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SURVIVAL AND MAXIMUM OF SPECTRALLY NEGATIVE BRANCHING
LEVY PROCESSES WITH ABSORPTION

CHRISTOPHE PROFETA

ABSTRACT. We consider a spectrally negative branching Lévy process where the particles undergo
dyadic branching and are killed when entering the negative half-plane. The purpose of this short
note is to give conditions under which this process dies out a.s., and then study the asymptotics of
its all-time maximum.

1. INTRODUCTION

Consider a spectrally negative branching Lévy process X where the particles undergo dyadic
branching at rate 8 > 0, and are killed when entering the negative half-line. More precisely, starting
at £ = 0 from an initial particle located at a > 0, the reproduction and dispersion mechanisms are
defined as follows:

(1) The spatial movements and the branching mechanism are independent.

(2) Branching: each particle waits for an exponential random time e of parameter g and, if
still alive, splits into two independent particles whose lives start at the location of their
ancestor.

(3) Spatial motion: between branching events, the particles move independently according to
a spectrally negative Lévy process L but are killed when going below 0.

Let us denote by M the all-time maximum location ever reached by a particle during the whole
life of the process. The purpose of this paper is to give conditions under which the process dies out
a.s. and then study the distribution of the (then finite) random variable M.

As explained in [12], such a model may describe for instance the evolution of a population in
which the positions of the particles represent their fitness. The fitness of each individual evolves
as a spectrally negative Lévy process, and when branching, the initial fitness of a child is the same
as that of his parent. The presence of negative jumps makes it possible to model diseases or acci-
dents that generate an abrupt drop in the fitness, and individuals die when their fitness goes below 0.

In the following, we shall assume that all the processes and random variables are defined on the
same probability space (2, F,P), and we shall denote by P,, with an abuse of notation, both the
laws of X and L when started from a. For A € R, A > 0, the Laplace exponent of L is given by

772 0
U(A) = InEo [e)‘Ll] =d\+ EV +/

—00

(em -1- )\wl{|m|<1}) v(dz)

where d € R is the drift coefficient, n € R the Gaussian coefficient and the Lévy measure v satisfies
fEOO($2 A1)v(dr) < 400. We assume that the one-dimensional distributions of L are absolutely
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continuous, i.e.,

Po(L: € dz) < dz, for every t > 0
and we exclude the case where —L is a subordinator (in which case M is finite a.s. and equal to
a). As a consequence, the function W is strictly convex and tends to +00 as A — 400. This implies

that for any ¢ > 0, the equation ¥(\) = ¢ admits at most two solutions, and we denote by ®(q)
the largest one:

®(q) = sup{A > 0, ¥(\) = q}.
More precisely:
(1) When ¥/(07) > 0, we have ®(0) = 0 and the function ® is well-defined on [0, +00).
(2) When ¥/(07) < 0, we have ®(0) > 0. In this case, ¥ being strictly convex, it admits a unique
minimum at A, which is such that ¥/(\,) = 0 and ¥"(\,) = n? + ffoo 2eMy(dz) > 0. As
a consequence, the function ® is well-defined on [—gy, +00), and ®(—g,) = ..

Our first result concerns the survival of this branching process.

Theorem 1. The branching process dies out a.s. if and only if ¥'(01) < 0 and B < q.. In this
case, the asymptotics of the extinction time ¢ satisfy:
. 1
tEIJPoo n InPy(( >t) =B — .. (1.1)
Note that for a standard Lévy process L, the condition ¥/(0") < 0 implies that L converges
towards —oo. In other words, each particle of the branching process is attracted in some sense to

—o00. The second condition 5 < ¢, essentially states that the decay of the particles towards —oo
should be fast enough to compensate the reproduction rate j3.

When ¥/ (07) < 0 and 8 < ¢4, the above theorem implies that the random variable M is finite,
and we are now interested in studying its tail decay. To this end, let us introduce the following
scale functions W (@ which are defined for ¢ > 0 by:

+00 o . B 1
/0 WO @) = g N> B(g) (12)

It is known that W@ is an increasing function that is null on (—oo,0). Furthermore, for every
a > 0, the function ¢ — W@ (a) may be extended analytically on C, see Kyprianou [8, Section 8.3].

