT of a matrix R € T ™" is a particular case of the generalized transpose, RT = RT%,

The symmetrization of a tensor R with respect to a pair of indices (i, j) is denoted as RS4. For a tensor R of rank
p =4, for instance, the symmetrization with respect to the first and third indices is given by

RS® =% (R +RT321A) , 67)

where R4 is obtained from R by permuting the first and third levels.

A tensor invariant by a permutation of its levels i and j will be said to satisfy the S;; symmetry; for instance,
RS is S13 symmetric, by construction. More generally, a tensor will be said to satisfy the Sijyery symmetry if it is
symmetric by the combined permutation of indices i <> % and j < [. For instance,

R is S(23)(45y symmetric <  Ryjpim=Rimj- (68)

The symmetrization with respect to pairs of indices works similarly,

RS@S”“’ =% (R +RT14523)- (69)

Clearly, R is S(23)(45) symmetric if and only if RS = R,
The composition of symmetrizations is represented by the symbol o. In Equation (91), for instance, it stands for

RSzeSusien = (RSus)(ev))st. (70)

Given a tensor R(q) € T ") tgking an argument ¢ € R™, we denote as % € Tone - mnd) g oradient,
(E) _ R,
dg i1 0 dg; -
By a standard convention, the index j corresponding to differentiation appears last in the gradient. When the para-
meter ¢ coincides with the spatial variable X € R%, we use the nabla notation,

dR
VR—E.

The alternate notation RV has the advantage of respecting the order of indices but is also less standard.
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APPENDIX B. DETAILED ANALYSIS OF LEADING ORDER (CLASSICAL HOMOGENIZATION)
Inserting the microscopic strain E® (m,1,y) given in (36) into the expression (37) of the strain energy density
WO (h,y), we have

WO (m,ly) = W(m,E;(m) -1+Ey(m)-y) (71)

Using the expression of W in (5) and expanding, we rewrite this in block-matrix notation as

Wiy(m) W, (m)

) (72)
Wyi(m) Wyy(m)

WO (m,1,y) =%(; ) W (m) - (; ), where I (m) =

and the tensors " (m) € T +mnitm) Gy (m) € T, Gy (m) € T "™ and Wy, (m) € T ™) are given by

Wy(m) = Ef (m)-F(m)-E;(m)
Wy (m) = Ey(m)-F(m)-E(m) (73)
Wyy(m) = EL(m)- T (m)-Ey(m).
Using (72), the optimality condition (40) for y{o; and g{o; takes the form
Wyy(m X)) (Q-EymX)NT") (30X ( Wy (m (X)) ) 1X) =0 (74)
Q-Ey,(mX)) (L gi01X) Q- -E;(m(X)) ’
The solution (y{o](X),&70;(X)) is found by inverting this linear system as
¥io1(X)
=R X)) 1 X 75
[gEO](X)) (mX)) - 1(X) (75)
where .
Wyy(m) (Q-Ey(m))T )~ ( Wy (m) )
R, - yy y . y ) 76
m) [ Q Ey(m) Oncxnc ] Q-E;(m) (76)

Equation (75) matches the form of the solution y{o;(X) =Yy (m) -1 announced in (41) and the localization tensor is
identified as

Yo(m) = ( Iny Onyxnc ) - Ro(m). 77
The solution for the Lagrange multipliers is g{o}(X) =Go(m) -l where
Go(m) = ( Oy xn, In, )  Ro(m). (78)

We proceed to introduce important additional quantities that characterize the leading-order solution.
The strain E (m,1) =E© (m,l,y=Yy(m) -1) is found using (36) as

EU(m,l) =Fy(m) -1, (79)
where the strain localization tensor Fy(m) is given by
Fo(m) =E;(m) + E,(m) -Yo(m). (80)

The leading-order strain energy Wy, (m,1) = WO (m,1, y=Yy(m) -1) can then be written with the help of (72-73)
and (80) in a form that matches that announced in (42), namely W (m,1) =%l -Ky(m) -1, where the elasticity tensor
K)(m) characterizing the equivalent Cauchy-type elastic continuum at order 770 is identified as

Ko(m) =F{ (m) - % (m) -Fo(m). (81)

