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Bulk gravitons from a cosmological brane
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We investigate the emission of gravitons by a cosmological brane into an anti–de Sitter five-dimensional
bulk spacetime. We focus on the distribution of gravitons in the bulk and the associated production of ‘‘dark
radiation’’ in this process. In order to evaluate precisely the amount of dark radiation in the late low-energy
regime, corresponding to standard cosmology, we study numerically the emission, propagation and bouncing
off the brane of bulk gravitons.
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I. INTRODUCTION

In recent years, a new cosmological scenario
emerged, based on the assumption that our universe
brane: a subspace embedded in a larger, bulk space,
additional dimensions. In this context, a model that has
tracted particular attention is that of a self-gravitating thr
brane embedded in an empty five-dimensional spacetime@1#,
and especially its extension@2,3# inspired by the~noncosmo-
logical! Randall-Sundrum model@4#.

In the latter case, where the bulk is endowed with a ne
tive cosmological constant, it is possible to find a viab
cosmological model, compatible so far with the availab
data. Because of the cosmological symmetries, it can
shown that in this model the most general bulk geome
corresponds to a portion of five-dimensional anti–de Sitte
Schwarzschild~AdS-Sch! spacetime, described by the metr

ds252S k1m2r 22
C
r 2D dt21S k1m2r 22

C
r 2D 21

dr2

1r 2d Sk
2 , ~1!

with k521,0,1 depending on the curvature of the thre
dimensional spatial slices. The bulk cosmological constan
related to the mass scalem via

L526m2. ~2!

From the point of view of the brane, whose energy dens
is supposed to be the sum of an intrinsic tensions and of the
usual cosmological matter energy densityr, cosmology is
governed by the brane Friedmann equation, which is dif
ent from the standard one and reads@3#

H2[S ȧ

a
D 2

5S k4

36
s2 2m2D1

k4

18
s r1

k4

36
r22

k

a2 1
C
a4

.

~3!

This result can be obtained by applying the gravitatio
junction conditions for a moving brane in Eq.~1!, the cos-
mological scale factora(t) being simply the radial coordi
0556-2821/2003/68~8!/084006~11!/$20.00 68 0840
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nater at the brane position. The last term in Eq.~3!, C/a4, is
usually called ‘‘dark radiation’’ or ‘‘Weyl radiation’’ and rep-
resents the influence of the bulk geometry on the cosmol
in the brane.

If the bulk is strictly AdS-Sch thenC is a constant and
corresponds to the five-dimensional mass in the Schwa
child AdS metric~1!. The termC/a4 then behaves exactly a
a radiation component. The main constraint on the amoun
such extra radiation comes from nucleosynthesis, since
primordial abundances of light elements depend crucially
the balance between the expansion rate of the universe
the rate of microphysical reactions. The good agreemen
observations with the predictions of standard nucleosynth
implies an upper bound on the number of nonstandard r
tivistic degrees of freedom in the universe and thus, in
context of brane cosmology, an upper bound on the valu
the Weyl parameterC.

Now, if the bulk is not strictly empty but contains a non
vanishing bulk energy-momentum tensor, then the Weyl
rameterC is no longer necessarily constant. In other wor
the generalization of Birkhoff’s theorem to brane cosmolo
no longer applies. This has been illustrated in particular
models with a bulk scalar field@5,6#.

In fact, in a realistic brane cosmological scenario, there
an unavoidable bulk component, which is simply due to
the gravitational waves, or bulk gravitons, produced by
brane matter fluctuations. Such bulk gravitons are created
the scattering of ordinary matter particles confined on
brane. The expected consequence of this phenomenon
‘‘feed’’ the Weyl parameter by means of a transfer of ener
from the brane into the bulk.

This problem has been recently investigated in@7–9#.
Whereas the authors of@9# analyze generic forms of transfe
of energy between brane and bulk using a four dimensio
effective description, the case of pure graviton emission
been studied in HM@7# and LSR@8#.

In HM, the authors consider a pure AdS bulk and analy
the generation of dark radiation by considering two distin
phases. In the low energy regime (r! s) the amount of
generated dark radiation is obtained by directly equating i
the loss of energy density on the brane. In the high ene
regime, the emitted gravitons are considered to remain gr
©2003 The American Physical Society06-1
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tationally bound to the brane for the whole duration of th
era, bouncing several times off it. To estimate the cor
sponding amount of dark radiation, the lost energy is redu
by a factor due to the energy dissipation resulting from
repetitive collisions with the brane. Because of the someh
crude distinction between the high and low energy eras,
analysis cannot follow the details of the transition betwe
these two regimes. Moreover, the authors of HM give th
final result up to an uncertainty factor, estimated to be
tween 0.5 and 1, due to the multiple bouncing of gravito
off the brane.

In LSR, a five-dimensionalexactsolution for the bulk is
used, taking into account an energy flux from the brane i
the bulk. The simplest solution of this type is the fiv
dimensional generalization of Vaidya’s metric. In this w
the brane trajectory, and thus its cosmological evolution,
determined self-consistently via the junction conditions, t
ing into account possible backreaction effects. The price
be paid for this is the necessity to make the assumption
the trajectories followed by the bulk gravitons are exac
perpendicular to the brane, assumption that is realistic o
in the low energy regime.

