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Abstract

The design via density-based topology optimisation (TO) of thermal metadevices for conductive heat flux manipu-
lation in transient regime is introduced in this work. Such approach consists in the solution of a TO problem conceived
to achieve simple devices of feasible manufacture, which are made of two macroscopically distinguishable isotropic ma-
terials of highly contrasting thermal properties. The objective function to be minimised during the solution of such TO
problem is defined as the error in achieving a prescribed behaviour of the conductive heat flux in the region intended
for its manipulation, and the well-known solid isotropic material with penalisation (SIMP) technique is used to define
the material distribution as a continuous function. The finite element method is used for the numerical analysis of the
metadevices performance, and for each finite element there is a single microparameter (artificial density) determining
the material from which it is made. The proposed approach has been particularly applied to the design of metade-
vices to shield the conductive heat flux in a given region during a transient heat conduction process. Although the
so-designed metadevices are made of standard isotropic materials, they actually behave as metamaterials allowing the
desired manipulation of the heat flux. Such approach has been implemented in the design of an easy-to-manufacture
metadevice capable of fulfilling the assigned task better than other design merely based on intuition, whose material
distribution was conceived to at least roughly emulate the heterogeneous effective properties dictated by the method of
transformation thermodynamics. Since the microparameters directly define the distribution of both isotropic materials,
it has also been possible to manufacture a metadevice designed under the proposed approach and to experimentally
evaluate its performance.
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1. Introduction

Nowadays, the increasing development of metamaterials
and metadevices (devices made of metamaterials or that
macroscopically behave as such) allows the manipulation of
several physical fields in extreme and unprecedented ways.
Such an outstanding potential of both metamaterials and
metadevices has found noteworthy applications in optics and
electromagnetism [1], sounds and vibrations [2,3], heat trans-
fer [4–21], mass transfer [22–25], mechanics [26–28] and thermo-
mechanics [29–31]. Most of the metamaterials conceived for
the aforementioned applications have been designed using
the standard coordinates transformation approach originally
introduced by Leonhardt [32] and Pendry [33] in the context
of electromagnetism, whose particular implementation in
the search for invariant forms of the heat conduction equa-
tion for several conductive heat flux manipulation purposes
has given rise to the concept of transformation thermody-
namics (TT) [18,34,35]. The TT approach has been widely
and successfully implemented in the design of many thermal

metadevices for several conductive heat flux manipulation
purposes, such as cloaking [4,5,12,15,36], shielding [4,36], con-
centrating [6,12,13,36] and reversing [12,36].

Although the emergence of TT methods has given rise
to novel possibilities of conductive heat flux manipulation
through the design of metadevices for such purpose, this
approach has also exhibited the following limitations con-
cerning its feasibility and practical implementation:

� The heterogeneously distributed effective proper-
ties resulting from the TT procedure are not only
anisotropic, but could also exhibit singular values (in-
finite and null thermal conductivity) at some posi-
tions of the regions intended for heat flux manipula-
tion [4,8,13,18,36].

� Since the TT method considers the regions of heat ma-
nipulation and heterogeneous material distribution to
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be defined after coordinate transformations, it usually
involves very simple geometries and boundary con-
ditions. The problems addressed via such technique
are mostly defined over two-dimensional rectangular or
circular geometries subjected to a homogeneous heat
flux, whereas the metadevices encompass an annulus
surrounding a circular region where the heat flux is
manipulated [5,6,12,13,37].

� Any change in the problem geometry, heat flux ma-
nipulation task or boundary conditions introduces
changes in the distribution of effective properties,
whereby a different TT problem must be formulated
and solved for each case [4,12,36–38].

� It provides information concerning the distribution
of effective properties required to perform the heat
flux manipulation task, but not about how to obtain
such properties. This aspect of TT approaches leads
to the need of searching for further ways to at least
roughly emulate such effective properties, which is of-
ten achieved combining standard materials [4–6,15,37].

Several researchers have made special emphasis on propos-
ing the design of feasible thermal metadevices capable of
emulating the effective properties dictated by TT methods,
mostly based on intuition [4–6,38]. On the other hand, Ji et
al. [13] have recently introduced a more rigorous approach to
emulate with standard materials the spatial distribution of
the effective thermal conductivity tensor obtained from TT.
Such procedure consists in considering a metadevice made of
a composite material with a quantitatively characterisable
microstructure, and finding at each position the required
parameters in the microstructure so that the homogenised
tensor of thermal conductivity corresponds to that obtained
from TT. This technique has been particularly used in the
design of conductive heat flux concentrators, and the so-
designed devices exhibited a good performance. It is worth
to mention the efforts made by some researchers to extend
the TT methods to problems involving arbitrary geome-
tries of both the metadevice and the region intended for
heat flux manipulation [4,15,39,40], providing also in some
cases interesting proposals concerning the combination of
standard materials in order to emulate the distribution of
effective properties dictated by the TT procedure [4,15]. Af-
ter the pioneering work of Yang et al. [39] and Fu-Chun et
al. [40] demonstrating the possibility of designing arbitrar-
ily shaped shielding-cloaking metadevices via TT, Liu et
a. [4] and Sha et al. [15] presented different approaches to
manufacture TT-based thermal devices of non-conventional
geometries. Liu et al. [4] relied on the possibility of ap-
proximating any geometry with polygons to use the TT
approach in the design of N-sided polygonal thermal de-
vices for simultaneous shielding and cloaking in transient
regime, and demonstrated the possibility of achieving a
good approximation of the effective properties distribution
using a finite number of standard isotropic materials in bi-
layer configuration. Sha et al. [15] have recently introduced
the implementation of 3-D printing technologies to man-

ufacture thermal metamaterials based on the assembling
of small enough topological functional cells (TFCs), and
the configuration of each TFC is such that the correspond-
ing homogenised thermal conductivity tensor emulates that
dictated by TT. As discussed so far, the main difficulties
concerning the achievement of thermal metadevices based
on TT are related to the need of emulate the distribution
of highly anisotropic or even singular effective properties
derived from the spatial transformations. Scattering can-
cellation (SC) is an alternative technique adopted by some
researchers to avoid the often extreme effective properties
inherent in TT [9,16–18], since the scattering method is inde-
pendent of spatial transformations. Such procedure allows
the design of thermal devices for conductive heat flux ma-
nipulation using only isotropic conductivities, since it is
conceived via the analytical solution of the steady heat
transfer equations of adjacent regions without introducing
spatial transformations. These positive features have been
properly used in the design of metadevices entirely based
on natural isotropic bulk materials, such as: bilayer heat
flux concentrators [9], rotating devices for adaptive ther-
mal cloaking and shielding [16], interconnected structures for
concentration and cloaking [18], and also monolayer thermal
metadevices with switching functions between cloaking and
invisibility [17]. There are still some noteworthy studies on
alternative approaches to achieve feasible metadevices, such
as the geometrically anisotropic heterogeneous composites
for thermal invisibility developed by Tian et al. [14], and the
recent developments on thermal carpet cloaks [8,41].

In addition to the widely known TT and SC methods,
numerical optimisation is a technique that is becoming
increasingly important in the design of thermal metama-
terials [13,15] and metadevices [10,11,30,36,37,42–45]. Numerical
optimisation has actually been used by Peralta et al. [42]

to introduce a new paradigm in the design of thermal
metadevices, which is the possibility of conceiving heat
flux manipulation devices without a previous knowledge of
the thermal property distributions dictated by TT or SC
procedures. Given any metamaterial with a quantitatively
characterisable microstructure, a large-scale continuous op-
timisation problem is formulated to directly determine the
distribution of microparameters (parameters describing the
microstructure) that minimises the error in the fulfilment
of a heat flux manipulation task. This optimisation-based
approach allows the direct prescription of how the metade-
vice is made, and the heterogeneous thermal properties are
a direct consequence of the microparameters distribution
obtained from the solution of the optimisation problem.
The first metadevice designed by Peralta et al. [42] via such
numerical optimisation-based approach consisted in a simul-
taneous heat concentration and cloaking device, which was
conceived using a bilayered laminate metamaterial whose
relative layer thickness and orientation were considered as
the design variables to be optimised. Such a bilayered mi-
crostructure was subsequently used by Álvarez-Hostos et
al. [30,37], who extended the approach proposed by Peralta
et al. [42] to the design of thermo-mechanical cloaking [30]
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and transient heat flux manipulation [37] metadevices. Al-
though this optimisation-based metadevices design (OMD)
approach directly dictates the metamaterial configuration at
each point of the metadevice, achieving the particular het-
erogeneous distribution of microparameters resulting from
the numerical optimisation procedure is actually an issue
precluding the metadevice manufacture for real applica-
tions. In order to overcome the complexity of manufacturing
such metadevices, Peralta et al. [43] proposed to use a finite
number of candidate materials in the context of a discrete
material optimisation technique, where the presence of each
candidate material is dictated by an artificial density. In this
sense, the work conducted by Peralta et al. [43] introduced
the concept of topology optimisation-based metadevices
design (TOMD). TOMD has made it possible to achieve
feasible metadevices without resorting to heterogeneous
distributions of anisotropic metamaterials, which was for-
merly considered a mandatory requirement for the extreme
manipulation of macroscopic fields [13,15,42]. Fachinotti et
al. [44] introduced a further development in TOMD by us-
ing the simple isotropic material with penalisation (SIMP)
method in the design of an easy-to-make heat flux inver-
sion metadevice consisting of two piecewise macroscopically
distinguishable isotropic materials with contrasting thermal
properties, which was also manufactured and successfully
tested in a thermal experiment. Later, also Fachinotti et
al. [28] successfully extended such idea to the design of easy-
to-make elastostatic cloaking devices based on two piecewise
macroscopically distinguishable isotropic materials with
contrasting elastic properties. Subsequently, Álvarez-Hostos
et al. [31] used the SIMP method in the TOMD approach
in order to conceive easy-to-make thermo-mechanical cloak-
ing devices. Such metadevices were designed allowing the
dependence of elastic moduli with temperature, which was
actually an unprecedented contribution to the design of
thermo-mechanical metadevices. In addition to the afore-
mentioned density-based topology optimisation approaches,
several researchers are currently demonstrating the poten-
tial of level set-based TOMD for thermal cloaking and heat
flux manipulation [7,10,11,19–21]. Fujii et al. [46] introduced
the implementation of level-set-based TOMD for optical
cloaking. After such a pioneer contribution, the potential of
this procedure was demonstrated in the design of thermal
carpet cloaks [7,10], and metadevices for simultaneous heat
flux concentration and thermal cloaking [11]. Xu et al. [21]

