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Abstract: The effect of relative entropy asymmetry is analyzed in the context of empirical
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Minimisation du Risque Empirique avec
Régularisation par I’Entropie Relative Tapez-11

Résumé : L’effet de I'asymétrie de ’entropie relative est analysé dans le
probléme de la minimisation du risque empirique avec régularisation par en-
tropie relative (MRE-RER). Une nouvelle régularisation est introduite, appelée
régularisation de Type-II, qui permet la recherche des solutions au probléme de
la MRE-RER avec un support qui s’étend en dehors du support de la mesure
de référence. La solution au nouveau probléme de la Type-II MRE-RER est
caractérisée analytiquement en termes de la dérivée de Radon-Nikodym de la
mesure de référence par rapport & la solution. L’analyse de la solution dévoile
certaines propriétés de ’entropie relative lorsqu’elle agit comme régularisateur
du probléme de la MRE-RER : (a) l'entropie relative force le support de la
solution de Type-II a s’étaler sur tout le support de la mesure de référence, ce
qui introduit un fort biais inductif qui domine 1’évidence fournie par les données
d’entrainement ; (b) La régularisation de Type-II est équivalente a la régula-
risation d’entropie relative classique avec une transformation appropriée de la
fonction du risque empirique. Enfin, une expression sous forme explicite de la
valeur espérée du risque empirique en fonction des paramétres de régularisation
est présentée.

Mots-clés :  Apprentissage Supervisé; Minimisation du Risque Empirique;
Entropie Relative; Régularisation; Algorithme de Gibbs; Mesure de Gibbs; Sen-
sitivité; et Généralisation
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1 Introduction

Empirical risk minimization (ERM) is a central tool in supervised machine learn-
ing. Among other uses, it enables the characterization of sample complexity and
probably approximately correct (PAC) learning in a wide range of settings [1].
The application of ERM in the study of theoretical guarantees spans related dis-
ciplines such as machine learning [2], information theory [3,4] and statistics [5,6].
Classical problems such as classification [7,8], pattern recognition [9,10], regres-
sion [11,12], and density estimation [9, 13] can be posed as special cases of the
ERM problem [13,14]. Unfortunately, ERM is prone to training data memoriza-
tion, a phenomenon also known as overfitting [15-17]. For that reason, ERM is
often regularized in order to provide generalization guarantees [18-21]. Regular-
ization establishes a preference over the models by encoding features of interest
that conform to prior knowledge. In different statistical learning frameworks,
such as Bayesian learning [22,23] and PAC learning [24-26], the prior knowledge
over the set of models can be described by a reference probability measure. More
general references can be adapted as proved in [27, 28] for the case of o-finite
measures. Prior knowledge on the set of datasets can also be represented by
probability measures, e.g., the worst-case data-generating probability measure
introduced in [29]. In either case, the solution to the regularized ERM problem
can be cast as a probability distribution over the set of models.

A common regularizer of the ERM problem is the relative entropy of the op-
timization probability measure with respect to a given reference measure over
the set of models [13,30-32]. The resulting problem formulation, termed ERM
with relative entropy regularization (ERM-RER) has been extensively studied
for both the case in which the reference measure is a probability measure [30-33]
and the case in which it is a o-finite measure (27,28, 34|. While in both cases
the solution is unique and corresponds to a Gibbs probability measure, the exis-
tence of the solution is ensured only in the case in which the reference measure
is a probability measure [28]. Despite the many merits of the ERM-RER for-
mulation, it has some significant limitations. Firstly, absolute continuity of the
optimization measure with respect to the reference measure is required for the
existence of the corresponding Radon-Nikodym derivative, which is used by the
relative entropy regularization. This absolute continuity sets an insurmount-
able barrier to the exploration of models outside the support of the reference
measure. More specifically, models outside the support of the reference measure
exhibit zero probability with respect to the Gibbs probability measure solution
to ERM-RER. More importantly, this holds regardless of the evidence provided
by the training dataset. Secondly, the choice of relative entropy over alterna-
tive divergences often follows arguments based on the simplicity of obtaining
generalization guarantees in the form of bounds [18]. Nonetheless, such bounds
are often hard to calculate and are not always informative when evaluated in
practical settings [35-37].

From all the above, exploring the asymmetry of the relative entropy is of par-
ticular interest to advancing the understanding of entropy regularization and
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6 Daunas, Perlaza, Esnaola, and Poor

its role in generalization. The problem of ERM with a general f-divergence
regularization has been explored in [38] and [39] in the case of a finite count-
able set of models, and recently extended to uncountable sets of models in [40].
Nonetheless, the authors in [38—40] constrain the optimization domains to sets
of measures that are mutually absolutely continuous with respect to the refer-
ence probability. The use of the relative entropy of the optimization measure
with respect to the reference in ERM-RER is termed Type-I ERM-RER. Alter-
natively, the use of the relative entropy of the reference measure with respect
to the optimization measure, introduced here, is termed Type-II ERM-RER.
Interestingly, the existing results in [38—-40], which lead to special cases of the
Type-I and Type-II ERM-RER problems by assuming that f(z) = —xzlog(x)
and f(z) = —log(z), respectively, do not study the impact of the asymmetry of
relative entropy in the context of ERM regularization.

This paper presents the solution to Type-II ERM-RER optimization problem
using a new method of proof. In particular, mutual absolute continuity of the
measures in the optimization domain with respect to the reference measure is
not imposed. Nonetheless, such a mutual absolute continuity is exhibited by the
solution as a consequence of the structure of the problem. The main properties
of the solution are highlighted and an equivalence between Type-I and a Type-I1
ERM-RER problems is presented by replacing the empirical risk in the Type-I
problem by another function, which can be cast as a tunable loss function as
in [41-43].

The remainder of the paper is organized as follows. Section 2 presents the
standard ERM problem. Section 3 describes the Type-I regularization. The
main contribution of this paper, which is the solution to the Type-II ERM-
RER problem, is presented in Section 4. Section 7 studies the equivalence
between Type-I and Type-II regularization. The conclusions are summarized in
Section 8.

2 Empirical Risk Minimization

Let M, X and Y, with M C R? and d € N, be sets of models, patterns, and
labels, respectively. A pair (x,y) € X x Y is referred to as a labeled pattern or

as a data point. Given n data points, with n € IN, denoted by (x1,y1), (22, y2),
-y (Zn,Yn), the corresponding dataset is represented by the tuple

z = (($1,y1), (Ig, y2)7 L) (xnayn)) S (X X y)n (1)

Let the function f: M x X — ) be such that the label assigned to the pattern
x according to the model 8 € M is f(0,x). Let also the function

(:YxY—[0,00) (2)

be such that given a data point (z,y) € X x Y, the risk induced by a model 6 €
M is £(f(0,x),y). In the following, the risk function ¢ is assumed to be
nonnegative and for all y € ), £(y,y) = 0.

Inria



Empirical Risk Minimization with Relative Entropy Regularization Type-II 7

The empirical risk induced by the model 0, with respect to the dataset z in (1)
is determined by the function L, : M — [0, c0), which satisfies

n

L2(6) = = > (F(6,2:), 7). (3)
i=1

Using this notation, ERM consists of the following optimization problem:

min L-(6). (4)

Let the set of solutions to the ERM problem in (4) be denoted by

T(2) £ arg pin L.(6). (5)

Note that if the set M is finite, the ERM problem in (4) always possesses a
solution, and thus, |7 (z)| > 0. Nonetheless, in general, the ERM problem does
not necessarily possess a solution, i.e., it might happen that |7 (z)| = 0.

The PAC and Bayesian frameworks, c.f. in [23] and [25], solve the problem in (4)
by constructing probability measures conditioned on the dataset z, from which
models are randomly sampled. In this context, finding probability measures that
are minimizers of the ERM problem in (4) over the set of all probability measures
that can be defined on the measurable space (M,.%), which is denoted by
A (M), requires a metric that enables assessing the goodness of the probability
measure. From this perspective, the underlying assumption in the reminder of
this work is that the functions f and ¢ in (3) are such that for all (z,y) € X x ),
the function g, , : M — [0, 00], such that g, ,(0) = £(fe(x),y), is measurable
with respect to the Borel measurable spaces (M,.#) and (R, Z(R)), where
F and #(R) are respectively the Borel o-fields on M and R. Under these
assumptions, a common metric is the notion of expected empirical risk.

Definition 2.1 (Expected Empirical Risk). Given the dataset z € (X x V)"
in (1), for all probability measures P € A(M) let the functional R, : A(M) —
[0,00) be such that

R.(P) £ / L.(6)dP(6), (6)

where the function L is defined in (3).

In the following section, the Type-I relative entropy regularization is reviewed
as it serves as the basis for the analysis of the regularization asymmetry.

3 The Type-I ERM-RER Problem

The Type-I ERM-RER problem is parametrized by a probability measure @ €
A(M) and a real A € (0,00). The measure @ is referred to as the reference
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8 Daunas, Perlaza, Esnaola, and Poor

measure and A as the regularization factor. The Type-I ERM-RER problem,
with parameters @ and A, is given by the following optimization problem:

Peglci;(lj\/l) R.(P) + AD(P|Q), (7)

where the functional R, is defined in (6), and the optimization domain is
Ng(M) E{P e A(M): P<Q}. (8)

The notation P <« @ stands for P being absolutely continuous with respect

to Q.

The solution to the Type-I ERM-RER problem in (7) is the Gibbs probability

measure [27,30,31], which is presented in the following lemma.

Lemma 3.1 ( [28, Theorem 3.1]). The solution of the Type-I ERM-RER prob-

lem in (7), denoted by Pgl?’z)‘iz € A(M), is unique, always exists, and satisfies

for all @ € supp Q

where the function Kqg . : R — R is such that
Koa(t) = log( / exp(tL. () dQ(G)). (10)

4 The Type-II ERM-RER Problem

The Type-II ERM-RER problem is parametrized by a probability measure @) €
A(M) and a real A € (0,00). As in Type-I ERM-RER problem, the measure
Q@ is referred to as the reference measure and A as the regularization factor.
Given the dataset z € (X x )" in (1), the Type-Il ERM-RER problem, with
parameters () and A, consists of the following optimization problem:

min R, (P)+ AD P), 11
RIS (P) (@QlIP) (11)

where the functional R, is defined in (6), and the optimization domain is
VoM) £ {P e AM): Q< P}. (12)

The difference between Type-I and Type-II ERM-RER problems lies on the
regularization. While the former uses the relative entropy D (P||Q), the latter
uses D(Q||P). This translates into different optimization domains due to the
asymmetry of the relative entropy. More specifically, in the Type-I ERM-RER
problem, the optimization domain is the set of probability measures on the Borel
measurable space (M,.%) that are absolutely continuous with the reference

Inria
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measure (). That is, the set Ag(M) in (8). Alternatively, in the Type-II
ERM-RER problem, the optimization domain consists of probability measures
defined on the Borel measurable space (M,.#), with the additional condition
that the reference measure ) must be absolutely continuous with respect to
them. This corresponds to the set denoted as 7o(M) in Equation (12). From
this perspective, the techniques used in [28] for solving the Type-I ERM-RER
no longer hold. As shown in the next section, a new technique is used for solving
the Type-II ERM-RER.

The problem in (11) exhibits a trivial solution when the functional R, is such
that for all P € 57g(M), it holds that R,(P) = ¢, for some ¢ € [0,00). In
such a case, the solution is unique and equal to the probability measure @,
independently of the parameter A. In order to avoid this trivial case, which
arises under particular conditions over the empirical risk function L, in (3)
and the probability measure @, the notion of separability of the empirical risk
function with respect to the measure @ is borrowed from [28]. A separable
empirical risk function with respect to a given probability measure P is defined
as follows.

