
HAL Id: hal-04111422
https://hal.science/hal-04111422v1

Submitted on 7 Jun 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Constraints on mode couplings and modulation of the
CMB with WMAP data

Simon Prunet, Jean-Philippe Uzan, Francis Bernardeau, Tristan Brunier

To cite this version:
Simon Prunet, Jean-Philippe Uzan, Francis Bernardeau, Tristan Brunier. Constraints on mode cou-
plings and modulation of the CMB with WMAP data. Physical Review D, 2005, 71, �10.1103/Phys-
RevD.71.083508�. �hal-04111422�

https://hal.science/hal-04111422v1
https://hal.archives-ouvertes.fr


PHYSICAL REVIEW D 71, 083508 (2005)
Constraints on mode couplings and modulation of the CMB with WMAP data

Simon Prunet*
Institut d’Astrophysique de Paris, 98 bis Boulevard Arago, 75014 Paris, France

Jean-Philippe Uzan†
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We investigate a possible asymmetry in the statistical properties of the cosmic microwave background
temperature field and to do so we construct an estimator aiming at detecting a dipolar modulation. Such a
modulation is found to induce correlations between multipoles with �‘ � 1. We proceed in two steps.
First, assuming that the only possible contaminant comes from our galaxy, we build an estimator using an
azimuthally symmetric galactic mask for which analytical construction is possible. Applying this
estimator to the V and W bands of the Wilkinson Microwave Anisotropy Probe (WMAP) data, we found
an apparent detection in the V band. Further investigation of the foregrounds and the use of the kp0 mask
provided by the WMAP team shows that, when the main extragalactic sources are properly removed, no
significant detection remains.

DOI: 10.1103/PhysRevD.71.083508 PACS numbers: 98.80.Es
I. INTRODUCTION

The Wilkinson Microwave Anisotropy Probe (WMAP)
data [1,2] have raised a number of interrogations concern-
ing the statistical properties of the temperature field. While
these data globally confirm the standard inflationary para-
digm [3] and the concordance cosmological model, they
exhibit some intriguing anomalies, particularly concerning
the large angular scales. In particular, a huge activity has
been devoted to the study of the low value of the quadru-
pole and octopole [4–7] as well as their alignment [8,9],
two effects that appear to be inconsistent with the standard
cosmological model.

Besides, many authors have tried to test the statistical
properties of the temperature field using various methods.
For instance, it was investigated whether the coefficients
a‘m of the development of the temperature field on spheri-
cal harmonics were independent and Gaussian distributed.
While, as expected from the standard inflationary picture, a
�2 deviation from Gaussianity seems to be well con-
strained [10], there have been some claims that the distri-
bution may not be isotropic [9,11–15] or Gaussian [16–
19]. No real physical understanding of these measurements
have been proposed yet and the origin of these possible
features is still unknown. Some authors have argued in
favor of systematic effects [13] while it was argued
address: prunet@iap.fr
address: uzan@th.u-psud.fr, uzan@iap.fr
address: fbernard@spht.saclay.cea.fr
address: brunier@spht.saclay.cea.fr

05=71(8)=083508(12)$23.00 083508
[14,20] that foreground contamination may play an impor-
tant role in these conclusions.

From a theoretical point of view, there are many reasons
to look for (and/or constrain) a departure from Gaussianity
and/or isotropy of the cosmic microwave background
(CMB) temperature field. Mode correlation can be linked
to non-Gaussianity, in particular, due to finite size effects
[21–23] or to the existence of some nontrivial topology of
the universe [24]. While in the latter case, one expects to
have a complex correlation matrix of the a‘m, the former
leads generically to a dipolar modulation of the CMB field
[25]. Such a modulation induces, in particular, correlations
between adjacent multipoles (�‘ � 1). Similar correla-
tions but with �‘ � 2 may also be induced by a primordial
magnetic field [26]. In each case, the physical model and
its predictions indicate the type of correlations to look for
and will drive the design of an adapted estimator.

