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Abstract: The effect of relative entropy asymmetry is analyzed in the context of empirical
risk minimization (ERM) with relative entropy regularization (ERM-RER). Two regularizations
are considered: (a) the relative entropy of the measure to be optimized with respect to a reference
measure (Type-I ERM-RER); and (b) the relative entropy of the reference measure with respect
to the measure to be optimized (Type-II ERM-RER). The main result is the characterization of
the solution to the Type-II ERM-RER problem and its key properties. By comparing the well-
understood Type-I ERM-RER with Type-II ERM-RER, the effects of entropy asymmetry are
highlighted. The analysis shows that in both cases, regularization by relative entropy forces the
support of the solution to collapse into the support of the reference measure, introducing a strong
inductive bias that negates the evidence provided by the training data. Finally, it is shown that
Type-II regularization is equivalent to Type-I regularization with an appropriate transformation
of the empirical risk function.
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Minimisation du Risque Empirique avec
Régularisation par I’Entropie Relative Type-II

Résumé : L’effet de ’asymétrie de ’entropie relative est analysé dans
le contexte de la minimisation du risque empirique (ERM) avec régularisation
par entropie relative (ERM-RER). Deux régularisations sont considérées : (a)
I’entropie relative de la mesure a optimiser par rapport & une mesure de référence
(Type-I ERM-RER) ; et (b) 'entropie relative de la mesure de référence par
rapport & la mesure a optimiser (Type-Il ERM-RER). Le résultat principal
est la caractérisation de la solution du probléme Type-II ERM-RER et de ses
propriétés essentielles. En comparant le bien connu Type-I ERM-RER avec le
Type-II ERM-RER, les effets de I'asymétrie de ’entropie sont mis en évidence.
[’analyse montre que, dans les deux cas, la régularisation par entropie relative
force le support de la solution & se réduire au support de la mesure de référence,
introduisant ainsi un fort biais inductif qui annule les preuves fournies par les
données d’apprentissage. Enfin, il est montré que la régularisation de Type-II
est équivalente a la régularisation de Type-I au moyen d’ une transformation
appropriée de la fonction de risque empirique.

Mots-clés :  Apprentissage Supervisé; Minimisation du Risque Empirique;
Entropie Relative; Régularisation; Algorithme de Gibbs; Mesure de Gibbs; Sen-
sitivité; et Généralisation
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1 Introduction

MPIRICAL risk minimization (ERM) is a central tool in supervised ma-

chine learning. Among other uses, it enables the characterization of sample
complexity and probably approximately correct (PAC) learning in a wide range
of settings [3]. The application of ERM in the study of theoretical guarantees
spans related disciplines such as machine learning [4], information theory [5, 6]
and statistics [7,8]. Classical problems such as classification [9, 10], pattern
recognition [11,12], regression [13,14], and density estimation [11,15] can be
posed as special cases of the ERM problem [15,16]. Unfortunately, ERM is
prone to training data memorization, a phenomenon also known as overfit-
ting [17-19]. For that reason, ERM is often regularized in order to provide
generalization guarantees [20-23]. Regularization establishes a preference over
the models by encoding features of interest that conform to prior knowledge.
In different statistical learning frameworks, such as Bayesian learning [24, 25]
and PAC learning [26-28]|, the prior knowledge over the set of models can be
described by a reference probability measure. More general references can be
adopted as proved in [29,30] for the case of o-finite measures. In either case,
the solution to the regularized ERM problem can be cast as a probability dis-
tribution over the set of models. Prior knowledge of the set of datasets can also
be represented by probability measures, e.g., the worst-case data-generating
probability measure introduced in [31].

1.1 Motivation

A common regularizer of the ERM problem is the relative entropy of the op-
timization probability measure with respect to a given reference measure over
the set of models [15,32-34]. The resulting problem formulation, termed ERM
with relative entropy regularization (ERM-RER) has been extensively studied
for both the case in which the reference measure is a probability measure [32-35]
and the case in which it is a o-finite measure [29,30,36]. While in both cases the
solution is unique and corresponds to a Gibbs probability measure, the existence
of the solution is guaranteed only in the case in which the reference measure is
a probability measure [30]. Despite the many merits of the ERM-RER formula-
tion, it has some significant limitations. Firstly, the absolute continuity of the
optimization measure with respect to the reference measure is required for the
existence of the corresponding Radon-Nikodym derivative, which is used by the
relative entropy regularization. This absolute continuity sets an insurmount-
able barrier to the exploration of models outside the support of the reference
measure. More specifically, models outside the support of the reference measure
exhibit zero probability with respect to the Gibbs probability measure solu-
tion to ERM-RER, regardless of the evidence provided by the training dataset.
Furthermore, selecting priors with full support often leads to computationally
expensive partition functions [30,32,33] in high-dimensional spaces. While pri-
ors with large supports ensure the inclusion of high-performing models, they also
assign non-zero probability to models with poor empirical risk. Secondly, the
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6 Daunas, Perlaza, Esnaola, and Poor

choice of relative entropy over alternative divergences often follows arguments
based on the simplicity of obtaining generalization guarantees in the form of
bounds [20] or even closed form expressions, see [30] and [37]. Nonetheless,
such bounds and closed form expressions are often hard to calculate and are not
always informative when evaluated in practical settings [1, 30, 31,38-42]. The
problem of ERM with a general f-divergence regularization has been explored
in [43] and [44] in the case of a finite countable set of models, and recently
extended to uncountable sets of models in [45] and [46]. The authors in [43-46]
constrain the optimization domains to sets of measures that are mutually ab-
solutely continuous with respect to the reference probability measure. In view
of these, exploring the asymmetry of relative entropy is of particular interest to
advancing the understanding of entropy regularization in the context of ERM
and its role in generalization. Additionally, examining the asymmetry opens
novel pathways to overcome some of the constraints imposed by relative en-
tropy regularization, such as, the ability to select models outside the support of
the prior.

The use of the relative entropy of the optimization measure with respect to the
reference measure as a regularizer in the ERM-RER is termed Type-I ERM-
RER. Alternatively, the use of the relative entropy of the reference measure with
respect to the optimization measure is termed Type-II ERM-RER. Interestingly,
the results in [43-45|, which lead to special cases of the Type-I and Type-II
ERM-RER problems by assuming that f(z) = —xlog(x) and f(z) = —log(z),
respectively, do not study the impact of the asymmetry of relative entropy.
Another observation that motivates studying the asymmetry of relative entropy
in ERM-RER is that numerical analyses of the Type-II ERM-RER, presented
in Section 7, suggest that Type-II regularization exhibits a markedly different
relationship between test error and training error when compared to that of
Type-I regularization. While, the generalization capabilities of Type-I are better
in the simulations carried out for this work, the performance of the Type-II
regularization is comparable and displays promising properties that warrant
further research.

1.2 Contributions

This paper presents the solution to Type-II ERM-RER optimization problem
using a new method of proof. In particular, mutual absolute continuity between
the measures involved is not imposed. Surprisingly, mutual absolute continuity
is exhibited by the solution as a consequence of the structure of the problem.
The key properties of the solution are highlighted, and an equivalence between
the Type-I and Type-II ERM-RER problems is presented. This equivalence
is achieved by replacing the empirical risk in the Type-I ERM-RER problem
with another function, which can be interpreted as a tunable loss function,
as described in [47-49]. The remainder of the paper is organized as follows.
Section 2 presents the ERM-RER problem and its two variations: Type-I and
Type-II. The main contribution of this paper, which is the solution to the

Inria
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Type-Il ERM-RER problem, is presented in Section 3. This section also presents
key properties of the solution. Section 6 uses these properties to characterize
the expected empirical risk. Section 7 studies the equivalence between Type-I
and Type-II ERM-RER problems. This work is concluded by Section 8, with

some final remarks.

2 Empirical Risk Minimization

Let M, X and Y, with M C R? and d € N, be sets of models, patterns, and
labels, respectively. A pair (x,y) € X x Y is referred to as a labeled pattern or

as a data point. Given n data points, with n € IN, denoted by (z1,v1), (z2,¥2),
-y (Zn,Yn), the corresponding dataset is represented by the tuple

z £ ((l’l,yl), (any2)7 R (mnyyn)) € (X X y)". (1)

Let the function f: M x X — ) be such that the label assigned to the pattern
x according to the model 8 € M is f(0,x). Let also the function

(:YxY—[0,00) (2)

be such that given a data point (z,y) € X x ), the risk induced by a model 8 €
M is £(f(0,z),y). In the following, the risk function ¢ is assumed to be non-
negative and for all y € Y, £(y,y) = 0.

The empirical risk induced by the model 8, with respect to the dataset z in (1)
is determined by the function L, : M — [0, 00), which satisfies

n

Zg(f(e,wi%yi)- (3)

i=1

1
Lz (9) = n
Using this notation, the ERM consists of the following optimization prob-

lem:

min L. (6). (4)

Let the set of solutions to the ERM problem in (4) be denoted by

T(z) = arg min L+ (6). (5)

Note that if the set M is finite, the ERM problem in (4) always possesses a
solution, and thus, |7(z)| > 0. Nonetheless, in general, the ERM problem does
not necessarily possess a solution, i.e., it might happen that |7 (z)| = 0.

The PAC and Bayesian frameworks, as discussed in [25] and [27], address the
problem in (4) by constructing probability measures, conditioned on the dataset
z, from which models are randomly sampled. In this context, the focus is on
probability measures that assign high probability to minimizers of the ERM
problem in (4). Such probability measures are defined on the measurable

RR n°® 9508



8 Daunas, Perlaza, Esnaola, and Poor

space (M, %), which is denoted by A(M). From this perspective, the un-
derlying assumption in the remainder of this work is that the functions f and ¢
in (3) are such that for all (z,y) € X x Y, the function g, , : M — [0, 00), such
that g,.,(0) = £(f(0,2),y), is measurable with respect to the Borel measurable
spaces (M,.7) and (R, B(R)), where .% and B(R) are, respectively, Borel o-
fields on M and R. Under these assumptions, a common metric is the expected
empirical risk.

Definition 2.1 (Expected Empirical Risk). Given the dataset z € (X x V)"
in (1), let the functional Ry : A(M) — [0, 00) be such that

R.(P) = / L.(6) dP(8), (6)

where the function L, is defined in (3).

In the following section, the Type-I relative entropy regularization is reviewed
as it serves as the basis for the analysis of the regularization asymmetry.

2.1 The Type-I ERM-RER Problem

The Type-I ERM-RER problem is parameterized by a probability measure @) €
A(M) and a real A € (0,00). The measure @ is referred to as the reference
measure and A as the regularization factor. The Type-I ERM-RER problem,
with parameters @ and A, is given by the following optimization problem:

Peglér(lM) R.(P) + AD(P|Q), (7)

where the functional R, is defined in (6), and the optimization domain is
Do(M) 2 {P e AM): P < Q) (8)

with the notation P <« (@ standing for P being absolutely continuous with
respect to Q.