To complete the analysis of solutions at order 7°, we derive a useful identity that will help simplify the higher
orders in the energy expansion. Inserting the solution y{y;(X) =Y¥y(m) -1 and g{o;(X) = Go(m) -l into the station-
arity condition (74) and using (73) and identifying Fy from (80), we get

ET(m) - (% (m) -Fo(m) + QT-Go(m))-1 = 0

G -EVm, 1) = 0. 62)

The quantity (% (m) -Fo(m) + Q T.Gy(m)) -1 appearing in the first equation can be identified as the leading-order
stress, consisting of the elastic stress % (m) - Fo(m) - 1= % (m) - E'°] plus the stress 0T -Gym) -1 enforcing the
constraint. We therefore introduce the stress localization tensor as

So(m) =F (m) -Fo(m) + Q- Go(m), (83)

and rewrite Equation (82), after simplification by the arbitrary factor Z, as

EJ(m)-So(m)
Q -Fy(m)
Equation (84); is the principle of virtual work at leading order: multiplying by a virtual displacement Jy on the left-

hand side and by I on the right-hand side, and rearranging, it takes the usual form (So(m) -1) - (E,(m) - dy) =0,
where the left-hand side is the stress contracted with the virtual increment of strain.

0
0.

(84)
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APPENDIX C. DETAILED ANALYSIS OF THE GRADIENT EFFECT

tensor space symmetry usage content
L(m) T (on) - Yo =%5-h l
Llim) T (2, sl m) - Vyior= (BL-h):Vh A Vm,VI)
B (m) T ddmndnidnn oy S iusiiery Vayjo= (B -h):: (VR Vh) +--- 1®Vm,Vl)®Vm
£2(m) Tddmnddnm) oy See V2yto = (B2-h) - V2R +-- (VH,1® V?m)
F(m) T (e.n0,0mn) - EMN=(F1.h):Vh+-- 1®Vm,VI)
F(m) T e dmnd i) G ony s E2 = (1. h)::(VR®Vh) +--- 1®Vm,Vl)®Vm
92(m) T(mz,nh,d,d,nh) 334 E[Z] - (92~h) Vzh 4o (Vzl’l® Vzm)
A (m) T (2o ua) Sa4 Ppyy= [, (A: (h®h)): VhAX 1®1®Vm,le Vi)
g:)i(o) (m)
A%(O) (m) T(nh,d,nh,,d,nh,nh,) (delayed) CD[Z] — J‘Q (%(O) c(h®h)):: Vh?Vh dX+-- 1®Vm,VI) ®2
B0 (m)
BD (m)
ABD (m) | T Owdmmn - Ppg=fo (B -h) - (VRRy) dX + - 1®Vm,Vl) @y,
B (m)
€O (m) T (2uddrin ) Sos, Sas Prg= [, (€QV: (h®R)) - V?hdX +--- 1® (1® V?m, V)
€D (m) T (o) - Drg1= [, (€N h):Vy dX +--- 1®Vy;
B(m) T (hssnd, s, n) Sii2y34), Ss6 Pfzy= J, (B (hah)): Vh_? Vhax + ... (1®Vm,VI)®2
€ (m) T (e, ne) Sus5 Plyy=...+$,, (€:(h®h)) - (Vh®n)da 1® 1® Vm,Vl) ®n
Y’ (m) T (Rsnasdsnn) - yi= (Y -h):Vh (I®Vm,VI)
G’ (m) T (Renh,dmn) - gin=(9"-h):Vh I®Vm,VI)

Table 6. Summary of the tensors used internally by the homogenization procedure in Appendix C. All these tensors make
use of the compact & notation, see (85).

C.1. Packed macroscopic variables

For the analysis of the gradient effect, it is convenient to introduce the quantity & (X) obtained by concatenating the
microscopic variables I and m together with a trailing 1: in block-vector notation,

hX)=(1X) mX) (1))eER™

where np=n;+n, +1.

(85)

With the help of the matrices @' € T "%-"») g™ g T ("mmh) and the vector %! € R™ defined in block-matrix notation

by

Wl= ( Inl Onlx(nm+1) ),

on can rewrite the definition of & in (85) as
rX)=(@HTI1X)+ (@™ - mX) + WL

The converse (unpacking) operation is implemented as

IX)=7"hX),

C.2. Structure coefficients

Y= ( Onmxnl Inm Onmxl ),

mX)=%™ h(X).