Definition 4.1 (Definition 4.1 in [28]). The empirical risk function L, in (3) is
said to be separable with respect to the probability measure P € A(M), if there
exist a positive real ¢ > 0 and two subsets A and B of M that are nonnegligible
with respect to P, and for all (01,605) € Ax B,

L.(61)< ¢ <L.(02) < 0. (13)
A nonseparable empirical risk function L, in (3) with respect to a measure P

is a constant almost surely with respect to the measure P. More specifically,
there exists a real a > 0, such that

PO e M:L.(0) =a}) = 1. (14)

When the empirical risk function L, in (3) is nonseparable with respect to all
measures in P € y7g(M), the trivial case described above is observed. The
notion of separable empirical risk functions would play a central role in the
study of the optimization problem in (11).

4.1 The Solution to the Type-II ERM-RER Problem

The solution of the Type-II ERM-RER problem in (11) is presented in the
following theorem, where the measure () is a parameter of the optimization
problem in (11) and the function L, is defined in (3).

Theorem 4.1. If there exists a real B such that
pe{tecR:V0 €suppQ,0<t+L,(0)}, (15a)

and
A
[ i@ ot

RR n°® 9508



10 Daunas, Perlaza, Esnaola, and Poor

then the solution to the optimization problem in (11), denoted by Pglz’z/\iz €

A (M), is unique and for all O € supp Q, it satisfies

dPSTyY . A
—¢ 9" 5L (16)

Before introducing the proof of Theorem 4.1, two important results are pre-
sented. The first result consists in the solution to the optimization problem
in (11) when the optimization domain is restricted to

Oq M) £ 7o(M) N Lg(M), (17)

where the sets Ag(M) and (M) are defined in (8) and (12), respectively.
Such an ancillary problem can be formulated as follows:

pein Rz(P) + AD(Q| P). (18)

The solution to such an ancillary problem is described by the following lemma.

Lemma 4.1. The solution to the optimization problem in (18) is unique and

identical to the probability measure Péﬁ?’z)‘:)z in (16).

Proof: The proof is presented in Appendix A. [ |

The second result consists of comparing the optimal values resulting from the op-
timizations in (11) and (18). The following lemma formalizes this result.

Lemma 4.2. The optimization problems in (11) and (18) satisfy

A R=(P)+AD(Q[|P) = Juin R=(P)+AD(Ql|P). (19)

Proof: The proof is presented in Appendix B. [ |

Lemma 4.2 unveils the fact that the objective function in (11) when evaluated
at measures whose support extends beyond the support of @) is larger than such
an objective function evaluated at measures whose support is identical to the
reference measure. This includes the case in which the set T(z) in (5) lies
outside the support of Q.

Using these results, the proof of Theorem 4.1 is as follows.

Proof of Theorem 4.1: The proof follows by observing that from (17), it holds
that

O M) € voM). (20)
Hence, from (20), it follows that
. < mi .
Juin R(P)+AD(Q|IP) £ min R.(P)+AD(Q|P) (21)

Inria
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From the inequalities in (19) and (21), it follows that

Juin R.(P)+AD(Q|P) = min R.(P)+AD(Q|P). (22)

Thus, the measure Pg‘g’zﬁz in (16) is the solution of the optimization problem

in (11), which completes the proof of Theorem 4.1. [ |

Lemma 4.2 implies that the solution to the optimization problem in (11) is in
the set Og(M) in (16). A consequence of this observation is the following
corollary.

Corollary 4.3. The probability measures QQ and Péﬁ?’z)‘:)z in (16) are mutually

absolutely continuous.

Corollary 4.3 also follows from Theorem 4.1 by observing that the solution to the

Type-1II ERM-RER problem in (11) is expressed in terms of its Radon-Nikodym

Pg‘?’z)‘:)z with respect

to . The absolute continuity of the measure ) with respect to Pécfz)i ,, follows
from the optimization domain of the Type-II ERM-RER problem. From this
perspective, Corollary 4.3 conveys the fact that there does not exist a dataset
that can overcome the inductive bias induced by the reference measure Q. That

is, set of models outside the support of @ exhibit zero probability measure with

p(Q;X)
P(-)|Z:z'

with respect to @, which implies the absolute continuity of

respect to the measure

This observation is important as at a first glance, the Type-II relative entropy
regularization for the ERM problem in (11) does not restrict the solution to
be absolutely continuous with respect to the reference measure Q. However,
Theorem 4.1 shows that the support of the probability measure PCE)C‘?’Z)‘:)z in (16)
collapses into the support of the reference. A parallel can be established between
Type-I and Type-II cases, as in both cases the support of the solution is the
support of the reference measure. In a nutshell, the use of relative entropy
regularization inadvertently forces the solution to coincide with the support of
the reference regardless of the training data.

4.2 Properties of the Solution

This section introduces a function referred to as the normalization function and
its properties. This function as well as its properties are central for studying
the solution to the ERM-RER problem in (11).

4.2.1 The Normalization Function

Let the function B
Koz :(0,00) = A, (23a)

with A C R, and @ and z in (11), be such that for all ¢ € (0, c0)
Roa(t) = a, (23b)

RR n°® 9508



12 Daunas, Perlaza, Esnaola, and Poor

where « satisfies

t
———dQ(0) =1 24
| e =1 (24
and the function L, is defined in (3). The function K . is referred to as the
normalization function. This is essentially due to the observation that g and A
in (16) satisfy

KQ,Z()‘):ﬁv (25)

which guarantees that the measure ng;i L, €A(M) in (16) is a probability mea-

sure. Hence, the Radon-Nikodym derivative in (16) satisfies for all @ € supp @

dP(Qv)\)
OlZ=z gy = _ A . (26)
dQ KQ,z(/\) + I—z (0)

The properties of the function K¢, in (23b) are studied using the notion of
Rashamon sets [44]. Given a real § € [0, c0), consider the Rashamon set

L.(6)={0c M:L,(0) <6} (27)
Consider also the nonnegative real number
85, = nf{d € [0,00) : Q(L=()) > 0}. (28)
Let also L, , be the following level set of the empirical risk function L in (3):

H22{0eM:L.(0)=0,.} (29)

Using the objects defined above, the following lemma introduces one of the main
properties of the function K¢ , in (23).

Lemma 4.4. The function K , in (23) is strictly increasing and continuous.
Proof: The proof is presented in Appendix C. [ |

As a consequence of Lemma 4.4, the continuity of function K¢ » in (23) and
equality (24), it follows that for all @ € A, with A in (23a), the functional
inverse Kélz : A — (0,00) is given by

_ 1

:—fmdQ(G)' (30)

Note that the function K, élz in (30) allows defining the codomain of the function
K- in (23b), which is formalized by the following lemma.

Inria



Empirical Risk Minimization with Relative Entropy Regularization Type-II 13

Lemma 4.5. The set A in (23a) satisfies
(=05,2,00) CAC[=65.,,00). (31)

Moreover, the set A is identical to [7567’%, oo) if and only if

1
/Lz@—%,z dQ(6) < (32)

with 67, , defined in (28).
Proof: The proof is presented in Appendix D. ]

Observe that for all finite sets of models M, the subset L, , as defined in (29)

satisfies Q(£67z) > 0. This implies that the integral in (32) is not finite. The
formalization of this observation is presented in the following corollary.

Corollary 4.6. If the set M is finite, then the set A in (23a) is identical to
(_522,Z’ OO)

An additional remark, is that from Lemma 4.4 and Lemma 4.5, if the set A
in (23a) is equal to the closed set [5@72,00) in (31), there exists a minimum
regularization factor \* > 0, where \* = I_{é}z(—éaz), with I_(élz defined
in (30). This implies that the mapping of the function K¢ . in (23) is such
that Kg » : [\*,00) — [—522;, 00). This minimum regularization implies that
the existence of a solution to the optimization problem in (11) only exists for
regularization factors A > A*.

Based on Lemma 4.5, the existence of the minimum regularization factor de-
pends on whether the integral in (32) is finite. The finiteness of the integral is
conditioned by the reference measure @; the functions ¢ and f in (3); and the
dataset z in (1). The subsequent examples illustrate situations where the set A
is the open set (5é7z, oo) and closed set [5227z, oo) in (31).

Example 4.1. Consider the Type-II ERM-RER problem in (11) and assume
that: (a) M =X =Y = [0,00); (b) z = (1,0) and (¢) Q < u, with p the
Lebesgue measure, such that for all @ € supp Q,

dQ

s (0) = 46? exp(—26). (33)
Let also the function f: M x X — Y be
f(8,z) =6, (34)
and the loss function ¢ in (2) be
((f(0,2),y) = (6 —y)?, (35)
which, implies
L2 (8) = (26 —y)*, (36)

RR n°® 9508
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with the function L, defined in (3). Under the current assumptions the objective
of this example is to show that A = [5227z, oo) For this purpose, it is sufficient
to show that the inequality in (32) holds. From Theorem 4.1, it follows that
S (16) satisfies for all @ € supp Q,

O|Z==z
5(Q,\)
dPg) 7~ A
| Z== 2
—=(0)= ————46 —20

with B satisfying (15). Thus,

1 1

/ L.(0) — 05, dQ(8) = / Mw? exp(—20)du(0)  (38a)
[ 467 exp(—26)
a /0 (26 — y)* — 5. (58b)
[ 40? exp(—20)
- /0 e de (38c)
- /OOO W dé (38d)
[~ 4exp(—26)do (38¢)

0

-2 (35f)

where equality (38a) follows from equality (33); equality (38c) follows from the
assumption that (z,y) = (1,0); and equality (38d) follows from the fact that
00,2 = 0. Finally, the function Kq . in (23) satisfies Kg2(3) = 0, which
implies 65, , =0 € A.

Example 4.2. Consider Example 4.1 with z = (1,1). Under the current as-
sumptions, the objective of this example is to show that A = (522,z, oo). For this
purpose, it is sufficient to show that the inequality in (32) does not hold:

/ ﬁdme): / # 46% exp(~20) du(6)  (39a)

~ 51 ~ 05
oo 2 o
_ / 467 exp(720) 49 (39b)
o (20 —y)" =65,
00 2 _
_ / 467 cxp(~26) 220) 46 (39¢)
0 (6-1)
= 0. (59d)

where equality (39a) follows from equality (33); equality (39b) follows from
the assumption that (x,y) = (1,0); equality (39¢) follows from the fact that
00,2 = 0; and the equality (39d) follows from an algebraic development shown

in Appendiz T. Finally, the function KQ,Z in (23) is undefined at zero, which
implies 67, , =0 & A.
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The aforementioned examples demonstrate that even if the reference measure
Q@ and functions ¢ and f in (3) are fixed, the set A might be either [5227z, oo)

or (5(*272700) depending on the dataset z. This observation underscores that
the existence of the minimum regularization factor A\* is coupled on the specific
choices of @, ¢, f, and z. Finally, from Lemma 4.5 it is implied that if the set
M is finite, then the set A is the open set (*5é,zv oo) in (31), as shown by the
following example.

Example 4.3. Consider the Type-II ERM-RER problem in (11) and assume
that: (a) B is a proper subset of M, and (b) the probability measure Q satisfies

Q(B) = ¢, and (40a)
QM\B)=1-¢ (40b)
with € > 0. Let the empirical risk function L, in (3) be

(0 if 6cB
Lz(a)—{ ¢ if 8eM\B, (41)
with ¢ > 0.