The solution to the Type-I ERM-RER problem in (7) is the Gibbs probability
measure reported in [29,32] and [33]. In order to introduce such a measure,
consider the function Kg . : R — R that satisfies for all t € R,

Koo (1) = lox( [ ex(eL-(0))a0(0)) )

with L, in (3). Using this notation, the solution to the Type-I ERM-RER
problem in (7) is presented by the following lemma.
Lemma 2.1 ( [30, Theorem 3]). The solution to the optimization problem in (7)

s a unique probability measure, denoted by Pé,?’;iz, which satisfies for all 8 €

supp @,

%(9) — exp (-KQ,z (—i) - iLz(0)>, (10)

where the function L, is defined in (3) and the function Kg . is defined in (9).

Inria
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2.2 The Type-II ERM-RER Problem

The Type-II ERM-RER problem is parameterized by a probability measure
Q € A(M) and a real A € (0,00). As in the Type-I ERM-RER problem, the
measure @ is referred to as the reference measure and A as the regularization
factor. Given the dataset z € (X x V)" in (1), the Type-IIl ERM-RER problem,
with parameters Q and A, consists of the following optimization problem:

pemin R=(P) + AD(Q|P), (11)

where the functional R, is defined in (6), and the optimization domain is
VoM) &2 {P e AM): Q< P}. (12)

The difference between Type-I and Type-II ERM-RER problems lies on the
regularization. While the former uses the relative entropy D (P||Q), the latter
uses D(Q||P). This translates into different optimization domains due to the
asymmetry of the relative entropy. More specifically, in the Type-I ERM-RER
problem, the optimization domain is the set of probability measures on the Borel
measurable space (M,.%) that are absolutely continuous with the reference
measure (). That is, the set Ag(M) in (8). Alternatively, in the Type-II ERM-
RER problem, the optimization domain consists of probability measures defined
on the Borel measurable space (M,.%), with the additional condition that the
reference measure () must be absolutely continuous with respect to them. This
corresponds to the set denoted as 7g(M) in (12). From this perspective, the
techniques used in [30] for solving the Type-I ERM-RER no longer hold. In
the next section, a new technique is developed for solving the Type-II ERM-
RER.

The problems in (7) and (11) exhibit trivial solutions when the functional R,
is such that for all P € Ag(M) or P € 57o(M), respectively, it holds that
Rz(P) = ¢, for some ¢ € [0,00). In such a case, the solution is unique and
equal to the probability measure (Q, independently of the parameter A. In
order to avoid this trivial case, the notion of separability of the empirical risk
function with respect to the measure @ is borrowed from [30]. A separable
empirical risk function with respect to a given probability measure P is defined
as follows.

Definition 2.2 (Definition 5 in [30]). The empirical risk function L, in (3) is
said to be separable with respect to the probability measure P € A(M), if there
exist a positive real ¢ > 0 and two subsets A and B of M that are nonnegligible
with respect to P, and for all (01,605) € A x B,

L2(01)< ¢ <L,(62) < o0. (18)
A nonseparable empirical risk function L, in (3) with respect to a measure P

is a constant almost surely with respect to the measure P. More specifically,
there exists a real a > 0, such that

PO eM:L(0)=a}) =1 (14)

RR n°® 9508



10 Daunas, Perlaza, Esnaola, and Poor

When the empirical risk function L, in (3) is nonseparable with respect to all
measures in P € y7g(M), the trivial case described above is observed. The
notion of separable empirical risk functions would play a central role in the
study of the optimization problem in (11).

3 The Solution to the Type-II ERM-RER Prob-
lem

The solution to the Type-II ERM-RER problem in (11) is presented in the
following theorem.
Theorem 3.1. If there exists a real B such that

pe{tecR:V0 €suppQ,0<t+L,(0)}, (15a)
and

A
/mdQ(O) -1, (15b)

with the function L, defined in (3), and A and Q the parameters of the op-
timization problem in (11), then, the solution to such a problem, denoted by

ng’z)iz € A(M), is unique and for all @ € supp Q, it satisfies

dPSTyY . A
dQ )= B+L.(0) (16)

Before introducing the proof of Theorem 3.1, two important results are pre-
sented. The first result provides the solution to the optimization problem in (11)
when the optimization domain is restricted to

OaM) £ V(M) N Lg(M), (17)

where the sets Ag(M) and 7g(M) are defined in (8) and (12), respectively.
This ancillary problem can be formulated as follows:

PE%};&M) Rz(P) + )\D(QHP)7 (18)

where the functional R, is defined in (6). The solution to the problem in (18)
is described by the following lemma.
Lemma 3.1. The solution to the optimization problem in (18) is unique and

identical to the probability measure P(E)%z)\z)z in (16).

Proof: The proof is presented in Appendix B. [ |

The second result consists of comparing the optimal values resulting from the
optimization problems in (11) and (18), as shown hereunder.

Inria
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Lemma 3.2. The optimization problems in (11) and (18) satisfy

Juin R-(P)+AD(Q|IP) > min R.(P)+AD(@|P). (19)

Proof: The proof is presented in Appendix C. ]

Lemma 3.2 unveils the fact that the objective function in (11) when evaluated
at measures whose support extends beyond the support of @ is larger than such
an objective function evaluated at measures whose support is identical to the
reference measure. This includes the case in which the set T(z) in (5) lies
outside the support of Q). Using these results, the proof of Theorem 3.1 is as
follows.

Proof of Theorem 3.1: The proof follows by observing that from (17), it holds
that

OeWM) € voWM). (20)
Hence, from (20), it follows that
: < mi '
Jin Ro(P) +AD(Q|P) < min R.(P)+AD(Q]P) (21)

From the inequalities in (19) and (21), it also follows that

in R,(P)+ AD P)= min R,(P)+ AD P). 22
Anin =(P) +AD(Q[|P) pnin =(P) +AD(Q[|P) (22)
Thus, the measure Pg"?’z’\iz in (16) is the solution of the optimization problem
n (11), which completes the proof of Theorem 3.1. ]

Lemma 3.2 implies that the solution to the optimization problem in (11) is in
the set Og(M) in (16). A consequence of this observation is the following

corollary.
Corollary 3.3. The probability measures QQ and P(E)Ql’z)‘:)z

absolutely continuous.

in (16) are mutually

Corollary 3.3 also follows from Theorem 3.1 by observing that the solution to
the Type-II ERM-RER problem in (11) is expressed in terms of its Radon-

Nikodym derivative with respect to @, which implies the absolute continuity

©|Z—= with respect to (). The absolute continuity of the measure @ with

respect to Pg‘)’z)‘:)z follows from the optimization domain of the Type-II ERM-

RER problem. From this perspective, Corollary 3.3 conveys the fact that there
does not exist a dataset that can overcome the inductive bias induced by the

reference measure ). That is, sets of models outside the support of @) exhibit

p(Q2)
P@\Z:z'

O

zero probability measure with respect to the measure

This observation is important as, at first glance, the Type-II relative entropy
regularization for the ERM problem in (11) does not restrict the solution to
be absolutely continuous with respect to the reference measure Q. However,

RR n°® 9508



12 Daunas, Perlaza, Esnaola, and Poor

Theorem 3.1 shows that the support of the probability measure Pg"‘?’z)‘:)z in (16)
collapses into the support of the reference. A parallel can be established between
Type-I and Type-II cases, as in both cases, the support of the solution is the
support of the reference measure. In a nutshell, the use of relative entropy
regularization inadvertently forces the solution to coincide with the support of

the reference regardless of the training data.

4 The Normalization Function

Let the set Ag . C (0,00) and Cg,» C R, with @ and z in (11), be such that
if A € Ag,z, then there exists a § € Cg . that satisfies the inclusion in (15a)
and (15b). From Theorem 3.1, specifically from the uniqueness of the solution
to (11), it follows that for all (A\,3) € Ag . % Cg, . and for all a € R, with
a # 3, it holds that (A, a) ¢ Ag > x Cg,». This observation allows establishing
a bijection between these two sets. Let such a bijection be represented by the
function

Kqz: Az = Copz (23a)

which satisfies )
Kq.z(A) =8, (23b)

with A and 3 satisfying (15). The function Kq , in (23) is referred to as the

normalization function. This is due to the observation that the Radon-Nikodym

5(Q.N)
derivative (3'5” in (16) can be re-written for all € supp Q, as

dP(Qa)‘)
Ot (g) = D 29
7R POV WD)

which together with (15b), implies that the function K¢ , ensures that Pg‘?’z)‘lz

in (16) is a probability measure.
The analysis of the normalization function K¢ , in (23) relies on the analysis

of its functional inverse, denoted by I_(élz :Co,2 = AQ,», which can be defined
by noticing that

AP
1:/T(0) dQ(6) (25a)
A
:/mde), (25b)

with the function L, defined in (3), and A and @ the parameters of the optimiza-
tion problem in (11). More specifically, from (23b), it follows that A = Kélz (8);
and from (25b), it follows that

1

() P —
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Note that while the function K¢ » in (23) is defined implicitly, its functional
inverse Kélz is defined explicitly in (26). The existence of the function and
inverese follows from the fact that K¢ . is a bijection.

The purpose of the remaining of this section is to provide a characterization of
the sets Ag » and Cg .. To do so, some mathematical objects are introduced.
Given a real § € [0,00), consider the Rashomon set [50], £,(4), defined as
follows

L(9) S {0 e M:L,(0) <6} (27)
Consider also the real numbers 522’2 and )‘*Q,z defined as follow:
522’2 £ inf{6 € [0,00) : Q(L>(d)) > 0}, (28)
and

Ao =infAg .. (29)

Let also L, , be the level set of the empirical risk function L, in (3) for the
value 47 ,. That is,

na2{0eM:L(0) =35} (30)

Using the objects defined above, the following lemma introduces one of the main
properties of the function Kgq » in (23).
Lemma 4.1. The function Kq . in (23) is strictly increasing and continuous.

Proof: The proof is presented in Appendix D. ]

The following lemma characterizes the sets Ag . and Cq » in (23a), which are
the domain and codomain of the function K¢ » in (23b).
Lemma 4.2. The set Ag . in (23a) is either empty or an interval of the form

Agn = {[AQ,z,oo) if | s dQ(9) < o -

(0, 00) otherwise,
where
Aoz = Kq(=05.2), (32)

with R’é}z in (26), the function L is defined in (3), and d¢, , is defined in (28).
Moreover, the set Cq » in (23a) is either empty or an interval of the form

ey = {[P00) ¥ | i QM) <
’ (*5@;,00) otherwise.

(33)

Proof: The proof is presented in Appendix E. ]
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Lemma 4.2 shows that the sets Ag , and Cq » in (23a) are convex sets (intervals).
Appendix T introduces some examples to illustrate particular cases in which the
set Ag . is open or semi-open. The convexity of Ag . and Cq » is crucial for
analyzing how the choice of A influences whether the Type-II ERM-RER. prob-
lem in (11) has a solution. For instance, if A € Ag ., then the measure PCE)C‘?Z)‘ )z
is the unique solution to the problem in (11) (Theorem 3.1). Moreover, as A
increases, the resulting Type-II ERM-RER problem still possesses a solution,
which is formalized by the following corollary.

Corollary 4.3. If the Type-II ERM-RER problem in (11) possesses a solution,
then, the following problem

peSit g Re(P) + oD @IP), o

with o > A, also possesses a solution.

Additionally, Lemma 4.2 allows identifying how small A in (11) can be, such
that the Type-II ERM-RER problem in (11) still possesses a solution. The
regularization factor A can be made arbitrarily close to zero in some cases, as
shown hereunder.