introduced a further contribution in this field via the formu-
lation of an extended level set method, which has consisted
in extending the level set framework from an Euclidean to a
Riemaniann space to allow the free-form TOMD for thermal
cloaking in a robust and remarkably simple manner. Such
approach has been successfully implemented in the design of
thermal cloaks in 2D, 3D shell and 3D solid domains, includ-
ing also the cloaking of irregular inclusions. Nakagawa et
al. [20] coupled the level set method to multiscale techniques
in order to perform the TOMD for thermal cloaking and
heat flux shielding, performing the level set-based topology
optimisation of periodic microstructures in a finite number
of predefined regions making up the metadevice. The mi-

crostructures of such regions are optimised in order to find
a discrete macroscopic arrangement of homogenised ther-
mal conductivities conceived to fulfil the tasks of thermal
cloaking or heat flux shielding, or both simultaneously. The
level set-based TOMD of thermal metadevices reported so
far in the revised literature are devoted to steady state heat
conduction problems. Luo et al. [19] performed the level
set-based TOMD of steady state thermal cloaks using the
lattice Boltzmann method for the heat conduction analy-
sis, and also suggested the possibility of performing further
work to extend such a novel procedure to transient heat
conduction. The level set-based TOMD has the positive
feature of suppressing “grey regions” (unfeasible materials
with intermediate properties) without resorting to filter-
ing techniques, whose implementation is mandatory in the
framework of density-based procedures for the achievement
of fully binary material distributions in the metadevice de-
sign [28,31,44].

The aforementioned contributions concerning both OMD
and TOMD approaches demonstrate the versatility and ca-
pabilities of these techniques in the design of metadevices,
and the following positive features can be remarked:

� It is possible the design of metadevices based on any
quantitatively characterised material, i.e. those ma-
terials whose effective properties are determined by
particular microparameters.

� The design of metadevices in the context of problems
involving any kind of geometry and boundary condi-
tions is allowed.

� The distribution of microparameters (design variables)
resulting from the solution of the optimisation prob-
lem directly dictates how the metadevices must be
made, which is a crucial advantage with respect to
those methods limited to only provide information
concerning the distribution of heterogeneous and un-
certainly feasible effective properties (like coordinates
transformation-based approaches).

� It is not necessary to know the heterogeneous and of-
ten extreme effective properties previously dictated by
TT or SC procedures, since such effective properties in
OMD and TOMD approaches are a direct consequence
of the distribution of microparameters characterising
the metadevice microstructure at each point. The dis-
tribution of microparameters is determined via the so-
lution of a unique continuous, non-linear, constrained,
large-scale optimisation problem, which is remarkably
more efficient than other procedures reported in the
literature [13,15] where an optimisation problem must
be solved at each point of the domain in order to
find microparameters allowing the achievement of ho-
mogenised properties at least similar to those dictated
by coordinates transformation-based techniques.

� Particularly in the case of TOMD approaches, these
procedures allow the design of manufacturable and
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high-performance metadevices based on a simple ar-
rangement of a finite number of macroscopically distin-
guishable candidate materials [7,10,11,19–21,28,31,43,44].

It is worth to remark that neither density-based nor level
set-based TOMD approaches have yet been used to achieve
metadevices particularly conceived to perform conductive
heat flux manipulation tasks in transient regime, whereby
this communication is focused on demonstrating the rele-
vance of accounting for transient effects in the design of ther-
mal metadevices to be implemented under such conditions.
The TOMD approach (and its advantages regarding manu-
facturability) is extended to the design of metadevices par-
ticularly devised to perform heat flux manipulation tasks in
transient regime. The proposed procedure is particularly im-
plemented in the design of heat flux shielding metadevices,
which consisted in a very simple arrangement of two macro-
scopically distinguishable isotropic materials with contrast-
ing thermal properties. A first metadevice is designed in or-
der to compare its performance with respect to a TT-based
metadevice built by Narayana et al. [47], since such commu-
nication is among the few work devoted to demonstrate the
significance of considering transient heat conduction phe-
nomena in the design of thermal metadevices. The results
reported by Narayana et al. [47] demonstrated that the mate-
rial distribution of metadevices devised to manipulate con-
ductive heat flux in transient regime must be dictated not
only in terms of an appropriate arrangement of the thermal
conductivity, but also the volumetric heat capacity. Such
aspects were subsequently considered by Aĺvarez Hostos et
al. [37] in the microparameters-based OMD for transient heat
flux shielding, using metamaterials of bilayered laminate mi-
crostructure. The metadevice designed by Aĺvarez Hostos et
al. [37] exhibited a noteworthy superior performance with re-
spect to the device devised by Narayana et al. [47], whereas
the current work is devoted to achieve such outcomes us-
ing easy-to-make metadevices conceived via TOMD. Ac-
cordingly, the potential of this approach to achieve feasi-
ble manufacturing metadevices specifically designed to per-
form heat flux manipulation tasks in transient regime is first
demonstrated by comparison with the results obtained by
Narayana et al. [47]. The advantages regarding manufac-
turability of the proposed TOMD are used to design and
manufacture a second shielding metadevice in a remarkably
simple manner, using standard materials available to the au-
thors in the Laboratoire de Thermique et Énergie, Polytech,
Nantes Université. The metadevice is also numerically and
experimentally tested, and the experimental results exhibit
an excellent agreement with the performance predicted in
the numerical simulations.

2. Governing equations

The OMD for thermal applications in transient regime
involves the minimisation of a given objective function,
which in this particular case is defined to quantify the error
in accomplishing a prescribed heat flux manipulation task.
The evaluation of such objective function requires to solve

the heat conduction equation in transient regime, which is
performed in this work via the finite element method (FEM).

2.1. Transient heat conduction problem

The domain Ω depicted in Fig. 1 represents a solid het-
erogeneous material undergoing a transient heat conduction
process. The heat flux qwall and temperature Twall are pre-
scribed on boundaries Γq and ΓT , respectively. In transient
regime, the temperature T in Ω is governed by the following
partial differential equation:

c
∂T

∂t
= ∇ · (k∇T ) + q̇, (1)

where c is the volumetric heat capacity (density times the
specific heat capacity), k the thermal conductivity tensor
and q̇ the internal heat source. The solution of (1) is sub-
jected to the initial condition:

T = T0 at t = 0, (2)

and the boundary conditions:

T = Twall on ΓT ,

−k∇T · n = qwall on Γq, (3)

where n is the normal unit vector pointing outwards Γq.

Quantitatively
characterized
microstructure

wall

wall 

x

q
q

T

T





Figure 1: Transient heat conduction problem in a macroscopic
heterogeneous domain with effective properties depending on a
quantitatively characterised microstructure.

2.2. Finite element formulation

The transient heat conduction problem described in the
previous section will be solved via the finite element method
(FEM), which consists in using the following linear combina-
tion of basis functions to approximate the temperature field
in the standard Bunov-Galerkin weak-form of the problem
described by eq. (1)-(3):

T (x) ≊ Ni(x)Ti = N(x)T, (4)

where Ti is the temperature unknown at each node xi

of the finite element mesh, and Ni(x) is a standard inter-
polating shape function associated to this node such that
Ni(xj) = δij with δij denoting the Kronecker delta [48]. Ful-
filling the Kronecker delta property means that the value
of the shape function of a given node is unit at its posi-
tion (Ni(xi) = 1) and null at the any other nodal position
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(Ni(xj) = 0 for i ̸= j). Ti and Ni are grouped in vectors
T and N, respectively. The substitution of eq. (4) in the
Bunov-Galerkin weak-form of the transient heat conduction
equations leads to the following semi-discrete problem for
the vector of temperature unknowns [49]:

CṪ+KT = Q, (5)

with

C =

∫
Ω

NT cNdΩ,

K =

∫
Ω

BTkBdΩ,

Q =

∫
Ω

NT q̇ dΩ︸ ︷︷ ︸
Qq̇

−
∫
Γq

NT qwall dΓq︸ ︷︷ ︸
Qq

, (6)

where B is the matrix of components Bij = ∂Ni/∂xj such
that ∇T ≊ BT. The transient term of the semi-discrete
problem (5) is numerically integrated under a fully implicit
backward difference scheme, which leads to an algebraic sys-
tem of equations for the vector of temperature unknowns at
time n∆t:

C
Tn∆t −T(n−1)∆t

∆t
+KTn∆t = Qn∆t, (7)

where n is an integer between 1 and Nt, and Nt is the num-
ber of time steps used in the time integration. Eq. (7) is
solved once the previous vector of temperature T(n−1)∆t is
known.

2.3. TOMD for transient heat flux manipu-
lation

Let a metadevice occupy a non-homogeneous region
Ωdev ⊂ Ω such that the microstructure at each finite element
Ωe is quantitatively characterised (as depicted in Fig.1), so
that both the effective volumetric heat capacity and effec-
tive tensor of thermal conductivity at Ωe are defined by
a set of M microparameters grouped in the vector of de-
sign variables pe. Examples of microparameters defining the
properties of a quantitatively characterisable microstructure
are the geometrical parameters defining a biomimetic unit
cell of artificial bones [50,51], the relative thickness of layers
and their orientation in laminates [30,37,42], the orientation
of nonspherical inclusions in composites [52], among others.
The density-based TOMD can be interpreted as a particular
case of the microparameters-based OMD where the design
variables are no longer microparameters defining the proper-
ties of a quantitatively characterisable microstructure, but
artificial densities defining the macroscopic distribution of
a finite number of candidate materials [28,31,43,44]. In agree-
ment with the aspects discussed so far, the global capaci-
tance C and conduction K matrices are such that:

C = C(P), K = K(P), (8)

with
P = [p1,p2, ...,pN ], (9)

whereby the transient temperature distribution in the whole
domain Ω depends on P, i.e. T = T (x, t,P) for all x ∈ Ω [37].