Investigation of the correlation properties of a‘m is thus
important to correctly interpret previous observational re-
sults [9,11–15]. Two approaches are thus possible. Either
one defines some general estimators and studies whether
they agree with a Gaussian and isotropic distribution (top-
down approach) or one sticks to a class of physical models
and constructs an adapted estimator (bottom-up approach).
In this article, we follow the second route and focus to the
task of constraining a possible dipolar modulation of the
CMB temperature field, that is, correlations between multi-
poles with �‘ � 1.

In Sec. II, we start by some general considerations on the
form of the correlation arising from a dipolar modulation.
We then built an estimator, in Sec. III, adapted to these
types of correlations. In particular, we cannot use full-sky
-1  2005 The American Physical Society
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data and we will need to cut out some part of the sky. The
effect of such a mask on the correlations will have to be
taken into account and included in the construction of the
estimator. We apply this estimator to the V and W bands of
the WMAP data in Sec. IV. The V band exhibits an
apparent detection. The interpretation of this result will
require us to compare various masks and, in particular, to
investigate the effect of point sources on the signal to
conclude that they are most likely its cause.
II. GENERAL CONSIDERATIONS

As explained in the introduction, we focus on a possible
dipolar modulation of the CMB signal. Thus, we assume
that the observed temperature field can be modeled as

�obs� ~�� � �� ~���1� "�1Y1;�1� ~�� � "0Y1;0� ~��

� "�1Y1;�1� ~��� (1)

where � is the genuine statistically isotropic field and
where �"�1; "0; "�1� are three unknown parameters that
characterize the direction of the modulation. The modula-
tion has to be real so that "0 is real and "�1 � �"�1

	 
 ".
As usual, we decompose the temperature fluctuation in

spherical harmonics as

�� ~�� �
X1
‘�2

X‘
m��‘

a‘mY‘;m� ~��: (2)

The coefficients a‘m are thus given by

a‘m �
Z
d2 ~��� ~��Y	

‘;m� ~��: (3)

�obs and aobs‘m are defined and related in the same way.
Since � is supposed to be the primordial, Gaussian and
statistically isotropic, temperature field, its correlation ma-
trix reduces to

ha‘ma
	
‘0m0 i � C‘�‘‘0�mm0 : (4)

A modulation of the form (1) implies that the coefficients
aobs‘m develop correlations between multipoles with �‘ � 1.
Let us illustrate the origin of this correlation. From Eqs. (1)
and (4), we deduce that

aobs‘m � a‘m �
X1
‘0�2

X‘0
m0��‘0

a‘0m0

X�1

i��1

"i

�
Z
d2 ~�Y	

‘;m� ~��Y‘0;m0 � ~��Y1;i� ~��: (5)

The integral can be easily computed by using the Gaunt
formula [see Eq. (A7)] to get
083508
aobs‘m � a‘m �

�������
3

4�

s X
i

"i��1�m
X
LM

aLM
������������������������������������
�2‘� 1��2L� 1�

p

�

� ‘ L 1

�m M i

�� ‘ L 1

0 0 0

�
: (6)

Because of the triangular inequality, the Wigner-3j sym-
bols are nonzero only when L � ‘� 1 and M � m� i so
that aobs‘m is in fact a sum involving a‘m and a‘�1m�i. It
follows that it will develop ‘� �‘� 1� correlations that
can be characterized by the two quantities

D�0�
‘m 
 haobs‘ma

obs	
‘�1mi; (7)

D�1�
‘m 
 haobs‘ma

obs	
‘�1m�1i (8)

which will be nonzero, respectively, as soon as "0 or " are
nonzero. Using the expression (6) and the property (4) of
the primordial field, we deduce that

D�0�
‘m � "0

�������
3

4�

s ������������������������������
�‘� 1�2 �m2

p
�����������������������������������
�2‘� 1��2‘� 3�

p �C‘ � C‘�1� (9)

D�1�
‘m �

�������
3

4�

s ���������������������������������������������������
�‘� 2�m��‘� 1�m�

�2‘� 1��2‘� 3�

s
�C‘ � C‘�1�

"	���
2

p :

(10)

Interestingly, these forms indicate how to sum the D‘m in
order to construct an estimator. This construction will be
detailed in the following section.