= ( 0(n1+ﬂm) 1 )’

(86)

(87)

(88)

The leading-order prediction (20); for the microscopic degrees of freedom, yfy; =Y (m (X)) -1(X) can be expressed in
terms of h (X) with the help of (88) as

¥io1=B(m (X)) -h(X) where B(m)=Yo(m) V"

The successive gradients of y¥(X) in (43) can then be calculated as

y(X)
Vy(X)

Viy(X) =

FBm X)) -h(X) +y711X) +3121(X) + O (%)
(Blm (X)) -h(X)):VR(X) + Vy11(X) + O (%)
(B m (X)) -h(X)):: (VRX) ® VRX)) + (B2m X)) -h(X)) - VZRX) + O ()

(89)

(90)

where the symbol © (7]3) stands for terms of order 7]3 and higher, such as sz[l] =0 (7]2“) and Vy2; =0 (7]“2).
By design, the tensor B (m), £ (m) and £2(m) capture the successive gradients of y{o; as Vyjo1 = (BLim) -

h):Vh and V{5 = (B(m) -h) :: (VR® Vh) + ($2(m) - h) - (VZ2h). They are identified by differentiating (89)

with respect to X, which yields

T12678435
'Wm®ld) +(Sgl(m)®W1 ®Id)T12A56837

"H (Bm) e W @Iy T

T1s3:
Sgl(m) = (%'Wm®1d)
1
Blm) = [(dd%,
ng(m) = [(Sgl(m) ®Id)T12A5736]SZS°SSB

Sa308 (451167

(91)
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Table 6 lists the properties of all the tensors used in this appendix, starting with the tensors %, $!, $1! and %2
just defined.

The symmetrization operations outside the square brackets in (91)g 3 are a matter of convention. They reflect the
symmetries of the tensors with which the operators % are contracted.

The ‘content’ column in Table 6 can be explained as follows. By design, y{o; = & (m) - b can be ‘unpacked’ (i.e.,
expressed in terms of 7 and m) as y{o; = Yo(m) - I, which is a function of m contracted with I: the dependence on m
will be treated implicitly, and we express this by writing that the content of y{o)= B (m) - h is I, hence the symbol
1 appearing in the ‘content’ column for the row %. Similarly, Vy{o; = ($1(m) -h) : Vh can be unpacked as Vyjy; =
VYy(m X)) 1 X)) = %)yl mll Vmp, o+ (Y0) 1 Vg =%(m) :(I® Vm) +Yy(m) - VI this is the sum of two terms,
one being a function of m contracted with I ® Vm, the other one being a function of m contracted with VI: this
is conveyed by the content column in the table, which shows (I ® Vm, V1) for the row labelled ¥ L(m) used for
reconstructing Vyfo;= ($(m) -h):Vh.

The point of the h notation is to deal in a simple way with the multiplicity of terms appearing in the last column
of Table 1. The remainder of the appendix will make use of this higher-level & notation. On the other hand, we use
Table 1 to keep track of the actual content of the various tensors.

Now, we proceed to represent the strain in terms of A and its successive gradients. Inserting (90) into the strain
expression E in (2), identifying E!° (m, 1) using (79), and rearranging the other terms, we get

E=EPm,l) +(F' X)) kX)) :VRX) + (F1mX)) -h(X)):: (VRX) ® VR(X))

92
+(FEm X)) -h(X)) - VZh(X) +Ey(m) - (y111(X) +3121 X)) +Ey(m) : Vyr1;(X) + O (n®) ©2)

where the so-called structure coefficients are identified by

Frm) = (B{"m) - ¥'® )T + E)(m): B (m)
F'm) = E(m) - LM (m) (93)
F2m) = (BT m) - @' e W) T35 L Y (m) - £2(m)

As indicated in Table 1, B! is S(23)(45)-symmetric: this is a consequence of the fact that B! is S(45)(67)-symmetric.
The S34-symmetry of %2 can be justified by a similar argument.
Grouping the terms order by order, we can rewrite the strain in (92) as

E=E" (m,l) + EMN + EP21 L © (%), (94)
where the contributions E1'l = © () and E'? = © (5?) are given, respectively, by

E (F1(m) -h) :Vh +E,(m) -y[1
E'2 = (F(m) -h):: (VR® Vh) + (F2(m) -h) - V?h + Ej(m) : Vy(1, + Ey (m) -yp3).