Under the current assumptions, the objective of this example is to show that for
all z € (X x V)", it holds that A = (5257z7 oo) For this purpose, it is sufficient
to show that for all ¢ € (0,00), the function Kqg . in (23b) is strictly greater
than =0, . From the current assumptions it follows that o, , = 0 and that for
all A € (0,+00) the function Kg » in (23b) satisfies

2
o= \/< ) ) (42)

The proof of equality (42) is presented in appendiz S. From equality (42), it
holds that

Kq:(\) = —(C;)\) + \/(C;)\> + AcQ(B) (43a)

> —(C%A) + (?)2 (43b)

_ (e=)) c— A

-5 = (45
>0 (43d)
= _522,27 (436}

which proves that for all ¢ € (0,00), A= (—5227z, 00).
Another immediate consequence of Lemma 4.4 is the following corollary.

Corollary 4.7. If the real value o5, , = 0, with 05, , in (28), then the func-
tion Kq » in (23b) is strictly positive.
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The following lemma characterizes the limit of K, Q,z as A approaches zero from
the right, under the assumption that the set A is (*56,za oo).

Lemma 4.8. If the set A is (—522)z,oo), the function Kg » in (23b) satisfies

lim Kg.(\) = =5, (44)

A—0+t
where 65, , is defined in (28).
Proof: The proof is presented in Appendix E. [ |

Studying cases in which the choice of the reference measure @), empirical risk
function L, and dataset z induce the set A to be equal (‘522;7 oo) is relevant in
the context of learning algorithm, from the fact that if M is countable the set
A is equal (—(522)z, oo). Furthermore, as the number of data points in datasets
increases, choosing a prior @ such that (32) is satisfied becomes less likely.
Hence, in the paper, it will be assumed that @, L, and z induce A = (—52‘272, oo)

unless otherwise stated.

4.2.2 Bounds on the Radon-Nikodym Derivative

Note that from Theorem 4.1 models resulting in lower empirical risks correspond
to greater values of the Radon-Nikodym derivative. The following corollary
formalizes this observation.

Lemma 4.9. For all (01,0,) € (suppQ)®, such that L.(61) < L.(02), with L,
in (3), the Radon-Nikodym derivative in (16) satisfies

5(Q,A H(Q,\
dP(-(3|le dPCE')|Z:)z
a0 0;) < T(Ol)v (45)

with equality if and only if L, (01) = L,(02).

Proof: The proof is presented in Appendix F. [ |

p(Q:N)
©|z==

dp
The Radon-Nikodym derivative 0 in (16) is always finite and strictly
positive. This observation is formalized in the following lemma.

P
Lemma 4.10. The Radon-Nikodym derivative —S2== in (16) satisfies for

dQ
all @ € supp @

dP(Q’)\) A
O|Z==z
0< 0) < — < 00, 46
aQ U*é@ﬁf{@,z(x) > (46)

where the equality holds if and only if 6 € L, , Nsupp Q.

Proof: The proof is presented in Appendix G. [ |
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4.2.3 Asymptotes of the Radon-Nikodym Derivative

In the asymptotic regime, when the regularization factor grows to infinity,
i.e., A\ — 00, the measure P(@(‘?"Z)‘iz becomes identical to the reference measure Q,
as described in the following lemma.

p@N)
Lemma 4.11. The Radon-Nikodym derivative —S2== in (16) satisfies for

dQ
all 8 € supp Q,

p(Q,\)
lim 7dP@|ZZz

Jim —S5=2(0)=1. (47)

Proof: The proof is presented in Appendix H. ]

Lemma 4.11 unveils a similarity between Type-I and Type-II regularization as

the Type-I measure Pglg’;iz in (9) exhibits a similar behavior [28].

In the asymptotic regime, when the regularization factor decreases to zero from
ap(@:»)
the right, i.e., A — 07, the Radon-Nikodym derivative —22== in (16) exhibits

dQ
the following behavior.

Lemma 4.12. If Q(Eaz) > 0, with the set LY}

n (29), then the Radon-

2

FYIGAY
Nikodym derivative ‘3'5:2 in (16) satisfies for all @ € supp Q,
dP(QvA) 1
. O|Z==z
lim (6) = 1 £ - (48)
Am0+ d {occy .}
A (g,

Alternatively, if Q( ’éz) =0, then for all @ € supp Q, it holds that

p(Q,A .
. dP(£)|ziz oo ifB €Ly,
lim —=—=(0) = o (49)
A—0t d@ 0  otherwise.
Proof: The proof is presented in Appendix I. [ ]
Lemma 4.12 highlights that in the asymptotic regime, when the regularization
APQN
factor decreases to zero from the right, i.e., A — 0T, the value —§2==(0) does
not depend on the exact model 8 but rather on whether 8 € supp@ N L7, .. In
1P(@:0)

the case in which 6 € supp QNLY, , it holds that limy o+ ‘ @dg:z (6) > 0. Oth-

H(Q.2)
erwise, limy_,o+ ?1‘5:’ (6) = 0. In the special case in which 00,2 = 0, with &7, ,
in (28), the set L, , satisfies L, , = T(2), where T (z) is defined in (5). This
implies a concentration of probability over 7 (z) N supp @, which establishes a
connection with the ERM problem without regularization in (4).

Furthermore, in the asymptotic regime, when the regularization factor decreases
to zero from the right, the solutions to the Type-I and Type-II ERM-RER prob-
lems exhibit the same asymptotic behavior, as shown in [28]. This aligns with
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18 Daunas, Perlaza, Esnaola, and Poor

the observation that as A decreases, the optimization problems in (7) and (11)
exhibit a weaker relative entropy constraint. A stronger result follows from
Lemma 4.12 and is presented in the following lemma.

Lemma 4.13. The measure P in (16) and the set L

©| 7= in (29) satisfy

2

3 _(Q7/\) —
/\li}%h Po|z=- (£6.2) =1 (50)

Proof: The proof is presented in Appendix J. [ |

Lemma 4.13 shows that indeed when the regularization factor approaches zero

Py
O|Z==z
regime, concentrates in the set of models that induce the minimum empirical

risk in supp Q.

from the right, the probability of the measure in (16), in the asymptotic

5 The Expected Empirical Risk

This section focuses on the expected empirical risk induced by the probability

p(QA)
measure Pey_ i

and the value R, (P(E)ﬁ?z/\iz) are introduced.

n (16). Some important properties of the functional R, in (6)

The expected empirical risk can be calculated in terms of the regularization
parameter A and the function K¢ . defined in (23b), as shown by the following
lemma.

Lemma 5.1. The probability measure PN i (16) satisfies

O|Z==z
R.(PS%2.) = A= K. (V), (51)
where the functional Ry, the function Kg » and the measure ng’z)iz are defined

in (6), (23b), and (26), respectively.
Proof: The proof is presented in Appendix K. [ ]

Lemma 5.1 highlights that the function r : (0,00) — [0,00) such that r(\) =
R. (pg‘g’z)iz), with @ and z fixed, inherits all properties of the function f(@z
in (23b). The following lemma formalizes this observation.

Lemma 5.2. The expected empirical risk R, (ng’z)‘:)z), with the functional R,

in (6) and the measure P(E)Ql?’z’\iz in (16), is nondecreasing with respect to M.
Moreover, it is strictly increasing if and only if the empirical risk function L,
in (3) is separable with respect to the probability measure Q.

Proof: The proof is presented in Appendix L. [ |
The following lemma highlights a connection existing between the expected em-

pirical risks R, (Q) and R, (P(S)?Z)‘:)z) ; and the relative entropy D (QHP&?ZALZ) .
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Lemma 5.3. The functional R, defined in (6) and the measures Q and Pé)?’z)‘iz
in (16) satisfy

5(Q.A 5(Q.A
R-(Q) —Ra(PSL) = Aew (D (QIPSL)) - 1), (52)
Proof: The proof is presented in Appendix M. ]

Note that D (QHP(@CIQZAL z) > 0, which leads to the observation that

(exp(D(QUPSL.)) ~1) = 0, (53)

in (52). Hence, from Lemma 5.3, it follows that the solution to the Type-II
ERM-RER problem induces an expected empirical risk that is smaller than
the one induced by reference measure ). This is formalized by the following

corollary.
Corollary 5.4. The probability measures @ and P(@(—T)’Z)‘iz in (16) satisfy

R.(PS%Y.) < R(Q), (54)

where the functional R, is defined in (6) and equality holds if and only if the
empirical risk function L, in (3) is nonseparable.

The following lemma presents a lower bound and an upper bound on the ex-
pected empirical risk R, (Pé?z)‘:)z> in which the regularization parameter plays

a central role.

Lemma 5.5. The probability measure P(E)?’Zﬁz in (16) satisfies

* 5(Q,A *
52 < R(PST7L.) <A+ 8.2, (55)

where the functional Ry is defined in (6) and o, , is defined in (28). Moreover,
equality holds if and only if the empirical risk function L, in (3) is nonseparable.

Proof: The proof is presented in Appendix N. [ ]

The bounds presented in Lemma 5.5 highlight that the regularization parameter
A in (11) governs the increase of the expected empirical risk R, (ngz)iz) with
respect to its minimum, i.e, 52:?,2. in (28). Moreover, the lower bound is tight
for the probability measure Pé?’z)iz in (16) in the asymptotic regime when A

decreases to zero from right, as shown hereunder.

Lemma 5.6. The probability measure Pg‘?’z)‘lz in (16) satisfies

: p(Q.\) _Sx
i R (P52) = 5

where 65, , is defined in (28) and the functional Ry is defined in (6).
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Proof: From Lemma 5.1, it holds that

. =(Q,\) s T —
i, Re(Pali) =l A~ i, Ko (72
= — lim Ko .(\ 57b
Jim Kq,2(A) (57b)
=00, (57c)

where equality (57¢) follows from Lemma 4.8. This completes the proof. m

Finally, note that the functional R, in (6) is nonnegative. This observation
together with Lemma 5.1 lead to a new property for the function K¢ . in (23b),
which is stated by the following corollary

Corollary 5.7. The function Kq » in (23b) satisfies, for all t € (0,00),

Kq.(t) <t (58)

6 (0,¢)-Optimality

This section presents a PAC guarantee of optimality for models sampled from the

probability measure P(S)clg’;:)z in (16) within the setting of the Type-II ERM-RER
problem in (11). Such guarantee is presented using the notion of (4, €)-optimality

introduced in [28].

Definition 6.1 ((4, €)-Optimality). Given a pair of positive reals (9, €), with e <
1, the probability measure P € (M) is said to be (9, €)-optimal if the set L,(9)
in (27) satisfies

P(L.(5) > 1—e. (59)

The (6, €)-optimality guarantee ensures that with probability at least 1 — ¢, sam-

p(Q:A)
P@\Z:z

greater than §. The following theorem presents an (J, €)-optimality guarantee
for the Type-II ERM-RER solution.

Theorem 6.1. For all (§,¢) € (622;, oo) x (0,1), with 05,2 0 (28), there always

exists a A € (0,00), such that the probability measure PCS)?’ZA;Z in (16) is (0, €)-

optimal.

pling models from in (16) yields models that induce empirical risks not

Proof: The proof is presented in Appendix O. [ |

7 Interplay Between the Relative Entropy Asym-
metry and the Empirical Risk

This section presents a connection between the Type-I ERM-RER in (7) and
Type-II ERM-RER problems in (11) established via a transformation of the
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empirical risk function. The transformation used is termed log-empirical risk
and is defined hereunder.