III. MATHEMATICAL CONSTRUCTION
OF THE ESTIMATOR

The previous analysis is illustrative but not suitable to be
applied on real data. In particular these data will not be full
sky and we have to take into account the effect of a mask
(see, e.g., Ref. [27]). Such a mask, that arises, in particular,
because of the galactic cut, will induce correlations in the
coefficients aobs‘m that are described in Sec. III A. We design
the mask in order to protect the correlations that originate
from the modulation (Secs. III B and III C) and finish by
presenting the construction of our estimator in the most
general case (Sec. III D).

A. Mask effects

The temperature field is observed only on a fraction of
the sky. We thus have to mask part of the map so that the
temperature field is in fact given by

�obs� ~�� � �� ~��

"
1�

X1
i��1

"iY1;i� ~��

#
W� ~�� (11)

where W� ~�� is a window function, referred to as mask,
indicating which part of the sky has been cut. We decom-
pose W� ~�� in spherical harmonics as
-2
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W� ~�� �
X
‘m

w‘mY‘m� ~��: (12)

W� ~�� being a real valued function, it implies that w	
‘m �

��1�mw‘�m. We deduce from Eqs. (3) and (11) that

aobs‘m � ~a‘m �
X
i

"iA
�i�
‘m (13)

where ~a‘m are the coefficients of the masked primordial
temperature field ~�� ~�� � �� ~��W� ~��,

~a ‘m �
X
‘1m1

a‘1m1

X
‘2m2

w‘2m2

Z
d2 ~�Y‘1m1

� ~��Y‘2m2
� ~��Y	

‘;m� ~��

(14)

and the effects of the modulation are encoded in the
correction

A�i�
‘m �

X
‘1m1

a‘1m1

X
‘2m2

w‘2m2

�
Z
d2 ~�Y‘1m1

� ~��Y‘2m2
� ~��Y1i� ~��Y	

‘;m� ~��: (15)

Interestingly, ~a‘m can be shown to be obtained from a‘m
by the action of a kernel K‘1m1

‘m

~a ‘m �
X
‘1m1

a‘1m1
K‘1m1

‘m : (16)

This kernel is defined by

K‘1m1

‘m 

X
‘2m2

w‘2m2

Z
d2 ~�Y‘1m1

� ~��Y‘2m2
� ~��Y	

‘;m� ~��

and can be explicitly computed by using the integral (A7)
to obtain

K‘1m1

‘m � ��1�m
X
‘2m2

w‘2m2

���������������������������������������������������������
�2‘1 � 1��2‘2 � 1��2‘� 1�

4�

s

�

� ‘1 ‘2 ‘

m1 m2 �m

�� ‘1 ‘2 ‘

0 0 0

�
: (17)

The contribution arising from the modulation can be
computed by using the integral (A7) to get

A�i�
‘m �

�������
3

4�

s
��1�m

X
LM

~aLM
���������������
2‘� 1

p ���������������
2L� 1

p

�

� L 1 ‘

M i �m

��L 1 ‘

0 0 0

�
: (18)

One can check that the relation (5) obtained without taking
into account the effects of the mask still holds if one
replaces a‘m by ~a‘m. The complications arise from the
fact that ~a‘m does not satisfy the property (4) because of
the action (16) of the kernel.
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B. Choice of the mask and properties
of the masked quantities

We now need to specify the form of the mask. First, let
us note that when W� ~�� � constant for all ~� then one
trivially recovers that ~a‘m � a‘m because W � w00Y00 so
that

K‘1m1

‘m �
w00�������
4�

p �‘‘1�mm1
:

Since we are looking for ‘� �‘� 1� correlations, we
would like to design a mask that does not involve the same
correlations for ~a‘m and that is notm dependent. A solution
is to impose that W� ~�� is a function of � only and that it is
north-south symmetric, that is,

W� ~�� � W���; W��� �� � W���: (19)

Since Y‘0��� �� � ��1�‘Y‘0���, these conditions imply
that

W� ~�� �
X
‘2

w‘2
�1� ��1�‘2�

2
Y‘20��� 


X
‘2

ŵ‘2Y‘20���:

(20)

The simplest example of such a mask is obtained by
considering a function which is constant and vanishes on
an equatorial strip of latitude �c 2 �0; �=2�. This implies
that the multipoles of the mask are given by

w0 �
�������
4�

p
�c; (21)
ŵ ‘ �

���������������
4�

2‘� 1

s
�1� ��1�‘�

2
�P‘�1��c� � P‘�1��c��

(22)

where �c � cos�c. In particular, it can be seen that when
�c ! 0, that is, when the size of the mask vanishes, this
mask satisfies w‘ !