(95)

Inserting (94-95) into the kinematic constraint @ - E =0, see (3), we obtain the expression of the constraint order
by order in 7 as

0 -Ei=0 fori=0,1,2,... (96)
The constraint @ - E!% (m, 1) = 0 has been enforced during the solution of the leading order, see (82)s.

C.3. Strain energy expansion in terms of corrective displacement
Inserting (94) into the energy (4), and using the quadratic expression (5) of the energy density, we obtain a Taylor
expansion of the energy as

d= fQ (%E[O] (m,1) - F (m) -EL% (m, 1) + (F (m) -E'%) (m, 1)) - (E'Y + E12]) +%E[” -F (m)-EM 4 @(nf‘)) dX.

Grouping the terms in the integrand order by order, identifying the term of order 770 as %l -Ky- 1 using (81), and the
quantity 76 (m) -EV(m, 1) =F ) -FIY(m) -1= (So(m) - QT -Go(m)) -1 by (79) and (83), we obtain the energy
expansion as

@:tbfo][m,l]+<I>[1]+CI>[2]+--- 97

where ®;1=0 (n%) are the successive terms in the expansion, the leading term is the quantity ®fo1[m,1] identified
earlier in (42) and the higher-order terms are given by

@y

[, (Som) -@T-Gom)) -1 -EW aX
(98)
P = fn (%E“] -F (m) -EM + ((So(m) - Q- Go(m)) - 1) ~E[21) dx.

The @7 terms appearing in both bulk integrals can be removed, as —(@QT-Go(m) -1) -EV =—(Go(m) - 1) - (@ -
El1) =0 by (96). This yields

iy
I

fﬂ (So(m) -1) -EM dx

1 [11 [2] O
Doy = fQ (EE -F (m) -E'M + (So(m) 1) -E )dX
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Inserting the expression of E from (95); in ®(1} and using the principle of virtual work at dominant order
in (84)1, we have

©py = [ Sotm)-1)- (FLm) -h): Vh +Ey(m) -y17) dX
[, (Sotm) -1y (F m) ) : Vh+ ([EF (m) -So(m)]-1) -y1)) dX (100)

[, Som)-1) - (F*Gm) k) : VhaX

By a similar argument, the expression of E?] in (95) can be inserted in the bulk integral appearing in ®[g], which
shows that the term (So(m) -1) - E,(m) - y[2) is zero. This yields

®py = [ Sotm)-1)-(FLm)-h): VhdX

Doy

1, gl (101)
IQ 2E P (m) -E ax.
+ (So(m) -1) - ((F(m) -h) :: (VR® Vh) + (F%(m) -h) - VZh + E}(m) : Vy[1))

C.4. Correction at order n
We can rewrite (101); in terms of the packed macroscopic variable k as

Oty = [ (Am):heh): VhX) dX, (102)
where

A (m) =[(F(m)) TS (m) - 1|55, (103)

In (102), we use the star notation ®{1; to emphasize that the right-hand side no longer depends on the unknown cor-
rector y1; and only depends on the macroscopic fields m and h, thanks to the elimination of the unknown corrector
(1] done earlier in (100).

C.5. Extraction of Ay and K;

As announced in Table 6, the content of A (m) is I®1® Vm and I ® VI, which means that the right-hand side of
Equation (102) can be unpacked using (87) as

Py = jﬂ (Ao(m) ~(1® VD) + (K1(m):Vm) :l;ﬂ) dx, (104)

where the tensors Ag(m) and K;(m) are extracted from A (m) as

A(](m) 2 [ﬂDTzwA(m) (((7/1)T® (WI)T® (W'I)Tmzsa]Tsm

105
Ki(m) = 2 [ﬂDTzwA(m) (((W’M)T@ ((_W'l)T® ((_W*l)T)Tmzsse]TAsm ( )

No other term can be present in the right-hand side of (104): a term such as Do(m) :: (I®1® V1), for instance, would
be inconsistent with the fact that the energy is homogeneous with degree 2 in I and VI, see (2) and (5).

The properties of the tensors Ag(m) and K1(m) are listed in Table 3.

The expression of the first correction ®{1; to the energy in (104) was announced in (16).