Definition 7.1 (Log-Empirical Risk). Consider the empirical risk function L,
in (3) and let the function V, x : M — R, with Q and X in (11), be such that

Voa(0) £ log(Kq, 2 (A) + L=(60)), (60)

with the function Kq » defined in (23b). The value V, 5(0) is said to be the
log-empirical risk induced by the model 8 € M.

The notion of log-empirical risk in (60) leads to the expected log-empirical risk,
which is denoted as follows.

Definition 7.2 (Expected Log-Empirical Risk). Consider the log-empirical risk
function V; x in (60) and let the functional Ry g x : A(M) — R be such that
for all probability measures P € A(M), it holds that

Reon(P) 2 /Vz,,\(O) dP(0). (61)
The value F_QZ,Q,)\(P) is the expected log-empirical risk induced by the measure P.

7.1 The Connection between Type-I and Type-II

Using the objects defined above, a new Type-I ERM-RER problem is pre-
sented:

i R P)+D(P||Q), 62
plin - Re@a(P)+D(PQ) (62)

with A and @ being problems of the Type-I and Type-II ERM-RER problems
in (7) and (11). The main result of this section is presented in the following
theorem.

Theorem 7.1. The solution to the optimization problem in (62) is unique and

identical to the probability measure ngz) n (16).

Proof: Denote by e?\z)\l the solution to the optimization problem in (62).

From Lemma 3.1, for all 8 € supp @, it follows that

dP(éQ|é\) =, exp(=V;x(0))
1@ O Tep(-Van ) aaw) o
exp(log(L @ Rax /\))>
(63b)
fexp(10g<|_ (u)+KQz(>‘))) Qv
(1 mdQ(”)) (63¢)
- L.(0)+Kg - (N)
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A
“L00) + Ron(V (634)
_dPglY,

where the equality in (63b) follows from the definition of log-empirical risk
n (60); the equality in (63d) follows from (23b) and (15b); and the equality
in (63e) follows from Theorem 4.1, which completes the proof. [ |

Theorem 7.1 establishes an equivalence between the regularization of Type-I
and Type-II. More specifically, Theorem 7.1 highlights that by transforming
the empirical risk function L, in (60) into the log-empirical risk V. x in (60),
the Type-II ERM-RER problem in (11) can be solved by solving the Type-I
ERM-RER problem in (62). In view of this, it is interesting to note that Type-I
regularization forces the support of the solution to be included into the support

of the reference measure as a consequence of the optimization domain Ag(M).

Hence, supp ngz )z C supp Q. Moreover, as a consequence of the solution, all

the models in the support of the reference measure are in the support of the
solution. That is, supp @ C supp Pé‘ Z) Alternatively, Type-II regularization
forces the support of the solution to be included into the support of the reference
measure as a consequence of the optimization domain 7g(M). Hence, supp Q C
supp P(@("‘QZ’\ )z Moreover, as a consequence of the solution, all the models in the
support of the solution are in the support of the reference measure. That is,
supp P(Q?Z )z C supp @. Hence, supp Pgl?’z )z = supp @, regardless of whether

the regularization is of Type-I or Type-II.

Finally, the Type-I - Type-II relation can be used to establish an equality involv-

ing the relative entropies D (QHPCS)(“'?Z)‘) ) and D ( e?;)z ||Q) and the expected

log-empirical risks R, o\ (Pg%z) ) and Rz, 1 (Q), as shown hereunder.
Lemma 7.1. The functional R, g x in (61) and the probability measures ngz)‘) -
and @ in (16) satisfy
5 A A
Rz (PST7L.) + D (PS2.1Q) = 1og(), (64)
and
R (@A)
R-0(Q) — D (QIPST,. ) = log(). (65)
Proof: The proof is presented in Appendix P. [ ]

7.2 Sensitivity of the Log-Empirical Risk

The sensitivity of the expected empirical risk, as presented in [28, Definition
10.1], is defined as follows.
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Definition 7.3 (Sensitivity of the Expected Empirical Risk). Consider the
functional R, defined in (6) and let Sgx : (X x V)" x LNg(M) — R be a
functional such that

Sz, P) = Ra(P) ~ R.(P§Y), (66)

where the probability measure Pg‘gz) is in (9). The sensitivity of the expected

empirical risk due to a deviation from Pg‘QZA)z to P is Sga(z, P).

Following the same idea, the sensitivity of the expected log-empirical risk is
defined as follows.

Definition 7.4 (Sensitivity of the Expected Log-Empirical Risk). Consider the
functional Ry o » in (61) and let Sg x : (X x ¥)" x7o(M) — R be a functional
such that

Soa(2 P) = Rega(P) — Rega (PSTL. ) (67)
where the probability measure P(E)?Z) is in (16). The sensitivity of the expected
log-empirical risk due to a deviation from Pglgz)‘) to P s §Q7>\(z, p).

@Y

The sensitivity of the expected log-empirical risk due to a deviation from ©|Z==

to P exhibits the following closed-form expression.

Lemma 7.2. The sensitivity Sg x in (67) satisfies for all probability mea-
sures P € Og(M) that

Saa(zP) =D (PIPSHY.) - D(PIQ) + D (PSR Q). (69)

where the probability measures Q and P(eclg’z)z are defined in (16).

Proof: The proof is presented in Appendix Q. ]

An interesting interpretation of Lemma 7.2 follows from rewriting (68) using the
objective function of the Type-I ERM-RER problem in (62) as follows:

D(PIPS;).) = Rea(P) + D(PIQ) ~ Reqa (PSHY.)
- (PSIQ). (69)

That is, the relative entropy D(PHP@?Z)Z) represents the variation of the

objective function of the Type-I ERM-RER problem in (62) due to a deviation

from the solution P(E)C‘QZ/\ ) to an alternative probability measure P.

In Lemma 7.2, when P is chosen to be identical to the reference measure @, it
follows that

Soa(=Q) =D (QIPSY.) +D(PS1Q). (70)
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where the right-hand side is a Jeffrey’s divergence, also known as the sym-
metrized Kullback-Liebler divergence, between the measures PN and Q.

B|Z==z
Furthermore, by observing that D (Pg‘gz’\leQ) >0, and D (QHPCS)?Z/\:)z) >0,

Lemma 7.2 leads to the following corollary.

Corollary 7.3. The probability measures @ and ng’zﬁz in (16) satisfy

Rean (PS152.) < Reaa(@), (71)

where the functional R, g x is defined in (61).

7.3 Type-1 and Type-11 Optimal Measures

p(QJ\)

(@)
P O|Z==z

The probability measures ©|Z==
exhibit the following property.

and in (9) and in (16), respectively,

Lemma 7.4. The probability measures Pglg’zaz)z and P(Q(T)’Z)iz in (9) and in (16),
respectively, satisfy

o 1
D(PEY.1Q) - D (PS5 1Q) =tow(e) + Koo (-5 ). (72

where the function Kq , is defined in (10).
Proof: The proof is presented in Appendix R. [ |

Finally, two important properties of the Type-I and Type-II optimal measures
are presented. The first one quantifies the variation of the expected log-empirical

risk due to a deviation from the probability measure P(E)?’Zﬁz in (9) to the proba-

bility measure P(E)?Za:) _ in (16) via the sensitivity S¢ o (z7 P(E)C\?é)iz>- The second
result quantifies the variation of the expected empirical risk due to a deviation

from the probability measure Pglg’zaz)z in (16) to the probability measure PS‘Q’Z)‘;Z

in (9) via the sensitivity Sg o (z, P(S)Clg’;‘iz).

Corollary 7.5. The probability measures Pg‘?’za:)z and Pgﬁ’zﬁz in (9) and in
(16), respectively, satisfy

g A @) ) BRA 1
Sa.a(z PSL.) =D (PSLIPSY.) - <log(a) + Koz <A>>(73)

and

1 5(Q.) pQN) | p(@.a) 1
1Saa (= PST7L.) = D(PSHLIPSEL. ) +log(a) + Ko ( —5 ), (1)

where the functionals Sg  and Sq o are respectively defined in (66) and in (67);
and the function K¢ . is defined in (10).
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8 Final Remarks

This work has introduced the Type-II ERM-RER problem and has presented
its solution through Theorem 4.1. The solution highlights that regardless of the
direction in which relative entropy is used as a regularizer, the models that are
considered by the solution are necessarily in the support of the reference mea-
sure. In that sense, the restriction over the models introduced by the reference
measure cannot be bypassed by the training data when relative entropy is used
as the regularizer. This limitation has been shown to be a consequence of the
equivalence that can be established between Type-I and Type-II regularization.
Remarkably, the direction of the relative entropy regularizer can be switched by
a logarithmic transformation of the risk. The mutual absolute continuity of both
Type-I and Type-II ERM-RER solutions relative to the reference measure can
be understood in light of the equivalence between both types of regularization.
The analytical results have also enabled us to provide an operationally mean-
ingful characterization of the expected empirical risk induced by the Type-I1
solution in terms of the regularization parameters. This, in turn, reduces the
computational burden of bounding the expected empirical risk. Moreover, the
insight provided by the bounds on the expected empirical risk can be distilled
into guidelines for selecting the regularization parameter.
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A  Proof of Lemma 4.1

Proof: The optimization problem in (11) can be re-written in terms of the
Radon-Nikodym derivative of the optimization measure P with respect to the
measure @, which yields:

- P
PeOaM) /Lz(‘))@(a) dQ(e)

+/\/%(0) log<3g(9)> dpP(0), (75a)

st [ gg@aee) =1 -

The remainder of the proof focuses on the problem in which the optimization
is over the function % : M — R, instead of optimizing the measure P. This

is due to the fact that for all P € (Og(M), the Radon-Nikodym derivate g—g
is unique up to sets of zero measure with respect to ). Let .# be the set of
measurable functions M — R with respect to the measurable spaces (M, .F)
and (R, Z(R)) that are absolutely integrable with respect to Q. That is, for all

g € A, it holds that

[1)14Q(6)<x. (76)

Hence, the optimization problem of interest is:
min [ L.(6)9(6) 4Q(6) - X [ log(9(6))4Q(6) (77a)
t. / 4(6)dQ(6) = 1. (77b)

Let the Lagrangian of the optimization problem in (77) be L : . # x R — R
such that

L(g.5)= / L-(0)9(8) dQ(6) — A / log(9(8)) dQ(6)
; B( [ 9® aao) - 1) (78)
— [ (s(6)L-(6) + 5) ~ Nog(s(®)) dQ(6) - 5. (79)

where ( is a real that acts as a Lagrange multiplier due to the constraint (77b).
Let g : M — R be a function in .#. The Gateaux differential of the functional
L in (78) at (g,8) € # x R in the direction of g, if it exists, is

OL(g, B:8)2 L L(g + 73, B)

O (80)

v=0
The proof continues under the assumption that the function g and ¢ are such
that the Gateaux differential in (80) exists. Under such an assumption, let
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the function r : R — R satisfy for all v € (—¢,€), with e arbitrarily small,
that

r(v)=L(g9 + 3, 5) (81)
— [ L-(6)(a(6) +1(6)) dQ(6) - [ 1o5(9(6) + 73(6) dQ(6)

+5( [(at6) + a6 aa(6) - 1) (52
—5+ [ 9(6)(L2(6) + 5)4Q(0) +7 [ 3(6)(La(6) + 5)dQ(6)