�������
4�

p
�‘0 when �c ! 1. The function

w‘ is depicted in Fig. 1 for galactic cuts of 10, 20, and
30 degrees.

The results derived in the following sections are not
dependent on the particular choice of the mask as long as
it satisfies the symmetries (19) which ensure that the co-
efficients of the mask do not depend on m and vanish for ‘
odd [see Eq. (20)].

C. Properties of the ~a‘m

Whatever the choice of the mask, as long as it satisfies
the properties (19), the general expression of the coeffi-
cients ~a‘m of the decomposition of ~� are given by
-3
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FIG. 1 (color online). (left) The coefficients of the decomposition of the mask function on spherical harmonics for different galactic
cuts, �c � 10, 20, and 30 degrees (respectively, black solid, red dashed and blue dotted-dashed lines). Only the nonvanishing, that is,
even, multipoles are plotted. (right) The ratio w‘=w0 decreases rapidly and becomes typically smaller than 0.1% for ‘ larger than 20
(solid line, 10 degrees; dotted line, 20 degrees; dashed-dotted line, 30 degrees).
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~a‘m � fskya‘m � ��1�m
���������������
2‘� 1

p X
‘1

�����������������
2‘1 � 1

4�

s
a‘1m

�
X
‘2�0

�����������������
2‘2 � 1

p
ŵ‘2

� ‘1 ‘2 ‘

m 0 �m

�

�

� ‘1 ‘2 ‘

0 0 0

�
(23)

with fsky 
 w0=
�������
4�

p
is the fraction of the sky that is

covered. From this expression, we deduce that their 2-point
function is given by

h~a‘m~a	‘0m0 i � �mm0

(
C‘f2sky�‘‘0 � fsky�G�‘; ‘0; m�C‘

� G�‘0; ‘; m�C‘0 �

�
X
‘1

C‘1G�‘1; ‘; m�G�‘1; ‘0; m�

)
(24)

where the function G�‘; ‘0; m� is defined by

G�‘; ‘0; m� � ��1�m
�������������������������������������
�2‘� 1��2‘0 � 1�

p X
‘2�0

�����������������
2‘2 � 1

4�

s

� ŵ‘2

� ‘ ‘2 ‘0

m 0 �m

�� ‘ ‘2 ‘0

0 0 0

�
: (25)

It follows from Eq. (24) that there is no m coupling arising
from the mask (because it has no azimuthal dependence)
and we can define the correlation matrix of the masked
temperature field as

h~a‘m~a	‘m0 i 
 ~C‘m�mm0 : (26)
083508
The angular power spectrum of the mask field is then
defined as

~C ‘ �
1

2‘� 1

X‘
m��‘

~C‘m (27)

and is explicitly given in terms of the primordial angular
power spectrum by

~C‘ � C‘

"
f2sky � 2

fsky
2‘� 1

X‘
m��‘

G�‘; ‘;m�

#

�
X
‘1

C‘1
2‘� 1

X‘
m��‘

G2�‘1; ‘; m�: (28)

Let us now turn to the ‘-�‘� 1� correlators. The first
term in Eq. (24) vanishes. Then, one can check that
G�‘; ‘� 1; m� vanishes because the triangular relation of
the Wigner-3j symbols implies that ‘2 � �1 but for odd
‘2, ŵ‘2 vanish. To finish, the contribution of
G�‘1; ‘; m�G�‘1; ‘� 1; m� in the sum also vanishes be-
cause ‘2 is even and the sums ‘1 � ‘2 � ‘� 1 and ‘1 �
‘2 � ‘ have to be both even, which is impossible. In
conclusion

h~a‘m~a	‘�1m0 i � 0: (29)

As expected from our construction, the mask does not
generate ‘-�‘� 1� correlations.