Although these two approaches are very different, th
give estimates that agree within one order of magnitu
Moreover, these estimates are very close to the current
servational bound on the number of extra relativistic degr
of freedom. Therefore, it is important to get an accurate
termination of the amount of dark radiation expected for t
model. Indeed, the improvement of observational constra
on the number of nonstandard relativistic degrees of freed
will allow us to put constraints on the cosmological evo
tion of the Randall-Sundrum model~possibly excluding a
long era of nonstandardH2}r2 cosmology! and on the pa-
rameter space of the model. A detailed analysis can also
low us to quantify the effects of the bounces of gravitons
the brane and to estimate to which extent backreaction
fects can be relevant. The present analysis, finally, can
generalized to the case of models with extra matter in
bulk @9,10#, eventually leading to stronger constraints.

Our plan is the following. In the next section, we discu
the problem from an effective four-dimensional point
view. In Sec. III, we rederive the equations governing t
cosmology of the brane and the trajectory of the brane in
bulk. Section IV is devoted to the emission of bulk gravito
by brane particles. In Sec. V, we recall our model@8# based
on the Vaidya metric. In Sec. VI, we discuss the propagat
of the gravitons in the bulk. In Sec. VII, we present a
discuss our numerical computations. We conclude in the fi
section.

II. EFFECTIVE APPROACH

As a starting point, we will discuss the cosmology of t
brane and the influence of the bulk gravitons from a fo
dimensional effective description. In order to do so, we w
follow the approach of@11#.

We start with the 5-dimensional Einstein equations
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RAB2
1

2
gABR1L5gAB5k2@TAB1SABd~y!#, ~4!

where the matter component, on the right hand side, con
of a bulk energy-momentum tensorTAB and distributional
brane energy-momentum tensor. The brane is locatedy
50, y corresponding to the proper coordinate normal to
brane. We assume that the extra dimension has aZ2 orbifold
symmetry and thaty50 is a fixed point under this symmetry

In the cosmological extension of the Randall-Sundru
model @4#, SAB is the sum of a brane tensions, defined by

k2 s 5A26L56m, ~5!

and of the contribution of ordinary matter fields confined
the branetAB , i.e.

SAB52 s hAB1tAB , ~6!

wherehAB is the metric induced on the brane.
From the above five-dimensional Einstein’s equation,

ing the Z2 symmetry, one can derive@11# effective four-
dimensional equations that read

(4)Gmn5k4
2~tmn1tmn

(p)1tmn
(W)1tmn

(B)!, ~7!

with k4
25k2m and

k4
2tmn

(p)52
k2

24
@6tmatn

a22ttmn2hmn~3tabtab2t2!#,

k4
2tmn

(W)52 (5)CABCDnAnBhm
Bhn

D ,

k4
2tmn

(B)5
2k2

3 FTABh m
A h n

B 1hmnS TABnAnB2
1

4
T A

A D G ,
~8!

wherenA is the unit vector pointing outward and normal
the brane. In addition to the usual four-dimensional ma
energy-momentum tensortmn , three new terms appear o
the right hand side of the effective Einstein equations:
first one is quadratic intmn ; the second one is the projectio
on the brane of the 5-dimensional Weyl tensor(5)CABCD ;
and the last one is the projected effect of the bulk ener
momentum tensor.

Since we are interested here in homogeneous brane
mology, all the effective energy-momenta defined abo
have necessarily a perfect fluid structure, i.e.

tmn
( i ) 5~r ( i )1p( i )!umun1p( i )hmn , ~9!

whereum is the timelike unit vector associated with como
ing observers on the brane.

It is then not difficult to show that Eq.~7! gives a Fried-
mann equation on the brane of the form

H25
k4

2

3 F S 11
r

2 s D r1r (W)1r (B)G , ~10!
6-2
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BULK GRAVITONS FROM A COSMOLOGICAL BRANE PHYSICAL REVIEW D68, 084006 ~2003!
whereH5ȧ/a is the Hubble parameter on the brane (a is the
scale factor on the brane and the overdot stands for a de
tive with respect to the cosmic proper timet). We have used
the relationr (p)5r2/2s.

Let us now discuss the various~non! conservation laws
satisfied by the different energy density components defi
above. We follow here the recent analysis of@10#, where the
bulk energy-momentum tensor was associated to a fi
dimensional scalar field. One can first show that the us
conservation equation for cosmological matter is modifi
into

ṙ13H~r1p!52TRSn
RuS. ~11!

The right-hand side~evaluated at the brane position! repre-
sents the energy fluxfrom the bulk into the brane. When the
branelosesenergy, as will be the case here via emission
gravitons, the right-hand side isnegative. The factor 2 is a
consequence of theZ2 symmetry.

Moreover, the 4-dimensional Bianchi identities imply th
the total energy density defined byr (tot)5r1r (p)1r (B)

1r (E) satisfies

ṙ (tot)14Hr (tot)1Ht (tot)m
m50. ~12!

Using t m
(p)m 5(r/ s)(tm

m12r), tm
(B)m52(k2/k4

2)TABnAnB,
t m

(W)m 50 and the~non! conservation equation~11!, it fol-
lows that the energy density for thedark component, by
which we mean the sum of the components depending
plicitly on the bulk, i.e.rD5r (B)1r (W), satisfies

ṙD14HrD522S 11
r

s DTABuAnB22
H

m
TABnAnB,

~13!

where the right hand side is evaluated at the brane posi
On the right-hand side of the above equation, one recogn
in the first term the energy fluxfrom the braneinto the bulk,
22TABuAnB. This means, not surprisingly, that the loss
energy inside the brane, will contribute to anincreaseof the
amount of dark radiation. In the second term, the quan
TABnAnB can be interpreted as thepressuretransverse to the
brane, due to the bulk component. In the case of a ga
gravitons, which we consider here, this pressure is posi
and therefore this term tends todecreasethe amount of dark
radiation. The two terms on the right hand side have t
opposite effects.