2 [ 1og9(6) +13(6)) dQ(6). (83)

where the last equality is simply an algebraic re-arrangement of terms. From
the assumption that the function g and g are such that the Gateauz differential
in (80) exists, it follows that the function r in (81) is differentiable at zero. Note
that the first two terms in (83) are independent of v; the third term is linear
with ~; and the fourth term can be written using the function 7 : R — R such
that for all v € (—e, €), with e arbitrarily small, satisfies

Py)=—A / log(9(8) +73(6)) dQ(8). (34)

Under the same assumption, it follows that the function 7 in (84) is differentiable
at zero. That is, the limit

lim < (3 +) — #(7)) (85)

exists for all v € (—¢, €), with e arbitrarily small. The proof of the existence of
such a limit relies on the fact that log is strictly concave and continuous. This
implies that — log is also Lipschitz continuous, which implies that for all 8 € M
and for all v € (—¢,¢€), with € > 0 arbitrarily small, it holds that

[log(9(0) +7§(0)) —log(9(0) + (v + 0)4(0))| < ¢[4(0)d], (86)

with & > 0, for some constant ¢ positive and finite, which implies that

log(9(6) +7§(6)) — lc(;g(g(@) +(7+9)3(6)) ‘ <clg(6)). (87)

Using these arguments, the limit in (85) satisfies for all v € (—¢,€), with € > 0
arbitrarily small, that

li 3700+ = 7)) =A i £ ( [ 10g(0(6) +24(0)) a(6)

~ [osto®) + -+ 5)9(60) d@(9)> (88)
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-, f 22

log(g(0) + gv +0)3(0)) d0(0) (89)
[ - 1o8(s(6) +1(6)) dQ(6) (90)
<00, (91)

where both the equality in (90) and the inequality in (91) follow from noticing
that the conditions for the dominated convergence theorem hold [45, Theo-
rem 1.6.9], namely:

e For all v € (—¢,¢), with € > 0, the inequality in (87) holds;
e The function § in (87) satisfies the inequality in (76); and
e For all @ € M and for all v € (—¢, €), with € > 0 arbitrarily small, it holds

that
iy 108(9(8) + (v +8)§(8)) —log(9(8) +7§(8))
§—0 )
= - Tox(a(6) +13(6) (92)

9(0)
(9(0) +735(9))’

which follows from the fact that log is differentiable.

(93)
Hence, the derivative of the real function r in (83) is

4T . ()
£ = [ 90)L.(0)+ maQe) - A [ Lo a00) o4
A

—[00) (100 5~ g ) 1QO) (95)
From (80) and (95), it follows that

dL(g, B: §)= / 3(0) (Lz<0> 16— g(AB)> 1Q(6). (96)

The relevance of the Gateaux differential in (96) stems from [46, Theorem 1,

page 178], which unveils the fact that a necessary condition for the functional
@)

d
L in (78) to have a stationary point at < Polz= ﬂ) € M x [0,00) is that for

aqQ

ary)
oL (‘35“’,5;@ —0. (97)
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ap@»
From (96) and (97), it follows that —S2== must satisfy for all functions § in

dQ
M that

dp@N
N O|Z=z
Jao)| L@ +5-2=52=@)] |awe) -0 o9
This implies that for all 8 € supp @,
S )
L, _ _ ®|z==z _
@0)+8— a0 (6 0, (99)
and thus,
(Q.N\)
dPgr.
M( ) = #’ (100)
dQ B+L.(6)
where 3 is chosen to satisfy (77b) and guarantee that for all @ € supp @, it holds
(Q.0)
that d}%3%(9) € (0,00). That is,
BeqteR:VOeEs QO<# and (101)
1 */#dQ(Q) (102)
) L(0)+ 58 '

which is an assumption of the theorem.

The proof continues by verifying that the measure P(E)Q‘)’Z)iz that satisfies (100)

is the unique solution to the optimization problem in (75). Such verification is
done by showing that the objective function in (75) is strictly convex with the
optimization variable. Let P, and P, be two different probability measures in
(M, .Z) and let « be in (0,1). Hence,

Rz(Oépl + (1 — Oz)PQ) + )\D(Oépl + (1 — OZ)PQHQ) (103)
= R.(aPy) +R.((1 — a)Py) + AD(aP; + (1 — a)P3||Q) (104)
> Ra(aP1) + Ra((1 - a)P2) + AD(aP1[[Q) + AD((1 - a)P2|Q)  (105)

(106)

where the functional R, is defined in (6). The equality above follows from
the properties of the Lebesgue integral, while the inequality follows from [28,
Theorem 2.2., page |. This proves that the solution is unique due to the strict
concavity of the objective function, which completes the proof. ]
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B Proof of Lemma 4.2

Proof: Given a probability measure V' € 7o(M), with 7g(M) in (12), let V)
and V7 be two probability measures on the measurable space (M, .%) such that
for all A € #, it holds that

V(A \ supp Q)
WA) = —/—7—=, 107
A= VM supp Q) o)
and VAN Q)
sSupp
= 1
Vi(A) VMO supp Q) (107Db)
Let the real value o be
= V(M Nsupp Q). (108)
Hence, for all A € .# the measure V satisfies that
V(A) = (1 - a)Vo(A) + aVi(A). (109)

Moreover, from (109) it holds that: ) If V(A) = 0, then Vo(A) = 0, which
implies that Vj is absolutely continuous with respect to V; ) If V(A) = 0,
then V3 (A) = 0, which implies that V3 is absolutely continuous with respect to
V. Furthermore, from the definition of 7g(M) in (12) the probability measure
V' is absolutely continuous with respect to Q. Hence, for all A € %, it follows
that

Q) = [ 100 (110)
- | Sr@ave (1)
/33( Jd((1 = a)V + aV?)(8) (112)

~(-o) [ FOWO 10 [ LOwie)
:/ 38( ) Vi (6). (114)

Hence, from (114) and the Radon-Nikodym Theorem in [45, Theorem 2.2.1,
page 65] the probability measure @ is absolutely continuous with respect to V3.
This implies that for all 4 € .#, it holds that

d
o = [ L@ i), (115
where, for all 8 € supp V,
dQ . dQ
e =alE®). (116)
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From (116), the following holds:

(@) = [ 10e(570)) acie) (1172)
/m%ijﬁ(e)) dQ(0) (117b)
~ [1oe( 557 ®) 00
- / log(a) dQ(8) (117¢)
— D(@QIV) - log(a). (1174)

From (117) it follows that

Ro(V) + AD(Q|[V) = Ru((1 — a)Vh + aVa) + AD(QV3) — Alog(a) (118a)
— (1 )R (Vo) + aRa(VA) + AD(Q[W)

— Aog(«) (118b)

> aR. (V1) + AD(Q||V1) — Aog(a), (118c¢)

with equality if and only if & = 1, which implies that for all A € %, it holds
that

V(A) =Vi(A) (119a)
=V (AnNsupp @), (119b)

where the equality in (119b) follows from (107b). This implies that the equality
in (118c) holds if and only if

supp Q = supp V, (120)

which implies that the equality in (118c) holds if and only if the measure V' is
mutually absolutely continuous with respect to the reference measure Q. Finally,
the above leads to

min R.(P)+ AD P)> min R, (P)+ D P), (121
ool o =(P) @lIP) pemin =(P) (QlIP), (121)
which completes the proof. [ |

C Proof of Lemma 4.4

Proof: The properties of the function K¢ , in (23b), for which an explicit ex-
pression is unknown, are proven by studying the functional inverse and the
continuous inverse theorem [47, Theorem 5.6]. Hence, the proof is divided into
two parts. The first part introduces the functional inverse of the function k&, Q.2
in (23b) and properties. The second part proves the continuity of the function
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Kgq.» in (23b) is proved using its functional inverse via the continuous inverse
theorem [47, Theorem 5.6]

The first part is as follows. For K , defined in (23), assume that ¢ € (0, 00)
and v € A, with A defined in (23a) satisfy that

Kqx(t) =1, (122)
which implies that
dP(Q»t)
1= / %(9) dQ(8) (123a)
t

Let the function I?é}z : A — (0,00) be the functional inverse of K¢ . in (23b)
given by

— 1

—1
KQ,Z(V) = W’ (124)
which follows from the constraint in (123) and the equality in (122).
From (123) and the fact that ¢t € (0, 00), it holds that
0< /é dQ(6) < o, (125)
L-(0) +~

which implies that for all v € A, with A in (23a), the function f(élz in (124) sat-
isfies

00> Kq'(7) > 0. (126)

Note that from (125), for all (y1,72) € A%, such that v; < 7o, for all 8 € supp Q
it holds that

1 1

L0+ L) T (127)
which implies that
1 1
/ 0) 17, @@~ / L(0) 1 19O (128)

Therefore, from equality (124) and inequality (128) for all (vy1,72) € A?, such
that 1 < s, the function K 51z in (124) satisfies

K5 (m) < K5k (), (129)
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which implies that the function K 0 lz in (124) is strictly increasing. Furthermore,

from inequality (129) and the fact that P(S)Cly’zt):z is unique (see Theorem 4.1), it

follows that K élz is bijective, which completes the proof of the first part.

The second part is as follows. The continuity of the function K 0 L in (124) is
shown by considering an arbitrary ¢ > 0 and a pair (y1,72) € A? under the
condition

e> |Kghn) = Kgkim)| (130)

From the fact that K 51z is bijective and strictly increasing, let the pair 77, and
o satisfy v1 < 72, without loss of generality. Thus, it holds that

Kol (72) - ffé,lz(%)‘ = K5k (1) — KgL(m). (131)
Substituting equality (131) into (130) yields
KoLm)+e> K5k (72). (132)

From the fact that K 512 is bijective, evaluating inequality (132) with K¢ . in
(23a) leads to

Koz (Kghn) +¢) > Ko (KgL()) (133)
= va. (133b)

Subtracting v, from both sides in (133), results in

Kq, (Ké,lz(’h) + f) M >Y2—m (134a)
= |v2 =l (134b)

where equality (134b) follows from the condition that v > ;. Thus, from (134)
it follows that for all € > 0, there exist a § > 0 that satisfies

§=Kq.z (I_(c;,lz(%) + 6) -7 (135)

which implies the function K, élz in (124) is continuous for all v € A. From (135)
the function K 512 is continuous and strictly increasing. Hence, from the con-
tinuous inverse theorem in [47, Theorem 5.6], the inverse of the function K élz
in (124), which is given by K¢ . in (23) is continuous and strictly increasing,
which completes the proof. [ |

D Proof of Lemma 4.5

Proof: The proof shows by exhaustion that the codomain of the function K¢ »
in (23) is an interval of R by evaluating § in (25). Three cases are considered:
i) B < =05 ,; 11) B> =05 45 and iii) B = —dg, ., with d7) , in (28).
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In the first case, from the definition of d¢, , in (28), it follows from (15b) that if
B < =0 ., then for all @ € {6 € suppQ : L.(0) < —p3}, it holds that

APy A
@ "L a0
<0, (136D)

a4p@:D
which contradicts the fact that the function ‘Z‘SZZ in (16) is nonnegative [45,

Corollary 2.2.2]. The above implies that for all ¢ € (0, 00), the function Kg,» in
(23) satisfies that K¢ . (t) € (—oo, —5672).

In the second case, if § > —47, ., it holds that

1 1
1

= —. 137b

5P (137b)
Moreover, from (137) for all 8 > —03).»» there exists a A € (0, 00) such that the
constraint in (24) holds, which implies I_(élz (8) € (0,00).