Theorem 2. Assume that W'(07) < 0 and 8 < g, so that M is a.s. finite.
(1) If B < q«, there exists a constant kg independent of the starting point a such that:

P, (MZ a:) _;\_;_ H/QW(_B) (a)e—fb(—ﬁ):c.

2) If B = qu, there exists a constant k., independent of the starting point a such that:
q
W (=4x)
P,(M>z) ~ /{q*im)e_q)(_q*)x.
r—r—+00 xX

It might be surprising to observe that there is an extra decreasing factor in the critical case,
which implies that the maximum will be smaller than one might expect by simply letting 5 1 ¢« in
the subcritical case. This phenomenon is in accordance with what is known about the extinction



3

time in the Brownian case. Indeed, if L is a Brownian motion with drift, the asymptotics of the
extinction time ( are explicitly given by

Po(¢ > t) = Cpla)t—3/2eB=a)t if 8 < qs,

Bo(¢ > 1) = Oy (a)e O™ it = g,,
where Cg(a) > 0. These asymptotics were obtained through the successive works of Kesten [7],
Harris & Harris [6], Berestycki, Berestycki & Schweinsberg [3] and Maillard & Schweinsberg [12]. In

particular, we observe the same phenomenon: in the critical case, the branching Brownian motion
will die out faster than one might expect by simply passing to the limit in the subcritical case.

Let us finally consider the same spectrally negative branching Lévy process, but without killing.
We denote by M its all-time maximum. Using the invariance by translation of Lévy processes, we
deduce by letting the killing barrier go down to —oo the following corollary.

Corollary 3. The mazimum M of a (free) spectrally negative branching Lévy process is a.s. finite
if U'(07) <0 and B < q.. In this case, there exists a constant kg > 0 such that

Po(M>z) ~ rge 20T

T—+00

Note that this result was already known in the Brownian case, see [4, Prop. 4] where the proof
essentially relies on the well-known associated KPP equation.

We finally mention that we have chosen to state our results in the case of dyadic branching, but
our method also applies to more general offspring distributions, assuming at least the existence
of a finite third moment. In this case, an extra step would be required, as the integrands in the
Feynman-Kac representations (see Propositions 4 and 7) would no longer be linear, and one would
have to control the remainders as was done in [13].

2. FINITENESS OF THE EXTINCTION TIME

2.1. Proof of the “if’ part of Theorem 1. Assume that ¥/(07) < 0 and 3 < ¢,. Let us denote
by N; the number of particles alive at time ¢, and ¢ = inf{t > 0, N; = 0} the extinction time.
Since N, is integer-valued, we have, using the many-to-one formula,

Pu(C > t) = Po(Ny > 0) < Eo[Ny] = Po(ry > t)e?, (2.1)

where, for z € R,
7, =inf{t >0, L; < z}.

But, from Kyprianou & Palmowski [9, Corollary 4], there exists a function s such that!
— ~ —3/2 —qxt
Py (5 > t) ots K(a)t™ > =e™ ", (2.2)
Passing to the limit in (2.1), we thus deduce that tligl Po(¢ > t) = 0 since f < ¢.. As a
—+00

consequence, Py (¢ = +o00) = 0, i.e., the process dies out a.s.

INote that, with the notations of [9], a spectrally negative Lévy process such that ¥/ (07) < 0 is of class A with
v =2
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2.2. A representation formula for the extinction time. To prove the converse part, we shall
rely on the following representation formula for the distribution of (.

Proposition 4. Define v(a,t) =P,(¢ > t). Then v admits the representation:

v(a,t) = PR, 1{7(; >t}e—5 I v(Ls,t—s)ds] .

In the Brownian case, this result was already used in [6] to study the asymptotic tail of (. One
classical way to prove such representation is to write down a pseudo-differential equation satisfied
by v (involving the generator of the Lévy process L), and then apply a Feynman-Kac theorem
or a martingale argument. We shall propose here another approach based on solving a Fredholm
integral equation of the second kind.

Proof. We start by applying the Markov property at the first branching event e:
1—v(a,t) =Pu(( <t t<e)+P((<t, 7y <et>e)+P,((<t, 7y >e t>e)
=Pu(ry <t,t<e)+Py(ry <e, t>e)+E, [1{Tg>e,t>e}(l —v(Le,t — e))2] .