C.6. Energy correction at order >

We now turn attention to the correction ®[2) in (101),. Inserting the expression of E (1 in (95)1, we get after rear-
ranging the terms

iz = [, ((BOm): hon):: TEETE L (BOm) k)« (Vh oy + Wy (m) ZLZIN ) ax 106
+ IQ (€O (m): (h®h))-V2h+ (€D (m)-h):Vy)) dX,
where W, (m) is the tensor introduced in the analysis of the leading order, see (73)3, and
(7:)5(0)(m) = ((gl(m))ﬂm.%(m) ,gl(m))leme + 2 (gll(m))TmzaAS.SO(m) .(_7/1
%(1)(,”) — ((?l(m))T“u~%'(m) ~Ey(m))Tm3 1o
(g(O)(m) — [(gz(m))Tmzs‘;,so(m) ,W'Z]S‘lﬁ
€D (m) = (Ey(m))™2.8o(m) - 7.

As indicated by the ‘delayed’ keyword in Table 6, we do not yet enforce the natural symmetries of 57:9(0), which reflect
the symmetries of the tensor m ® h ® h with which it gets contracted: they will be enforced later on the children
of B,

Note that ®[2; no longer depends on y[2] thanks to the work done in Section C.3. It still depends on y[17(X) and

its gradient, however. We proceed to remove the dependence on the gradient Vy[17(X) by integrating by parts.
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C.7. Integration by parts
The € terms appearing in (106) can be integrated by parts as

[, €O m@X): RX) ®hX))) - VZh(X) dX =
. (€O mX): (hX) kX)) + (VAX) ®@n(X)) da (108)

+, (A%‘O)(m(x)):(h(X)®h(X)))::WdX

and
[, (V@) R X)) : Vyn (X) dX =
$, (€D m@) kX)) (40 ®n X)) da (109)
+ [, ABO M) R X)) + (VRX) ®y11 (X)) dX
where
ABm) = =2 (%:)(m) Wm)mm—‘l (6O (m)) T @ !
AR m = _(dfn(zl) o 'OT'")TMI-(ﬁ‘“(m))Tm@Gi/'l, o

Note that the operator acting on (Vh ® Vh) in the first equation above has been symmetrized with respect to an
exchange of the Vh's.
Inserting (108-109) into (106), we have

P = ggm (€O @n): (h@h)) - (VhR®n) + (€1 (m)-h): (y1;®n)) da

_Vh®Vh

(111)
(0) . .
+fn((‘% (m):(h®h)):: 5

+ (B (m) -h) < (Th 1)) + Wiy (m) :ZUZIL ) ax

where
BOm) = BOm)+ABO (m)

2 (112)
BYm) = BY@m)+ABL (m)

Equation (111) has been announced in (46-48).

C.8. Optimal corrective displacement

The integrand of ®[97 in (111) depends on y1; but not on its gradient, thanks to the integration by parts, §C.7. It
does not depend on y|2; either.

The variational problem (49) for y(1; is therefore local and we proceed to solve it. The functional ®g; is given
in (111) as the sum of a bulk integral and a boundary integral. The variational problem (49) therefore yields two sets
of local conditions:

o at any point X € 9Q on the boundary, the increment (€ (m) -h) : (8y ® n) coming from the boundary
integral should vanish for any perturbation Jy satisfying the incremental constraint @ - E, (m) - 6y =0; using
a Lagrange multiplier g, we must solve (€Y (m) -h): (05 ®n) +g- @ -E,(m) - 55 =0 for any 8y € R™.
Eliminating the virtual quantity 8%, we can rewrite this as €Vm):(noh) +(Q -E,(m)) T~§ =0. A solution
& exists if and only if the vector € (m) : (n @ h) is contained in the image of the operator (@ -E, m)T.
Inserting the expression of & in (87), we therefore obtain the stationarity condition in the form

EVm): e (THT -1+ (@™ -m+FY)) €Im(Q -E,(m))T. (113)

e at any point X € Q° in the interior of the domain (), the problem for yf1;(X) is a quadratic optimization
problem with a linear constraint. Using a Lagrange multiplier g[17(X), its solution (¥,8) = (y{1;(X),&[11X))
must satisfy

{ Q- (EymX)) -5+ (F'(mX)) -h(X)):Vh(X)) =0

oL - . . (114
Wyy(m(X)): (F®85) + (BY(m)-h) - (VR(X) ® 05) +&-Q-Ey(m(X))-85=0, (VS§ER™). )

We take note of the stationarity condition (113) on the boundary, which we will address in future work, and
proceed to solve the problem (114) in the interior. The latter can be rewritten in matrix form as

0 -E,(m(X)) 0p.xn, ghnX) Q- F(mX))

The matrix in the left-hand side above is identical to the one which appeared in the analysis of the leading order,
see (74).