Finally, under the assumption that 8 = —df , and L, . defined in (29), two
cases are considered: (a) Q( 222) > 0; and (b) Q( 222) = 0. In case (a), if
B = =0, and Q(E*Qz) > 0, then the integral in the denominator of (30) is
undefined, contradicting (24). In the alternative case (b), if 8 = —d5 , and
Q(Efqz) = 0, then the integral in (30) is either

1
- T — 1
/ S 190 <, (138a)
which implies that —d7, , € A, with A defined in (23a), or the integral is
1
———dQ(0) = 138b
| == o)

which implies that, —d5 , & A. Note that the integral is always positive from
the fact that for all 8 € supp @, it holds that L,(6) > d, .. Moreover, the
integral in (138) is never zero as it would be a contradiction with (2). Hence,
from (136), (137) and (138) the set A in (23a) is either the open set (—622’2, 0)

or the closed set [7557‘%, oo), which completes the proof.

|
E Proof of Lemma 4.8
Proof: From (15b), for all A € (0, 00), it follows that
1
p (P — (139a)

fmdQ(V)
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1
f— 1 5
| torrezm QW)

where equality (139a) follows from (15b), and equality (139b) follows from the
nominal function in (23b). From the definition of 05, in (28), for all v € supp @,
the empirical risk satisfies

(139D)

L:(v) > 05 - (140)
Taking the limit of (139) as A approaches zero from the right satisfies
1
lim A= lim T (141a)
A—0Tt A—0Tt fmdQ(V)
1
> lim (141b)
= i
1
= lim ——— (141c)
A—=0t 76(5,z+[(()\)
= li 5.+ KA 141d
Jlim ( ax+1 ) (141d)
=05, + Ali)%lJr K(\), (141e)

where inequality (141b) follows from (140). Hence, from (141) it holds that

0> 65+ lim K(N). (142)

—0t

From (15a) and Lemma 4.4, for all A € (0, 00), it holds that
0<d5..+ Ko=) (143)
Taking the limit when A approaches zero from the right in (143) yields
0<65,+ Alirél+ Kg.2(N). (144)
Then, from (142) and (144) it follows that
lim Kq:(A) = =65 ., (145)

A—0+

which completes the proof. |

F Proof of Lemma 4.9

Proof: For all 6, € supp @ and for all 6> € L7, ,, it follows that
L.(61) > L.(02), (146)

and thus, for all A € (0, 00), it holds that

1 1

Kq.=(A) +L:(61) = Kg-(\) +Ls(69)’ (147a)
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which implies

-1 1

(RQ,z()‘) + Lz(al)) (RQ%(/\) + Lz(02))_ )
[(Bq () + L) dQ() ~ [(Ko-(\) +L.(v)) "' dQ(v)

(148)

Hence, under the assumption that £, , Nsupp Q # 0, for all 8; € supp @ and
for all 8> € L7, , Nsupp @, it holds that

4PN dPQN
0

O|Z==z O|Z==z
_ <—=(0 149
dQ 1) —= dQ ( 2)7 ( )
with equality if and only if 61 € L7, , N supp @, which completes the proof.
|

G Proof of Lemma 4.10

Proof: From Lemma 4.9, it follows that for all A € (0,00), for all 8 € supp Q,
and for all ¢ € L, , Nsupp @, it holds that

dP(Q’A) dP(Q’)\)
<

o (0) <—22=(9) (1502)
A

S L@ Roa) (1500)
A

= —(%J T Ra() (150c)

< 00, (150d)

where equality (150a) follows from (16); equality (150b) follows from the fact
that L. (¢) > 0, ,; and the equality in (150d) follows from the fact that for all
A > 0, the function K¢ »(A) < oo. From the definition of 6, , in (28) and L, ,
in (29) equality in (150a) holds if and only if 8 € L, , Nsupp Q. This completes
the proof of finiteness.

For the proof of positivity, observe that from Lemma 4.4 for all A € (0, 00), it
holds that

— 652 < Kgz(N) < oo, (151)
which implies
0<d.+ Kg=(N). (152)
From (151), it follows that
4PN A
OlZ== g) = (153a)

dQ
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1
1
. | "oz 190)

= 153b
KQ,z(/\) + Lz(e) ( )
>0, (153c)
which completes the proof. [ |
H Proof of Lemma 4.11
Proof: From Theorem 4.1, the Radon-Nikodym derivative of the measure Pg‘”)’z}iz
with respect to @, for all @ € supp @), satisfies that
dP(Q-,)\) A
B|Z==z
0) = — 154a
O S VEA M) (15%)
1 dQ(V)
- | fgzorew) (154b)

KQ,z (/\) + I—z (9)

_ < _ KQ,Z()\) + Lz(?I) >_1 (154C)
J(Kq=(N) +L:(v)) " dQ(v)

__exp(=log(Kg-(N) +L:(0))) (154d)

a fexp(log(W)) dQ(v)

From Lemma 4.4, the case in which A — oo implies K¢ »(\) — oo, and from
(154), it follows that

p(Q2) o
dPON —log(Kq=(\) + L(6
lim 7(3‘5* 6) = lim exp(~ log(Ko, 1( ) +1:(6))) (155)
—00 — 00 —_—
[ exp <log(KQ=z(>\)+Lz(V))) dQ(v)
1
= — 156
[aQ) o)
-1, (157)
where the function L, is defined in (3). This completes the proof. [ |
I Proof of Lemma 4.12
Proof: Assume that ¢ € (0,00) and v € R satisfy that
1 —/LdQ(G) (158)
L=(0) +~ ’
which implies
Kq.-(t) =7. (159)
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Let the function I_(élz : R — (0,00) be the functional inverse of K¢ » in (159).
Thus,

Kg.(n=t, (160)
with v and ¢ in (158). From (158), the function f(@lz in (160) satisfies
. 1
Ko () (161)

e dQO)

From Theorem 4.1, for all A € (0,00) and for all 8 € supp @, it follows that

_ (O
dPC(-)\Ziz A
——=(0) = = (162a)
dQ L.(0) + Kg.2(\)
K Y (Ko (A
_ Kgz(Kax(V) (162b)
L.(0) + Kg.»(N)
1
| T QW)
_ ) GeTRgL™ (162¢)

L.(0) + K’Q’z()\)
(O + KoV ) !
-(Jooregyiew) - o)

Given 6 € supp @, consider the partition of the set M formed by the sets Ag,
A1, and Ajs, which satisfy the following:

Ao={veM:L.(v)=6,.}, (163a)
Ai={veM:L.(v)>65.}, (163b)
Ay ={veM:L.(v) <.}, (163c)

with 67 , defined in (28). Using the sets Ao, A1, and Az in (162), for all
A € (0,00) and for all 8 € supp Q the following holds

£,

o2 o)
7 L.(0) + Kg.=(\) y L.(0) + Kg () 5
- (/A L) + Ko.n) " ”/Al () + Ko.(n) "9W)

(

(
L.(0) + Ko (A L.(0) + Ko (A
:/ *() _Q,()dQ(U)+/ Q.2 (
LZ),z 6Q,z + KQ’Z()\) Ay Lz V) + KQ Z(A
where equality (164b) follows from the fact that the A5 has measure zero with
respect to @ and that the set Ay = L7, ., with L5, , in (29); and equality

32
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(164b) follows from the definition of dg, , in (28). Following this observa-

tion, the rest of the proof is divided into three parts. The first part evaluates
5(Q.0)

limy o0 —55—(0), with 6 € {veM:L.(v) =65} The second part con-

siders the case in which 6 € {v e M : L,(v) > (52272}. The third part considers

the remaining case.

The first part is as follows. Consider that 8 € {v e M:L.(v) =65} and
note that Ag = L7, ,. From (164), for all 6 € {veM:L(v)= 5672} it holds
that
p(Q;N) * 7
dPeiz=- 0) = / 06,2 + {(Q,Z()‘) 10(v)
1Q cr B+ KO\

*
Q.=

Lz(V) + I_(Q,z()‘)

N — -1
_ (Q( Zz,z)+/ 6Q,Z+KQ,Z(A)) dQ(y)> . (165b)

+/ % + Kaz(N) dQ(V)) (165a)
Aq

A Lz(v) + Kq 2 (A

The equality in (165) implies that for all 8 € {v e M : L, (v) = 62‘2,z} the limit
satisfies

H(Q,\)
lim dPolz-- (0)
A—0t d@

- -1
_ * . 6é,z + KQ,Z(A)
R (Q( @) T L L)+ Koa() dQ(”) e

— (Q(‘CQ,Z) + AE%:_ (6Q,z + KQ,z()\)>

. 1 !
I ) T Ko dQ‘”) (166)

= (Q (£Q7z) + <5Q,z + )\11?01Jr KQ,z(A))

1 -1
/Al Lo (v) + Ty o+ K2 (M) dQ(V)) (166¢)
x 1 -t
_ <Q( ) +0/A1 Lz(m%dQ(”)> (166d)
= QL))" (166e)

where equality (166d) follows from Lemma 4.8.

The second part is as follows. Consider that 8 € {v e M:L,(v) > (522,z}.
Hence, for all 0 € {v € M : L,(v) > & 7z}, there exists a real value € > 0 such
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that the function L, satisfies
L.(0) =05, =€ (167)
From (164), for all @ € {v € M : L (v) > 5672} it holds that

p(Q,A) 7
dPghY 5b, + e+ Koa(A
—S2=(0) = (/ 0z Lo Fesl gu)

aQ 05 + Kqz(\)

+/ gzt Ko=() dQ(V)) (168a)
Ay

L.(v) + Kg.2(\)

0h . e+ Kqoz(N)
B e
Q,z + Q7Z( )

50+ Ko2(V) -
+ e ey dQM) e

The equality in (168) implies that for all @ € {v € M : L, (v) = 5672}, the limit
satisfies

_(Q)‘) * I
lim dP@|Z=z (0) _ . 6Q,z te —’—_KQ,Z()‘) Q(ﬁ* )
A—0+ dQ@ A—0t 522,z + KQ,z ()\) Q.=

O0F e+ Ko (A
L fj(j) ++KQ2(§))
B (5@; + e+ limy o+ Kg.2(N)
56’2 + limy o+ K—Q,ZO\)
+ lim (35,2 + Koz (V)

dQ(u)) (169a)

Q(Ly )

. 1 -t
o, /A L)+ KoV dQ(”)) (1690)

= (oo Q( 222) —|—€/A1 Md@(u)) (169c¢)

The proof continuous by considering the cases in which Q(Ag) > 0 and Q(Ay) =
0 for the limit in (169). Under the assumption that Q(Agp) > 0, from (169b) the
limit satisfies

dP(Q,)\)
. O|Z==z .
Jim —35=2(0) =0, (170a)

Under the assumption that Q(Ag) = 0, from the definition of &7, , in (28), if
Q(Ap) = 0, then it is implied that there is at least an infinite countable sequence
of models vy, Vs, ... in supp @) that satisfies

Lo(v) > La(wn) > -+, (171)

Inria



Empirical Risk Minimization with Relative Entropy Regularization Type-II 41

such that
lim L. (v;) = 05 »- (172)
71— 00 :
From (172) the function inside the integral in (169c¢) is unbounded over the set
Aji. Therefore,

dP(Q7>\) 1
. O|Z==z
| = 1
Jm =10 O = 5o (1732)
=0. (173b)

The third part of the proof follows by noticing that the set {l/ € supp @ : Lz(,,)<5z2 ; }

has measure zero with respect to ) and thus, for all 8 € {1/ €supp @ : Lz(,,)<522 N }7
H(Q.)
O|Z==z

dQ
{V €supp@ : LZ(”)<529 N }, it holds that

the value

() is unchanged. Hence, it is assumed that for all 8 €

p(Q,2)
dPG)\Z:z

d@
This completes the third part and the entire proof.