To finish, let us stress that the mask will induce some
‘-‘� 2 correlations that can be characterized by introduc-
ing
-4
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2
~C‘m 
 h~a‘m~a

	
‘�2mi; 2

~C‘ 

1

2‘� 1

X‘
m��‘

2
~C‘m:

(30)

Indeed, when W � Id, 2
~C‘ � 0.

D. General construction

Starting from the relation (13) and the expression (18),
we deduce that the two quantities defined in Eqs. (7) and
(8) generalize to

D�i�
‘m �

�������
3

4�

s
"	i

�
��1�‘�m�1�i

������������
‘� 1

p � ‘ 1 ‘� 1

m i �m� i

�
� � ~C‘m � ~C‘�1m�i� � ��1�‘�m�i

�
���
‘

p � ‘� 1 1 ‘

m� i �i �m

�
2
~C‘�1m�i

� ��1�‘�m�i
������������
‘� 2

p � ‘� 1 1 ‘� 2

�m� i i m

�
2
~C‘m


;

(31)

with i � 0; 1, when the mask effects are taken into account.
This expression is defined for m � �‘ . . . ‘ even if

2
~C‘�1m�1 is not defined for m � ‘ and m � ‘� 1 and

2
~C‘�1m for m � ‘ because the Wigner-3j symbols that

multiply these terms strictly vanish. From this expression,
we define

D�i�
‘ 


P‘
m��‘��1�‘�m�1�i

�
‘ 1 ‘� 1
m i �m� i

�
D�i�
‘mP‘

m��‘��1�‘�m�1�i
�
‘ 1 ‘� 1
m i �m� i

� :

(32)

Now, it can be checked, after some algebra, that

D�i�
‘ �

�������
3

4�

s
"	i �Ĉ

�i�
‘ � 22Ĉ

�i�A
‘ � 22Ĉ

�i�B
‘ � �O�"2� (33)

where the quantities Ĉ�i�
‘ , 2Ĉ

�i�A
‘ and 2Ĉ

�i�B
‘ have been

defined by

Ĉ�i�
‘ �

1

N�i�
‘

X‘
m��‘

������������
‘� 1

p � ‘� 1 1 ‘

m i �m� i

�
2

� � ~C‘m � ~C‘�1m�i� (34)
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2Ĉ
�i�A
‘ � �

1

N�i�
‘

X‘
m��‘

������������
‘� 2

p �
‘ 1 ‘� 1
m i �m� i

�

�

� ‘� 2 1 ‘� 1

m i �m� i

�
2
~C‘m (35)

2Ĉ
�i�B
‘ � �

1

N�i�
‘

X‘
m��‘

���
‘

p �
‘ 1 ‘� 1
m i �m� i

�

�

� ‘� 1 1 ‘

m� i �i �m

�
2
~C‘m (36)

with the coefficients N�i�
‘ given by

N�i�
‘ �

X‘
m��‘

��1�‘�m�i
�
‘ 1 ‘� 1
m i �m� i

�
: (37)

It follows from these results that we can consider the
estimator

E�i�
‘ �

1

N�i�
‘

X‘
m��‘

�
‘ 1 ‘� 1
m i �m� i

�

���1�‘�m�iaobs‘ma
obs	
‘�1m�i (38)

that satisfies by construction

hE�i�
‘ i � D�i�

‘ : (39)

We will apply this estimator to the WMAP data in the
following sections.

IV. DATA ANALYSIS

The proposed estimators have been implemented nu-
merically, using the Healpix [28] package for the pixeliza-
tion and the fast spherical harmonics transforms, and
applied to the coadded data of the WMAP V and W bands
(respectively, 70 and 90 GHz) where most of the signal is
of cosmological origin. We implemented the estimators as
described by Eqs. (33)–(38).