III. COSMOLOGY OF A BRANE IN ADS

We now consider explicitly the bulk and study the traje
tory of a brane with relativistic matter in a strictly Ad
spacetime, with the metric

ds252 f ~r !dT21
dr2

f ~r !
1r 2dx2, f ~r !5m2r 2. ~14!

The trajectory of the brane can be represented in terms o
coordinatesT(t) and r (t) as functions of the proper timet,
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which is also the cosmic time in the brane. The normali
tion of the velocity vectoruA5(Ṫ, ṙ ,0) then implies

uA5SAf 1 ṙ 2

f
, ṙ ,0D . ~15!

One then needs the junction conditions for the brane,

@hA
C¹CnB#5k2S tAB2

1

3
thABD , ~16!

where nA is the unit vector normal to the brane~pointing
outwards! and is given by

nA52S ṙ

f
,Af 1 ṙ 2,0D . ~17!

The spatial components of the junction equations yield
brane Friedmann equation, which can be expressed as

H2

m2
52

r

s
1

r2

s2
. ~18!

It is convenient to introduce the dimensionless quantities

H̃5
H

m
, r̃5

r

s
. ~19!

Note, using Eq.~5! andk4
25k2m that the brane tension ca

be expressed as

s 56m2mP
2 , ~20!

wheremP51/Ak4 is the reduced Planck mass. We will dro
the tildes from now on.

In terms ofH, the components of the brane velocity an
of the normal vector read respectively

uA5S 1

r
A11H2,rH ,0D , nA52S H

r
,rA11H2D .

~21!

The trajectory of the brane is obtained by solving

dr

dT
5

ṙ

Ṫ
5r 2

H

A11H2
5r 2

A2r1r2

11r
, ~22!

where the second equality follows from Eq.~21! and the
third from Eq. ~18!. In the case of radiation domination,r
5r i r

24, where we have defined the radial coordinater such
that r 51 for r5r i , wherer i is the energy density at som
fiducial initial time t i . To get the brane trajectory, one mu
integrate

dr

dT
5r 2

A2r i r
41r i

2

r 41r i

. ~23!

Explicit integration is possible in the high energy regim
r i /r 4@1, where one finds
6-3
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1

r
.2T1const ~24!

and in the low energy regime, where

r .A2r i T1const. ~25!

In the regime of transition between the high energy ph
and the low energy phase, i.e. forr;r i

21/4, one must resort
to numerical integration.

IV. EMISSION OF BULK GRAVITONS

We now consider the production of bulk gravitons by t
cosmologically evolving brane. In particular, we wish
compute explicitly the components of the bulk energ
momentum tensor due to the gas of gravitons emitted by
brane.

Let us first recall that the energy-momentum tensor du
a gas of massless particles is given by

TAB5 E d5p d~pMpM !A2g f pApB , ~26!

where f 5 f (xA,pA) is the distribution function of the gravi
tons ~which is a scalar that depends on the spacetime p
tion and on the momentum!.

Since the gravitons living in the bulk will be assumed
have been produced only by emission from the brane, it
be convenient to start the computation of the ener
momentum tensor components on the trajectory of the br
At the location of the brane, we can see the bulk gravito
from two perspectives.

First, from the brane point of view, the bulk gravitons a
seen as massive four-dimensional particles with massm,
three-momentump and energyE, satisfyingE5Ap21m2.
They are created by the scattering of two ordinary partic
confined on the brane. The leading contribution to this p
cess is given by the scatteringc c̄→ graviton, wherec is a
standard model particle. At the cosmological level, the p
duction of gravitons results into an energy loss for ordin
matter, which can be expressed as

dr

dt
13H~r1P!52 E d3p

~2p!3
C@ f #, ~27!

with

C@ f #5
1

2 E d3p1

~2p!32E1

d3p2

~2p!32E2
( uMu2f 1f 2

3~2p!4d (4)~p11p22p!, ~28!

whereM is the scattering amplitude for the process in co
sideration, and the indices 1 and 2 correspond to the sca
ing particles (c and c̄).

Second, from the bulk point of view, the gravitons a
massless particles, each graviton being characterized
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five-dimensional momentum, which can be decomposed
a spatial four-momentum and an energy, defined with resp
to a reference frame.

To make the connection between these two points of vi
it is convenient to choose a reference frame associated
~comoving! brane observer. Introducing an orthonorm
frame defined byuA, nA and ei

A , the five-dimensional mo-
mentum of any graviton can be decomposed into

pA5EuA1mnA1 (
i

p̃iei
A . ~29!

The components along the vectorsei
A are denoted with a

tilde to distinguish them from the componentspi defined in
the decomposition along the coordinate vectors (]/]xi)A. If
one substitutes this decomposition into Eq.~26!, one gets for
the mixed component

T nu[uAnBTAB5 E d5pd~pMpM !A2g f pApBnAuB

52 E dmd3p
m

2
f . ~30!

By identifying the right hand sides of Eqs.~11! and~27!, one
immediately finds, upon comparing Eq.~28! with the above
expression, that the distribution function at the brane lo
tion, for gravitons which are being emitted, is given by

f (em)~m,p!5
1

2m

1

~2p!5 E d3p1

2p1

d3p2

2p2
( uMu2

3 f 1f 2d (4)~p11p22p!. ~31!