Here, 7, denotes the first passage time below 0 of the initial particle L, and is independent of e.
Developing the square yields the integral equation:

v(a,t) = e PP, (15 > t) + 2E, [1{T07>e7 t>e}v(Le,t - e)} - E, [1{Tg>e,t>e}U2(Le’t - e)} .

To obtain a representation of v through this equation, we shall write down a Riemann-Liouville
series. Define the linear operator 1" acting on positive and bounded functions f : R x [0, +00) —
[0, +00) by

T[f](l', t) = ]E:C |:1{7-(;>e,t>e} (2 - U(Le7t - e)) f(L67 t— e)]
so that v is a solution of the Fredhlom integral equation:
v(z,t) = e PP (1 > t) + Tv](, t).

Let us set to simplify the notation ¢(z,t) = E_Bth(TO_ > t). By iteration, we deduce that for
n > 2,

n—1

vz, t) = p(a,t) + Y T[] (2, 1) + T 0] (x, 1)
k=1

where T°*) denotes the k™ composition of T with itself:
7°W =7  andfork>2  T°W[f] = DT[]
We now show that for any pair (z,t) € (0, +00)?,
. o(n) _
nETooT [v](x,t) = 0.
Using the upper bound (2.1) for v, we have
T[v)(z,t) < 2E, [e/f(t—eme(fo— >t =)l o lise)
Applying the Markov property at the time e, this is further equal to
Tv](z,t) < 2E, [eﬁ(t_e)1{75>t}1{t>e} = 2€Bth(To_ > t)E[e_Bel{be}]

= PP, (1y > t)(1 — e 2P



since e follows an exponential distribution of parameter 3. By iteration, we deduce that

T°MW ) (z,t) < (1 — e 2PYePP, (15 > 1) — 0.

As a consequence, we obtain the representation for any (x,t) € (0, 4+00)2,

+oo
(@, t) = e(a,t) + > T°Pp)(z,1).
k=1

We then compute the convolutions appearing in the sum.

Lemma 5. Let (eg, k € N) be a sequence of i.i.d. exponential r.v. with parameter . For any
neN, we set g, => p_,e,. Then:

T°Wg)(z,t) = e P'E, [1{70 Mgz [ [2 - v(lg, - gi))] '
i=1

Proof. For n = 1, we have applying the Markov property
TIP(,8) = By [ e imeg (2= 0(Lest — @) Pr (7 > ¢ — e)e 9]

which is the expected result. Assume now that the formula holds for some n € N. Applying the
Markov property, we have P, a.s.:

T [p)(Le, t — &) = ¢ P, ll{m>t}1{e+gn<t}eme+g” [1@-v(Lergt —e—g) H
i=1

where (F;,t > 0) denotes the natural filtration of L, and the first branching event e is independent
of L and of the sequence (g;, 1 < i < n), i.e., of (ex,1 < k < n). Then, using the tower property
of conditional expectation, we obtain:

TVl (z,t) = E, | (2= o(Lest = ) T [g] (Lot — )|

1{7(; >e, t>e}

n+1
= e 'K, L~ >t}1{gn+1§t}66g"“ H(2 —v(Lg;,t — gi))]
i=1
which proves Lemma 5 by induction. g

Recall now that for n > 1, the r.v. g, is Gamma distributed with parameters n and :
BTL
(n—1)!

P(g, €dr) = e Prdr, r >0,

and that, conditionally on {g, = r}, the partial sums are distributed as ordered uniform random
variables, i.e.,

1
g l<i<n-1) " rx@,1<i<n-1).

where the (U;) are uniform r.v. on [0,1], independent of everything else, and such that U; <
Uy <...<Up,_1. As a consequence, conditioning on {g, = r}, we deduce that the expectation in



6 CHRISTOPHE PROFETA

Lemma 5 equals

n—1

5/ E, [1{70»}(2 oLyt =) [[@ = oLt~ Uir)

i=1

/Bnrn—l

(= 1)!d7‘.

Computing the expectations with respect to the (U;), we obtain:

(nﬁ_nl)!e_ﬁt /Ot By [1{7—0>t}(2 —v(Ly,t—7)) (/(:(2 —v(Ls,t — S))ds>n_1] dr.