According to the Fourier’s Law, the conductive heat flux
q in a continuous medium is given by:

q = −k∇T. (10)

For each finite element Ωe, the heat flux at a given point x
inside the element is:

qe(x, t) = −keBe(x)Te(P, t) = qe(P,x, t), (11)

where ke is the thermal conductivity at the finite element
Ωe, being ke = k(pe) for Ωe ∈ Ωdev and fixed otherwise.
The vector of unknown temperatures Te and the matrix of
shape function gradients Be are restricted to the nodes used
to interpolate the temperature field in Ωe.

The TOMD for transient heat flux manipulation consists
in finding a distribution of microparameters P such that the
resulting microstructure throughout Ωdev allows the achieve-
ment of a prescribed behaviour of the heat flux in a region
Ωtask ∈ Ω, i.e. to find P such that:

q(P,x, t) = q̄(x, t), for all x ∈ Ωtask, and t ∈ (0, tf ) (12)

where q̄(x, t) is the heat flux that must be achieved in the
region Ωtask ⊂ Ω within the time interval (0, tf ), accord-
ing to the distribution of microparameters P in the region
Ωdev ⊂ Ω. The TOMD versatility for the achievement of
thermal cloaking and different heat flux manipulation tasks
has already been demonstrated in the framework of both
density-based [36,43,44] and level set-based [7,10,11,19–21] proce-
dures, and the task to be fulfilled is set according to q̄(x, t).
Such a prescribed heat flux can be defined in terms of a refer-
ence value qhom(x, t) corresponding to the heat conduction
in an homogeneous plate entirely made of the background
material comprising Ωout, i.e. q̄(x, t) = γ qhom(x, t) (γ is a
constant). Some examples include: (i) Heat flux shield-
ing [20,37,44]: γ = 0 in Ωshield ≡ Ωtask = Ωin, (ii) Heat flux
concentration [11,42–44]: γ > 1 in Ωconc ≡ Ωtask = Ωin, (iii)
Heat flux inversion [37,44]: γ = −1 in Ωinv ≡ Ωtask = Ωin,
and (iv) Thermal cloaking of an inclusion [7,10,19,21]:
γ = 1 in Ωcloak ≡ Ωtask = Ωout. The microstructure fea-
sibility is allowed constraining the search for P to a fea-
sible design set D, which precludes the perfect fulfilment
of the transient heat flux manipulation task. Therefore, the
task fulfilment is accomplished up to a minimum error given
by [37]:

f(P) =
1

tf

∫ tf

0

g(P, t)dt

/
f0 with f0 =

1

tf

∫ tf

0

g0(t)dt,

(13)
where g is defined as the following root mean square error
in fulfilling the task in Ωtask at a given time t:

g(P, t) =

[
1

Ωtask

∫
Ωtask

∥q(P,x, t)− q̄(x, t)∥2 dΩ
]1/2

, (14)

and g0 is the root mean square error inherent in the heat
flux field q0(x, t) in the absence of metadevice:

g0(t) =

[
1

Ωtask

∫
Ωtask

∥q0(x, t)− q̄(x, t)∥2 dΩ
]1/2

. (15)
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As performed in previous communications concerning
both microparameters-based OMD [30,37,42] and density-
based TOMD [28,31,43,44], the accomplishment of the task de-
fined in (14) is assessed in a discrete form at H finite num-
ber of points xh ∈ Ωtask lying at the centre of each element
∆Ωh ∈ Ωtask:

g(P, t) =

[
1∑H

h=1 ∆Ωh

H∑
h=1

∥q(P,xh, t)− q̄(xh, t)∥2 ∆Ωh

]1/2

,

(16)
and g0(t) is consistently computed as:

g0(t) =

[
1∑H

h=1 ∆Ωh

H∑
h=1

∥q0(P,xh, t)− q̄(xh, t)∥2 ∆Ωh

]1/2

,

(17)

The FEM-based solutions will be performed over uniform
meshes, for which ∆Ωh/

∑H
h=1 ∆Ωh = 1/H. The TOMD for

heat flux manipulation in transient regime is performed solv-
ing the following non-linear constrained optimisation prob-
lem to minimise the error defined in (13):

min
P∈D

f(P), (18)

whereby the function f defining the error in fulfilling the
transient heat flux manipulation task is actually the ob-
jective function to be minimised, and the microparameters
pe defining the microstructure of each element Ωe ∈ Ωdev

are the design variables. Such features lead to a large-scale
optimisation problem, since there are M design variables
(microparameters) per finite element Ωe ∈ Ωdev.

A microparameters-based OMD has been successfully
performed in a previous communication [37] for transient
heat flux manipulation, where the metadevice design was
based on a metamaterial consisting in an orthotropic com-
posite laminate made of two materials with highly con-
trasting thermal properties. Although it was demon-
strated that such metadevice allows an excellent fulfilment
of the heat flux manipulation task, the particular hetero-
geneous distribution of relative thickness and orientation
of the bilayered laminate metamaterial from which it is
made still precludes its manufacture for real applications.
The introduction of manufacturability constraints has al-
ready been recognised to be crucial for the manufacture
of thermal [7,11,19,21,43,44], mechanical [28] and also thermo-
mechanical [31] metadevices, whereby the current transient
heat flux manipulation metadevice will be conceived under
the TOMD approach in order to allow its manufacture. This
feature will be assured via the implementation of a density-
based SIMP approach, which has already been success-
fully used in TOMD procedures for thermal [44] and thermo-
mechanical [31] applications. The thermal metadevices de-
signed so far via TOMD techniques performed via both
density-based [43,44] and level set-based [7,10,11,19–21] proce-
dures have been limited to the fulfilment of heat flux manip-
ulation tasks in steady regime, and this is actually the first
work focused on properly extending the favourable features
of such approach to the design of thermal metadevices in
the context of transient heat conduction problems. Follow-
ing the SIMP technique, the volumetric heat capacity and
thermal conductivity are computed at each finite element

Ωe ∈ Ωdev as follows:

ce = cA + (cB − cA)χ
p
e ,

ke = kA + (kB − kA)χ
p
e , (19)

where p > 1 is a penalty coefficient, χe is an artificial den-
sity with 0 ≤ χe ≤ 1, whereas subscripts A and B represent
two different isotropic materials. A value of p ≥ 3 is high
enough to penalise χp

e in order to make it tend to 0 or 1. It
is worth to note that performing a TOMD under the SIMP
technique introduces a single design variable χe at each fi-
nite element Ωe ∈ Ωdev. pe is no longer a vector, but a
scalar pe = χe (M = 1) determining the isotropic material
(A or B) occupying the element.

2.4. Sensitivity analysis

Since the transient term of the heat conduction problem
is numerically integrated under a fully implicit backward
difference scheme, the solution of the optimisation problem
(18) will be performed assessing the objective function (13)
in a discrete manner, i.e.:

f(P) =
1

f0Nt

Nt∑
n=1

g(P, n∆t), with f0 =
1

Nt

Nt∑
n=1

g0(n∆t).

(20)
The analytical computation of the sensitivity df/dPi is
crucial to perform an efficient solution of the optimisation
problem (18), which in this work will be achieved using the
adjoint method. For this purpose, an augmented form of
the objective function is introduced following the work of
Michaleris et al. [53]:

f(P) =
1

Nt

Nt∑
n=1

g(P, n∆t)︸ ︷︷ ︸
gn∆t

−
[
λn∆t

]T
R

(
Tn∆t,T(n−1)∆t

)
︸ ︷︷ ︸

Rn∆t

 ,

(21)
where:

Rn∆t = C
Tn∆t −T(n−1)∆t

∆t
+KTn∆t −Qn∆t = 0 (22)

is the residual form of the discretised heat balance equation
(7).

The derivative of (21) with respect to the i−th compo-
nent of P is given by:

df

dPi
=

1

Nt

Nt∑
n=1

(
∂gn∆t

∂Pi
+

∂gn∆t

∂Tn∆t

dTn∆t

dPi

)

− 1

Nt

Nt∑
n=1

[
λn∆t

]T ∂Rn∆t

∂Pi

− 1

Nt

Nt∑
n=1

[
λn∆t

]T (
∂Rn∆t

∂Tn∆t

dTn∆t

dPi
+

∂Rn∆t

∂T(n−1)∆t

dT(n−1)∆t

dPi

)
,

(23)

where:

∂Rn∆t

∂Tn∆t
=

C

∆t
+K,

∂Rn∆t

∂T(n−1)∆t
= − C

∆t
, (24)
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whereas:

∂Rn∆t

∂Pi
=

dC

dPi

Tn∆t −T(n−1)∆t

∆t
+

dK

dPi
Tn∆t − dQn∆t

dPi
(25)

The adjoint vectors λn∆t must be determined in order
to avoid the expensive computation of dTn∆t/dPi and
dT(n−1)∆t/dPi, which are consequently obtained from the
solution of the following set of adjoint problems:[

∂RNt∆t

∂TNt∆t

]T

λNt∆t =

[
∂gNt∆t

∂TNt∆t

]T

,[
∂R(n−1)∆t

∂T(n−1)∆t

]T

λ(n−1)∆t =

[
∂g(n−1)∆t

∂T(n−1)∆t

]T

−
[

∂Rn∆t

∂T(n−1)∆t

]T

λn∆t.