Corollary 4.4. If the set M is finite, then the set Ag , in (23a) is (0,00).

Corollary 4.4 follows by noticing that if the set M is finite, the subset L7, ,

in (30) satisfies Q(ﬁ* ») > 0. Thus, the 1ntegral in (33) is not finite, which
follows from the fact that for all 8 € E* L2(0) =05 , = 0. Another immediate
consequence of Lemma 4.1 and Lemma 4 2 is the followmg corollary.

Corollary 4.5. If the real value 67, , = 0, with &, , in (28), then the func-

tion K¢ » in (23b) is strictly positive.

This section is closed by leveraging Lemma 4.2 for presenting a key property of
the function K¢ , in (23b).
Lemma 4.6. The function Kq , in (23) satisfies

lim  Kq.(\) = -85, (35)

A=Ag Lt
where 6, , and N\, . are defined in (28) and (29), respectively.
Proof: The proof is presented in Appendix F. [ |

The limit in (35) is determined by the set of models in the support of the prior
with the lowest empirical risk determined by the choice of the loss function ¢
and the function f in (3).

5 Properties of the Solution

5.1 Bounds on the Radon-Nikodym Derivative

Note that from Theorem 3.1, models resulting in lower empirical risks corre-
H(Q.0)

dp
spond to greater values of the Radon-Nikodym derivative 3‘5”‘ in (16). The
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following corollary formalizes this observation.
Lemma 5.1. For all (01,0,) € (supp Q)®, such that L.(01) < L.(03), with L,

H(Q.2)
in (3), the Radon-Nikodym derivative P?ig:z in (16) satisfies
g, ang),
o2 (9,) < — 922 0y, (36)
with equality if and only if L,(01) = L, (62).
Proof: The proof is presented in Appendix G. ]

The intuition that follows from Lemma 5.1 is that, under the assumption that

the ERM problem in (4) possesses a solution in the support of the reference mea-
ap@:M
sure, the maximum of the function 2‘5” in (16) is achieved by the models in
T (2)Nsupp Q, provided that it is not empty, with 7(2) in (5). Furthermore, the
ap@:0)

Radon-Nikodym derivative (3'5:’ is monotonic with respect to the empirical

risk L, in (3). This property is similar to that of the solution to the Type-I
ERM-RER problem in (10), as established in [30, Corollary 1].

ap(@:0)
The Radon-Nikodym derivative —52== in (16) is always finite and strictly

positive. This observation is formalized in the following lemma.
p(Q.N)

d
Lemma 5.2. The Radon-Nikodym derivative P‘Z‘QZ=" in (16) satisfies for all 0 €
supp @,

p(Q.)
a3 A
|Z==
0 0 — 37
“Tag 9= Sont Ko~ 7

where the function KQ,Z and the real 522 2

= are defined in (23a) and (28), respec-
tively. The equality holds if and only if @ € L7, , Nsupp Q, with L

in (30).

2

Proof: The proof is presented in Appendix H. ]

5.2 Asymptotes of the Radon-Nikodym Derivative

In the asymptotic regime, when the regularization factor X in (11) grows to in-

finity, i.e., A — oo, the measure Pg‘?’zﬁz becomes identical to the reference mea-
sure Q, up to sets of measure zero, as described in the following lemma.
5(Q.0)

dp
Lemma 5.3. The Radon-Nikodym derivative ‘3‘5:’ in (16) satisfies for all O €
supp @,

. B|Z==z _
)\lgrolo 10 (0) =1. (38)
Proof: The proof is presented in Appendix I. ]
Lemma 5.3 unveils a similarity between Type-I and Type-II regularization as the
Type-I measure P(E)(;\);iz in (10), also exhibits a similar behavior [30, Lemma 7].
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Alternatively, when the regularization factor decreases to zero from the right,
aAp(@:0)
i.e., A\ = 0T, the Radon-Nikodym derivative —S2== in (16) exhibits the fol-

dQ
lowing behavior.
Lemma 5.4. If Q( %)z) > 0, with the set LF

AP
Nikodym derivative (3'5” in (16) satisfies for all @ € supp Q,

in (30), then the Radon-

-

dP(Qv)‘) 1
. O|Z==z
R R ] &

On the ofther hand, if Q( 222) =0 and X}
for all 8 € supp Q, it holds that

in (29) satisfies \;, , = 0, then

2

dP(Q)Al . *
lim —212=2 (g) = {OO oLy (40)

A—ot d@ 0 otherwise.
Conversely, ifQ(Eaz) =0 and X\, , > 0, then for all @ € supp Q, it holds that

dpé)Q’)\l *

. | Z==z Q,z

1 - . 1
Aorm ot dQ ©) L.(0) — o5 (41)

Proof: The proof is presented in Appendix J. [ |

Lemma 5.4 highlights that in the asymptotic regime when the regularization fac-
H(QN)

tor decreases to zero from the right, i.e., A\ — 0%, the value (3‘5:‘ (0) does not
depend on the exact model 8 but rather on whether 8 € supp Q) N ﬁaz. In the
ap@:MN
case in which 6 € supp Q N L7, , it holds that limy_,o+ %(0) > 0. Other-
PN
wise, limy_, o+ %(0) = 0. In the special case in which &7, , = 0, with d7, ,
in (28), the set L, , satisfies L, , = T(2), where T (2) is defined in (5). This
implies a concentration of probability over T (z) N supp @, which establishes a
connection with the ERM problem without regularization in (4).

Furthermore, in the asymptotic regime, when the regularization factor decreases
to zero from the right, the solutions to the Type-I and Type-II ERM-RER
problems exhibit the same asymptotic behavior, as shown in [30, Lemma 6].
This aligns with the observation that as A decreases, the optimization problems
in (7) and (11) exhibit a weaker relative entropy constraint. A stronger result
that follows from Lemma 5.4 is presented in the following lemma.

Lemma 5.5. If A\, , in (29) satisfies Ay, , = 0, then the measure pe)

z O|Z==z
n (16) and the set L, , in (30) satisfy
. 5@ "
lim Poty). (£5.) =1 (42)

A—0t
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Alternatively, if \f, , > 0, then the measure ng’;lz in (16) and the set L7, ,

in (30) satisfy

: p(Q,\) * —
/\alzl\?j P®|Z:z( 0.2) =0. (43)
Proof: The proof is presented in Appendix K. [ |
Lemma 5.5 shows that indeed, if A\j, , = 0 and the regularization factor A

J2ICRY
O|Z==z
trates on a set of models that induce minimum empirical risk, i.e., the set L, ,

in (30).

approaches zero from the right, the probability measure in (16) concen-

6 The Expected Empirical Risk

This section focuses on the expected empirical risk induced by the probability

measure P(gclg’z)iz in (16). That is, the value R, <15g|22)‘:)z> , with the functional R,

defined in (6).

The following lemma establishes a relation between R, (P(Q?’Z)‘:)z), A, and the
function K¢ » in (23b).
Lemma 6.1. The probability measure Pg‘?’z)iz in (16) satisfies

QA _

Rz (P(-(-)Q|Z:)z) =A- KQ,Z(A% (44)
where the functional R, and the function Kq . are defined in (6) and (23b),
respectively.

Proof: The proof is presented in Appendix L. ]

Lemma 6.1 characterizes the expected empirical risk of the Type-II ERM-RER
solution and establishes a direct connection to the regularization factor \. For
example, from Lemma 4.6 if there exists a model 8* € supp ), such that its
empirical risk is zero, the function K¢ . is nonegative, which implies that A
serves as an explicit upper bound to the expected empirical risk. This provides
a clear interpretation: the choice of A directly controls and bounds the aver-
age expected empirical risk. This property gives Type-II ERM-RER a distinct
risk management strategy over that of Type-I ERM-RER, mainly lowering the
expected empirical risk by appropriately choosing the value of A\. Additionally,

Lemma 6.1 highlights that the the expected empirical risk R, (ng’zﬁz> , with @

and z fixed, inherits all properties of the function K¢ . in (23b). The following
lemma formalizes this observation. -
Lemma 6.2. The expected empirical risk R, (P(Q’)‘) ), with the functional R,

B|Z==z
PN

in (6) and the measure ©|Z~=

in (16), is continuous and nondecreasing with
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respect to . Moreover, it is strictly increasing if and only if the empirical risk
function Ly in (3) is separable with respect to the probability measure Q.

Proof: The proof is presented in Appendix M. [ ]

6.1 Bounds on the Expected Empirical Risk

This section builds on the characterization of the expected empirical risk and
its monotonicity with respect to the regularization factor A in (11) to establish
a range of bounds on the expected empirical risk. The following lemma high-
lights a connection existing between the expected empirical risks R, (Q) and
R (ng’z)iz>; and the relative entropy D (Q||P(®C|2Z)\:)z>

Lemma 6.3. The functional R, defined in (6) and the measures Q and Pé)c\?;lz
in (16) satisfy

5(Q.A 5(Q.A
R-(Q) — Ra(PS7,L.) = Aexn (D (QIPSEL.) ) — 1). (45)
Proof: The proof is presented in Appendix N. [ |

Note that D (QHP(E)C‘?Z)‘LZ) > 0in (45), which leads to the observation that

(exp(D(QIPSL.)) 1) = 0. (46)

Hence, from Lemma 6.3, it follows that the solution to the Type-II ERM-RER
problem induces an expected empirical risk that is smaller than the one induced
by reference measure (). This is formalized by the following corollary.

Corollary 6.4. The probability measures @ and p(@?;lz in (16) satisfy
R.(PS%2.) < R:(Q), (47)

where the functional R, is defined in (6) and equality holds if and only if the
empirical risk function L, in (3) is nonseparable.

The following lemma presents a lower bound and an upper bound on the ex-
pected empirical risk R, (ngz)‘iz) in which the regularization parameter plays

a central role.

Lemma 6.5. The probability measure pé?;iz in (16) satisfies

* 5(Q:A *
5Q,z < Rz (P(g|ziz) <A+ 6Q,z7 (48)
where the functional Ry is defined in (6) and o5, , is defined in (28). Moreover,

the inequality on the left-hand side holds with equality if and only if the empirical
risk function L, in (3) is nonseparable.
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Proof: The proof is presented in Appendix O. ]

The bounds presented in Lemma 6.5 highlight that the regularization parameter

A in (11) governs the increase of the expected empirical risk R, (P(S)?ZA;Z) with

respect to its minimum, i.e, 7, , in (28). Moreover, the lower bound is tight

p(Q:\)
P®|Z:z

decreases to Ay, , from right, as shown hereunder.
;

Lemma 6.6. The probability measure P(E)?’Zﬁz in (16) satisfies

for the probability measure in (16) in the asymptotic regime when A

lim R, (Pgl?;iz) IV (49)

A=y T
where 65, , is defined in (28) and the functional Ry is defined in (6).
Proof: From Lemma 6.1, it holds that

lim R(PS)) = lm - lim Ko\ 50
s RelPoiz=e) = o A e R0 (0)
=25 — i Ko\ 51

=7 Ko (A) (51)

= )\* = + 5672:’ (52)

where equality (52) follows from Lemma 4.6. This completes the proof. m

Finally, note that the functional R, in (6) is nonnegative. This observation
together with Lemma 6.1 lead to a new property for the function K¢ in (23b),
which is stated by the following corollary
Corollary 6.7. The function Kq , in (23b) satisfies, for all t > A,z With
*Q,z in (29);
Ko-(t) <t. (53)

6.2 (0,¢)-Optimality

This section presents a PAC guarantee for models sampled from the probability
measure P(E)Q"Z)iz in (16), with respect to the Type-IIl ERM-RER problem in (11).
Such guarantee is presented using the notion of (4, €)-optimality introduced in
[30, Definition 6].