Finally, plugging this expression into the series representation of v and computing the remaining
integral yields the result of Proposition 4:

t
v(at) =Po(ry > t)e ™ + 78 /0 E, [1{7(;»}(2 — v(Ly,t —7))e? o <2—U<stt—s>>ds} dr

=E,|1 eﬁ fg(l—U(Ls,t—s))ds] ]

{0 >t}
O

2.3. Proof of the “only if” part of Theorem 1 when ¥'(0%) < 0. We now assume that
U’(0%) < 0 and that the branching process dies out a.s., i.e., that tligl v(a,t) =Py(¢ = +00) = 0.
— 400

Then, a standard application of the Markov property shows that we necessarily have tlg)_aoo v(x,t) =
0 for any = > 0, and we shall prove that this implies that 8 < ¢,. Let us set for x € R,

mf=inf{t >0, L; >}
Since © — v(x, s) is increasing and L has no positive jumps, we have for z > a:

6—6 fot v(Ltfs,s)dsl N

U(avt) 2 eBtEa |:1{T(;>t} {1z >t}

] > Bl V@B, (1 AT > 1)

From Bertoin [1, Theorem 2], since we have assumed that the transition density of L is absolutely
continuous, the asymptotics of the exit time 7, A 7,7 are given by
— + —p(x)t
Py (g AT > 1) e @) (2.3)

where k£ > 0 and the function p is defined by
p(z) = inf{g > 0, WD (z) = 0}.

Note that W(=9)(z) denotes here the analytic extension of the scale function ¢ — W@ () defined
n (1.2). It is also known, from Lambert [10, Prop. 5.1], that p is continuous and strictly decreasing,
hence it converges towards

lim _p(z) = inf o(z) = p(c0).

T—-+00

Let € > 0 and take x large enough such that p(x) < p(co0)+e. By assumption, there exists A(z) > 0
such that for ¢ > A(x), we have v(x,t) < e. As a consequence,

v(a,t) > eﬁ(l—s)t_ﬁ fOA(x)U(m,s)ds+A(m)B€]P>a (TO_ A T;— > t) ) (2.4)

Plugging (2.3) into (2.4) and passing to the limit as t — +o00, we deduce that 5(1 —¢) — p(z) <0
which implies that 8 < p(c0)+(1+f)e. Taking € small enough leads thus to the inequality 5 < p(o0)
and the result will follow from the fact that p(co) = g« as proven in the next lemma.



Lemma 6. Assume that ¥'(07) < 0. Then:
p(00) = g« = sup{q > 0, W(_q)(x) > 0 for every x > 0}.

Note that this lemma is very similar to Theorem 1.5 of Yamato [14], in which the author studies
the quasi-stationary distributions of —L and assumes implicitly that ¥/(0%) > 0.

Proof. Observe first that comparing (2.2) and (2.3) immediately yields ¢, < p(c0). Also, by defini-
tion of p(x) as an infimum, we have W(=P() () > 0 for every = > 0. As a consequence,

p(c0) < sup{q > 0, W9 (z) > 0 for every z > 0}.
To prove the converse inequality, recall from [8, Chapter 8] that for ¢ > 0 and a < z,

B, [ 1] = 2060,

In particular, letting ¢ | 0, we deduce that P, (7,7 < 400) = e~ ®0)(==a) hence
Eq |:€_>‘Tz+]

~B(Na+2(0)z
Po(ra < +00)

Eq {e_)‘ﬁh—;’ < —i—oo] = =e
Recalling now that Formula (1.2) remains valid for ¢ € C and A > ®(|q|), we deduce by taking A
large enough, since @ is increasing, that

+oo
/ e~z (-9 (2)E, [e—/\TJ 1
0

+00

+ — Nz (—a) _
T, <—|—oo}d:17—/ e w r)dr = ——.
: 0 @)z = 35—
Note that the random variable 77|77 < +o00 admits a density from Kendall’s identity since we
have assumed that L; is absolutely continuous for every ¢ > 0. Assume now that ¢ is such that
W9 (z) > 0 for every x > 0. Applying the Fubini-Tonelli theorem and inverting this Laplace
transform gives for a.e. t > 0:

+00
| O WD @R(r € dtfr < oc)do = et
0

which implies that ¢ < ¢, since conditionally on {77 < +oc}, the random variable 7,7 admits
exponential moments of at most ¢. ]

2.4. Proof of the “only if” part of Theorem 1 when ¥/(07) > 0. We shall now assume that
U/(0%) > 0 and prove that there is a strictly positive probability that the branching process does
not die out. Note that when ¥/(07) > 0, as the process L goes a.s. towards +o00, one may simply
bound the probability that ¢ is infinite by the probability that one particle never goes below 0:

Pu(¢ = 00) > Py = +00) = ¥ (07)W D (a) > 0.