The summed squared amplitude is given by the express

( uMu25A
k2

8p
s2 ~32!

wheres is the Mandelstam invariant and

A5
2

3
gs1gf14gv , ~33!

wheregs , gf andgv are respectively the scalar, fermion an
vector relativistic degrees of freedom in thermal equilibriu
on the brane. For the standard model, if all degrees of fr
dom are relativistic, one hasgs54, gf590 andgv524. For
simplicity, we will ignore the Bose or Fermi corrections
the distribution functions and assume that the particles on
brane are characterized by a Boltzmann distribution of te
peratureT. The distribution function at emission,f (em) , can
then be computed explicitly and one finds~neglecting the
masses of the scattering particles!

f (em)~m,p!5
A

210p5
k2m3e2Ap21m2/T. ~34!
6-4



po
m

es
, u
f
c
si
u
ct

si
on

it
ro
sf
th

um

y,
n

tri

e

ed
the
-

-

pro-

n-

ive
ne-
gh

tion,

tion

rip-
n in

is
i-

the

BULK GRAVITONS FROM A COSMOLOGICAL BRANE PHYSICAL REVIEW D68, 084006 ~2003!
We now have all the elements to compute all the com
nents of the bulk energy-momentum tensor due to the e
ted gravitons at the brane location. They are given by

T uu
(em)5 E dmd3p

E

2
f (em)5

21

16p4 Ak2T85
4725

4p8

A

g
*
2 k2r2,

~35!

T un
(em)52 E dmd3p

m

2
f (em)52

315A

210p3
k2T8

52
70875

28p7

A

g
*
2 k2r2, ~36!

T nn
(em)5 E dmd3p

m2

2E
f (em)5

3A

4p4
k2T85

675

p8

A

g
*
2 k2r2,

~37!

with E[Ap21m2 as stated before. In the second equaliti
we have replaced the temperature by the energy density
ing r5(p2/30)g* T4, whereg* is the effective number o
relativistic degrees of freedom. The above components
be interpreted physically respectively as the energy den
the energy flux and the lateral pressure of the emitted b
gravitons as measured by an observer at rest with respe
the brane.

V. COSMOLOGICAL EVOLUTION
IN THE VAIDYA MODEL

In this section, we deviate from the preceding analy
and consider the evolution of the dark radiation in the c
text of the Vaidya model introduced in@8# ~see also@12#!.
The interest of the Vaidya model is to work with an explic
five-dimensional realization of the effective equations int
duced in Sec. II, where there is a non zero energy tran
between the brane and the bulk. This however imposes
all the gravitons have to be assumed to be emittedradially in
the five-dimensional bulk so that the bulk energy-moment
tensor is of the form

TAB5 sBkAkB , ~38!

where kA is a null vector. Assuming spherical symmetr
Einstein’s equations~4! with such an energy-momentum ca
be solved analytically: this is the Vaidya solution@13#, ordi-
narily used to describe a radiating relativistic star. Its me
is given by

ds252 f ~r ,v !dv212dr dv1r 2dxW2, ~39!

with

f ~r ,v !5m2r 22
C~v !

r 2
. ~40!

For a constantC, one recovers, after changing the light-lik
coordinatev into the static time coordinatet, the familiar
five-dimensional AdS-Sch metric.
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It is instructive to apply the effective equations deriv
earlier in this particular context. First, one can normalize
null vectorkA such thatkAuA51, in which case the projec
tions of the bulk energy-momentum tensor~38! are given by
Tnu52 sB and Tnn5 sB . As a consequence the non
conservation equation~11! for the energy density on the
brane reads

ṙ13H~r1p!522 sB , ~41!

and sB, up to the factor of 2 due to theZ2 symmetry, di-
rectly represents the energy loss in the brane due to the
duction of bulk gravitons. The dependence ofsB is given
explicitly in Eq. ~36!, and in terms of the brane energy de
sity,

sB}r2. ~42!

The Weyl parameterC can be related to the ‘‘dark’’ com-
ponent energy density defined earlier via

rD5
C
a4

. ~43!

Substituting in the evolution equation~13!, one gets@still
using the implicit tilded quantities defined in Eq.~19!#

Ċ
a4

522~11r!TABuAnB22HTABnAnB. ~44!

With the explicit bulk energy-momentum tensor~38!, Tnu
52sB andTnn5sB, Eq. ~44! reduces to

Ċ
a4

52 sB~11r2H !, ~45!

where one recognizes the result already derived in@8#, but
there from Einstein’s equations rather than from the effect
equations like here. The Friedmann equation, when one
glects the dark radiation contribution, gives during the hi
energy regime

H.r112
1

4r
. ~46!

This shows that there is a remarkably precise compensa
at leading order and next to leading order, between the en-
ergy flux and the transverse pressure in the dark radia
equation. And the production ofC is governed by

Ċ
a4

.
sB

2r
}r. ~47!

As mentioned above, the drawback of the Vaidya desc
tion is the assumption that all gravitons are radial. As see
the previous section, the distribution of emitted gravitons
not radial andTnn1Tun is not zero. Therefore, if one subst
tutes the explicit values ofTnn and Tun in Eq. ~44!, we no
longer get the very precise compensation observed in
6-5
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Vaidya case and the global sign is positive@since
315/(210p3).3/(4p4)], so that the production of dark radia
tion seems to be driven in the high energy regime by a te
on the right hand side proportional tor3, rather than propor-
tional to r as in the Vaidya description. Obviously, th
would result in an enormous amount of dark radiation,
above the estimate of@8#, and this would ruin the simples
brane cosmology scenario, since the estimate of@8# was
barely within the nucleosynthesis bounds.