Definition 6.1 ( [30, Definition 6]). Given a pair of positive reals (9, €), with € <
1, the probability measure P € A(M) is said to be (0, €)-optimal if the set L,(9)
in (27) satisfies

P(L2(6)) > 1 -« (54)

The following theorem presents a (d, €)-optimality guarantee for the solution to
the Type-II ERM-RER problem in (11).

Theorem 6.1. Assume that A\, , = 0, then for all (é,¢) € (5227z,oo) x (0,1),
with 65, , in (28), there always exists a A € (0,00), such that the probability

measure Pg‘”)’;‘lz in (16) is (9, €)-optimal.
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Proof: The proof is presented in Appendix P. [ |

7 Interplay Between the Relative Entropy Asym-
metry and the Empirical Risk

This section presents a connection between the Type-I ERM-RER in (7) and
Type-II ERM-RER in (11) established via a transformation of the empirical
risk function. The connection is established by proving the existence of two
functions Wg > » : M — R and Vg . : M — R, such that the solution to
the optimization problem in (7) is identical to the solution of the following
problem:

Peglg(l/vt) /WQ,z,)\(o) dP(6) + D(Q|P), (55)

with A and @ in (7); and the solution to the optimization problem in (11) is
identical to the solution of the following problem:

pelata / Vo.(8)dP(6) + D(PI|Q), (56)

with A and @ in (11). The main result of this section is presented in the following
theorem.
Theorem 7.1. If the problems in (7) and in (11) have solutions, then

pelélgﬂm L-(6)dP(0) +AD(Q[P)
— i [Voua@)ape) +0(PlQ. (570

where the function Vg » » : M — R is defined as

V@2 (0) =1log(Kg -(\) + L2(6)), (57b)

and

omin / L.(6)dP(8) +AD(P|Q)

=i [ Wooa(0)dP®) +D@IP), (550

where the function Wqg , x : M — R is such that
A

eXp(*L"T(m *KQ,z(%))

where the functions K¢ » and Kq » are defined in (9) and (23), respectively.

Wq,z1(0) = — Kq.=(\), (58b)
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Proof: Denote by G?‘Z)‘) the solution to the optimization problem in (56).
From Lemma 2.1, for all 0 € supp @, it follows that

dP(@QlZ)\) 2 exp(7VQ,z A(e))
dQ 0)= [ exp(=Vg, (V) dQ( "
exp (10g(|_ @) +KQ =( A))) (60)
fexp(log(L (u)+KQz(A>)) Qv
- (f CorrRe 10w )) (61)
- L.(0)+Kg - (\)
_ RgL()
L)+ KoV !
A
CLL(8) + Ko.-(\) (63)
APSY
T(G), (64)

where (60) follows from (57b); (62) follows from (26); (63) follows from (23b);
and (64) follows from Theorem 3.1. This completes the proof of (58a).

Similarly, denote by Pglgz/\ ) the solution to the optimization problem in (55).

From Theorem 3.1, for all 0 € supp @, it follows that

(@)
Polrs o) i (65)
d@ W@,z (0) + Kq,2(A)
A
= _ 66)
— — Ko\ + Ko\ (
exp(,$ Ko, (,X)) Q, ( )"' Q, ( )
L.(0) 1
=exp (—)\ - Kg,» <—)\>> (67)
4PN
| Z==z
=——(0
°22(0). (68)
where (65) follows from (24); (66) follows from (58b); and (68) follows from
Lemma 2.1. This completes the proof of (57a). [ |

Theorem 7.1 establishes an equivalence between the regularization of Type-I
and Type-II. More specifically, Theorem 7.1 highlights that by modifying the
empirical risk function L in (57b) using the function Vg » » in (57b), the Type-II
ERM-RER problem in (11) can be solved by solving the Type-I ERM-RER
problem in (56). It is noteworthy that Type-I regularization imposes the support
of the solution to be contained within the support of the reference measure, i.e.,
supp P(E)%z )z C supp Q. Similarly, Type-II regularization imposes the support
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of the solution to contain the support of the reference measure, i.e., supp Q C
supp Pg‘g’Z)‘:)z. Interestingly, these inclusions can be shown to be equalities from
Theorem 3.1 and Lemma 2.1. That is,

A 5(Q,\
supp P(S)?le = supp @ = supp P('(-)Q|Z:)z' (69)

The remainder of the section focuses on the transformation from Type-I to
Type-II. The function Vg . in (57b) is referred to as the log-empirical risk
function. The expected log-empirical risk is defined as follows.

Definition 7.1 (Expected Log-Empirical Risk). Given the dataset z € (X x Y)"
in (1) and the log-empirical risk function Vg » x in (57b), let the functional
Rz 1 A(M) = R be such that

Rz (P) = /VQZ,A(O)dP(G). (70)

The value RQ,Z,A(P) 18 the expected log-empirical risk induced by the measure P.

Using the expected log-empirical risk defined above, the optimization problem
in (55) can be rewritten as follows

i Ro.-A(P) +D(P|Q), 71
poiin - Ra, A(P)+D(P|Q) (71)

with A and @ being parameters of the Type-I and Type-II ERM-RER prob-
lems in (7) and (11). The Type-I - Type-II relation in Theorem 7.1 can be

used to establish an equality involving the relative entropies D (QHP(@C‘QZ)‘LJ

and D (Pg‘zz)‘izHQ), and the expected log-empirical risks Rg .\ (Pé)c\?z)iz) and

Ro.2,1(Q), as shown hereunder.

Lemma 7.1. The functional Rg » x in (70) and the probability measures Pécf’z)‘lz
and Q in (16) satisfy
5 5(Q\ 5(Q.
log(\) = Ro.= (PS152. ) + D (P§32.1Q) (72)
5 5(Q,\
~Ra.-a(Q - D(QIPSHY.). (73)

Proof: The proof is presented in Appendix Q. [ |

7.1 Sensitivity of the Log-Empirical Risk

The sensitivity of the expected empirical risk, as presented in [30, Definition 7],
is defined as follows.

Definition 7.2 (Sensitivity of the Expected Empirical Risk). Consider the
functional Ry in (6) and let Sg.x : (X x V)" x Ag(M) = R be a functional
such that

Sa(z P) = Ra(P) =R (PST. ). (14)
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where the probability measure PCE)‘Z . is defined in (10). The sensitivity of the
expected empirical Tisk R, due to a deviation from PC-(-)?Z)\)z to P is Sg.a(z, P).
Similarly, the sensitivity of the expected log-empirical risk Vg » x in (57b) is
defined as follows.

Definition 7.3 (Sensitivity of the Expected Log-Empirical Risk). Consider the
functional Rg z.» in (70) and let Sg x : (X x V)" x7o(M) — R be a functional
such that

S0 (2 P) = Ra.sa(P) ~ Roza (PST7L.), (75)
where the probability measure PCE)‘Z)Z is in (16). The sensitivity of the expected

log-empirical risk due to a deviation from ngz )z to P is gQ’A(z, pP).

The sensitivity of the expected log-empirical risk due to a deviation from PéQ‘Z)‘ ) .

to P is described by the following closed-form expression.
Lemma 7.2. The sensitivity Sg.x in (75) satisfies for all probability mea-
sures P € Og(M) that

Saa(z,P)=D(PIPSHY.) - D(PIQ) +D(PS Q). (76)

where the probability measures @ and P(gclgz) are defined in (16).

Proof: The proof is presented in Appendix R. [ ]

An interesting interpretation of Lemma 7.2 follows from rewriting (76) using the
objective function of the Type-I ERM-RER problem in (56) as follows:

A)
D(PIPSY.)

= Roza(P) = Razn (PS3Y.) +D(PIQ) - D(PSH Q). (77)

That is, the relative entropy D(P||Pé)Q|; ) ) represents the variation of the
objective function of the Type-I ERM-RER problem in (56) due to a deviation

from the solution P(Q A

©|Z—> 10 an alternative probability measure P.

In Lemma 7.2, when P is chosen to be identical to the reference measure Q, it
follows that

Soa(=Q) =D (QIPSY,) +D(PE52.1Q). (79)

where the right-hand side is a Jeffreys divergence [51], also known as the sym-

metrized Kullback-Leibler divergence between the measures P( | z , and Q.
Furthermore, by observing that D<P(£)C|Qz)\ ZHQ) >0, and D(QHPCE)?Z)‘ z) >0
[30, Theorem 1], Lemma 7.2 leads to the following corollary.
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Corollary 7.3. The probability measures @ and ng’zﬁz in (16) satisfy

ey
Rz (PST7Ls) < Roza(@), (79)

where the functional Rg 5 x is defined in (70).

7.2 Type-I and Type-II Optimal Measures

The solutions to the optimization problems (7) and (11), with regularization
factors A and a, respectively, are Pglg’z)‘iz and P(E)Ql’;:)z in (10) and in (16).
These measures exhibit the following property.

Lemma 7.4. The probability measures P22 and P2 in (10) and in (16),

O|Z==z O|Z==z
respectively, satisfy
A 5(Q,a 1
D(PE.1Q) - D(PS21Q) = ot + Ko (-5 ). (50

where the function Kq , is defined in (9).
Proof: The proof is presented in Appendix S. [ |

Lemma 7.4 characterizes the relative entropy difference of Type-I and Type-I1
ERM-RER solution with respect to the prior @. In doing so, it provides an
alternative way to evaluate this difference without directly computing the cor-
responding relative entropies.

Finally, two important properties of the Type-I and Type-II optimal measures
are presented by the following corollary of Lemma 7.4.

Corollary 7.5. The probability measures P(E)?’Zaz)z and Pgl?’z/\:)z in (10) and
in (16), respectively, satisfy

c QN _ (@,2) | p(QR:A) L
SQa (z, Pelzzz) =D <P®|Z:zHP®\Z:z) - <log(a) i <_>\>) (s
and

1 =(Q,0 S(Q.A " 1
350 (2. PE5.) =0 (PRLIPGE.) + osta) + Ko (<5) (59

where the functionals Sg. and Sq  are respectively defined in (74) and in (75);
and the function Kq . is defined in (9).

The equality in (81) quantifies the variation of the expected log-empirical risk

due to a deviation from the probability measure ng’zl)z in (10) to the probabil-

ity measure pgl?’zaz)z in (16) via the sensitivity Sg.a (z, P(EDQ|7Z)\:)Z)' The equality

in (82) quantifies the variation of the expected empirical risk due to a deviation

from the probability measure Pé)?’zaz)z in (16) to the probability measure Pg‘?’zﬁz

in (10) via the sensitivity Sg (z, P(S)?’Za:)z).
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7.3 Numerical Comparison of Type-I and Type-II Regu-
larization

In machine learning, the generalization error describes the capacity of a learning
algorithm to select models based on training data that performs well with unseen
test data. The sensitivity (Definition 7.2) of the optimization problem in (7) is
closely related to the generalization error [30, Theorem 16]. See also [31,52].
A probability measure P € Ag(M), e.g., a machine learning algorithm, that
yields larger sensitivity indicates that the learning overfits with respect to the
training data, leading to an increase in the generalization error [52]. In this
context, algorithms arising from the Type-I and Type-II ERM-RER are used
for the classification of two handwritten numbers from the MNIST dataset [53].
The MNIST example is simplified to accommodate a parameterized model in R?
such that the numerical approximations of the generalization error for different
regularization factors are meaningful [37].