The solution (y[1;(X),&{1;(X)) is obtained by inverting the matrix in the left hand side. This yields the correc-
tion y{17(X) to the microscopic degrees of freedom in form

¥ X)) = (Y mX)) -h(X)):Vh(X), (116)

( Wy (m (X)) (@Ey(m(X)))T].[yfﬂ(X) ]+[ (‘%(1)('”()()))%”].-.(Vh(X)@h(X))=0. (115)
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with the localization tensor given by

Y’ (m) = (In, Onpn.) - R’ (m) (117)
where
-1
! Wyy(m) (Q-E (m))T [ (%(1)(,”))7'2314)
R =- ¥y 'y ) . 18
o) Q Ey(m) Oncxnc ] Q . yl(m) )

Note that the matrix to be inverted here is the same as that encountered earlier at leading-order, see (76).
The Lagrange multiplier is given as a byproduct as

gi11X)=(9'mX))-h(X)):Vh(X) where &' (m)=(0nxn, In, ) R (m). (119)

C.9. Relaxed energy correction at order >

Inserting the solution y;17(X) =y{1;(X) given in (116), we can rewrite the boundary terms in (111) as

(O [h]= gﬁm (€(@m): (h®h)) - (Vh®n)da. (120)
where
€ (m) = €O (m) + [((g(l) (m))Tam . oy/(m))T;mzs]SAs_ (121)

The optimality condition (115) can be split in two sets of equations, namely (9 D (m))T4. (VR h) + Wyy(m) -
yiunX) +gi11X) - Q-Ey(m)=0and @ -E,(m) -y;1;( X)+ Q- 91(m) ~ (VR ®h) =0. Taking the dot products of the
first equation by y{1;(X) and of the second equation by g{17(X) and subtracting, we obtain

(BD ) -h) = (VRX) @y11](X)) + Wy (m) : (y{11(X) ®@111X)) -gi11X) - Q- ((F1(m) -h) : Vh) =0.

This identity can be used to eliminate the ¥ term appearing in the bulk integral ®{5; over O in (111) as

_Vh®Vh

i ®
[t21=J.Q ((%(0)(m):(h®h)):- 5 S 20

+&t1- Q- (P (m) -h) :Vh) - Wy (m) T) axX.

Inserting the expressions of y{1; and g{1] obtained earlier in (116) and (119), we can rewrite this as

(Cbi[tz])*[h]=fQ (%(m):(h®h))::mdx, (122)
where
B(m) = [%‘“’) m)+ (297" (m) - @ - FL(m) - YT (m) - Wy, (m) -%’(m))T‘253‘6]S‘“"3"’°S5“. (123)
By equations (120) and (122), the energy contribution ®fz)[h] = (i) *[h] + () *[R] is given by
Dy [k] = IQ (B(m):(h®h)) ”md}“ gﬁm (€(@m):(h®h)) - (VR®n)da. (124)

C.10. Final extraction

The last step in the homogenization procedure is to unpack the tensors %’, 98 and € appearing in (116) and (124),
following a similar procedure as earlier in Section C.5. This allows to remove any reference to the quantity 2 used
internally in this Appendix in favor of I and m.

With the help of the content tracking done in Table 6, we obtain the unpacked form of these tensors as

Y1(m):Vm) -1+ Y{(m): V1

(Y’ (m)-h):Vh

(Bm): hoh) T LEVR gy m):: (Yme Vm)) L2t Ay m): Vm) =A@ VD) +Bymy YL o
(€(m):(h®h)) - (Vh®n) = (ki(m):Vm) - (%@n)+a0(m)::(l®Vl®n)

where the sub-tensors Y1 (m), Yy (m), Ko(m), A1(m), Bo(m), k1(m) and ag(m) are identified as