The above analysis is however incomplete. In the Vaid
description, the gravitons are emitted radially inwards a
are therefore lost for the brane once there are emitted. S
of the non radial gravitons, however, can come back onto
brane after their emission, as it will be shown in the ne
section, and thus influence once more the evolution of
Weyl parameter. Because of theZ2 symmetry, these gravi
tons will be reflected by the brane~we ignore here the deca
of a bulk graviton into brane particles! and will contribute
only to the transverse pressure term. The effect of these
gravitons will thus be to reduce the amount of dark radiat
that would be computed naively by considering only gra
tons being emitted.

VI. GRAVITON TRAJECTORIES IN THE BULK

After the gravitons are emitted, they move freely in t
bulk, each individual graviton following a null geodesic. Th
null geodesics in five-dimensional AdS were studied in@14#.
We summarize here the main results. Using the symme
of the metric~14!, one can identify the first integrals for th
geodesic motion

f ~r !
dT

dl
5E, r 2

dxi

dl
5P i , ~48!

wherel is any affine parameter. For any graviton one c
choose the affine parameter so that the tangent vector o
null trajectory is identified with the physical momentumpA.
Introducing the notationp̃T5rpT and p̃r5pr /r , the above
first integrals become

E5r p̃T ~49!

and

P5rp. ~50!

Using these conservation laws, it is easy to determine
trajectory of the gravitons in the bulk spacetime. In order
do so, one can compute

dr

dT
5S dr

dl D Y S dT

dl D . ~51!

SincepApA50, one gets

~pr !25E22P2, ~52!

which means thatpr is also a constant of motion. It is the
useful to introduce the parameter
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E , ~53!

which will be constant along the null geodesic trajectory, a
in terms of which the trajectory in the extra dimension
given by

dr

dT
5Vr 2. ~54!

Integration gives the graviton trajectory

T2T* 52
1

V S 1

r
2

1

r *
D . ~55!

It is also useful to relate the bulk-based description u
above with the brane-based approach introduced earlier.
ing the decomposition~29! with the velocity and normal vec
tors given in Eq.~21!, one finds

p̃T5A11H2E2Hm, p̃r5HE2A11H2m. ~56!

Inverting this system, to get

m5Hp̃T2A11H2 p̃r , E5A11H2p̃T2Hp̃r . ~57!

For some values of the parameters, the trajectory of
graviton, leaving the brane at the emission point, can cr
again the brane trajectory. It will then be reflected by t
brane, as a consequence of theZ2 symmetry.

It is not difficult to compute the new five-dimension
momentum of the graviton after the reflection on the bra
by considering the reflection from the brane point of vie
The momentum parallel to the branep is conserved, as wel
as the energyE. Only the transverse momentum is affect
and simply changes its sign. The momentum along the s
tial direction orthogonal to the brane is embodied by t
massm. We will adopt the convention thatm is positive
when the momentum is outwards, with respect to the bra
and negative otherwise. The reflection of the graviton by
brane is thus governed by the simple laws,

E→E, p→p, m→2m. ~58!

In the bulk-based point of view, this translates into

p̃out
T 5~112H2! p̃in

T 22HA11H2 p̃in
r , ~59!

p̃out
r 52HA11H2p̃in

T 2~112H2! p̃in
r . ~60!

We can use the previous results to infer the evolution
the graviton distribution function throughout the bulk.
principle, it is governed by the Liouville equation, which,
general relativity, reads

pA
] f

]xA 1GAB
C pApB

] f

]pC
50. ~61!

However, this equation is in fact no more than the implem
tation at the level of the distribution function of the fact th
6-6
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BULK GRAVITONS FROM A COSMOLOGICAL BRANE PHYSICAL REVIEW D68, 084006 ~2003!
each individual particle follows a geodesic. To solve expl
itly the Liouville equation it is therefore simpler to use d
rectly the solutions for the geodesic trajectories.

This enables us to write the emission distribution fun
tion, at the brane location, in terms of the bulk-based m
menta, by simply substituting the above expressions in
~34!. Moreover, using the constants of motion along t
graviton geodesics established above, one can deduce
expression for the distribution function off the brane as w
One gets

f em
bulk~T,r ,p̃T,p̃r ,p!5 f (em)S Tem,aem,

r

aem
p̃T,

r

aem
p̃r ,

r

aem
pD ,

~62!

where the time and brane scale factor at emission depen
t, r , p̃T andp̃r and are obtained by tracing the graviton ge
desic back in time until it crosses the brane trajectory. T
rescaling of the momenta on the right hand side are ju
consequence of the conservation laws~49! and ~50! ~the
same rescaling forp̃r follows from the normalization of the
five-dimensional momentum!. By construction, the above
distribution function must be a solution of the Liouvill
equation~61! in the bulk, as one can explicitly check.

The above expression describes gravitons which h
been emitted by the brane and have not returned back
the brane. But, as already mentioned, the situation is in
more complicated because some of the gravitons that h
been emitted by the brane can come back onto the brane
be reflected back into the bulk with a different momentu
Therefore, at each point along the brane trajectory, one m
add to the gravitons that are being emitted all the older gr
tons that are being reflected by the brane at the same ins

Actually, the majority of gravitons emitted in the high
energy regime will be reflected at least once by the brane
the period in whichH2}r2 ~i.e. H@1) the brane is indeed
moving relativistically with respect to the frame defined
the metric~14!. The gravitons that are not emitted exac
orthogonal to the brane will see their radial momentu
boosted, and will thus move in this frame in the same dir
tion as the brane. This can be seen by inspection of Eq.~56!:
for H@1 and E not too close tom, pr is positive. AsH
decreases, the brane will eventually slow down, and
gravitons will bounce off it.