(6) = 0. (174)

J Proof of Lemma 4.13

Proof: Consider the following partition of the set M formed by the sets

Ay={0eM:L.(0)=5.}, (175a)
Ay ={0eM:L.(0)>0d,.}, (175b)
Ay ={0eM:L.(0) <.}, (175c¢)

with 65 , in (28) and the function L, in (3). Note that Aq = Lf, _, with Lf,
in (29).

For all A € (0,00), it holds that

o o o
1= P82 (Ao) + PSR (A1) + PgTY (A) (176a)
(@A 5(Q,\
= PolaY (o) + PSiY (A) (176b)
H(Q,A =(Q,\
= P&l (Ao) + /,4 APy (6), (176¢)
1

where equality (176b) follows from the fact that pg‘?’z’\lz(Ag) = 0, which follows
from the definition of d7, , in (28) and the fact that the probability measure
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Pglg’z/\:)z is mutually absolutely continuous with respect to the reference measure

@. The above implies that

lim <ng;32(,40)+ /A dpé)?’;lz(a)>
1

A—0+
5(Q.N)
— lim P@Y (A4 li L@'Z:zed 0) (177
_)\Lnofl-%— @‘ZZZ( 0)+>\LIB1+ M dQ ( ) Q( ) ( a)
1
5(Q.0)
— lim P@Y (4 li dP@'Z:zod 6) (177b
= o @\zzz( 0) + M AL%*T() QO) ( )
1
. —(Q,\
— tim PLTY. (o). (1770
—1, (177d)

where, the equality in (177b) follows from the dominated convergence theo-

rem [45, Theorem 1.6.9 page 50|, given that from Lemma 4.10 for all A\ €

p(Q,X)
P@\z:z

I_(Q7z, the Radon-Nikodym derivative —a0 is positive and finite; and the
equality in (177c) follows from the fact that for all & € A;, it holds that
5(QN)

limy_,o+ —22=2(0) = 0 from Lemma 4.12.
dQ

Hence, it holds that

: p(Q,\) * _
/\h;gh P®|Z:z( 0=) =1 (178)

which completes the proof. [ |

K Proof of Lemma 5.1

Proof: From Lemma 4.1 and the fact that the measures PN and Q are

O|Z==z
mutually absolutely continuous, it holds that for all 8 € supp @,
d Kg.(\) +L.(0
99 () = P L0 (179)
dP@\Z:z

where the functions L, and K¢ , are in (3) and (23b), respectively. From (179),
it follows that for all 8 € supp Q,

d _
0=A—92 ()~ L.(6) ~ Kaa(M). (180)
dP.?Y;
B|Z==z
Integrating both sides of (180) with respect to the probability measure P(E)?’Zﬁz

yields
-1

dpcg)?’zkl 5 Q.
= [l -A[ =22 0) |+ Koz |aPS2.0) (81a)
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-1

dPGQ " z
_ / L(0)dPS%Y)_(8) — A / —Go )] arg )

+ [ Koanargy) ) (181)
—R(PET2.) =2 [ 4Q(6) + Koz(V) (1810)
=R (ng;;z) — A+ Kq.z(N). (181d)

From (181d), it holds that
R.(PS352.) = A= Ka.= (V). (182)
which completes the proof. |

L Proof of Lemma 5.2

Proof: The proof is divided into four parts. The first part characterizes the
functional inverse of the function K¢ . in (23b). The second part provides
necessary conditions for the differentiation lemma [48, Theorem 6.28, page 160]
to hold, which is used in the third and fourth parts of the proof. The third
part presents the first derivative of the functional inverse and shows that its
derivative is strictly positive. The forth part shows the expected empirical risk

R. (P(S)CIQZA ) ) decreases with lambdas decreasing.

The first part is as follows. Under the assumption that ¢t € (0,00) and v € R
satisfy that

dp(th)
1= / %(m dQ(0) (183a)
t
-/ T de0). (183b)
which implies that
Kq:(t) =", (184)

where K¢, is defined in (23b). From Lemma 4.4, let the functional Kélz
(—567” 00) = (0,00) be the functional inverse of K¢ » in (23b) given by

1
J teyes 4Q(0)

which follows from the constraint in (15b) and completes the first part of the
proof.

Kq.(B) = (185)
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The second part is as follows. From Lemma 4.4, for all A € (0,00), it holds
that

Kg=(\) > =65 .. (186)

Then, for the third case, if v > —4¢, ,, it follows that

1 1
[ oo [ 00 (1572
1

= . 187b
622; + 7 ( )

From the equality in (187b) and the fact that @ is a probability measure, it
follows that the integral on the right-hand side in (187a) is bounded. Hence,
from the dominated convergence theorem [45, Theorem 1.6.9, page 50| the left-
hand side of (187a) is finite for all g € (— O,z oo). Furthermore, for all 8 € M

the partial derivative of W in (187a) with respect to g yields

0 1 1
%(Lz(9)+ﬂ) __(B+Lz(0))2’ (188)

which exists for all 3 € (—6*,00). Then, from the differentiation lemma [48,
Theorem 6.28, page 160], the interchange of the integral with the derivative on
the right-hand side of (187a) is possible. Hence,

d 1 0 1
i w90 = srne )

which completes the second part of the proof.
The third part is as follows.
For all 8 € (f5é,z,oo), the derivative of the function f(élz in (185) satisfies:

520 = 5 ([ 5 92®) B (190a)
/, .
~([ 7@ @®) a5(kei®) " ao
1 a1
_ %(K‘S}Z(ﬁ) ) (190d)

(J 5oty 4QO)
(

| =Gy 4Q(0)
_ (8+L=(9))® (190e)

(J vty d20))”
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_ I snap 406 ) (190f)

(f i dQ(O))2

where the equality in (190b) follows from (189); and the equality in (190d)
follows from (188).

Note that from Jensen’s inequality, it follows that

</ﬁ+iz(6’)dQ(9))2 = /MdQ(é’)- (191)

Then, from (190f) and (191), for all 8 € (6 0.2 00) it holds that
KoV (B) > 1. (192)

which completes the third part of the proof.

The fourth part is as follows. Let the real values (A1, A2) € (0, 20)? be such
that A2 > A1, which implies from Lemma 4.4 that K¢ »(A2) > Kg 2(A1). Then,
from Lemma 5.1 it follows that

A2 JA1) _ _
Rs (Pglgz )Z) —Rs (P((a?z Z) =X — A1+ K 2(M1) — Kq2(A2) (193a)
= Ké,lz(ﬁﬂ - Kcilz(ﬁl) + 81 — B2, (193b)

where equality (193b) follows from substituting (185) into (193a). Note that
(192) implies that

Ko (B2) — KqL(B1) = B2 — fr. (194)
Thus, from (193b) and (194) it follows that
(@A2) 5(QA1)
R, (P@|Z2 ) _R. (Pe|zzlz) >0, (195)

Furthermore, from Lemma 4.4 and L, in (3), for all & € supp@ the frac-
tion (8+L.(8))"" is strictly convex. Hence, equality in (192) and in (195)
holds if and oln if L, is nonseparable with respect to @), which completes the
proof.

M Proof of Lemma 5.3

Proof: From Theorem 4.1 and the definition of the Type-II relative entropy, it
holds that

d
D(QIPS.) = [ 1o (%% aQ(0) (196a)
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< log 7(@ 5 (0)dQ(0) (196b)
G‘)|Z z

s
( Eo,=(A +L()
“ee(s

dQ(é))) (196¢)
[ Ko+ L0)a00))  (1960)
= <)\ (KQ =(A) + Rz (Q))), (196e)

where inequality (196b) follows from Jensen’s Inequality. From (196e), it follows
that

R-(Q) > exp(D (QIPSL.) )N - Kae(M): (1961)

Hence, the difference between the expected empirical risk of the probability
measures Pglgz)‘ )z and @, from Lemma 5.1 and (196f), satisfies that

R.(Q) — R, (P(E)ﬁ?} ) > A(exp(D (Q||PC£)Q|;>Z)) - 1), (197)

which completes the proof. [ ]

N Proof of Lemma 5.5
Proof: From Lemma 4.4 and Lemma 5.1, it holds that
R, (P(E)?’Zﬁz) <A+, (198)

Similarly, from the definition of the Rashmon set in (27) and &7, , in (28), it
follows that

R (PS32.) = 64.a (199)
The proof continues by determining the conditions for which the equality in
(199) holds. Assume the empirical risk L, in (3) is separable with respect to
the probability measure Pglgz )z (16) (see Definition 4.1). Then, there exists
a real value ¢ > 0 and two nonneghglble sets A and B with respect to the
probability measure P n (16), such that

O|Z==z
A={0eM:L.(0) <8, +e},and (200a)
B={0eM:L.(0)>5,,+¢} (200Db)

Under the assumption that L, is separable, the expected empirical risk satisfies

@N \ _ (@)
R. (P®|Z z) _/AL (6)dPST,Y (6)
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+ /B L-(6) PS5 (6) (201a)
> [ 80250 (0)
A
+ /B (68,- +€) dPSY(6) (201b)
* QA
= 05,2 P5i52 L (A)
x 5(Q.N)
+(0,. + G)PG)lZ:z(B)? (201c)
* QA
ARy
(0. + ) (1= P () (201d)
=02+ €<1 - Pé?’z)\:)z(AD (201e)
> 0.2 (201f)

where inequality (201b) follows from the fact that &7, , and (67, + €) are the
minimum empirical risk for the set A and B respectively; and inequality (201f)
follows from the fact that the sets A and B are nonnegligible with respect to the
probability measure P(E)Q"Z)‘iz, which implies pg‘Q’ZQZ(A) < 1. This proves that
for separable empirical risk functions L. the inequality in (199) is strict.

Considering the case in which the empirical risk L, in (3) is not separable with

respect to P(E)Ql;lz in (16). Then, for all 8 € supp PEY the empirical risk

®|Z==2’
satisfies L. (@) = d¢, ., which implies R, (ch)?é/\:)z) = 05, Hence, equality in

(199) holds for all nonseparable empirical risk functions L., which completes
the proof. ™

O Proof of Theorem 6.1

Proof: Let § be areal in (65, ,,00), with 67 , in (28). Let also v € (0, 00) satisfy
the following equality:

R.(PS372.) <. (202)
Note that from Lemma 4.4 the function K. Q,z is continuous and from Lemma 4.4

the set (0,00) is convex. Moreover, from Lemma 5.6, it follows that such + in
(202) always exists. From (27), for all § € (6327” 00), it holds that

Ez(é) :_> ‘CZQ,z’ (203)
and thus,
PSR (£200) 2 PSR (L5, (204)
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with L, , defined in (29). Let
lambda be a positive real such that A < ~, and

BSY (L:(0) > 1. (205)

The existence of such a positive real A that satisfies (205) follows from Lemma 4.13.
From Theorem 4.1 and (203), it follows that

P (£2(0) = PS) (L5 ) (206a)
Hence, from equality (206a) it holds that
_ o X
L—e< PGl (£5) (207)
_ (O
< PolyY (L2(9)). (208)

The equality in (208) implies that the probability measure Pg"?’z)‘lz is (4, €)-

optimal (Definition 6.1), which completes the proof. [ |

P Proof of Lemma 7.1
Proof: From Theorem 4.1, it follows that for all 8 € M,

log{ —gg - ®) _1°g<1‘(QZ<A)A n Lz(0>> (20%2)
=log(A) —log(Kq.z(A) + L=(0)) (209b)
=log(\) — Vz.A(0), (209¢)

where the function V y is defined in (60). Thus,

argy

_on Y o

D(P(S)C\?ziz”Q) :/10g T(O) dPg‘QZiz(G) (210a)
—log(\) — / Ve (0)dPS2Y (6) (210b)
=log(\) — Rz» (ng’zﬁz), (210c)

where the functional R, ) is defined in (61). Hence, it follows from (210c)
that

log(\) = Re (PS152. ) + D (PS32.1Q) (211)
which completes the proof for (64).
From (209), it follows that

_ drghy
0 (QIPSY.) = [1og| =520 aoe) (120
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—~log(N) + [ V2r(6)4Q0) (212b)
= —log(N) + R (Q), (212¢)
Hence, it follows from (210c) that
log(A) = Ren(@) — D(QUIPST. ). (213)
which completes the proof for (65). [ |

Q Proof of Lemma 7.2

Proof: The proof uses the fact that the probability measure P(S)C‘Q’Z)‘iz in (16)
is mutually absolutely continuous with the probability measure ) in Theo-
rem 4.1. Hence, the probability measure P is mutually absolutely continuous

with P(E)C\?’z)izv as a consequence of the assumption that P € Og(M).