(26)

The set of adjoint problems must be solved for n = Nt, Nt−
1, Nt − 2, . . . , 1 (in this order), and the objective function
sensitivity with the design variables is subsequently com-
puted from:

df

dPi
=

1

Nt

Nt∑
n=1

(
∂gn∆t

∂Pi
−

[
λn∆t

]T ∂Rn∆t

∂Pi

)
, (27)

3. Design of a metadevice for tran-
sient heat flux manipulation

The current section presents an example of application of
TOMD for heat flux manipulation in transient regime, par-
ticularly for heat flux shielding. The performance of a first
metadevice designed using such approach will be compared
to that of a metadevice proposed by Narayana et al. [47]

for the same purpose, whose material distribution was con-
ceived to at least roughly emulate the thermal properties
dictated by TT. In this sense, the current TOMD will be
performed in the context of a heat transfer problem assum-
ing the geometry, material properties and boundary condi-
tions considered in the work of Narayana et al. [47]. Sub-
sequently, a second shielding metadevice also designed via
TOMD but using the materials available at the laboratory
will be manufactured and its performance will be experi-
mentally tested. The domain Ω = Ωout ∪ Ωin ∪ Ωdev and
boundary conditions of the transient heat conduction prob-
lem concerning the design of the heat flux shielding metade-
vice are depicted in Fig. 2, where Ωshield ≡ Ωtask = Ωin is
the region to be shielded. The shielding metadevice is de-
signed to occupy the annular region Ωdev of inner and outer
radii r and R, respectively. The domain is initially at a uni-
form temperature T0, and the symmetry of both geometry
and boundary conditions with respect to the x-axis allows
the FEM-based solution of the problem meshing only the
upper half of Ω. The right boundary is kept at a temper-
ature TR, whereas the left boundary temperature is kept
at TL until a first steady state is reached at t = t1, and
it is subsequently increased to T ∗

L = TL + ∆TL. The tran-
sient analysis is finished at time t = tf , when a new steady
regime is reached. A metadevice made of two isotropic and
macroscopically distinguishable candidate materials A and
B occupying the annular region Ωdev is designed to make

the heat flux attain the prescribed value q̄(xh, t) at all the
centres xh of the elements Ωe ∈ Ωtask, which for shielding
purposes (Ωtask ≡ Ωshield = Ωin) is set to be q̄(xh, t) = 0.

r
R

Wdev

Lx

Ly

T
=
T

L

T
=
T

R x

yAdiabatic

Adiabatic

Wout

Win

Figure 2: Domain Ω = Ωout∪Ωin∪Ωdev and boundary conditions
of the transient heat conduction problem concerning the TOMD
for heat flux manipulation.

The continuous optimisation problem inherent in the
TOMD procedure is solved in this work using the method of
moving asymptotes (MMA) [54], and the chequerboard pat-
terns usually affecting the material distribution in topology
optimisation problems [55] are eliminated via the Bruns and
Tortorelli’s [56] density filtering technique. The “grey” zones
(those elements where 0 < χe < 1, i.e. made of an unfeasi-
ble material with intermediate properties between A and B)
that remain despite the penalty coefficient p inherent in the
SIMP method are significantly reduced using the Heaviside
filtering proposed by Guest et al. [57], which is implemented
in the framework of a continuation approach proposed by
Sigmund et al. [58,59]. Although this procedure leads to a
noteworthy reduction of the grey zones, a further threshold
filtering strategy successfully used in previous work concern-
ing TOMD [28,31,44] is also implemented in order to obtain
a fully binary material distribution in the metadevice. Al-
though a comprehensive and detailed explanation concern-
ing the filtering procedures mentioned above can be found
in a previous communication [31], it will be also described in
this work. Coupling the density and Heaviside filtering tech-
niques implies the computation of a filtered artificial density
given by:

P̃e = 1− e−βP̄e + P̄ee
−β ≡ H̃(P̄e, β), (28)

with

P̄e =

∑N
i=1 ⟨r −∆ei⟩Pi∑N
i=1 ⟨r −∆ei⟩

. (29)

Eq.(29) defines the density filter [60], where the filter radius
r has been adopted in this work to be 7 times the finite
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element size. ∆ei is the distance between the centres of ele-
ments Ωe and Ωi, whereas ⟨ξ⟩ = ξH(ξ) is the ramp function
with H(ξ) denoting the Heaviside step function (H(ξ) = 0
for ξ < 0, H(0) = 1/2 and H(ξ) = 1 for ξ > 0). In the

Heaviside projection filtering [57] defined by Eq.(28) H̃(ξ, β)
is a regularisation of H(ξ), where the parameter β is such

that H̃(ξ, 0) = ξ and H̃(ξ,∞) = H(ξ). The material prop-
erties at element Ωe are determined according to the value
of χ̃e, whereby it is also called “physical” density [31]. Con-
sequently, the objective function becomes f̃(P) ≡ f(P̃) with

P̃ = [P̃1, P̃2, . . . , P̃N ] = [χ̃1, χ̃2, . . . , χ̃N ], but P still remains
as design variable. Accordingly, the optimisation problem
(18) is finally defined as

min
P∈D

f̃(P), subjected to 0 ≤ Pi ≤ 1 i = 1, 2, . . . , N. (30)

Due to filtering, Eq.(27) now actually defines df̃/dP̃i in-
stead of df/dPi. Such filtering must be considered during
the sensitivity analysis, which is performed using the chain
rule to compute the derivative of the new objective function
with respect to the design variable Pi:

df̃

dPi
=

df̃

dP̃j

dP̃j

dP̄k

dP̄k

dPi
, (31)

where
dP̃j

dP̄k
and dP̄k

dPi
can be easily obtained by derivation of

Eqs.(28) and (29), respectively. The final design is achieved
via the solution of successive optimisation problems, where
the regularisation parameter β is gradually increased fol-
lowing the continuation approach [58,59]. This procedure is
conceived to achieve stable convergence and ensuring dif-
ferentiability in density-based topology optimisation proce-
dures [58,59], and its implementation is schematised in the
following flowchart in pseudo code:

1. Initialisation: set s = 0 and P0 = [0.5, 0.5, . . . , 0.5].

2. Continuation: set β = 2s, i = 0 and P(i) = P0.

(a) Transient heat conduction FEM: P̃→ T (x, t, P̃)

(b) Objective function: T (x, t, P̃)→ f(P̃)

(c) Sensitivity: (P(i), P̃, T, . . .)→ ∂f/∂P

(d) Update: (P(i), ∂f/∂P)→ P(i+1)

(e) Stop criterion:

� if i < imax and
∥∥∥P(i+1) −P(i)

∥∥∥
∞

> ϵ, i← i+1,

go to (a).

� Otherwise:

– if β < βmax, set s← s+ 1 and P0 = P(i+1),
then go to (2).

– Otherwise, go to (3).

3. Threshold filtering: (P̃, w∗)→ P̃thr

The initial guess of P0 within the continuation procedure
is arbitrarily adopted for β = 0 (without Heaviside projec-
tion filtering), and then updated for each continuation step
s. The optimisation solver stops at each continuation step
when i = imax = 150 or the change in design variables is less
than ϵ = 0.01. The regularisation parameter of the Heavi-
side approximation is increased up to βmax = 128 (s = 7),
for which the grey zones are significantly reduced [31]. Al-
though the continuation approach allows the virtual elimi-
nation of unfeasible materials with intermediate properties

after the successive optimisation steps, a final filter (the so-
called threshold filtering procedure) is still required to ob-
tain a fully discrete (binary) material distribution Pthr(w∗)
with w∗ as the threshold for χp

e. Such a final filtering tech-
nique was proposed by Fachinotti et al. [44], and successfully
implemented in the TOMD for thermal [44], mechanical [28]

and thermo-mechanical [31] applications. The threshold fil-
tering procedure consists in setting a threshold filtered den-
sity P̃ thr

e at each element Ωe ∈ Ωdev such that it is entirely

made of material A (P̃ thr
e = 0) or B (P̃ thr

e = 1), with

P̃ thr
e = H(P̃e − w∗) (32)

where w∗ is the threshold. In classical topology optimi-
sation, w∗ is a user-defined parameter often determined to
fulfil volume constraints [61,62]. The threshold filtering strat-
egy proposed by Fachinotti et al. [28,44] is particularly formu-
lated for problems without volume constraints, such as the
TOMD to be performed in this communication. The proce-
dure consists of finding w∗ for which the resulting discrete
metadevice exhibits the best possible performance, in com-
parison with the still unfeasible material distribution with
very narrow grey zones (that achieved for β = 128). In
short, such a final filtering procedure is performed to find
w∗ ∈ (0, 1) such that f thr/f = f(P̃thr)/f(P̃) reaches its
minimum.

4. Numerical results and experi-
mental validation

At a first stage, the TOMD procedure has been used to
design a heat flux shielding metadevice with the geometry,
material properties and boundary conditions of the prob-
lem addressed by Narayana et al. [47]. This first example
has been included in order to compare the performance of
an easy-to-manufacture metadevice achieved via TOMD to
that exhibited by the design proposed by Narayana et al. [47],
which was based on TT and intuition. The proposed ap-
proach has been subsequently implemented in the design of
a heat flux shielding metadevice to be manufactured with
isotropic materials available to authors in the laboratory,
which has also been tested experimentally in order to vali-
date the shielding capabilities previously predicted via nu-
merical analysis.

4.1. Comparison with a metadevice based
on transformation thermodynamics
and intuition

The plate geometry in the context of Narayana et al. [47]

model is Lx = 0.1 m wide and Ly = 0.15 m height, and
Ωshield has a radius of r = 0.01 m. The inner and outer
radii of the metadevice are r = 0.01 m and R = 0.026 m,
respectively. For the TOMD procedure, the FEM-based so-
lution of the governing equations has been performed dis-
cretising the upper half of the plate with a uniform mesh
of 200 × 150 = 30000 bilinear finite elements. Among all
finite elements, 3614 have their centres within Ωdev. Since
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the artificial density is considered to vary element-wise in
Ωdev, the resulting non-linear large-scale constrained opti-
misation problem involves 3614 design variables. The do-
main regions Ωout and Ωshield are made of a silicone-based
material Sylgard Q3-3600, whereas the metadevice occupy-
ing the annular region Ωdev is made of copper (material A)
and polyimide (material B). The thermal properties of the
aforementioned materials are given in Tab. 1. The initial

temperature throughout the entire plate is T0 = 273 K, and
the right side temperature is TR = 273 K. The left side
temperature is TL = 313 K before reaching the first steady
regime at t1 = 30000 s, and it is subsequently increased
to T ∗

L = TL + ∆TL = 313 K + 10 K = 323 K and main-
tained until finishing the transient heat conduction analysis
at tf = 90000 s.