Let us consider a fiducial time, characterized byt0, in the
history of the brane. In order to compute the increment of
Weyl parameter, via Eq.~44!, one must add to the newbor
gravitons, which are just being emitted, the old gravitons t
are being reflected by the brane. For these old gravitons,
surprisingly, the net contribution to the energy fluxTnu van-
ishes, since they are just reflected, neither absorbed nor
ated, whereas the incoming and outgoing contributions to
pressure are equal in magnitude and opposite in sign.
these gravitons, therefore, we need to compute only the c
ponent

T nn
( in)5E dmd3p

m2

2E
f ( in) . ~63!
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Let us now write explicitly the contribution tof in from
gravitons which make at the timet0 their first bounce since
their emission. It will be convenient to introduce the follow
ing parametrization

H5sinhb, ~64!

for the Hubble rate, and for each graviton, the parametex
such that

E5p coshx, m5p sinhx, ~65!

wherep[upu is the norm of the three-momentum parallel
the brane. Using the results obtained previously, one fi
that the energyE1 and massm1 measured in the brane fram
at the time of emissiont1 are given by the simple expres
sions

E15
a0

a1
p cosh~b12b01x!,

m15
a0

a1
p sinh~b12b01x!, ~66!

where

b15b1~b0 ,x! ~67!

is determined by tracing backwards the null geodesic~see
Fig. 1! that intersects the brane trajectory att0 until the pre-
vious intersection. More explicitly,b1 is obtained by solving
the equationTb(r )5Tg(r ), whereTb(r ) gives the timeT as
a function of the positionr of the brane through Eq.~23!,
whereasTg(r ) is given by the graviton geodesic equatio
~55!.

r

t

t

t

T (r)b

T (r)g

0

1

2

r=1

T

0

ρ>>1

ρ<<1

FIG. 1. Trajectory of the brane and typical trajectories of gra
tons in the metric~14!. The brane trajectory is the solid thick line
the steepest part on the left corresponding to the high energy re
r@1. The dashed line describes a graviton produced att2, bounc-
ing off the brane att1 and again att0. The dashed-dotted line
corresponds to a second graviton, that, after being reflected onc
the brane, falls into the bulk.
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Substituting

(1)f ( in)5
A

210 p5
k2m1

3e2E1 /T1, ~68!

in the integral~63!, one finds, after integration overp,

(1)T nn
( in)~b0!5

7!A

29p4
k2 E dxS a0

a1
D 25

T1
8

3
sinh2 x sinh3

„b1~x!2b01x…

cosh8 „b1~x!2b01x…
. ~69!

In a similar way, one can compute the fraction(2)f in due
to the gravitons for which this is the second bounce on
brane since their emission. Consider such a graviton, wh
was emitted at timet2, was reflected by the brane once
time t1 and comes back again onto the brane at timet0 (t2
,t1,t0). Just before the first bounce, the extra-dimensio
momentum is given by

m1
( in)[p1 sinhx152m1

(out)52
a0

a1
p sinh~b12b01x!.

~70!

Hence, at emission, we had

m2
(out)5

a0

a2
p sinh~b222b11b02x! ~71!

and thus

E2
(out)5

a0

a2
p cosh~b222b11b02x!. ~72!

Consequently, the contribution to the transverse pressu
of the form

(2)T nn
( in)~b0!5

7!A

29p4
k2 E dxS a0

a2~x! D
25

T2
8~x!

3
sinh2 x sinh3

„b2~x!22b1~x!1b02x…

cosh8 „b2~x!22b1~x!1b02x…

~73!

where we have stressed the dependence onx in the integrand
~there is also a dependence onb0). It is then straightforward
to generalize to the contribution of gravitons with any nu
ber of bounces.

VII. NUMERICAL RESULTS

A. Source terms

Whereas the contributions from the newborn gravitons
the energy flux and pressure can be computed analytic
one must resort to numerical integration to compute the c
tribution from old gravitons. For the latter case, we ne
only the contribution to the pressure, since the contribut
08400
e
h

t

l

is
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o
ly,
n-
d
n

to the energy flux vanishes as explained earlier. Theref
one can write the evolution equation for the dark compon
as

ṙD14HrD5P (em)2P (b), ~74!

with

P (em)522~11r!T un
(em)22HT nn

(em) , P (b)54HT nn
( in) .

~75!

The above equation can be rewritten as

d

da
~a4rD!5

a3

H
P (em)2

a3

H
P (b), ~76!

whereP (em) can be computed analytically by means of Eq
~36!, ~37!.

We have computed numerically the functionP (b)(a) us-
ing the generalization of Eq.~73!, taking into account gravi-
tons that have made up to 103 bounces before hitting the
brane when its scale factor wasa. We have checked tha
neglecting the effect of gravitons that have made more t
103 bounces does not change appreciably our results.
have also assumed that the bulk contains no gravitons a
initial time t i .

Numerically reliable results could be obtained for valu
up tor i.103. Taking the lowest value ofm compatible with
the data~from small-scale gravity experiments!, m21;0.1
mm, one gets that the brane tension has to be at least o
order of the TeV, which corresponds to a fundamental Pla
scaleM5[k22/3.108 GeV. As a consequence, the highe
initial energy density which makes sense isr i;M5

4/ s
;1020.