The MNIST dataset consists of 60,000 images for training and 10,000 images for
testing. Out of the 60,000 training images, 12,183 are labeled as the digits six
and seven, while 1,986 out of the 10,000 test images correspond to these digits.
Each image is a 28 x 28 grayscale picture and is represented by a matrix in
[0, 1]28X28. To reduce the computational complexity, the pictures are processed
following the procedure described in Appendix U. Consider the Type-I ERM-
RER problem in (7) and the Type-II ERM-RER problem in (11) and assume
that: (i) the set of models is M = [—50,50]°; (ii) the set of patterns X is
formed by computing the histogram of gradients (HOG) of the pictures such
that X C R2% of the handwritten six and seven in the MNIST dataset; (ii7)
the set of labels is ) = {6,7}; (iv) the reference measure @ is chosen to be a
uniform probability measure over the set of models; (v) the function f in (3) is
defined as

6 if0< (zW)8,

7 i 0> (aW)0, (83)

where the matrix W is defined in (354) in Appendix U; and (vi) the loss function
¢ in (2) satisfies

0(f(6,2),y) = Lif0.2)20)- (84)

For the simulation, 8,100 data points are uniformly sampled from the 12,183
available training images, forming the dataset zi, referred to as the training
dataset. Similarly, 1,300 data points are uniformly sampled from the 1,986
available test images, forming the dataset zo, referred to as the test dataset.
Not all images are used because the simulation is repeated only 100 times, and
at each iteration, the datasets z; and z, are uniformly resampled.  Figure 5
displays the average (over 100 repetitions) generalization gap for Type-I and
Type-II algorithms. The average generalization gap of Type-II suggests it is
less prone to overfitting. In contrast, Figure 3 and Figure 4 show that Type-I
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Figure 1: 28 x 28 Image of a handwritten 6 Figure 2: 28 x 28 Image of a handwritten 7
from MNIST dataset. from MNIST dataset.

achieves a lower average training error, which results on a lower average test
error. These observations imply that Type-II promotes a more positive con-
servative learning, reducing the generalization gap by keeping average training
and testing error closer, while Type-I achieves lower training error at the cost of
a higher avergae generalization gap, indicating greater reliance on the training
data.

Another key observation is that, for certain ranges of the regularization factor
(e.g.,A € (0.002,0.09) and A € (0.3,0.8) for Type-II), where the average test
error are comparable, Type-II exhibits lower average generalization gap. This
suggests that Type-II can achieve both small test error and generalization error
for certain regularization factor, a highly desirable outcome. However, selecting
such regularization ranges remains an open question for future research under
the theoretical framework presented in this paper.
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Figure 3: Average Training Error: average of the expected empirical risks Rz (P(Q‘A) ) and

®|Z=2
Rz, (13(536\2’22;1)7 with the measures P(EBC\),Z)\:)zl and F(E;\)’zkz)zl in (10) and (16), respectively, computed

over one hundred different z; (training dataset) random selections.
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Figure 4: Average Test Error: average of the expected empirical risks R, (Pé?';ﬁﬂ) and
Rz, (Pg‘?‘z’\:)ﬂ), with the measures Péf‘z’;:)z1 and Pé?yz)\:)zl in (10) and (16), respectively, com-
puted over one hundred different z; (training dataset) and zs (test dataset) random selections.
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Figure 5: Average of the differences (generalization gaps) Rz, (P(Q’A) ) — Rz, (P(Q’A)

Rz, (P((_)?'Z)‘;ﬂ) - Rey (

p@N)

©|Z=2, e\z:zl) and

V), with the measures P9V and PN in (10) and (16),
®|Z=2

®|Z=2 ®|Z=z;

respectively, computed over one hundred different z; (training dataset) and zs (test dataset) random

selections.
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8 Final Remarks

This work has introduced the Type-II ERM-RER problem and has presented
its solution through Theorem 3.1. The solution highlights that regardless of
whether Type-I or Type-II regularization is used in ERM problems, the models
that are considered by the resulting solution are necessarily in the support of
the reference measure. In this sense, the restriction over the models introduced
by the reference measure cannot be bypassed by the training data when relative
entropy is used as the regularizer. This limitation has been shown to be a conse-
quence of the equivalence that can be established between Type-I and Type-II
regularization. These analytical results lead to an operationally meaningful
characterization of the expected empirical risk induced by the Type-II solution
in terms of the regularization parameters. The closed-form expressions for the
expected empirical risk induced by Type-I and Type-II errors are used to char-
acterize the sensitivity of the expected empirical risk and the sensitivity of the
expected log-empirical risk, in terms of the cumulant generating function and
Kullback-Leibler divergence. The analysis of the solution to the optimization

problem (11) shows that, under mild assumptions, there always exists a positive

p(Q«\)

©|Z== concentrates on

real value A such, with probability 1 — €, the measure
the set of models that minimize the empirical risk.

Appendices

A Preliminary

This appendix introduces a preliminary result, which is central in the proof of
Lemma 3.1.

Lemma A.1. Let .# be the set of measurable functions h : M — R, with
respect to the measurable space (M, F) and (R, B(R)). Let .7 be the subset of
A including all nonnegative functions that are absolutely integrable with respect
to a probability measure Q. That is, for all h € ., it holds that

/ 11(6)]dQ(6) < . (85)
Let the function 7 : R — R be such that
Ha) = / ~10g(g(6) + ah(8)) dQ(8), (56)

for some functions g and h in . The function 7 in (86) is differentiable at
zero.

Proof: The objective is to prove that the function 7 in (86) is differentiable at
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zero, which reduces to proving that the limit

lim < (#(a + 6) — #(0) (87)

exists for all @ € (—e¢,€), with € > 0 arbitrarily small. Let the function f :
(0,0) — R be a function such that

f(z) = —log(z). (88)
Note that the function #* can be written in terms of f as follows:
@)= [ £(6(0) + ah(6))1Q(0) (59)

The proof of the existence of such limit in (87) relies on the fact that the
function f in (88) is strictly convex and differentiable, which implies that f is
also Lipschitz continuous. Hence, it follows that for all 8 € supp @,

1/ (9(6) + (o + 6)h(0)) — f(9(0) + ah(0))| < c|h(0)]]4], (90)
for some positive and finite constant ¢, which implies that

£ (9(0) + (o +0)h(6)) — f(9(0) + ah(8))|
9]
and thus, given that h € ., it holds that

/ 1£(9(0) + (a + 9)(6)) = F(9(0) + ahO)] 4 g) < o (92)
9] -

<c|h@)], (91)

This facilitates using the dominated convergence theorem as follows. From the
fact that the function f is differentiable, the limit in (87) satisfies for o € (—¢, €),
with € > 0 arbitrarily small,

1
hm 5( Hla+6) — #a))

= lim © (/f +(a+8)h( /f 0)+ah(0)) dQ(0 )) (93a)
= 1im [ 1((6(0) + (o + 9)h(0)) ~ 1(9(60) +ah(6))AQO)  (930)
< lim [ 11(6(0) + @+ h(0)) — F(s(6) + ah()/AQO) (930
~ [ tim Tl (0(6) + (e + )h(6) — Fa(®) + ah(6)lAQE)  (93)
—c / 1(6) dQ(6) (93¢)

(93f)

where (93c) follows from [54, Theorem 1.5.9(c)]; (93d) follows from the domi-
nated convergence theorem [54, Theorem 1.6.9]; (93e) follows from (91); and (93f)
follows from (85). Finally, from (93f), it follows that the function 7 in (86) is
differentiable at zero, which completes the proof. [ |
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B Proof of Lemma 3.1

The optimization problem in (18) can be re-written in terms of the Radon-
Nikodym derivative of the optimization measure P with respect to the measure
Q, which yields:

. dP dP
Lo [ L0500 a0 - [ log(dQ@) Q). (94a)
.t / %(0) dQ(0) = 1. (94b)

The remainder of the proof focuses on the problem in which the optimization
is over the function % : M — R, instead of the measure P. This is due to
the fact that for all P € OQg(M), the Radon-Nikodym derivate g—g is unique
up to sets of zero measure with respect to @ [54, Theorem 2.2.1]. Let . be
the set defined in Lemma A.1. Using this notation, the optimization problem
of interest is:

iy [ L.(6)9(6) dQ(6) ~ X [ log(9(6)) dQ(6) (95)
s.t. /9(0) dQ(8) = 1. (95b)

Let the Lagrangian of the optimization problem in (95) be L : . x R — R such
that

L(g.5)= / L-(0)9(8) dQ(6) — A / log(¢(8)) dQ(6)
N 6( [ a0 aao) - 1) (96)
— [ (16)(L-6)+5)-Nog(s(6)) d(6) - 5. (97)

where [ is a real that acts as a Lagrange multiplier due to the constraint (95b).
Let g : M — R be a function in .. The Gateaux differential of the functional
L in (96) at (g,0) € ¥ x R in the direction of § is

OL(g, B;4)= iL(g + 73, )

= (98)

=0

Let the function r : R — R be defined for some fixed functions g and § and
some fixed § such that for all v € (—e, €), with € arbitrarily small,

r(V)=L(g +79,5) (99)

The proof follows by showing that the function r in (99) is differentiable at
zero, in order to prove the existence of the Gateaux differential in (98) for those
functions ¢ and g and real 5. For doing so, note that

7"(7)=/ L=(0)(9(6) +~3(0)) dQ(6) — A/log(g(O) +79(6)) dQ(6)
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; ﬂ( [ 6@ +30) a0(0) - 1) (100a)
= [ 5(0)(L:(0) + 5)02(0) ~ A [108(6(6) +3(0)) dQ(6)
+ / 9(8)(L=(6) + £)dQ(8) — 5, (100b)

where the first term in (100b) is linear with respect to  and the third term is
independent of v. The second term can be written using the function 7 : R — R,
which is defined for fixed functions g and § as follows

Py) = — / log(9(8) +3(8)) dQ(6). (101)

and is verified to be differentiable at zero in Lemma A.1. This implies that
r(y)=" / 9(0)(Lz(6) + B8) dQ(0) + AP (7) + /9(9)(Lz(9) + ) dQ(0) —(802)

which verifies that the function r in (99) is differentiable at zero and more im-
portantly, verifies that the Gateaux differential 9L(g, 8; §) in (98) exists.