Assume now that ¥/(07) = 0. The function ¥’ being continuous and strictly increasing, take
Az > 0 small enough such that 0 < U'(Ax)Ax — U(Ay) < 8. Consider then the branching process
X7#, with the same branching mechanism as X, but in which the particles evolve as spectrally
negative Lévy processes L# = (L; — ¥/(A4)t, t > 0). The Laplace exponent of Ly is given by

() = T — WA
and satisfies ¥, (0%) < 0 and W/, (A4) = 0. As a consequence, the minimum of W equals Wy (\y) =

U(Agy) — U'(Ag) g > —B. From the first part of the proof, this implies that the branching process
X# does not die a.s., i.e., Py ((x = +00) > 0 where (x denotes the extinction time of X#. Finally,
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by coupling, as we have added a negative drift, it holds P, (¢ = 4+00) > P,(¢x = +00) > 0 which
ends the proof of the converse part of Theorem 1. O

2.5. Proof of Formula (1.1). Observe first that from (2.1) and (2.2), we have

%lnIP’a(C>t)§ﬁ+ InPy(ry >t) —— B — gs.

t——+00

Conversely, from (2.4),

1 Al@) 1
i InPe({ >1t) > B(1l—¢)+ g (A(m)&? — / v(a;,s)ds) + n InP, (15 A7 >1t).
0
Take x large enough such that p(x) < g, +e. Passing to the limit as ¢ — +o0 and using (2.3) yields
lt1m+1nf InP,(¢ >t) > p(1l—¢)—plx)>B—-q" —e(l+p),
and the result follows by letting ¢ | 0. g

3. STUDY OF THE MAXIMUM
3.1. An integral equation. We set
u(a,z) =Py (M > x)

and first prove a Feynman-Kac-like representation for u as in Proposition 4. When dealing with
extreme values of branching processes, this idea already appears in Lalley & Shao [11] in their
study of the maximum of a critical symmetric stable branching process.

Proposition 7. When ¥/(07) < 0 and 8 < q., the function u admits the representation:
U(CL,.’L’) =E, 1{T;<TJ} ﬁf (L=l z))dr :| ) T = a.
Proof. The proof is similar to that of Proposition 4. Applying the Markov property at the first
branching event, we first write:
1—u(a,z) =P, M < z,7, <e)+P,M<z,1, >e)
—Pu (15 <775 <€) B [l gy (- u(Le,2))?] .
Developing the square yields the non-linear integral equation
’LL(CL, 33) - ]P)a (T;_ S e 7—0_) + 2Ea |: {T /\T+>e}u(Le7$)] - E |: {T /\T+>e}u (Le,ﬂj)} .

Define the linear operator

TUf)(0,2) = Ba |1 oy (2 = (Lo, 0)f (Lo, )]
so that u is a solution of the Fredholm integral equation
u(a,z) =P, (1,7 <enty) +Tul(a, ).

Setting to simplify the notations
n

pla,z) =P, (17 <enty) =E, [1{T;<Ta}e_6”



we obtain by iteration that for n > 2,
u(a,z) = ¢(a, ) —I—ZTO(k (a,2) +T°™[u](a,z), (3.1)

and it remains to evaluate the convolutions. Following the same proof as for Proposition 4, we
deduce that for any k£ > 1:

Bk_l

e k—1
7o(k) [fl(a,z) = MEG [1{70A7j>e}f (Le, ) (2 — u(Le, x)) </0 (2 — u(Lr,aj))dr> ] . (3.2)

In particular, taking f = u, we obtain since u is positive and bounded by 1, and e is independent
of 7o AT,

o [en_ll{n;mbe}}

From the asymptotics (2.3), there exist two constants A, C' > 0 such that:

7] (a,z) < EZﬁ) ) </A ey 4 /:00 " leP? e_p(x)zdz>
29 (2 o 2D

CEDAN (/3+p(w))"> e

since, from Lemma 6, 8 < ¢, < p(z) for any fixed z > 0. As a consequence, we obtain the series
formula

u(a,z) = ¢(a,x) —I—ZTO

Plugging (3.2) into this series representation and computing the sum yields, after another applica-
tion of the Markov property,

w(a,8) = Pa (7 SeAT) +Ea [Lp oy 1t sege 77 792 = u(Lo, ))e? o Cmullro)dr]
400 R
g ]P)a (T;’_ S e /\ TO_) + / Ea |:1{7_+<7_7}1{7_+>8}e_57—j (2 — 'Z,L(Lg, f]j))eﬁ fO (2—U(Lr,$))d7‘:| 5d$
0 x 0 x Z
¢ (1—u(Lyrx
=E[{T< I -l >>},

which ends the proof of Proposition 7. O

Remark 8. If we denote by T, the first time when a particle of the branching process X hits
the level z, we have P,(M > x) = P,(¢ > T,). As a consequence, it is not surprising that the
representation result of Proposition 7 is similar to that of Proposition 4 but with ¢ replaced by 7,f.
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3.2. Proof of Theorem 2. We now study the limit of u(a,x) as  — 400, and thus assume
throughout this section that x > a. Let us recall the classical Esscher transform. For ¢ > —g¢,, we

denote by ]P>§f> the probability defined by

4P o
a — P(c)(Li—a)—ct
dPq | ‘ ’ (3:3)

t

where (F;) denotes the natural filtration of L. Under ]P’((f), the process L is still a spectrally negative

Lévy process starting from a but with Laplace exponent W.(A) = ¥(A 4+ ®(¢)) — ¢. In particular,
since W/ (0) = ¥/ (®(c)) > 0, the process L no longer drifts a.s. towards —oo, see Bertoin [2, Chapter

VII, Corollary 2]. Denoting by (q) its scale function, we have from (1.2) for ¢ > 0:

+0o0 o . - 1
/0 e /\WC()(x)dx_\I/()\—i—@(c))—c—q’ A> ®(g+c) — P(c),

which implies, comparing the definition of W(q) and W49 that
WD (x) = eP@rpleta) (g), x> 0.

Applying (3.3) to Proposition 7 and using the absence of positive jumps yields
(P(-Bap(-H) { 7 ulLrw)dry ] _E, { D(=B)a+Br o= [77 (Lo ’drl{T;qo}]

{rd <75 }

(=8)

where Eg_ﬁ ) denotes the expectation under P,
processes, this is further equal to

. Using the invariance by translation of Lévy

e® A=)y (a, 2) = E((]_B)

+
5f0z ® u(a+Lr,x )dTl{ + LT a}] . (34)

Note that under IP’(()_ ) the random variable 7., is a.s. finite. As a consequence, one may apply

the time reversal result of Bertoin [2, Chapter VII, Th. 18] to obtain
e _ 9 a
L e TR a}] =B [e—ﬁfo s P }] (3.5)

where g, denotes the last passage time of L below the level z, i.e., g, = sup{t >0, L; < z}, and
PSP denotes the law of L (under pS )) conditioned to stay positive, which is defined by:

VA, € F, PEAT(A,) =

: ECY (W (5.6)

I UV I
W(O)(a) {mo >t} t}

Applying the strong Markov property, we then obtain the lower bound

E(()_B)T e—ﬁ fonga u(x—LT-,x)drl
inf Ls>x—a}

s>2Tg

(() |: Bfo u(z— Lr,x)dr:| IP)USC—B)T <12£ Ly>x— a> . (37)



11

To compute the last term, we come back to the absolute continuity formula (3.6):

wO L
]P):(C_B)T <lnf LS > — CL> = ]P);_B)T (TIE_—[I > t) = E:(C_B) #1{t<7_ } {t< }
SSt W_ﬁ (:1;) 0 -

Since x > x —a > 0, we have {t < 7, } N {t < 7,_,} = {t < 7,_,}, and by translation, this is
further equal to

©) (. _ (0) (O
ECS) W2ii(z —a+ Ly) _WB(CL)E(_B)T W25 —a+ Ly)