In order to compare, at each instant in the history of
brane, the contribution directly due to the emission of gra
tons with the one due to the reflection of older gravitons,
have plotted in Fig. 2 the two terms on the right hand side
Eq. ~76!. One observes that at early times the dominant c

1x10

1x10

1x10

1x10

1x10

0.0001

0.001

0.01

1 10

a

(a3/H)P(b)

(a3/H)P(em)

-5

-6

-7

-8

-9

FIG. 2. Contributions to the emission of dark radiation~for r i

51000) from graviton emission and from the pressure of b
gravitons.P (b) andP (em) are defined in Eq.~75!.
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BULK GRAVITONS FROM A COSMOLOGICAL BRANE PHYSICAL REVIEW D68, 084006 ~2003!
tribution is that due to the emission of gravitons, which is n
surprising since the bulk is assumed to be empty initia
The bulk is then gradually filled with gravitons and some
them can come back onto the brane and be reflected. T
contribute to the transverse pressure effect, which can
seen on the plot to build very quickly. In the intermedia
phase, the pressure effect dominates the emission effe
that the net source term for the dark radiation is negat
However, the twointegratedeffects are very close in ampli
tude, which means that the compensation observed in
simple Vaidya model is still working in this case. This is al
the origin of the numerical difficulties of the present ana
sis: the result we are looking for is the small difference
two very large numbers. One can indeed see that both te
on the right hand side of Eq.~76! scale roughly asr i

2 ,
whereas their difference scales approximately asr i . Notice
that, for this reason, the quantities on the vertical axes of
2 and 3 have been rescaled by a factorr i

2 .
It is also important to stress the necessity to take i

account the multiple reflections of gravitons on the brane
get a correct evaluation of the total effect. To illustrate t
point, we have plotted in Fig. 3 the contribution from grav
tons for which this is the first bounce in comparison with t
cumulative contribution from gravitons that have made up
103 bounces.

B. Dark radiation

Our main goal is to compute the dark radiation globa
produced in the process. At very low energy, dark radiatio
produced at a negligible rate, so that one can consider
there is an asymptotic constant value for the Weyl param
C. In the end, this asymptotic value forC depends only on the
initial energy density in the brane and on the number
relativistic degrees of freedom during the high energy pha
It will be convenient to express the final amount of da
radiation as its ratio with respect to standard radiation ene
density

0

0.0001

0.00012

0.00014

1 2 3 4 5 6 7 8 9 10

(a
3

/H
) 

P
(b

)

a

1 rebound
1000 rebounds

8x10-5

6x10-5

4x10-5

2x10-5

FIG. 3. Contribution to the source term (a3/H) P (b) from gravi-
tons that have been reflected only once by the brane, with respe
the total term~numerically, up to 103 bounces!.
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eD[
rD

r rad
. ~77!

Such quantity is constrained by cosmological observatio
The amount of nonstandard radiation in the early univers
usually measured in units of extra neutrino speciesDNn .
The conversion factor betweenDNn and eD is DNn

5(43/7)(g
*
nucl/g* )1/3 eD , whereg

*
nucl510.75 is the number

of relativistic degrees of freedom just before nucleosynthe
more precisely just before the electron-positon annihilati
The factor (g

*
nuc/g* )1/3 accounts for the change in the num

ber of relativistic degrees of freedom since the era in wh
dark radiation has been produced. Assumingg* 5106.75,
this giveseD.0.35DNn . Constraints onDNn depend upon
the kind of observation one takes into account, but a typ
order of magnitude isDNn,0.2 @15,16#, which gives an up-
per limit eD,0.07. According to both the analyses@15,16#,
the favored value ofDNn turns out to benegative. Although
this possibility is allowed by a negative value of the We
parameterC, this would correspond for the metric~1! to a
naked singularity in the bulk, a situation that is certainly n
appealing from the theoretical point of view.

In the evaluation of the total amount of dark radiatio
produced, an important quantity is the energy loss due
production of gravitons, which depends on the number
relativistic degrees of freedom confined on the brane.
LSR, the expression for the energy loss is given by

sB [
a

12
k2r2, ~78!

where

a5
212625

64p7 z~9/2!z~7/2!
ĝ

g
*
2

~79!

with

ĝ5„~2/3!gs14gv1~12227/2!~12225/2!gf…,

g* 5gs1gv1~7/8!gf . ~80!

This is in exact agreement with the revised version@17# of
HM.

In the present work,sB 52T un
(em) and the expression fo

T un
(em) is given in Eq.~36! so thata, defined as in Eq.~78!, is

given by

a5
212625

64p7

A

g
*
2 . ~81!

The difference between the two above values fora comes
from the fact that Fermi-Dirac or Bose-Einstein distributio
functions were used in HM and LSR, whereas here we h
treated all the particles on the same footing and assume
ply a Boltzmann distribution. To make a precise comparis
between the previous estimates and our numerical results
will use the analytical estimates of HM and LSR with th

t to
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D. LANGLOIS AND L. SORBO PHYSICAL REVIEW D68, 084006 ~2003!
value fora given in Eq.~81!. For the particle content of the
standard model, the values ofa as given by Eqs.~79! and
~81! differ only by about the 5%.