The proof proceeds by calculating the Gateaux differential dL(g, 8;§) in (98),
which requires calculating the derivative of the real function r in (99). That

is,

a . ) 5(9)
1= [ 40)L-(0)+ 8)dQ(O) A [ 7LD a0e) (103
. A
~[50)(La16) 4 5 g0, (104)
From (98) and (104), it follows that
or(9.5:0)= [ 560) (sz) 1B gg))dcz(e» (105)

The relevance of the Gateaux differential in (105) stems from [55, Theorem 1,
page 178], which unveils the fact that a necessary condition for the functional

(@)
L in (96) to have a stationary point at <dP3QZ=z,ﬂ) € M x [0,00) is that for
all functions g € .7,
ary)
oL (‘354,5;@ =0. (106)
@
From (105) and (106), it follows that dpigzz must satisfy for all functions § in
7 that
52, Y
Jo@ | +5-2[=52=@)| |we) -0 o)
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This implies that for all 8 € supp @,

ar)
L.(0 A —===(6 =0 108
(6)+5 S 0)) o, (108)
and thus,
arSy) A
L) A — (109)
dQ B+L:(0)
where (3 is chosen to satisfy (95b) and guarantee that for all @ € supp @Q, it holds
(@3
that dP‘:ﬁ%(@) € (0,00). That is,
BeqteR:VO esu QO<# and (110)
: pp &/, e+ LZ(B) )
1 —/#dQ(e) (111)
L-(0) + 5 7

which is an assumption of the theorem.

The proof continues by verifying that the measure PS‘?’Z)‘;Z that satisfies (109)

is the unique solution to the optimization problem in (94). Such verification is
done by showing that the objective function in (94) is strictly convex with the
optimization variable. Let P; and P, be two different probability measures in
(M, .Z) and let a be in (0, 1). Hence,

Rz(aPy+ (1 —a)P2) + AD(aPy + (1 — ) P2[|Q)

=R.(aP1) + R ((1 —a)P2) + AD(aP1 + (1 — o) P2||Q) (112)

> aRz(P1) + (1 = a)R:(P,) + A(aD(PQ) + (1 — )D(F[|Q)), (113)
where the functional R, is defined in (6). The equality above follows from
the properties of the Lebesgue integral, while the inequality follows from [30,

Theorem 2]. This proves that the solution is unique due to the strict concavity
of the objective function, which completes the proof. |

C Proof of Lemma 3.2

Given a probability measure V € (M), with o(M) in (12), it follows
that

supp @ C supp V. (114)

Using this observation, let Vy and Vi be two probability measures on the mea-
surable space (M, F) such that for all A € Z, it holds that

_ V(A\suppQ)

VoA = FRN supp @)

(115a)
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and )
V(AN supp @
= 115b
A4 V(M Nsupp Q) (115b)
Let the real value « be
£ V(Mnsupp@Q) € (0,1], (116)
which implies that
1—a=V(M\suppQ) € [0,1). (117)
Hence, for all A € .%, the measure V satisfies that
V(A) = (1 - a)Vo(A) + aVi(A). (118)

Moreover, from the definition of 7 (M) in (12), it follows that the probability
measure @ is absolutely continuous with respect to V. Hence, for all measurable
sets A, it follows that

/dQ (119a)
/ S0V () (119b)
_/ dQ( 0)d((1 — a)Vo + aV1)(0) (119¢)
R\%
:(1—Q)Afncﬁ(9)dvo(9)
d@
ta Aavxe)dwme) (119d)

Note that if A C supp @, it follows that

d@

0<Q<A)= ¥ 1z

—(0)dVi1(0), (120)
which follows from the fact that V,(A) = 0 under the assumption that A C
supp Q. Moreover, noting that the measures () and V; are mutually absolutely
continuous, it follows from the Radon-Nikodym Theorem [54, Theorem 2.2.1],
that the Radon-Nikodym derivative of ) with respect to V; exists. Moreover,
from (120), it follows that for all 8 € supp @, it holds that

dQ dQ
T O =05E ) (121)

Alternatively, for all measurable sets A4, with A C M \ supp @, it follows
that

0= Q) = [ (1-a)FE0) dvi(6) (122)

Inria



Empirical Risk Minimization with Relative Entropy Regularization Type-II 35

which follows from the fact that V;(A) = 0 under the assumption that A C
M \ supp Q. Hence, it holds that for all & € M \ supp@, 32(8) = 0. In a
nutshell, for all 8 € supp V,

o ={ 8O i e
From (123), the following holds:
(@) - [10s(210)) acro) (124a)
_ /log<ij§1(9)> dQ(0) (124b)
~ [1oe( 57 ©) d00) - [1ox@rae)  (1210)
~ D(QI}) — log(a). (1240)

From (124), it follows that

R.(V) + AD(QIV) = Ra((1 — a)Vo + Vi) + AD(Q|[V1) — Alog(a)  (125a)
— (1 — @)R.(Vh) + aR(V1) + AD(Q[[V1) — Alog()25b)
> aR. (V1) + AD(QIVA), (125¢)

with equality if and only if & = 1, which implies that for all

P*ecarg min R, (V)+AD(Q|V), 126
gy min (V) @[lv) (126)

it holds that P* € Qg (M), which follows from observing that

supp Q = supp P*, (127)

which implies (19) and completes the proof |

D Proof of Lemma 4.1

The proof is divided into two parts. The first part proves the monotonicity of
the function Kélz in (26); while the second part proves the continuity of the

function f(élz The proof is finalized by using the continuous inverse theorem
[5)6, Theorem 5.6.5] to show both the monotonicity and continuity of the function
Kg.» in (23).

The first part is as follows. Let A and § be two reals that satisfy (23b). Hence,
0 < A < 0o and from (25b), it holds that
1
0< / ——dQ(8) < oo, 128
L@ 5 12
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which, together with (26), imply
0o > K, (8) > 0. (129)

That is, the function K - in (26) is positive and finite. Using this observation,
let the reals v; and 7o be elements of the set Cg », with Cg , in (23a) and
v1 < 2. Hence, for all € € supp @, it holds that

1 1

> , 130
L©O) 7 L0) (130
which implies that
1 1

. aQ(e) > / Q) 131
/Lz(9)+% “(6) L=(60) + 72 <(6) (181)

and thus, from (26), it holds that
KoL (m) < KgL(r2). (132)

This proves that the function K sz in (26) is strictly increasing, and completes
the first part of the proof.

In the second part, the objective is to prove the continuity of the function K

To do so, two auxﬂlary functions are introduced and proven to be contmuous
Then, the fact that K, Q’z in (26) is the composition of the two auxiliary functions
is leveraged to prove its continuity. Let the function h : (0,00) — (0,00)
be

h(z) = % (133)

Let also the function k : Cg » — (0,00), be such that
b= [ B+ Le(6) 4QO). (134)

The first step is to prove that the function & in (134) is continuous in Cg .
This is proved by showing that & always exhibits a limit in Cg .. Note that if
v € Cg,z, with Cg > in (23), then from (15a), it follows that for all 8 € supp @,
the inequality L.(€) +~ > 0 holds, which implies that v > —d¢ _, with d7,

in (28). Hence, the proof of continuity of the function & in (134) is restricted to

( 03,25 00).
For two models 6; and 65 in supp @, such that L, (01) < L,(82), the function h
satisfies

h(v + Lz(61))>h(y + L2(62)). (135)
Then, for all v € ( 00,20 oo) and for all 8 € supp @, it holds that

h(v +65,2)>h(y +L:(9)), (136)
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where equality holds if and only if L.(0) = &7, ,. The function & is continuous,
and thus, for all 8 € supp @ and for all a € (—66727 oo)7 it holds that

lim h(y + L(68))=h(a + L=(8)). (137)

Hence, from the dominated convergence theorem [54, Theorem 1.6.9], the fol-
lowing limit exists and satisfies

lim k(b)=lim [ h(3 +L2(8)) dQ(6) (138a)
= [ (1 1+ Lut0) ) a0 (138D)
_ / h(a + L= (8)) dQ(8) (138¢)
=k(a), (1384)

where (138¢) follows from (137). The equality in (138d) proves that the func-
tion k in (134) is continuous in the interval (—6@72, 00). Note that from (26)
and (134), it holds that

Kq_),z(’Y) = W (139)
Using (139), for all a € (—5é7z, oo), it holds that
. . 1

Whg}l KQ,lz(“Y) = ,%13}1 £ (140)

1
= T k(y) (141)

y—a

1
= 142
T ha+L.(6)dQ(0) 2
1

=" 143
[ w2 4Q(0) (149)
= f(é}z(a), (144)

where (141) follows from the continuity of the function h in (133) over the
interval (0,00); (142) follows from (138d); and (143) follows from (26). Thus,
the existence of the limit in (140) implies that the function K, 5; is continuous
in Cq,>. This completes the second part of the proof.

The proof ends by using the continuous inverse theorem [56, Theorem 5.6.5].
That is, given that the function K 512 is both continuous and strictly increasing,

then, so is the function K¢ » in (23). This concludes the proof. |

E Proof of Lemma 4.2

The proof is divided into two parts. In the first part, it is shown that the set
Co,» is an interval of R. In the second part, the set Ag » is shown to be also
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an interval. The first part uses a partition of R formed by the following sets:
(—o0, =05 2 ); (- 00,20 00); and {052}, with 67, , in (28). Each of these intervals
is studied separately.

Let 3 be such that Kg »(A\) = 3, with A in (11) and assume that 3 € (foo, 7522%).
Under this assumption, the inclusion in (15a) does not hold. This follows from
the fact that, if 3 < =4, ,, for all 6 € {V esupp@ : 45, < L:(v) < —B}, it
holds that L.(0) + 8 < 0, which contradicts (15a). This implies that

(—00,=65.2) NCo,= = 0. (145)

Assume now that 8 € (f&Q’z, oo). Then, from (28), it can be verified that the
constraint in (15a) is satisfied. More specifically, for all 8 € supp @, it holds
that L.(0)+ 8 > 0. The proof continuous by showing that (15b) is also verified.
For this purpose, note that

1 1

/Lz(0)+ﬁ Q) < /‘W dQ(0) (146a)
1

- TH.+8 (146Db)

<00 (146c)

The finiteness of the integral in the left-hand side of (146a) implies that

0<A (147a)
— K3L(8) (147b)
S S (147¢)

(147d)

where (147a) follows from the assumption that A € Ag . C (0,00); (147b)
follows from the fact that Kq .(\) = §; (147c) follows from (26); and (147d)
follows from the inequality in (146c). In a nutshell,

1
A < o0, (149)
which, implies that the product
1 A
a0 - [ o w51 (1502)
/ L Q) (150b)
(150c)
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where (150b) follows from (147c). This verifies (15b), which implies that

(=0.2,00) C Caq.a- (151)

Finally, under the assumption that § = — Q , two cases are considered: (a)
Q(Ly..) > 0; and (b) Q(Ly..) = 0, with £, , deﬁned in (30). In case (a), if
B = -4 , and Q( ) > 0, then for all 8 € EQ ., it follows that

1

m@( Z)z) = 00, (152)
which implies that,
1
/m dQ(8) = . (153)

The equality in (153) implies that the constraint (15b) is not satisfied. There-
fore, for case (a) it follows that,

—522’z ¢ CQ)z. (154)

In the alternative case (b), if 8 = —(5(*;)@ and Q(Eaz) = 0, then, the integral
n (26) is either

1
—————dQ(0) < oo, (155)
/ LZ(e) - 5Q,z
which implies that —d7 , € Cq,z, with Cq . defined in (23a), or the inte-
gral is
1
EOECA Y
which implies that 529; ¢ Cg,. Hence, from (145) (151) (154), (155),
and (156) the set Cg » in (23a) is either the open set ( or the closed
set [ (5Q’z,oo). Note that the equality Co . = (5Q 2 % is observed if and
only if,
1
Q) < . (157)
/ Lz(g) - 5Q7z

which completes the first part of the proof.