Yi(m) = (oy'Tmu: ((WM)T® (f-W'l)T)Tlsu)Tmsz

Y(),(m) = ((’y’Tm“; ((LW'I)T® (W’l)Twz)Twz

Ko(m) = (%TSM%G(m) i ((WM)T® (WM)T® (W'Z)T® (WZ)T)T15263748)T463512

Ai(m) = 2B (m) . (HTR (F™TR (WhHT @ t) T Tssza (126)
Bo(m) = (BT55(m):: (THTe (@HT @ @t @ -ty T Tun

ki(m) = 2 (rng“s(m) ((‘W’m)T® ((W’I)T® (I_W‘I)T) T1A2536)T53A12

aom) = 2(€T5(m) ~ (FHT @ (FHT @ @) Ty T

The expression of y[1; announced in (50) then follows from (116) and (125);, whereas the expression of ®[g)
announced in (17) follows from (124) and (125)g 3.
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APPENDIX D. SPECIAL CASE OF HOMOGENEOUS PROPERTIES

The special case of homogeneous properties (applicable to a perfectly periodic elastic truss for instance) is considered
here. In this special case, the parameter m (X) goes away (n,, =0).

The analysis of leading order is unchanged: it delivers Yy and Sy, which are no longer functions of m, see Table 5.
There are many simplifications at the next orders and the corresponding, specialized formulas are provided in Table 7.
Note that the tensor dimensions are changed compared to the general case, see also the ‘usage’ column in the table.
As a consequence, the indices used in the transpose operations are affected. Although it is straightforward in prin-
ciple, the specialization of the general formulas to this special case is cumbersome—to a point that we found it easier
to re-derive them from scratch. Their consistency with the general formulas is checked in a dedicated mathematica
notebook (see shoal-library-vl.0/discrete_engine/tests/verifySpecialFormulasHomogeneousCase.nb).

definition dimension sym. usage

Pl = Yo ®Id)T1324 T (s,dnu,d) Vy[*()] _%l.vy

B2 — [(YoRI;®1;) T142536]S23°S56 T (ny,d,d,ni,d,d) Sas, Ss6 szf(]] %2y

gl = ElI+E3,/I$1 T (ne,n1,d) E[1]=?1:Vl+,_,

?2 = Ell' +E3,/ . B2 T (ne,nd,d) Saa E21 92 v

Ay = [(yl)Talz.SO]sz T (unu,d) Oy = fQAO A8Vl dX
BO = (). g . gl Twdnd  delayed Pra; =f9%(°)::V’§V’dX+...
BD = (yl)Tm.%.Ey T (ne,d,ny) _ CD[Q] =f0%(0)  (VE@y) A 4+
€O = (gHTum. g, T (udd, ) Sas Do =[o (€0 1)~ VHIX + -
e = (E_},’)T312 -So T (ny,d,n2) _ CD[Z] — J‘Q (ﬁ(l) ) :Vy dX +---
BO = %(0) -9 (g(o))Tlus T (ne,d,ni,d) delayed same as %(0)
(%(1) = ‘7:)5(1) — (ﬁ(l))Tam T(nz,d,ny) _ same as (7:)5(1)

-1 P

R = _[ g’%} (%;fi)T] . [ (%é‘?;lzm ] T (y+ne,nu,d) _ (vt ghy) = RV

Yo = (I Oupr) - R T (,n,d) - yu=¥s:Vi

G6 = (Onexny Inc )+ R T (e, d) _ gﬁ] _ G6 VI

%(0) 2GrT312 @ 91 S2)4)
’ ; e VI® Vi
By = _YOIT:ﬂZ LY. YO, T(nz,d,nz,d) S{12}{34} @EQ] = J‘QBO: TdX +...
Yy
ag = (‘6’(0) +YO'T312,(€(1))T2341 T(nz,nz,d,d) _ q)fz] - +¢ag ay:: (l® Vl®n) i

Table 7. Higher-order homogenization in the special case of homogeneous properties. A complete implementation of the
method in this special case is possible based on Table 5 (leading order, ignoring any dependence on m) and on the definitions
appearing in the first column of the table above. The quantities appearing in the grey rows are the main results (localization
tensors for corrective displacement Yy, Lagrange multipliers G¢, bulk energy contributions A and By and boundary contribu-
tion Ag).

As can be expected, all tensors that get contracted with gradients of m are zero, K1=0, K2=0,A1=0,k1=0,
Y;=0.
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