Let us now recall these previous estimates. In HM,
amount of dark radiation produced in the high energy reg
can be expressed as

eD.Fa

4
ln ~r i /2!, ~82!

where F is an efficiency factor~denoteda in HM! with
5p/32,F,1. The amount of dark radiation produced du
ing the whole low energy regime~assumed in HM to start a
r52) is a/2. Therefore in our comparison we will take fo
the total fraction of dark radiation as estimated in HM t
expression

eD
HM5

a

4
@21F ln ~r i /2!# , r i@2. ~83!

The value ofeD as given by LSR is obtained by solving
system of differential equations including Eq.~45!. In the
limit of large r i one getseD→a/4.

Let us now evaluate the amount of dark radiation p
duced in our numerical approach. Starting from the equa

ṙD14HrD5P (em)2P (b), ~84!

where the source term is given explicitly above, one find

eD~ t0!5
rD~ t0!

r rad~ t0!
5

1

r i
E

t i

t0
dtS a~ t !

ai
D 4

~P (em)2P (b)!.

~85!

We have integrated numerically this equation and plotted
Fig. 4 the evolution of the ratioeD5rD /r as a function of
the scale factor. Remarkably, for large enough initial valu
of the energy density on the braner i , the dark radiation
component can dominate the brane matter energy densi
early times. This however does not seem to invalidate
implicit assumption that one can neglect the backreaction
bulk gravitons on the bulk geometry. Indeed, the dark ene

0.001

0.01

0.1

1

1 2 3 4 5 6 7 8 9 10

ε D

a

ρ i =1778
ρ i =1000
ρ i =100
ρ i =10

FIG. 4. Evolution ofeD5rD /r for different values ofr i .
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domination,rD(a).r(a), is effective only in the high en-
ergy regimer@1. And in this regime, the cosmological ex
pansion is dominated byr2, which remains much larger tha
rD . Nevertheless, it might be interesting to explore the c
sequences of the fact that in the very early evolution of
Randall–Sundrum universe, most of the energy density
the universe should be in the form of dark radiation~or bulk
gravitons! gravitationally bound to the brane.

In Fig. 5, we compare the numerical estimates of
present work with the analytical estimates of HM and LS
We took for a the expression~81! with all the degrees of
freedom of the standard model. The curve correspondin
HM comes from Eq.~83! with the lowest value ofF.

Due to the difficulties mentioned above, the range of o
numerical analysis is limited to values ofr i smaller than
about 23103. In this range, we get an accurate descripti
of the behavior ofeD as a function ofr i . We see thateD is
a slowly increasing function ofr i . At low values ofr i , the
numerical results are close to the estimate of LSR. Inde
for r i&1, the effect of graviton bounces can be neglect
and the Vaidya description analyzed in Sec. V gives a go
approximation, whose results agree, in the limitr i!1, also
with those of HM. Going to higher values ofr i , in the
regime of validity of our analysis the value ofeD is below
the lowest bound estimated by HM, but it gets closer a
closer asr i increases and one can expect it to become hig
already forr i of the order of few thousands~remember that
the maximal value ofr i compatible with constraints on th
Randall-Sundrum model isr i;1020). It is remarkable that
already for the~relatively! low value r i.1800, eD.0.02,
which is not far from the upper bound imposed by CMB a
BBN observations@15,16#.

VIII. CONCLUSIONS

In the present work, we have computed the amount
dark radiation produced during the cosmological evolution
our brane universe. Previous estimates were based on

0.001

0.01

0.1

1 10 100 1000

ε D

ρ
i

Present analysis
HM

LSR

FIG. 5. Comparison of the numerical results of the present w
with the estimates of HM~upper curve! and of LSR~lower curve!
for the amount of dark radiationeD5rD /r as a function of the
initial energy density on the braner i .
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BULK GRAVITONS FROM A COSMOLOGICAL BRANE PHYSICAL REVIEW D68, 084006 ~2003!
tively crude approximations: in one case, the evolution of
brane was separated into a high energy phase and a
energy phase; in the other case, all bulk gravitons were s
posed to be radial. However, both estimates were pointin
values very close to the current bound on extra relativi
degrees of freedom, which was motivating a more deta
study of the question.

To go beyond the previous approximations, the pres
work uses a numerical approach, which enables us to t
smoothly the transition between the high and low ene
regimes and to deal with nonradial gravitons. Our initial o
jective to compute precisely the amount of dark radiat
produced is however hampered by a problem of numer
precision, and we have been able to do this computation o
for moderate values of the initial brane energy density. T
reason for this limitation lies in a remarkable compensat
between two opposite effects: the emission of bulk gravit
by the brane, which contributespositivelyto the dark radia-
tion, and the pressure of old gravitons bouncing off t
brane, which contributesnegatively to the dark radiation.
Numerically, we have been obliged to compute these
effects separately, and the net effect, in which we are in
ested, comes from the difference of two quasi-equal h
numbers, which is difficult to control numerically.

With the present analysis, we could estimate the evolu
of the dark radiation component as a function of time, fin
t.
s

s.

ev

V.
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ing that in the very early stages of a radiation domina
brane universe, energy as dark radiation could easily exc
the amount of energy in brane matter.

In the range of initial densities where we can rely on o
numerical computation, we have been able to compare
result with the analytical estimates obtained previously a
our results agree with their order of magnitude.

The increase of the amount of dark radiation produc
with the initial energy density on the brane seems to indic
that a significant amount of dark radiation will be produc
for an extended high energy~nonstandard! period in the early
universe. However, we cannot safely extrapolate the pre
analysis to higher values of the initial energy density on
brane and we believe that an extension of our numer
computation further into the very high energy regime w
tell us whether a long period of nonstandard cosmology
going to be soon ruled out by observations.
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