<1, - a
wO@ T W) W) (L)

We now let £ — +o00 and use the fact that L goes to 400 a.s. under IP’((I_B " (see Bertoin [2, Chapter

VII, Lemma 12]). Recall from Hubalek & Kyprianou [5, Section 3] that the asymptotics of Wf(g
are given by

1 1
1 © = if 8 < .
AR W) = 5o T wmea) - 5 < g -
(0) N e '
W_q*(z) 2—+00 \I,//()\*)Z lf/B—Q*'
As a consequence, we obtain in both cases, applying the dominated convergence theorem,
(0)
Wi(a
p(-A1 <inf Ly>x— a> _ o5 ). (3.9)
=0 @)

Plugging together (3.4), (3.5), (3.7) and (3.9), we thus deduce from Fatou’s lemma that

lim inf W )( )e? A=)y, 2) > Wﬁoﬁ)(a)Eé_B)T [lim infe Al “(x_L"’x)d’"] .
T—r+00 T—r—+00

Observe next that by translation, u(x — a,z) corresponds to the probability that a branching

process starting at 0, and where the particles are killed at the level a — x, reaches the level a before

dying. Letting x — 400, we deduce that u(z — a,x) P Po(M > a) where M is the all-time

maximum of a free spectrally negative branching Lévy process. By monotone convergence, we have
thus obtained
lim inf W )( )e® A=)y (g, 2) > Wf(g (a)E(() e=BJo T Fo(M2Ly)dr (3.10)

r—r—+00

which gives a lower bound, provided the expectation on the right-hand side is non-null.

To get an upper bound, we start back from (3.5) and take A > 0. On the one hand, we write:

(_ﬁ)T —6 fgx au SU L’rﬂ?)d?” (_ﬁ)
EO ! inf Ls>x—a}1{g;7aSA} = ]P)O (gx a < A)

s>Tg

On the other hand, we have

E(()—ﬁ)T e B fonga u(m—Lr,m)drl < E((]—B)T e B fOA u(m—Lr,m)drl

1, —
>A
inf L5>:c—a} {gxfa ; inf Ls>x—a}

827—1‘ 827—1‘
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Decomposing further according to whether 7,7 < A or 7,7 > A and applying the strong Markov
property, we deduce that

E((]—B)T e—B fOA u(x—LT-,x)drl
inf Ls>x—a}

s>Ty

S ]P)(()_ﬁ)T(T;— S A) E( B |: ﬁfo U(ZB Ly,x )dTl{A<T }] ]P>( ﬁ) <H>1£LS > — a) .

Multiplying both sides by Wﬁog (z) and letting x — 400, we obtain using (3.9) and the dominated
convergence theorem that :

lim sup W( )( )e2EAE=D) (a0, x)

T—r—+00

< lim sup W( )( ) <]P’(()_B)T (g;_a < A) —HP’(()_B)T(T:;Ir < A)>

Tr—+00

L ECA! [e—ﬁ IS PO(MZLr)dT] W@ (3.11)

and it remains to show that the first term on the right-hand side is null. When g8 < ¢, this is a
consequence of (3.8) and of the fact that L goes a.s. to +oo under P(()_ﬁ T When B = q. a little
(0)

more work is required as W2, goes linearly to +-00. On the one hand, the time reversal argument
of [2, Theorem 18, p.206] implies that

IP’(()_q*)T(g;_a < A) :P((]_q*)( + <A< eq*AE( ) [e—q*'r;la} _ o0+ A= (2—a)(2(0)~®(—gqx))

so it indeed holds that lim W( ) ()P Py q*)T(gx o < A) = 0. On the other hand, we may write

T—400 -
similarly

lim sup W( ) (x )]P’(()_q*)T(T; <A)< e A lim sup W( ) ( )E(()—q*)T {e—q*'r;r}

Tr—-+00 r—r—+00

which leads us to study the Laplace transform of 7,7 under ]P’é_q*)T. To do so, take ¢ > 0 and
observe that using the absolute continuity formula (3.6)
1

w9 (e)

—qs

_ _ Tj o — (s« 0 - *Tj
(o)t [e " At] - gL [WE(I)*(LT;M)G ‘ ”1{7(;>T;At}}-

0)