The quantities Ĉ�i�
‘ , 2Ĉ

�i�A
‘ and 2Ĉ

�i�B
‘ have been computed

using the best fit lambda cold dark matter theoretical power
spectrum of the WMAP data [29], and were not computed
on the data itself to avoid ratios of random variables. To
assess the statistical significance of the measured values of
"i, we made 1000 simulations of WMAP data in each of
the V and W bands according to a sky model with no
modulation.

The results of the analysis of the V and W bands are
summarized in Figs. 2–5. Figure 2 depicts the measure-
ment of D‘ on the W band. We sum this measurement of
two bands of ‘ (respectively, 20–100 and 100–300) and
-5



FIG. 2 (color online). D‘ measured on the WMAP data (W band) [green diamonds]. Blue triangles are the measurements on a
simulated map with "0 � 0:2 and the red (upper and lower solid) lines are 1# error bars.
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compare with 1000 simulated WMAP data. We perform
the same tests on the V band (Figs. 4 and 5). The apparent
detection in the V band without clear counterpart in the W
band suggest a noncosmological contamination.
Determining its origin requires more tests to be performed.

This contamination can be a priori from two possible
sources, galactic or extragalactic. To check if the correla-
tions detected in the V band are of galactic origin, we apply
the same estimator to the half sum and half difference of
FIG. 3 (color online). Comparison of 1000 simulations with the W
‘ � 20 and ‘ � 100 (top panel) and between ‘ � 100 and ‘ � 300 (b
green (dotted-dashed) line is data, blue (wide solid) line is simulati

083508
the V and W bands, that is,

S �
W � V

2
; D �

W � V
2

(40)

and repeat the whole procedure on 1000 simulations in
each case, where the simulations contain only CMB and
noise according to the WMAP specifications. The advan-
tage of the half difference of the bands is that it should (up
MAP data. We use the W band and sum the multipole between
ottom panel). The color code is identical to the one of Fig. 2. The

on.
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FIG. 4 (color online). D‘ measured on the WMAP data (V band) [green diamonds]. Blue triangles are the measurements on a
simulated map with "0 � 0:2 and the red (upper and lower solid) lines are 1# error bars.

CONSTRAINTS ON MODE COUPLINGS AND . . . PHYSICAL REVIEW D 71, 083508 (2005)
to calibration errors) eliminate the CMB signal completely
at large scales, hence eliminating the main source of vari-
ance at these same scales, where the galactic signals are
expected to dominate. Indeed, the power spectra of galactic
emissions usually scale as C‘ / ‘�$, with 2 � $ � 3 (see,
FIG. 5 (color online). Comparison of 1000 simulations with the W
‘ � 20 and ‘ � 100 (top panel) and between ‘ � 100 and ‘ � 300

083508
e.g., Ref. [30]). The half sum results, summarized in
Table I, are in between those of the V and W bands, which
is coherent with the assumption of the detection being
caused by a foreground source of electromagnetic spec-
trum different from the CMB fluctuations.
MAP data. We use the V band and sum the multipole between
(bottom panel).
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FIG. 6 (color online). The coefficients of the decomposition of
the mask function on spherical harmonics for different galactic
�c � 10, 20, and 30 degrees (respectively, black solid, red
dashed and blue dotted-dashed lines) compared with the ones
of the kp0 mask (green wide solid line).

TABLE I. Summary of the data analysis performed in this
article. It concerns the two bands V and W, their half sum (S)
and half difference (D). The band V has been analyzed with two
masks to emphasize the effect of the point sources on the result.

"0 Re�"� Im�"�
Data Test Data Test Data Test

W (20–100) �0:45 5.87 1.30 �0:26 2.54 �1:14
W (100–300) �0:60 16.9 1.65 0.61 0.59 0.41
V (20–100) �0:04 6.00 1.61 �0:17 3.21 �1:03

V (100–300) �0:81 17.9 0.25 0.65 4.10 0.54
V-kP0 (20–100) �0:11 6.12 1.83 0.16 2.20 �0:42

V-kp0 (100–300) �0:89 17.4 1.98 1.45 �0:22 0.18
S (20–100) �0:24 6.71 1.52 0.40 2.85 �0:31

S (100–300) �0:64 19.3 1.15 0.57 2.16 1.35
D (20–100) �0:58 �0:74 �2:10 �1:49 3.73 �0:70

D (100–300) �0:98 0.93 �0:44 0.69 2.67 �0:54
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More importantly, the half difference results do not show
a strong correlation detection at large angular scales, in
contradiction with the assumption of the galactic fore-
ground contamination being the source of the detected
correlations in the V band.