The second part of the proof is as follows. Two cases are considered: @)
Coz = [ 082> 0 ); and i) Cg,. = ( 52}%,00). In case i), the value —d ,
is in the domain of the function KQ n (26), that is, the set Cg . Given that
the function K Q . 1s strictly 1ncreasmg, then, —d, , should be mapped to the
smallest value in the range of K , denoted by Ag, .. Hence,

f@}z(—éa,z) =g,z (158)
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> 0, (159)

where (159) follows from the fact that zero is not in the domain of the function
Kg -, that is, the set Ag .. Using these elements, it is concluded that the set
Ag, - is the interval [Ag z,00), which ends the analysis of case i.).

In case ii), from Lemma 4.1, the continuity and strict monotonicity of the
function K¢ . in (23) imply that Ag . = (A, 00), with A5 _ in (29). The
remaining of the proof focuses on showing that A7, , = 0 in this case, and
thus, Ag . = (0,00). From Lemma 4.1 and the continuous inverse theorem
[66, Theorem 5.6.5], it follows that function R’élz is strictly increasing and
continuous. Hence, using (26), it holds that

_ 1

lim  KL(y) = lm ——— 160
Y=y T @ w%*%,z*fmdcg(a) (160)
1

_ - (161)

li —dQ(0

L T 0

1
= - (162)
| e 1Q(0)

—0, (163)

where (161) follows from [57, Theorem 4.4], that permits the change of the limit
to the reciprocal; and (162) follows from (138); and (163) follows from (156).
From Lemma 4.1 and (163), it follows that in this second case, in which Cq , =
(féé,z, 00), it holds that Ag . = (0,00). This completes the proof. M

F Proof of Lemma 4.6

From Lemma 4.1, the function K¢ » in (23) is strictly increasing and contin-
uous. Additionally, from Lemma 4.2, the domain and range of the function
If(Qyz, defined by the sets Ag . and Cg ., respectively, are convex intervals.
Consequently, combining Lemma 4.1 and Lemma 4.2, it follows that

lim  Kq () =—65., 164
— Q=N = =05, (164)
with 05, , defined in (28) and Af, , defined in (29). ]

G Proof of Lemma 5.1
For all (61, 05) € (supp Q)Q, such that

L2(61) < L2(62), (165)
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it follows that
A N A
KQ’Z(/\) + LZ(al) N KQ,Z()‘) + LZ(92)’

(166a)

where the function K . is defined in (23); and equality holds if and only if
(165) holds with equality. The proof is completed by noticing that from (24),
the inequality above can be rewritten as

FYICEY FYCRY
®|Z==z O|Z==z
o) > —3570), (167)
which completes the proof. |

H Proof of Lemma 5.2

From Lemma 5.1, it follows that for all 6 € supp @, and for all ¢ € Lf, ,Nsupp Q,
it holds that

Sh2Nol) arg)
| Z== < O|Z==z
A
= _ 168b
L. (¢) + KQ.,z(/\) ( )
A
< T (168c)
JQ,z + KQ7Z(>‘)
< 00, (168d)

where (168b) follows from (24); the equality in (168c) follows from the fact that
Lz(¢) > 65 .; and (168d) follows from the fact that K¢ .(A) < co. Note that
equalities in (168a) and (168c) hold if and only if @ € L7, ,Nsupp @ (Lemma 4.6).
This completes the proof of finiteness.

For the proof of positivity, observe that from Lemma 4.2, it holds that
—65.2 < Kg.2(N) < o0, (169)
which implies for all 8 € supp Q,

0<65.+Kg=(N) (170)
< L.(0) + Ko (N). (171)
Hence, from the fact that A > 0, it holds from (24) and (171) that

p(Q,A)
dP@\Z:z

d@
which completes the proof. |

() >0, (172a)
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I Proof of Lemma 5.3

From Theorem 1, the Radon-Nikodym derivative of the measure P with

O|Z==z
respect to (), satisfies for all 8 € supp Q,
(Q;N)
LD@'Z_ 0) = A (173a)
dQ B+L.(0)
1 1
= (173b)
B+Lz(0) [ gy QW)
1
= , (173c¢)
L.(6
| gty QW) + | F45 dQw)
where (173b) follows from (26), which implies that
_ 1
A= KL (8) (174)

T

with the function K belng the inverse of the function K , in (23). Using the
function K -, the equatlon in (173) can be written in term of A such that

@)
dng 0= " @ - (175)
J =255 QW+ 75 i rmw W)

Furthermore, using Lemma 4.1 and Lemma 4.2, the following holds from (175),

dpeN 1
. ®|Z z .
lim (0) = lim = (176a)
oo [e’s) z(>‘) Lz (0)
A d@ X— fKQ zQz\HLi(V)dQ +I7K L) dQ(v)
1

- . . o , (176b)

where the function L, is defined in (3); and (176b) follows from Theorem 3.1,
which implies that the terms in the denominator are positive and the fact that
the function g(z) = 1 is continuous. Recall that from the definition of the
function L in (3), for all 0 € supp Q, the empirical risk satisfies that L,(0) < oco.

Using this fact, the proof continues by evaluating the limits in the denominator,

which yields

/ﬁHOO 7,@ L) dQ(v) (177a)
- / dQ(v) (177h)
—1, (177¢)
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where (177a) follows from the dominated convergence theorem [54, Theorem
1.6.9]; and,

L-(6)
,/Blgr;omdQ(V) (178a)

_ / 0dQ(w) (178D)
—0, (178¢)

. L.(0)
alinio/ BT L) 9w

where (178a) also follows from the dominated convergence theorem [54, Theorem
1.6.9]. Substituting (177) and (178) into (176) yields

(@)
dPg
. T O|Z=z _
)\11_{20 10 (0) =1, (179)
which completes the proof. |
J Proof of Lemma 5.4
From Theorem 3.1, the probability measure P(E)CI“)’Z ) satisfies for all @ € supp @,
(Q,N)
dPe A
|Z==z
0) = 180
0 Y Lo (1502)
A
Lz(e) + KQ,Z(A) ( )
K5 (Ko (A
_ Ko:a(Ke:() (180c)
Lz(a) + KQ,Z(A)
1
| o 4Q(v)
_ LK™ (180d)
Lz(o) + KQ,ZO‘)
L=(6) + Kq.=(\) >
= —< d 1 %4 s 1806
(J oy taw (180l

where (180b) follows from (23); and (180d) follows from (26) and observing that
A=K élz (8). Given 0 € supp Q, consider the partition of the supp @ formed
by the sets Ag(0), A1(0), and A5(8), which satisfy the following:

Ao(8) = {v € supp @ : Lo(6) — Lo (1) = 0}, (181a)
A1(0) ={v esupp@ : L.(0) —L,(v) <0}, and (181b)
Aa(0) ={v € supp@Q : L,(0) — L,(v) > 0}. (181c)
Using the sets Ag(0), A1(0), and A2(0) in (181), the following holds for all

0 € supp Q.

Poliste g [ L0t Koy
dQ ~ \Vaoie) L=(v) + K 2 ()

dQ(v)
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Lz(a) +KQ,Z()‘) d
oo Gy ) 19
_ -1
Lz(a) +KQ,z()‘)
* oo CO TR dQ(’”) (152
_ I—z (0) + KQ,Z()\)
= (e [ EORREG v
_ -1
+/Az(9) L:(v) + Kq.2()) QM) ' (1520)
Consider the following partition of the supp Q:
{vesuppQ:L:(v) =65}, (183a)
{vesuwppQ:L:(v)>d,.}, and (183b)
{vesuwppQ:L.(v) <65, 1}, (183c)

with 67, , in (28). The proof is divided into two cases. The first case follows
under the assumption that

1
—————dQ(0) = o0; 184
/ L.(6) — 05, Q(8) = oo (184)
and the second case follows under the assumption that
1
_ . 1
/e o 10 <o (185)

From Lemma 4.2, it follows that in Case 1, the set Ag . in (23) is (0, 00).
Similarly, in Case 2, the set Ag . is [)\é}z,OO). Hence, Case 1 considers the
limit A — 0%, which comprehends the equalities (39) and (40). Case 2 considers
the limit A — A, ., which comprehends the equality (41).

J.1 Casel

dP(QvA)
This case is divided into three parts. The first part evaluates lim_, o+ (3'5:‘ (9),

with 0 € {V esuppQ : Ly (v) = 55’2}. The second part considers the case in
which 6 € {V €supp@ : L. (v) > 5é7z}. The third part considers the remaining
case in (183).

J.1.1 Part 1l

The first part is as follows. Consider that 8 € {V esupp@ : L (v) = 5é,z} and
note that

{V esupp@ : L. (v) = 52‘;);} =Ly .2 (186)
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with L7, . defined in (30). Hence, the sets Ao(6), Ai(0), and A2(0) in (181)
satisfy the following:

Ao(0) = L3, .. (187a)
A1(0) = {u €supp@ : Lo(p) > 5572}, and (187h)
A3(0) = {p € suppQ : Lo(p) < 522’2}. (187c)

From the definition of &7, , in (28), it follows that Q(Az2(6)) = 0. Substituting
the equalities in (187) in (182) yields forall @ € {v € suppQ : L, (v) = 522,z},

-1

dPgy . \ L.(0) + Kq..(\)
Q= (Q(‘CW) + o COT T E0) dQ(")> -

which implies that for all 8 € {1/ €supp@ : L. (v) = 56*272},

lim %(a)z Q(LyH..)+ lim / L=(0) + Ka.=(\) dQ(v) _1(189)
A—0+ dQ A—0+ A1(0) L (V) + KQ,Z(A)
6] 1fQ( 0.2 ) 0
- {Q(ﬁl*) otherwise ’ (190)

where (190) follows from verifying that the dominated convergence theorem [54,
Theorem 2.6.9] holds. That is,

. Lz(9)+[(Q,z(>\) A
(a) For all v € A;(0), it holds that MO POV 5 TRa (0"

(b) For all v € A;(0), it holds that

% 65 . + Kg.=(\
GRS FCMIN Pt S G (191a)
A=0t Lo (V) +Kq2(A)  am0t Le(v) + Kg 2(A)
_ 1
= (05 .+ lim Kg -(A)) lim ——————— (191b
(30 iy Foao) Jip e (1)
—0, (191c¢)

where (191b) follows from observing that for all v € A;(@), it holds that
limy o+ Lo (v) + Kg,2(X) # 0 and [57, Theorem 4.4]; and (191c) follows from
Lemma 4.6. This completes the first part of Case 1.