Letting ¢t — +o00 and applying the dominated convergence theorem since Wﬁq* is increasing and L
has no positive jumps, we deduce from [8, Theorem 8.1] that

(0) (0) (g+)
W W W
B {e—qu} _ 7—(51)*( )E< g) [ —aTd L —(g;(x) o (©) (3.12)
WZg.(€) o W (&) W) @)

Recall next the bound for € > 0, see the proof of [8, Lemma 8.3],
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Then, letting € | 0 in (3.12), we conclude from the asymptotics in [5, Section 3] that

(0) (—q)t ) w (x)
limsup W=, (z)Pg Kl (<A < A limsupW_q*( )%
o e WL (@)
~ AP ©) (2))2e—2(2(0)=2(~gx))
e PN W(@(0) (W=, ()%

which also converges to 0. As a consequence, we have obtained the bound for 8 < ¢,:

lim sup W( )( ) ¢(_B)(a—x)u(a’$) < E((]_B)T |:€_B fOA ]P’()(MZLr)dr] WE(E (CL) (313)

T—+00

Letting A 1 +o00 in (3.13) and gathering (3.10) and (3.13), we have thus proven that
—B)(a—=x 0 - Foo ”
lim W )( )eP A=)y (g, 2) = Wﬁg(a)Eé { =8 J" Po(M=Lr)dr }

r—r—+00

which is Theorem 2 where, from (3.8),
rg = W (@(—=B)ES T [0 T FoMLr]

and g — OW )E( )T [ —g* f0+ooPO(M2LT)dr} '

2

It finally remains to check that the expectations on the right-hand sides are not null. To do so, we
first prove that M is a.s. finite. Since u is positive, we deduce from Proposition 7 that

u(z —a,x) <Ez_q [1{T;<Tg}eﬁﬁ] . (3.14)
Then, from the Esscher transform (3.3), we have since 8 < ¢.:

=B)(L, 4 ~(e—a))+Brif

E._o [e 1 IP’( B) (7' <7y /\t)

{r <71y } {7‘ <t}:|
Passing to the limit as ¢ — 400, we deduce from the monotone convergence theorem that
e2=Pag [eﬁﬁl

Then, going back to (3.14) and letting z — 400, we conclude that
Po(M > a) < e P <1 (3.15)

{T;<rg}} <PD (i <m) <1

which shows that M is a.s. finite when 8 < g.. Now, to prove that kg is non-null, it is sufficient

from (3.15) to check that f+°° —2(=A)Lrdr < 400 a.s. under IP’(_ " . Applying the Fubini-Tonelli
theorem and Bertoin [2, Chapter VIL.3, Cor.16], we have

+o0 +oo  poo W(O) T
RGO [ / (= err} / / =5 )]p(‘/” (L, € dz)dr.
0 T

Using Kendall’s identity, T]P’(()_ )(T;' € dr)de = x]P’(()_ )(Lr € dx)dr, this is further equal to

+oo  p+oo Feo
/ / P O) (Bt € dit)dr = /0 D (2)dw < +oo

) )

since 7.1 is a.s. finite under IP( 5 and the asymptotics of W _ are given by (3.8). O
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3.3. Proof of Corollary 3. Let us set m(a) = Po(M > a). Replacing a by z — a in Proposition
7, we deduce as before by translation that
{rd <res

il &
u(x —a,z) =E; 4 [1{T;<To}eﬁ Jo (1‘“(“@))‘“} =y [1 }eﬁ Jo (1‘“(”0‘“““@)”] :

Passing to the limit as + — +o0o and applying the dominated convergence theorem we conclude
that

7’; —m(a—1L, s —d(—Ram(— — 7—‘;rm,a— s )ds
mia) = Eq [1{T;<+m}eﬁfo (1-m( L»)d] _ —0(-B)a( [1{T;<+oo}e 8157 m( L»d]

where the last equality follows from the Esscher transform. Since ]P’(()_B ) (1;F < +00) = 1, the time
reversal result [2, Chapter VII, Th. 18] yields

m(a) = e_q’(‘ﬁ)“E(()_B)T [6_6 s m(LS)dS] .

The result then follows by letting a — +00, since, as before, the expectation on the right-hand side
converges towards a strictly positive constant.

g
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