However, this half difference test does not work that
well if the source contaminants are of extragalactic origin,
since the power spectra of extragalactic foregrounds re-
semble that of the noise. In this case, the contamination is
expected to increase with increasing multipole number,
which seems to be the case for the V band (see Figs. 4
and 5).

The difficulty of extragalactic point sources contamina-
tion is that these sources (quasars and active radio-
galaxies) are distributed more or less uniformly across
the sky, which renders their masking by an azimuthally
symmetric sky cut impossible. However, the WMAP team
provides with their data sets ‘‘tailor cuts’’ that blank out the
resolved point sources of largest flux. Of course, the dipo-
lar modulation estimators designed in the preceding sec-
tions do not apply stricto sensu to these arbitrary masks,
but one can hope, given the small fraction of sky removed
at high latitude, that the broken symmetry of the mask will
be a small perturbation in the computation of the "’s, so
that the estimators keep their general validity, up to a
possible small bias (see Fig. 6 for a comparison of the
coefficients w‘ of the two masks).

This assumption can be checked on a simulated sky with
a known dipolar modulation, where a WMAP V-band noise
is added to the signal, together with the tailor mask. We
chose the most conservative mask provided by the WMAP
team (kp0) and applied it to a simulated sky of known
modulation ("0 � 0:2) as described above, together with
the V-band data. The results are shown in Figs. 7 and 8.
Again, the estimators have been applied to
1000 simulations of the V band with no dipolar modula-
tion, with the same kp0 mask applied, to estimate the
statistics of the V-band data results.
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Several observations can be made at this point. First,
comparing these results with those obtained in the V band,
but with the azimuthally symmetric 20� cut (Fig. 4), one
can check that the estimators give very compatible results
for the simulated dipolar modulation (blue triangles). This
comforts our assumption that changing the cut sky to the
kp0 mask is a small perturbation for the modulation
estimators.

Secondly, comparing the same figures but this time
looking at the data (green diamonds), one can see that in
the case of the 20� cut there is a large trend at high ‘’s in "1
that disappears when the kp0 cut is used. This is confirmed
by the results of Table I where one can check that the
tentative detections of statistical anisotropy in the V band
using the simple cut become statistically insignificant
when using the kp0 cut.

V. DISCUSSION AND CONCLUSIONS

In this article we have proposed an estimator designed to
detect a possible modulation of the CMB temperature field,
or equivalently �‘ � 1 correlations. The effects of cutting
part of the sky were discussed in detail and we applied this
estimator to the V and W bands of the WMAP data.

The results of our analysis are summarized in Table I
which gives the amplitude of the modulation coefficients
on the WMAP data and a corresponding test case with
"0 � 0:2, Re�"1� � Im�"1� � 0. All values are given in
standard deviation units, estimated on 1000 (signal �
noise) simulations in each case, with no modulations.

While the V band seems to exhibit a marginal detection,
further tests such as the study of the half sum and differ-
ence of the two bands and the effect of point sources have
-8



FIG. 8 (color online). Comparison of 1000 simulations with the WMAP data. We use the V band and sum the multipole between
‘ � 20 and ‘ � 100 (top panel) and between ‘ � 100 and ‘ � 300 (bottom panel) using the tailor mask kp0 to blank the main point
sources.

FIG. 7 (color online). D‘ measured on the WMAP data (V band) [green diamonds], using the tailor mask kp0 to blank the main point
sources. Blue triangles are the measurements on a simulated map with "0 � 0:2 and the red (upper and lower solid) lines are 1# error
bars.
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FIG. 9 (color online). The analysis of the simulated maps in which (top) the 208 resolved sources of the WMAP catalog have been
added and (bottom) where the 700 point sources (resolved and unresolved) of the V band have been added. In both cases, the signal of
Re�"1� is not affected while the signal of "0 and Im�"1� exhibit patterns that are similar to the ones obtained in our analysis of the Vand
W band on the same angular scales.
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led us to conclude that this detection should be inferred to
the effect of point sources contamination. In this analysis
we have used the kp0 mask which does not satisfy the
symmetries of the mask required for our estimator to be
unbiased. Nevertheless, our estimator seems to be well
suited for the analysis, even with the kp0 mask.