Table 1: Thermal properties of Sylgard Q3-3600, copper (material A) and polyimide (material B).

Property Material

Sylgard Q3-3600 Copper Polyimide

Thermal conductivity [W(mK)-1] 0.77 400 0.17

Volumetric heat capacity [J.m-3K-1] 3.099× 106 3.3495× 106 1.526× 106

In the case of a homogeneous plate fully made of Sylgard
Q3-3600 (i.e. without the metadevice), the parallel heatlines
corresponding to the 1-D heat conduction process depicted

in Fig.3 (q0 ≡ qhom) pass through the circular region to
be shielded (white dotted lines) along the entire transient
process.

 

(a) t=2000 s

 

(b) t=32000 s

 

(c) t=90000 s

Figure 3: Temperature distribution and heatlines corresponding to the 1-D transient heat conduction in a homogeneous plate made
of Sylgard Q3-3600, in the context of Narayana et al. [47] problem.

The proposed TOMD approach is now used to achieve a
metadevice conceived to be embedded in the annular region
Ωdev, in order to significantly reduce the heat flux passing
throughout Ωtask ≡ Ωshield (delimited by the white dotted
lines in Fig.3) along the entire transient heat conduction
process. The convergence of the objective function achieved
by following the continuation approach explained in section
3 is depicted in Fig.4, which also includes the evolution of

the metadevice topology during the optimisation process.
The results reported in this figure demonstrate that using
the continuation approach has allowed not only the almost
complete suppression of grey zones introduced by the den-
sity filter used to eliminate chequerboard-type instabilities,
but also a noteworthy improvement of the shielding task ful-
filment with respect to the markedly unfeasible design ob-
tained at the first step of the continuation approach (β = 0).
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Figure 4: Convergence of the objective function and evolution of topology during the TOMD for heat flux shielding, in the framework
of Narayana et al. [47] benchmark problem.

(a) Continuous material distribution with grey zones (b) Discrete material distribution after threshold filtering

Figure 5: Material distribution obtained after performing the TOMD for heat flux shielding in the context of Narayana et al. [47]

problem. Copper in blue, polyimide in red, and background material Sylgard Q3-3600 in grey.
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The potential of this technique to minimise the objec-
tive function while remarkably reducing grey regions has
already been demonstrated in classical topological optimi-
sation problems [58,63,64], and this positive feature has now
been successfully reproduced in the proposed TOMD frame-
work for transient heat conduction. The continuous (but
still unfeasible) material distribution obtained at the last it-
eration of the optimisation process (enlarged in Fig.5(a))
has allowed a reduction of the objective function up to
f = 0.0105, which means that the time-average mean
heat flux passing throughout Ωshield has been reduced by
(1−f)×100 = 98.95%. Although such a good performance,
there are still thin grey regions precluding the metadevice
manufacture. The possibility of manufacture is a main con-
cern in this work, whereby the design is now subjected to
the final threshold filtering of Eq.32. The f thr/f ratio for
different thresholds w∗ is plotted in Fig.6, reaching a min-
imum at w∗ = 0.8 where f thr/f = 0.9565 (f thr = 0.01).
This means that the feasible metadevice of Fig.5(b) has en-
abled a reduction of the time-average mean heat flux passing
through Ωshield by 99%, which is even better than the perfor-
mance achieved using the metadevice of continuous material
distribution. Such an outcome is consistent with the conver-
gence behaviour achieved within the continuation approach,
where it has been demonstrated that an appropriate removal

of grey regions can actually leads to a better performance
of the final design.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 6: Threshold procedure for the achievement of a feasible
heat flux shielding metadevice in the transient heat conduction
problem of Narayana et al. [47].

 

 

 

 

(a) t=2000 s

 

(b) t=32000 s

 

(c) t=90000 s

Figure 7: Temperature distribution and heatlines corresponding to the feasible metadevice (after threshold filtering) conceived in
the context of Narayana et al. [47] problem.

Such an outstanding performance of this feasible metade-
vice designed via TOMD is depicted in the temperature
fields and heatlines resulting from embedding it in the plate,

which are shown in Fig.7 (a)-(c) for different times. Both
the temperature field and heat flux are remarkably different
from the one-dimensional heat conduction process concern-
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ing the case of a homogeneous plate fully made of Sylgard
Q3-3600. The way in which the heatlines circumvent Ωshield

demonstrates the appropriate performance of the metade-
vice to fulfil the shielding task, which has also given rise to a
noteworthy reduction of temperature in the shielded region
during the entire transient heat conduction process. This
aspect is put in a better perspective in Fig. 8, where the
temperature profiles for different times along the horizonal
central axis of the plate are compared to those concerning
the case of a homogeneous plate fully made of Sylgard Q3-
3600. As discussed in a previous communication [37,47], the
reduction of temperature in Ωshield can be seen as a collateral
effect of the shielding task fulfilment. Since the metadevice
is actually conceived to redirect the heat flux in order to cir-
cumvent Ωshield during the entire transient heat conduction
process, the total transfer of thermal energy to such region
is much smaller and the heating is consequently reduced.

-5 -4 -3 -2 -1 0 1 2 3 4 5
270

280

290

300
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Figure 8: Temperature profiles along the horizontal central axis
of the plate with the shielding metadevice designed in the context
of Narayana et al. [47] problem, compared to those concerning the
case of a homogeneous plate fully made of Sylgard Q3-3600.

A comparison between the instantaneous error g achieved
in the transient heat flux shielding task fulfilment when us-
ing the metadevice and that concerning the situation of a
homogeneous plate fully made of Sylgard Q3-3600 g0 is given
in the linear-logarithmic plot of Fig. 9, which depicts the
noteworthy reduction of g with respect to g0 during the en-
tire transient heat conduction process (even by up to two
orders of magnitude). Information of such a kind to quan-
tify the shielding task fulfilment was not provided in the
communication of Narayana et. al [47], since the metadevice
performance was assessed in terms of the temperature incre-
ment ∆Tc at the centre of Ωshield from the beginning of the
second heating stage (t > t1 = 30, 000 s). The temperature
increment at the centre of the plate when using the feasi-

ble metadevice conceived via TOMD is compared in Fig.
10 to that resulting from using the TT and intuition-based
metadevice proposed by Narayana et al. [47], which also in-
cludes the case without metadevice.

0 1 2 3 4 5 6 7 8 9

104
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Figure 9: Comparison between the instantaneous error g achieved
in the transient heat flux shielding task fulfilment when using the
metadevice and that concerning the situation of a homogeneous
plate fully made of Sylgard Q3-3600 g0.
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Figure 10: Heating at the centre of the plate for t > t1 when
using both the current TOMD for transient shielding and the
metadevice proposed by Narayana et al. [47], and corresponding
comparison with the case of a homogeneous plate without shield-
ing device.

Using the heat flux shielding achieved via TOMD has
given rise to a heating rate significantly lower than that
allowable with Narayana et al. [47] device, during the en-
tire transient heat conduction process. Although using the
TT and intuition-based metadevice proposed by Narayana
et al. [47] allows the heating rate at the plate centre to be
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slightly reduced, it was unable to prevent the final tem-
perature rise ∆Tc = 5 K inherent in the case of a homoge-
neous plate without shielding device. On the other hand, the
metadevice achieved via TOMD has allowed a noteworthy
reduction of the final temperature rise up to ∆Tc = 2.855 K.
Therefore, both the slower heating rate and lower tempera-
ture rise at the plate centre demonstrates the better perfor-
mance of the current metadevice achieved via TOMD with
respect to the TT and intuition-based metadevice proposed
by Narayana et al. [47].

4.2. Design, manufacture and experimen-
tal assessment of a heat flux shielding
metadevice

The geometry in this case is a heterogeneous square plate
made of thermal Gad Pad VO (a conformable silicone poly-
mer filled with alumina on a fibreglass carrier) in Ωout, with

a central circular region Ωshield made of PMMA. The plate
has dimensions Lx = Ly = 0.1 m, whereas Ωshield has a
radius of r = 0.01 m. The region Ωdev occupied by the
metadevice to be designed to shield the PMMA in Ωshield

has inner and outer radii r = 0.01 m and R = 0.026 m,
respectively. For the TOMD procedure, the FEM-based so-
lution of the governing equations has been performed dis-
cretising the upper half of the plate with a uniform mesh of
200×100 = 20000 bilinear finite elements. Also in this case,
3614 have their centres within Ωdev. Since the artificial den-
sity is considered to vary element-wise in Ωdev, the resulting
non-linear large-scale constrained optimisation problem has
3614 design variables. The metadevice is made of copper
(material A) and PMMA (material B), the latter being the
same material as that of Ωshield. The aforementioned ma-
terials are actually those available to the authors for the
metadevice manufacture, and the corresponding properties
are summarised in Tab. 2.

Table 2: Properties of thermal Gad Pad VO, copper (material A) and PMMA (material B).