The proof follows by noticing that for all @ € M,

AP o e[ e 99 )
o8 aP@Y )] =ls{ 35005 PO (6) (214a)
apP)
_ 10g(j§(0)> —1lo %(9) (214b)
dP A
— log(dQ(@)> - log(KQyz()\) " Lz(0)> (214c)
~ 105 $50)) ~ g
+ log(Kq:(A) +L+(0)) (214d)
= log<jg(0)) —log(X\) +V2.A(0), (214e)

where the functions L., Kg , and V, ) are defined in (3), (23b) and in (60),
respectively; and the equality in (214c) follows from (16). Hence, the relative

entropy D (P||]5(£)C‘2Z)iz> satisfies,

o dP
D (PIPS.) = [ 108 —g-©) | aP(®) (215a)
dP@\Z:z

_ / <1Og<d(a)) ~log(M) +vz,A(a)) dP(8) (215b)

_ / 1og<jg(a)> dP(8) — log()\)
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+/VZ,A(0) dP(0) (215¢)

=D(PlQ) - log( ) + Rz A (P) (215d)
D(PIIQ) - Rea (PST2.) - D(PSTL1IQ)

+ R2 A (P), (215e)

where equality (215b) follows from (214); and equality (215e) follows from
Lemma 7.1. Thus, from (215), it follows that

R-a(P) —Ron (PST7L.) = D(PIPSTZL. ) — D(PIIQ)
+D(P§H2.1Q). (216)

which completes the proof. ]

R Proof of Lemma 7.4

Proof: The proof is presented in two parts. First, the sensitivity Sg x ( [49,

Definition 3.1 page 9]) is evaluated with respect to the probability measure

P(Q /\) (

©|z~~ i (16). Second, the log sensitive defined So.x in (67) is evaluated with

respect to the probability measure Pgﬁz)‘ )z in (9).

For the first part, from Lemma 7.1, for all a € (0, 00), it holds that
D(PS52.11Q) = ~Rea(PST52.) + log(), (217)

where the functional R, ,, is defined in (61).
Similarly, from [49, Lemma 2.2, page 8], for all A € (0, 00), it holds that

R (P7.) = A(0(P920Q) + Ko (1)) 19

with the functional R, defined in (6).

From [49, Theorem 3.1 page 9] the sensitivity of the probability measure PCE)Q‘Za)z
satisfies

SQ,A( Péﬁz;)z)

=R(PSL.) R (PSTL) (2192)

=A(D (PSP, ) - D(PSTIQ) + D (PSR IQ)). (210b)
Plugging (217) and (218) into (219) yields

%R (Pé?za)z) - Rz’ (Pé?za)z)
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—0 (P IPERY.) ~toxla) - Ko (-5 ) (20
which completes the first part of the proof.
For the second part, from Lemma 7.1, for all « € (0, 00), it holds that
Rea (P87, ) = D (PST52.11Q) +1og(a), (221)
where the functional R, ,, is defined in (61).

Similarly, from [49, Lemma 2.2, page 8|, for all A € (0, c0), it holds that

D (PE2.10) = 1Ra (PSRL.) + Ko (-3 ) (222

with the functional R, defined in (6).

PN

From Lemma 7.2 the logarithmic sensitivity of the probability measure ©|7—=

is
(@A) B (@A)
R <P®|Z z) 7RZO‘<P®|Z z)
(@) (Qa) (@A) (Q,2)
=D (PSLIPSE.) ~ D (PSH2.01Q) + D (PSLIIQ). (228)

Plugging (221) and (222) into (223) yields
R (PET52) ~ Re (PE52.)
=0 (PE21PG;2.) - (10wt + Ko (-5 ) ). 2
The proof proceeds by subtracting (224) from (220), resulting in
%SQ,/\( Poin? z) -Sq. a( ng’z*lz)

(Q,a) (@,N) (@A) (Q,a)
- D<P®|Za zHP@|Z z) - (P®|Z z||P@|Za z)

+2 <log(a) + Kg.- (—i)) (225)

where the functions Sg ) and Sg , are respectively defined in [49, Definition 8]
and (67). From [34, Theorem 1| and Lemma 7.4, it follows that

50 (5 PS5 ) ~ Saa (= P )
—2(D(PSL.1Q) - D(PSLIIQ)) + D (PS2LIPSEY)
D (PSP, ). (226)
Substituting (226) into (225) yields

1
D(PE2.1Q) ~D(PSL1Q) = toxte) + Kax (-5 ) (220

which completes the proof. |
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S Example 4.3

Proof. The Lagrangian multiplier 8 for the optimization problem in (11) satisfies

A
/ i) ew =1 (228)

From the empirical risk function L, : M — R{ in (41), which is a simple
function, and the probability measure @ in (40a), it holds that

A 1 )
/m dQ(v) =>\<B+COQ(T(z)) + mQ(/\/[ \ T(z))> (2292)
1 1

= (ﬂ T QT @)+ (- Q(T(z)))) (229b)

B+ c)Q(T(2)) + (B+co)(1 = Q(T(2)))

_>\< B2+ B(co + c1) + coc > (229¢)
[ (e1=c0)Q(T(2)) + B +co

_A( 32+ Blco + 1) + cocr > (229d)

From (228) and (229d), it follows that

0 =%+ B(co+ c1) + cocr — A(e1 — c0)Q(T (2)) + B + co) (230a)
=324 B(co +c1 — A) + coer — Aeg — Aer — ¢0)Q(T (2)). (230Db)

From (230b) and the fact that ¢co = 0 in equation (41), it holds that
0=0824B(c1 — A) = 2a1Q(T (2)). (230¢c)

Observe that the equality in (230c¢) is a quadratic polynomial that has two roots
r1 and ro. Hence, (230c) in terms of r; and ro satisfies

0 =032~ (r + 1)+ 7172 (231a)
=(B—r1)(B—r2), (231b)
where the roots r; and r9 are given by the quadratic formula such that
(Cl — )\) C1 — A 2
ro=— 5 — 5 + Ae1Q(T(2)), (232a)
and
(Cl — )\) C1 — A 2
rp=——p—+ 5 + A Q(T(2)). (232b)

The proof continues by verifying that the roots in (232a) and (232b) are real and
there is only one positive root for all A € (0,+o00) and for all Q(7(z)) € [0,1).
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Note that for all ¢; € (0,00) and for all A € [0, 4+00), it holds that

_012—)\ . 012—)\‘ (233)
_ <012—A>2 (234)
g\/<cl = A>2 + 21 Q(T(2)). (235)

Observe that for all Q(T(z)) € [0,1), ¢1 € (0,00) and A € [0, c0) the expressions
(%)2 and Ac;Q(T (z)) are always positive. Thus, the square roots in (232a)
and (232b) are real, which implies that 7y and ro are real. From (235), for all
A € [0,+00) and for all Q(T(z)) € [0,1), it holds

r1 <0; (236a)
and following the same arguments

ry >0. (236D)

Hence, the solution for the Lagrange Multiplier 8 that satisfies (228) given the
empirical risk function L, in (41) and the probability measure @ in (40a) is

2
B = —(ClgA) +\/<612_)‘> + A1 Q(T (2)), (237)

which completes the proof. O

T Example 4.2

Proof. Consider the Type-Il ERM-RER problem in (11) and assume that: (a)
A=05 ) M=X=Y=[0,0); (c) z=((1,1)) and (d) Q < p, with u the
Lebesgue measure, such that for all 8 € supp @,
dQ
dp
Let also the function f: M x X — ) be

(0) = 46% exp(—20). (238)

7(6,2) = 28, (239)
and the loss function ¢ in (2) be

((f(8,2),y) = (20 —y)”. (240)
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Hence, from the fact that z is a single data point and the definition of L, in (3),
it follows that

= (20 — y)°. (241b)
Based on the previous assumptions regarding the functions ¢ and f, as well as

the sets M, X, ), and the measure @, the definition of 7, , in (28) implies that
05, =0.
Q,z

From Theorem 4.1, the solution to the Type-IIl ERM-RER problem in (11) is the

probability measure P(E)?’Z ) that is mutually absolutely continuous with respect
to @, which implies that under the above assumptions P(E)?Z) is absolutely

continuous with respect to the Lebesgue measure p such that

dP(E)Q ) A
|Z== 2
——(0) = ————460 —20). 242
222 (0) = gy 540" exn(20) (242)
Hence, it follows that
(Q,\) d éﬁgz/\)z
PY.(M) = [ Z02=26)aq(6) (2434)
M
p(Q2)
AP
| Z==
= ——(0)du(6 243b
| === 0)au0) (2430)
= /OO)AOQGXM(M (243c)
0 (20 —y)’ +B
2
— 4\ / 0 eXp )de (243d)
(243e)
The integral in (243d) can be rewritten as
oo 2 _
/ 6% exp( 29) 40
0 (0—-1)
> [@exp(—20) + 3 exp(—20) 36 exp(—20) + & exp(—20
[ (P et 20) 30ea20) s o201 4
0 -1 (6-1)
B 1/“’ 20 exp(—20) + exp(—20) 40
2/ 0—1
+1/ 0exp(—20)—|—e;{p(—20) 40, (245)
2 Jo (0—-1)

Using integration by parts on the second integral in (245) yields

/OO 0 exp(—20) + exp(—26) 40
0 6 —1)?
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_ (6 +1)exp(—26) /OO 20 exp(—20) + exp(—26)
0

(0—-1)
Plugging (246) into (245) yields

6—-1

/°° 0? exp(—20) 40 = [ (0+1)exp(—20) | OO.
0

(6 -1)°
From (247), it follows that

20— 1)

oo n2 _ r _ 70
4)\/ 0% exp(—20) 40 = 40 (60 + 1) exp(—20)
0

01
=4\ —

200 - 1)

(0 +1)exp(—20) |

200 — 1)

1
+

d0

+A-

(6 + 1) exp(—20) ] >

20— 1)

(60 4+ 1) exp(—20)

>

= lim 4\ [—

a—1—

= lim —4\

a—1—

—4\

200 — 1)

1

1
:|O

(6+1) exp(—20)]a
2(0—1)

0

(a+ 1) exp(—2a)

2(a—1)

(0+ 1) exp(-0)

2(0 — 1)

= lim —4X\
a—1—

= 00,

which completes the proof.
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