To back up this interpretation we have performed two
last tests. First we added to a simulated CMB map without
modulation and with noise the 208 sources resolved by the
WMAP experiment and then smoothed with the correct
beam. Second we added to the same simulation the 700 cir-
cular regions that are cut in the analysis of the V band in the
WMAP analysis. As can be seen in Fig. 9, both simula-
tions, while analyzed as the previous data with an azimu-
thal mask of 20 degrees, exhibit an excess of signal for "0
and Im�"1� in the same range of multipoles obtained on the
analysis of the Vand W bands (Figs. 2 and 4). Interestingly,
the signal of Re�"1� is not affected and is identical to the
one of Figs. 2 and 4. Indeed, the signals have not exactly
the same amplitude as the ones obtained from the analysis
083508
of the V band but they exhibit the same trend on the same
scales. Also, it has to be stressed that with a cut of 20 de-
grees the Large Magellannic Cloud (galactic latitude of
20 degrees and more and longitude of 0 degrees) and a part
of the H2 Ophucius region should contribute and that we
have not included them in the simulations. This could have
enhanced the signal.

In conclusion, the set of analyses performed in our study
tend to show that the �‘ � 1 correlations that appeared in
the analysis of the V and W bands of the WMAP data are
due to foreground contaminations and most likely by point
sources. The direction of the detected modulation will, in
that interpretation, characterize the anisotropy of the dis-
tribution of these sources.
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APPENDIX: INTEGRALS OVER
SPHERICAL HARMONICS

We have evaluated integrals over n spherical harmonics
(see Ref. [31]). When n � 1 or 2, these integrals are trivialZ

d2 ~�Y‘m �
�������
4�

p
�‘0�m0 (A1)

Z
d2 ~�Y‘1m1

Y	
‘2m2

� �‘1‘2�m1m2
: (A2)

To go further, one solution is to use the decomposition of
the product of two spherical harmonics as

Y‘1m1
� ~��Y‘2m2

� ~�� �
X
LM

���������������������������������������
�2‘1 � 1��2‘2 � 1�

4��2L� 1�

s

� CL0‘10‘20C
LM
‘1m1‘2m2

YLM� ~�� (A3)

where the CLM‘1m1‘2m2
are the Clebsch-Gordan coefficients

that can be expressed in terms of Wigner-3j symbols as

CLM‘1m1‘2m2
� ��1�‘1�‘2�M

���������������
2L� 1

p �
‘1 ‘2 L
m1 m2 �M

�
:

(A4)

It is easy to generalize Eq. (A3) to a product of n spherical
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harmonics

Y‘1m1
. . .Y‘nmn

�
X
Ln;Mn

" �����������������
4�

2Ln � 1

s X
L1...Ln�1;M1...Mn�1

�
Yn
i�1

 ����������������
2‘i � 1

4�

s
CLi0Li�10‘i0

CLiMi
Li�1Mi�1‘imi

!#

� YLnMn
: (A5)

We deduce, using Eq. (A5) and the integral (A2), that

Z
d2 ~�Y‘1m1

Y‘2m2
Y	
‘3m3

�

���������������������������������������
�2‘1 � 1��2‘2 � 1�

4��2‘3 � 1�

s
C‘30‘10‘20C

‘3m3

‘1m1‘2m2
(A6)

Z
d2 ~�Y‘1m1

Y‘2m2
Y‘3m3

Y	
‘4m4

�
X
L;M

�����������������������������������������������������������
�2‘1 � 1��2‘2 � 1��2‘3 � 1�

�4��2�2‘4 � 1�

s

� CL0‘10‘20C
‘40
L0‘30

CLM‘1m1‘2m2
C‘4m4

LM‘3m3
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