Property Material

Thermal Gad Pad VO Copper PMMA

Thermal conductivity [W(mK)-1] 0.8 360 0.19

Volumetric heat capacity [J.m-3K-1] 1.6× 106 3.3495× 106 1.526× 106

The initial temperature throughout the entire plate is
T0 = 293 K, and the right side temperature is TR = 293 K.
The left side temperature is first increased linearly with time
until it reaches TL = 333 K at 520 s and maintained until
a first steady regime is reached at t1 = 10647 s, and it
is subsequently subjected to a further lineal increment to
T ∗
L = TL + ∆TL = 333 K + 10 K = 343 K at t = 10825

s and maintained until finishing the transient heat conduc-
tion analysis at tf = 19500 s. The temperature fields and
heatlines corresponding to the plate without metadevice are

depicted for different times in Fig. 11(a)-(c), which do not
correspond to a one-dimensional heat flux case (q0 ̸= qhom)
due to the presence of a different material in Ωshield (de-
noted by the white dotted lines) (PMMA) with respect to
the rest of the plate (thermal Gad Pad VO). The conver-
gence of the objective function and evolution of the metade-
vice topology under the continuation approach used in this
work are depicted in Fig.12, achieving also in this case an
almost complete suppression of the grey zones together with
an improvement of the shielding task fulfilment.

 

(a) t=500 s

 

(b) t=11000 s

 

(c) t=19500 s

Figure 11: Temperature distribution and heatlines in the heterogeneous plate mostly made of thermal Gad Pad VO, with a PMMA
circular inclusion at its centre.
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Figure 12: Convergence of the objective function and evolution of topology during the TOMD for heat flux shielding, concerning
the metadevice designed to be manufactured and experimentally tested.

 

(a) Continuous material distribution with grey zones

 

(b) Discrete material distribution after threshold filtering

Figure 13: Material distribution obtained via the TOMD approach for the heat flux shielding metadevice to be manufactured.
Copper in blue, PMMA in red, and thermal Gad Pad VO in grey.
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The metadevice of continuous (but unfeasible) material
distribution obtained at the last iteration of the optimisation
process (enlarged in Fig.13(a)) allows the objective function
concerning the shielding task to be reduced up to f = 0.032,
which means that the time-average mean heat flux passing
throughout Ωshield has ben reduced by (1−f)×100 = 96.8%.
Also in this case, manufacturability is allowed using the final
threshold filtering of Eq.32. The f thr/f ratio for different
thresholds w∗ is plotted in Fig.14, which exhibits a minimum
for w∗ = 0.97 where f thr/f = 0.967 (f thr = 0.031). This
means that the resulting feasible metadevice of Fig.13(b) en-
abled a reduction of the time-average mean heat flux pass-
ing throughout Ωshield by 96.9%, which is slightly better
than the performance corresponding to the metadevice of
continuous material distribution. Also in this case, it is
demonstrated that an appropriate removal of grey regions
can actually leads to a better performance on the final de-
sign. The excellent performance of this metadevice (to be
manufactured) is also apparent from the temperature fields
and heatlines resulting from embedding it in the plate, which
are shown in Fig.15(a)-(c) for different times. The heatlines
circumvent Ωshield as a consequence of the shielding task ful-
filment by the metadevice, which enables -also in this case-
a noteworthy reduction of temperature in the shielding re-
gion. The temperature profiles along the horizontal central
axis, with and without the metadevice, are given for differ-
ent times in Fig. 16. Note that the metadevice succeeds
to reduce the temperature at Ωshield, as a collateral effect
of the shielding task fulfilment. Particularly, at the end of
the transient heat conduction process (tf = 19500 s), the
temperature increment has been reduced from ∆Tc = 25 K

without the metadevice to ∆Tc = 13.44 K (almost halved)
with it. In the linear-logarithmic plot of Fig. 17, the instan-
taneous error g achieved in the transient heat flux shielding
task fulfilment when using the metadevice is compared to
the error g0 without it. Also in this case, a noteworthy re-
duction of g with respect to g0 during the entire transient
heat conduction process (even by up to two orders of mag-
nitude) can be observed.
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Figure 14: Threshold procedure for the achievement of a feasible
final design of the heat flux shielding metadevice to be manufac-
tured and experimentally tested.

 

 

(a) t=500 s

 

 
(b) t=11000 s

 

 
(c) t=19500 s

Figure 15: Temperature distribution and heatlines corresponding to the metadevice to be manufactured (after threshold filtering),
and conceived to shield the PMMA inclusion in Ωshield from heat flux.

4.2.1. Experimental setup

The experimental measurements of the metadevice ther-
mal performance were conducted at Laboratoire de Ther-
mique et Énergie, Polytech, Nantes Université. A scheme

and an actual photo of the experimental setup are shown in
Figs. 18(a) and 18(b), respectively. The left and right sur-
faces of the device were in contact with two aluminium heat-
ing plates whose temperatures were controlled using recircu-
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lating water flow, whereas polystyrene foam was used as in-
sulator material for the remaining device surfaces. The wa-
ter temperature of each plate was controlled using two ther-
moregulators LAUDA RP 855 during the experiments. The
thermoregulator controlling the hot plate was programmed
to achieve the two–steps increasing temperature on the left
boundary described in the previous section. The manufac-
tured heat flux shielding metadevice is shown in Fig. 19.
The device is 20 mm thick and its remaining dimensions
correspond to those reported in the previous section. An
appropriate scanning of the temperature distributions with
the use of a thermographic camera was not possible, be-
cause the different emissivities of the aluminium, thermal
Gad Pad VO, copper and PMMA were introducing note-
worthy errors in the results obtained. As an alternative, the
metadevice performance has been assessed placing thermo-
couples for temperature data acquisition at different repre-
sentative locations. As shown in Fig. 19, the metadevice was
instrumented with a total of four K–type thermocouples for
temperature data acquisition at positions Tc2 −Tc4. Ther-
mocouples Tc2 and Tc3 were placed at 22.3 mm and 15.8
mm upstream the shielding region centre (O), respectively.
Thermocouple Tc4 was placed at Ωshield centre, and Tc5 16
mm downstream O.
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Figure 16: Temperature profiles along the horizontal central axis
of the plate with the heat flux shielding metadevice to be man-
ufactured, compared to those of the thermal Gad Pad VO plate
with a PMMA inclusion at its centre (without metadevice).

Two additional thermocouples Tc1 and Tc6 were used
to verify the appropriate setting of temperature at the left
and right boundaries (device-plates interfaces), respectively.
The metadevice parts were designed and manufactured with
a sliding tolerance so that it can be assembled manually by
applying a small force. Additionally, a highly conductive
grease was applied at the contact surfaces to emulate per-
fect heat transfer between the parts.
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Figure 17: Instantaneous error g achieved in the transient heat
flux shielding task fulfilment when using the metadevice to be
manufactured, compared to the error g0 without metadevice.
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Figure 18: A scheme and a photo of the experimental setup
used to assess the thermal performance of the heat flux shielding
metadevice.
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Figure 19: The manufactured heat flux shielding device instru-
mented with four K–type thermocouples.

4.2.2. Validation of numerical results with experi-
ments

In Fig. 20, the temperature-time data collected at Tc4
(the centre of Ωshield) is compared to the temperature pre-
dicted at the same position via FEM-based numerical solu-
tions for the cases with and without metadevice.
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Figure 20: Validation of the numerical prediction of temperature
at the centre of Ωshield, by comparison of temperature data col-
lected at Tc4 with FEM-based numerical solutions.

The actual thermal performance of the metadevice ex-
hibits an excellent agreement with the FEM-based numer-
ical solutions, and the results also demonstrate that using
the metadevice gives rise to a noteworthy reduction of heat-
ing at the centre of Ωshield. The maximum discrepancies
between the numerical an experimental results during the
transient analysis has been only about 0.5 K, with the ex-
perimental temperature measurements being slightly below
the numerical results. Despite the controlled conditions of
the experiment, it is also subjected to some sources of error

such as the non-perfect isolation of the surfaces indented to
be adiabatic, the contact between the metadevice parts and
that of the aluminium plates with the left and right sur-
faces, and the inherent uncertainty of the data acquisition
with the thermocouples.
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Figure 21: Validation of the numerical prediction of temperature
at the position of thermocouples Tc1 − Tc3 and Tc5, by com-
parison of temperature data collected at the thermocouples with
FEM-based numerical solutions.

Despite having set up the experiment so that the device
had a uniform initial temperature of 293 K, the data ob-
tained with the thermocouple has exhibited slightly lower
values (approximately 292.5 K) at the initial transient.
The metadevice has not yet undergone sufficient conduction
heating effects from the left surface at these early stages,
with the consequence of a slight decrease in temperature
due to small heat losses (non-perfect isolation at surfaces
intended to be adiabatic). The effects of heat losses are at-
tenuated as the transient conduction process proceeds and
the centre of the plate experiences higher heating rates, with
the consequence of a temporary reduction of the discrepan-
cies between the experimental values and the ideal numeri-
cal simulation. The effect of heat losses becomes noticeable
as the heat conduction process approaches the steady state,
again leading to a slight discrepancy between the experimen-
tal results and the numerical solution. A comparison of the
FEM-based solutions with the temperature data collected
by the remaining thermocouples is depicted in Fig.21, ex-
hibiting an excellent matching also in such locations. These
results also exhibit slight discrepancies (less than 0.5 K) be-
tween the experimental values and the numerical solutions
for the thermocouples located at the metadevice, which are
also explained by the interaction between the heat losses and
the heating rate effects.
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5. Discussion

The results reported in the previous section have been
useful to prove the noteworthy potential of the TOMD
procedure to achieve feasible thermal metadevices for ma-
nipulation of conductive heat flux in transient regime, con-
sidering the particular case of a heat flux shielding task.
Given the higher thermal gradients upstream the shield-
ing region during most of the transient heat conduction
process, the metadevices designed using the proposed ap-
proach exhibit an unsymmetrical material distribution with
respect to the y-axis. The metadevices designed either to
be compared with the classical TT method or to be fab-
ricated and tested mostly dispose of the material with the
lowest conductivity and volumetric heat capacity upstream
of the shielding region (Figs. 3 and 9), hindering the heat
flux towards such area and increasing the thermal gradients
along x direction (Figs. 5 and 11). Both metadevices have
the material with the highest conductivity and volumet-
ric heat capacity near and downstream of Ωshield, allowing
the heat absorbed upstream the shielding region to flow
subsequently circumventing it. With regard to the device
designed to be compared with the TT- and intuition-based
Narayana et al.’s shielding device [47], the proposed TOMD
technique has lead to a metadevice exhibiting a notewor-
thy better performance. On the other hand, the excellent
matching between the experimental and numerical results
concerning the metadevice designed and manufactured with
materials available in laboratory demonstrated the actual
possibility of using the TOMD to manipulate heat flux in
a realistic scenario. Such outcomes demonstrate the signifi-
cance of developing a specific procedure for the achievement
of a thermal metadevice designed to accomplish a given
task under transient conditions. In this sense, the TOMD
approach leads to the design of a thermal metadevice con-
ceived to shield the heat flux in terms of the instantaneous
temperature distributions before the steady-state condition
is reached, i.e. the heat flux is properly shielded during
the entire heat conduction process. The good performance
of the metadevices designed for the two cases addressed in
this work also demonstrates the reliability and suitability of
the TOMD to properly fulfil transient heat flux manipula-
tion tasks, with the versatility of allowing the design of an
easy-to-make metadevice for each particular transient heat
conduction scenario. The TOMD reported so far in the lit-
erature are -to the authors’ best knowledge- limited to heat
flux manipulation and thermal cloaking in steady regime,
regardless the implementation of density-based [15,43,44] or
level set-based [7,10,11,19–21] procedures. Such designs are
dictated in terms of only the search for an appropriate
distribution of thermal conductivity to fulfil a given heat
flux manipulation task, whereas Narayana et al. [47] and
Álvarez-Hostos et al. [37] have already demonstrated that
the appropriate design of a metadevice to perform a tran-
sient heat flux manipulation task must be dictated in terms
of a proper spatial arrangement of both the thermal con-
ductivity and the volumetric heat capacity.

Although the metadevices designed in this work have ex-
hibited a very good performance in the fulfilment of the
shielding task, the instantaneous error g in both cases ad-
dressed in this communication (Fig. 6 and 12) indicates
the entrance of some heat flux into the shielding region at
the beginning of each transient stage during the heat con-
duction process. This is because these stages are the most
critical for the shielding task fulfilment as a consequence
of the sudden increase of the left boundary temperature at
the initial transient. However, the results demonstrate that
the performance achieved via TOMD at this stage is still
much better than that of TT- and intuition-based devices.
Furthermore, the successful use of the TOMD approach in
two different scenarios demonstrates the versatility of this
technique to accommodate the metadevice design (and, con-
sequently, the distribution of thermal properties) according
to the available candidate materials, and the conditions of
the transient heat conduction process. This is a signifi-
cant improvement over the design of metadevices via TT,
where there is a pressing and limiting need to search for
specific materials that emulate -at least approximately- the
distribution of thermal properties prescribed by the coordi-
nate transformations procedure. Summarising, the devices
conceived via TOMD are not only easy-to-make since they
are based on macroscopically distinguishable isotropic can-
didate materials, but they also perform the heat flux shield-
ing task significantly better than those achieved via TT and
intuition. It is important to remark that the superior perfor-
mance of this TOMD approach for transient applications is
strongly linked to the unsymmetrical material distribution
with respect to the y-axis, which is not observed either in
TOMD for steady applications or the distribution of ther-
mal properties achieved using TT for transient applications.
The reason for this in the TOMD for steady applications is
that the optimisation problem is formulated only in terms
of the temperature distribution achieved once the steady
regime has been reached, and the material distribution is
dictated by the thermal conductivity [10,11,15,43,44]. On the
other hand, the distribution of thermal properties concern-
ing the TT approach is achieved mapping the homogeneous
plate temperature field within Ωdev∪Ωshield into the annular
domain of the metadevice Ωdev, regardless the temperature
field in Ωout

[34,47]. This has the consequence of setting a
homogeneous thermal field (null heat flux) in Ωshield, which
matches the temperature at the plate centre before the co-
ordinates transformation. The features discussed so far in
relation to the distribution of thermal properties achieved
in the context of both TOMD for steady heat flux manip-
ulation and TT for transient heat conduction demonstrate
that such approaches are conceived without considering the
effects of having thermal gradients upstream Ωshield being
higher than those downstream Ωshield, in the course of the
whole transient heat conduction process. Such aspect ex-
plains the impossibility of having a reduction of heating at
the plate centre as a secondary consequence of fulfilling the
shielding task. This is a feature where the TOMD specif-
ically proposed in this work for transient heat flux manip-
ulation has exhibited a noteworthy superior performance,
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since the metadevices conceived under this procedure have
allowed a significant reduction of temperature in the shield-
ing region. The reason for this outcome is that the TOMD
approach proposed in this work is specifically formulated to
shield the heat flux considering the entire thermal history
of the transient heat conduction process, i.e. the effects
of having thermal gradients upstream Ωshield being higher
than the downstream Ωshield are not neglected. This does
not only have the consequence of achieving a homogeneous
temperature distribution in Ωshield (shielding), but also of
redirecting the heat flux to reduce the total transfer of ther-
mal energy to the shielding region.

5.1. Performance of multiple tasks and sig-
nificance of designing for transient
regime

Although the proposed density-based TOMD procedure
for transient heat flux manipulation has been so far im-
plemented for the particular task of shielding, its exten-
sion to perform different heat flux manipulation tasks is
straightforward (as discussed in section 2.3.). The metade-
vices achieved so far have been conceived to merely fulfil
the shielding task in Ωshield = Ωin, regardless the perturba-
tions introduced in the temperature distribution and con-
ductive heat flux in Ωout. The current section is devoted to
demonstrate the versatility of the current TOMD approach
to perform the simultaneous fulfilment of different tasks,
considering the particular example of simultaneous heat flux
shielding and thermal cloaking. Starting from the TOMD
for heat flux shielding performed in the context of Narayana
et al.’s benchmark problem [47], the TOMD will now be con-
ducted to additionally perform a cloaking task in Ωout. The
metadevice must now be designed to shield the heat flux

(q̄ = 0) in Ωshield ≡ Ωtask1 = Ωin, while keeping unaltered
the heat flux (q̄ = qhom) in Ωcloak ≡ Ωtask2 = Ωout. It
is worth to mention that this metadevice designed for si-
multaneous fulfilment of the thermal cloaking and heat flux
shielding tasks is also often referred as perfect thermal cloak-
ing shell or cloak [16,20,34,45], which is different from classical
cloaking metadevices merely conceived to control heat flux
making the temperature field around an object or inclusion
in a homogeneous media behave as if it is not there (shield-
ing is not performed) [7,8,19–21]. Thus the objective function
given in (13) is now computed considering the following root
mean square error in the simultaneous fulfilment of the ther-
mal cloaking and heat flux shielding tasks at a given time
t:

g(P, t) = ω × g1(P, t) + (1− ω)× g2(P, t), (33)

with g1(P, t) given as

g1(P, t) =

 1∑H1
h1=1 ∆Ωh1

H1∑
h1=1

∥q(P,xh1 , t)∥
2 ∆Ωh1

1/2

, (34)

and g2(P, t)

g2(P, t) = 1∑H2
h2=1 ∆Ωh2

H2∑
h2=1

∥q(P,xh2 , t)− qhom(xh2 , t)∥
2 ∆Ωh2

1/2

,

(35)

where H1 is the number of elements ∆Ωh1 ∈ Ωin with cen-
tre xh1

, whereas H2 is the number of elements ∆Ωh2
∈ Ωout

with centre xh2
. The multipliers ω and 1−ω (with 0 ≤ ω ≤

1) are the weights assigned to the fulfilment of shielding and
cloaking tasks, respectively.

(a) Continuous material distribution with grey zones (b) Discrete material distribution after threshold filtering

Figure 22: Material distribution obtained after performing the TOMD for simultaneous heat flux shielding and thermal cloaking,
in the context of Narayana et al. [47] problem. Copper in blue, polyimide in red, and background material Sylgard Q3-3600 in grey.
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This weighted definition of the objective function
has already been used in a previous communication on
microparameters-based OMD for transient heat flux manip-
ulation, and also implemented by Nakagawa et. al [20] in
the level set-based TOMD for steady heat flux manipula-
tion. The TOMD has been performed with ω = 0.5, and
the resulting continuous and threshold filtered materials dis-
tribution concerning the metadevice for simultaneous heat
flux shielding and thermal cloaking are depicted in Fig.22.
This metadevice design has been performed following the
same continuation procedure and final threshold filtering
used so far in this communication, whose convergence fea-
tures for the achievement of a final feasible material arrange-
ment have already been demonstrated in the design of two
metadevices for pure heat flux shielding. The effects of the
feasible metadevice (after threshold filtering) of Fig.22(b) on
both temperature distribution and heatlines are depicted in
Fig.23. Such results demonstrate that the current metade-
vice has not only performed the shielding task, but it has
also done so in a way that limits the conductive heat flux dis-
turbances in Ωout. It is also worth to note that the metade-
vice exhibits some difficulties to fulfil the assigned tasks at
the early stages of the transient heat conduction process, as
occurred in the case of the pure heat flux shielding metade-
vices designed in the previous sections. Also for the cloaking
task, these stages are the most critical due to the sudden in-
crease of the left boundary temperature at the initial tran-

sient. This metadevice has allowed a reduction of objective
function up to f thr = 0.0138, with the shielding task ful-
filled up to f thr

1 = 0.0122. This means that the time-average
mean heat flux passing through Ωshield has been reduced by
98.78%, which is a detriment of only 99%−98.78% = 0.22%
with respect to the metadevice purely conceived for transient
heat flux shielding (Fig.5). This result is actually consistent
with outcomes of previous communications on density-based
TOMD for steady-state heat flux manipulation [44] and me-
chanical cloaking [28] , and microparameters-based OMD for
thermo-mechanical [30] cloaking and for heat flux manipula-
tion in transient regime [37]. In the aforementioned works,
metadevices designed for multiple tasks have exhibited a
slight detriment on its performance when compared in a sin-
gle task with others specifically designed to fulfil only such a
particular task. A better perspective on the fulfilment of the
thermal cloaking task is given in the plot of Fig.24, which
depicts the value of the normalised root mean square error
(RMSEcloak):

RMSEcloak(P, t) =

[∫
Ωout
∥q(P,x, t)− qhom(x, t)∥2 dΩ∫

Ωout
∥qhom(x, t)∥2 dΩ

]1/2

(36)

in the case of using both the metadevice conceived only for
heat flux shielding and the current one designed for simul-
taneous thermal cloaking and heat flux shielding.

 

(a) t=2000 s

 

(b) t=30000 s (c) t=90000 s

Figure 23: Temperature distribution and heatlines corresponding to the feasible metadevice (after threshold filtering) for simulta-
neous heat flux shielding and thermal cloaking, conceived in the context of Narayana et al. [47] benchmark problem.

Using the metadevice for pure heat flux shielding has
globally perturbed the heat flux in Ωout by more than
12% during most of the transient heat conduction process,
with a maximum discrepancy with respect to qhom of ap-

proximately 14% during the initial transient. The current
metadevice conceived for simultaneous heat flux shielding
and thermal cloaking has enabled the mitigation of such
perturbations to less than 2% during most of the transient
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heat conduction process, with a maximum discrepancy with
respect to qhom of almost 6% at t = 2000 s. Such time
instant correspond to the heatlines and temperature distri-
butions depicted in Fig.23(a), which still exhibit perturba-
tions in Ωout with respect to the case of a plate fully made of
the background material Sylgard Q3-3600. The temperature
profiles along the horizontal central axis, with and without
the metadevice, are given for different times in Fig. 25.
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Figure 24: RMSE in the fulfilment of the cloaking task, during
the entire transient heat conduction process
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Figure 25: Temperature profiles along the horizontal central axis
of the plate with the metadevice designed for simultaneous heat
flux shielding and thermal cloaking, compared to those concern-
ing the case of a homogeneous plate fully made of Sylgard Q3-
3600.

The metadevice have succeeded in achieving both vir-
tually null thermal gradients in Ωshield and a good match-

ing with the temperature profiles corresponding to the ho-
mogeneous plate in Ωout, which have exhibited significant
discrepancies when using the device designed for pure heat
flux shielding (Fig.5). The main concern of this work is to
demonstrate the significance of an appropriate assessment
of temperature variations in the TOMD for heat flux ma-
nipulation in transient regime, which –to the authors’ best
knowledge– has not yet been properly addressed in the re-
vised literature. This can be put in a better perspective
comparing the performance of the metadevices designed in
this work via TOMD in transient regime, to another metade-
vice designed under a formulation particularly developed for
heat flux manipulation in the steady state [42–44]. The mate-
rial distribution achieved via TOMD for heat flux shielding
in steady state is depicted in Fig.26, which is also obtained
performing the continuation procedure and further thresh-
old filtering. Applied to the transient problem described in
Section 4.1., the feasible metadevice of Fig.26(b) has allowed
a reduction of the objective function up to f thr = 0.0134.
This value is 1.34 times that corresponding to the TOMD
performed in transient conditions for pure heat flux shield-
ing, and 1.1 times that corresponding to the TOMD per-
formed in transient conditions for simultaneous heat flux
shielding and thermal cloaking. This metadevice conceived
under a pure steady analysis has reduced the heat flux pass-
ing throughout Ωshield during the transient heat conduction
process up to (1 − f thr) × 100 = 98.66%, which represents
a slight detriment with respect to the metadevices achieved
when considering appropriately the transient effects in the
TOMD procedure. The symmetry of the material distribu-
tion depicted in Fig.26 is actually a direct consequence of
having designed the metadevice with a heat flux shielding
task prescribed in steady regime [20,37,44], which has already
been demonstrated to degrade their performance in such a
task at the early stages of transient heat conduction pro-
cesses due to higher thermal gradients upstream Ωshield

[37].
The behaviour achieved on the root mean square error g
concerning the instantaneous fulfilment of the transient heat
flux shielding task is depicted in Fig.27 for the cases of: (i)
The metadevice specifically designed for heat flux shielding
in transient regime (Section 4.1, Fig.5), (ii) The metadevice
designed for simultaneous heat flux shielding and thermal
cloaking in transient regime (Fig.22), and (iii) The metade-
vice specifically designed for heat flux shielding in the frame-
work of an over-simplified steady-state analysis (Fig.26).
The metadevices designed in the framework of transient
analyses exhibit the best performance before reaching the
steady-state, even in the case of demanding simultaneous
cloaking. It is also worth note that the metadevice based
on the over-simplified steady-state analysis performs bet-
ter under the conditions for which it is actually conceived,
i.e. shielding the heat flux concerning a stable temperature
distribution. This has actually a direct consequence on the
heating in Ωshield, which is depicted in the time-temperature
plot given in Fig.28 for the plate centre. The metadevices
specifically conceived to perform the shielding task in tran-
sient regime has enabled the reduction of both heating rate
and maximum temperature reached at the plate centre, even
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if such features are degraded as a consequence of demand-
ing the simultaneous fulfilment of the thermal cloaking task.
This has not been possible with the pure heat flux shielding

device based on a steady-state analysis, which has given rise
to a behaviour very similar to the case of the homogeneous
plate.

(a) Continuous material distribution with grey zones (b) Discrete material distribution after threshold filtering

Figure 26: Material distribution obtained after performing the TOMD for steady heat flux shielding. Copper in blue, polyimide in
red, and background material Sylgard Q3-3600 in grey.
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Figure 27: Behaviour of the root mean square error g concerning
the heat flux shielding task fulfilment, according to the procedure
used for the TOMD.

This is because such a metadevice does not properly per-
form the heat flux shielding task during the heating, but
once a stable temperature distribution is achieved. The out-
comes reported so far put in a very clear perspective the sig-
nificance of metadevices specifically designed to manipulate
heat flux in transient regime, which in this communication
has been performed via TOMD to ensure easy manufactura-

bility. Even demanding thermal cloaking in addition to heat
flux shielding, a metadevice designed under an appropriate
transient analysis has exhibited a better performance than a
pure heat flux shielding metadevice conceived in the frame-
work of a steady analysis.
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Figure 28: Behaviour of temperature at the centre of Ωshield, ac-
cording to the procedure used for the TOMD.
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6. Conclusions

A novel approach for the design and manufacture of
thermal metadevices for heat flux manipulation in transient
regime has been introduced. This approach has involved
the solution of a large scale topology optimisation problem,
where the objective function to be minimised is defined
in terms of the error in fulfilling a heat flux manipula-
tion task prescribed along a time period of the transient
heat conduction process. The procedure is conceived to
achieve easy-to-make metadevices made of two macroscop-
ically distinguishable isotropic materials with highly con-
trasting thermal conductivity and volumetric heat capacity,
and the solid isotropic material with penalisation (SIMP)
technique has been used to define the material distribu-
tion as a continuous function. Using the shielding task
as an example, the proposed topology optimisation-based
metadevice design (TOMD) has been used in two different
scenarios. A first metadevice has been designed to compare
its performance to another conceived via the classical trans-
formation thermodynamics (TT) technique and intuition, in
the context of the same transient heat conduction problem.
The TOMD approach has promoted an unsymmetrical ma-
terial distribution to preserve the shielding region from the
high thermal gradients upstream of it, leading to a better
performance in the shielding task compared to the device
based on TT and intuition. Such a superior performance
has been reflected in both the slower heating rate and lower
temperature rise in the shielding region, being the last fea-
ture unfeasible with the metadevice conceived via TT and
intuition. The unsymmetrical material distribution pro-
moted by the proposed TOMD procedure in the problems
addressed is actually a consequence of properly considering
the transient effects to fulfil the shielding task, which is a
feature exhibited neither by the device based on TT and
intuition nor metadevices also designed via topology opti-
misation but with the shielding task prescribed in steady
regime. A second metadevice has also been designed using
candidate materials available to the authors, allowing its
actual manufacture with pieces of easy manual assembly.
Such metadevice has also allowed a very good fulfilment
of the shielding task, and its performance has been val-
idated experimentally. The actual thermal behaviour of
the metadevice during experimentation has exhibited an
excellent agreement with the performance predicted in the
FEM-based numerical simulations, achieving also in this
case a slower heating rate and lower temperature rise in
the shielding region. These outcomes concerning the second
metadevice not only have demonstrated the actual poten-
tial of the TOMD to manipulate heat flux in a realistic
scenario, but also the possibility of excelling the perfor-
mance of TT-based metadevices without being limited to
a single set of candidate materials. The first metadevice
was obtained using copper and polyimide to shield a region
made of Sylgard Q3-3600 (the same materials set used in the
TT and intuition-based metadevice proposed by Narayana
et al. [47]), whereas the second metadevice consisted of an
arrangement of copper and PMMA to shield an inclusion

of PMMA in a plate made of thermal Gad Pad VO. Both
metadevices have allowed significantly slower heating rates
and a lower temperature rise in the shielding region, which
-to the authors’ best knowledge- has so far not been possible
with devices based on coordinate transformation. Addition-
ally, such an outstanding performance has been achieved
without the restrictive need to limit the candidate materi-
als to those that can emulate -at least approximately- the
properties dictated by TT techniques.

The versatility of the proposed TOMD for transient heat
flux manipulation was also finally proven in the design of a
metadevice for simultaneous heat flux shielding and ther-
mal cloaking, where it has been proven that the collateral
fulfilment of the thermal cloaking outside the metadevice is
detrimental to the main purpose of heat flux shielding. Such
an aspect has supported another noteworthy advantage with
respect to the TT-based approaches, where cloaking outside
the device is always imposed irrespectively of the main heat
flux manipulation task.
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[30] Juan C. Álvarez Hostos, Vı́ctor D. Fachinotti, and Ignacio
Peralta. Metamaterial for elastostatic cloaking under ther-
mal gradients. Scientific Reports, 9(1), 2019.
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