J.1.2 Part 2

For all § > 67, , and for all @ € {v € supp @ : L. (v) = d}, the sets Ao(0), A1(0),
and A3(0) in (181) satisfy the following:

Ao(0) = {p € suppQ : Ly (p) = 6}, (192a)
A1(0) ={p €suppQ : Ly() > d}, and (192Db)
Az(0) = {p € supp @ : Ly(p) < 6}. (192¢)

RR n°® 9508



46 Daunas, Perlaza, Esnaola, and Poor

Consider the sets

A21(0) = {p € A2(0) : Lo(p) < 662} and (193a)
Az2(0) = {p € Ax(0) : 65, < Lo(p) <6}, (193b)

and note that As 1(0) and Aj 2(0) form a partition of A(0). Moreover, from

the definition of d7, , in (28), it holds that

Q(A2,:1(0)) = 0. (194)
Hence, substituting the equalities in (192) and (194) in (182) yields,

i o) - (Wo(")) [ E R 190
i, R vaw) o

- (ownon sy [ O w00
[, R o)

= (Q(AO(G))—i—/ lim T Ro( dQ(v)

A1(0) A—0+ L, (V

+/ lim L-(6) +IEQ’Z(A) d
As.2(0) A—0+ Lz (V) + KQ;()\)

where (195¢) follows by verifying that the dominated convergence theorem [54,

Theorem 1.6.9] holds. That is, B

: L= (8)+Kq.=(A) A )
(a) For all v € A3 5(0), it holds that Lz(V)+I_(Z,z(>\) < 5 T Ran ) < 0% and
(b) For all v € A5 5(0), it holds that

Lz(a) + }?Q,z()\) . 5 + KQ,Z ()\)

— 2l 1
o0t L) + Koa(h)  am0+ Lu(w) + Ko (\) (196a)
_ 1
= (64 lim Ko.(\) lim ——— (196b
(ﬂi‘éﬂ Q= )>A5€+ L.(v)+Kg.-(\) (196b)
. 1
= ((5 — 5Q’Z)W’ (196C)

where (196b) follows from observing that for all v € Ajz2(6), it holds that
limy ,o+ Lz (v) + Kg 2(A) # 0 and [57, Theorem 4.2]; and (196¢) follows from
Lemma 4.6. From (196¢), it follows that

/ lim L-(6) + Kq=() dQ(v)
As.2(0) A—0t

L. (V) + RQ,z()‘)
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" 1 y
=(0-05..) /Am(a) WOE. dQ(v). (197)

Moreover, from the fact that
Q(Ao(0)) < 1, (198)

and the fact that

. L.(0) + Kg2(N) / 6 =05,
lim _— dQ(v) = —
/,41(19) A—0t Lo (v) + Kq,2(N) ®) A1(0) '— ( )— 00,

/A - D Q) (20

= Q(A1(9)) (201)
1, (202)

dQ(v) (199)

IN

the following holds from Lemma 4.2 under the assumptions of Case 1:

N 1
oo = (6 8%.) / Lo ) (203)
1
= (6 — ¢ ———dQ(v
( Q,z)</AO(9) Ty )
+ /A o L0 e )
- /A o T d@(v)) (204
QAo °"0x o)
_— v
ol Al(o) L.(v) — 65 .
5~ 85,
4 /A R dQ(V)>~ (205)
From (198), (202), and (205), it follows that
* 1 —
(6—65.2) /,42,2(9) m dQ(v) = oo. (206)

Finally, from (195¢), (197), and (206), for all @ € {v € supp Q : L. (v) > 6, . },

dpc(-)Q7)\)
. |Z==2 o
Jim —35— () = 0. (207)

This completes the second part of Case 1.
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J.1.3 Part 3

The third part of the proof follows by noticing that the set {u €supp@ : L. () < 6%Z}

is a negligible set with respect to @) and thus, for all 8 € {,u, esupp@ : Ly(pn) < 0021
5(QN)

d
the value 3512 (0) is immaterial. Hence, it is arbitrarily assumed that for all

0c {u esupp @ : Ly (p) < (522;}, it holds that

p(Q,A)
dp@\Z:z

d@
which implies that for all @ € {p € supp@Q : L. (p) < 62212}, it holds that

6) =0, (208)

—21Z== ) = . (209)

This completes the third part of Case 1.

Under the assumption that Q(E*Q’z) > 0, from (190), (207), and (209), for all
0 € supp Q, it follows that

p(Q,)
lim dP@‘Z:z !

A—0+ dQ@ ) - Q<£a,z> 1{965* ‘z}v

(210)

which completes the proof of (39). Alternatively, under the assumption that
Q(E*QZ) = 0, from (190), (207), and (209), for all & € supp@, it follows
that

dP(QvAl .f 0 *
lim —©lZ== gy} €Ly, (211)
A—0t  d@ 0 otherwise
which completes the proof of (40).
J.2 Case 2
Under the assumptions of Case 2, namely (185), it holds that
Q(L52) =0. (212)

This can be proved by noticing that if Q(EZ&Z) > 0, then
[ oo = [ L Q)
L.(0) — 5., . L(0) 05

1

> /é‘ M dQ(e) (213b)
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1
= * * Q( *Q,Z) (213C>
05,2 — 0.
= 00, (213d)

which contradicts (212).

The proof of Case 2 is divided into three parts. The first part evaluates
dP3) )

lim)\_»\*Q;r %(0), with 8 € {v esuppQ: L. (v) = 5672}. The second

part considers the case in which 0 € {V esupp @ : Ly(v) > 622;}. The third

part considers the remaining case in (183).

J.2.1 Part1l

From (212) it holds that the set the set {u € supp @ : L.(u) = 63, } is a neg-
ligible set with respect to @ and thus, for all 8 € {p, esupp@ : Lo (n) = 5&72},
5(Q.2)

the value —3&==() is immaterial.

J.2.2 Part 2
For all 8 € {V €supp@: Lz (v) > 56*;)&}, it holds that

dP(Q,A) A
. O|Z==z .
im —2Z==9) = | _ 214
Aoan b dQ (8) Aoxs + L (0) + Kg-(N) (214a)
*
Q,z
- ez 214b
L-(6) — 05, (214D)

where (214b) follows from observing that limA_MZQ +L2(0)+Kg 2 () = L,(0)—
65,2 # 0 (Lemma 4.6) and [57, Theorem 4.2|.
J.2.3 Part 3

The third part of the proof follows by noticing that the set {u €supp @ : Lo () < 0F ’z}
is a negligible set with respect to () and thus, for all @ € {u €supp@ : L. () < (%’ZQ},

5(Q,)
the value %:z (0) is immaterial. Hence, it is arbitrarily assumed that
ap@N
®|Z==z
—F—(0) =0. 215
=) (215)

This completes the third part of Case 2.
From (214b), for all 8 € supp Q, it follows that

dP(Q1)‘) )\*
. O|Z==z Q,z
1 = , 216
e 97 ne) - 5. (216)
which completes the proof of (41). This completes the proof. |
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K Proof of Lemma 5.5

The proof is divided into two cases. The first case follows under the assumption
that

1
————— dQ(0) = 217
| oy @0 =2 (217)
and the second case follows under the assumption that

1
/Lz@—fséz dQ(0) < oo, (218)

with 65 , in (28) and the function L, in (3). From Lemma 4.2, it follows that
in Case 1, the set Ag , in (23) is (0,00). Similarly, in Case 2, the set Ag , is
[)\*Q’z, oo). Hence, Case 1 considers the limit A — 07, which comprehends the
equality (42). Case 2 considers the limit A\ — )‘Zg,z+7 which comprehends the
equality (43).

K.1 Casel

The first case is as follows. Consider the following partition of the set M formed
by the sets

Ao={0eM:L.(0)=0,.}, (219a)
A1 ={0eM:L.(0)>65.}, and (219Db)
Ay ={0eM:L.(0) <.} (219¢)

Note that Ay = L7, ., with L, _ in (30). For all A € (0, 00), it holds that

H(Q,A 5(Q,A —(Q,\
1= PSY (Ao) + P (AN + PSR (Ay) (2200)
p(Q,A =(Q,\
= PSTY (o) + PSR (A1) (220b)
5(Q.A S(Q.
= Polp? (o) + /A APy (8), (220c)
1

where (220Db) follows from the fact that Pgﬁ’z/\:)z (A3) = 0, which follows from

the mutual absolute continuity of ng’z/\:)z and @ (Corollary 3.3). The above

implies that

lim <P(gQ;lz(Ao)+ / dPé?’QL(B))
Ay

A—0+
S(QN)
— lim PO (4 li drolz-- 0)dQ(0) (221
= Jim, Pojz—.(Ao) + lim | —55—(0)dQ(O)  (221a)
1

50N : ©|Z==z
= lim P (Ag) + /A Jim S5 0)d00) (2
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. =(Q,\
= lim PG (Ao), (221c)

=1, (221d)

where, (221b) follows from Lemma 5.2 and the dominated convergence theorem
[64, Theorem 1.6.9 page 50]; and (221c) follows from Lemma 5.4. Hence, it
holds that

3 _(Q.A) j—
Alﬂ%h P®|Z=z( 0=) =1 (222)

which completes the proof of (42).

K.2 Case 2
Under the assumptions of Case 2, namely (218), it holds that

Q(Ly..) =0, (223)
which can be shown using the arguments in (213). Hence, the probability mea-
sure P(gclg’z)‘:)z satisfies

@ APl
lim  PS3Y (Ag) = i —21Z22 9) dQ(6 224
A+ o|z==(A0) N R PR s (0)dQ(0) (224a)
A
= lim _ dQ(e 224b
A=xg Lt 4, L2(0) + Kg 2 (N) ©) ( )
A

= lim Ao 1(] 9224c
D Y A S Ko 2(N) ) ( )

A
= lim — QA 224d
A=Ay Lt 05 .+ KQ7z(/\)Q( o) ( )

A

= 1 ———Q(L] 224

AAh L 0 + ENEYRAR ) (224c)

A
= 1 — 0 224f
ANt B Koz 0V (2240
=0, (224g)

which completes the proof of (43). This completes the proof. |

L Proof of Lemma 6.1

From Lemma 3.1 and Corollary 3.3, it holds that for all 8 € supp Q,

-1

5(Q.X)
dQ dP@\Z:z
—on 0)=|—7—(0) (225)
Q)
dP®|Z:z dQ
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= i\ ,

(226)

where the functions L, and K¢ , are in (3) and (23b), respectively. From (226),
it follows that for all 8 € supp Q,

dq

0= AdP(Q”\) (0) —L.(0) — Kg 2 (). (227)
B|Z==z
Integrating both sides of (227) with respect to the probability measure P(E)Q"Zﬁz

yields

—1

APoiy. - 5@
0= [|L@) -A[=5Z=0) |+ Koo |aPS2.0) (2250)

_ —1
7 PGy @
:/Lz(e) 4PN (0)7>\/ —OlZ== gy aP@Y (o)

0|Z==z dQ 0|z=z
+ / Ko =(\)dPSY (0) (228b)
=Rz (P(Eff;iz) - /\/dQ(O) +Kq.:(N) (228c¢)
=R (Péﬁzﬁiz) — A+ Kq (V). (228d)

From (228d), it holds that

on ]
R.(PS352.) = A= K. (), (229)

which completes the proof. |

M Proof of Lemma 6.2

The proof of continuity is immediate from Lemma 4.1 and Lemma 6.1. The
proof of monotonicity is divided into two parts. The first part presents the
first derivative of the functional inverse K, (512 in (26) and shows that its deriva-
tive is strictly positive. The second part shows the expected empirical risk

R. (Pé?z)‘lz> is decreasing with A.

The first part is as follows. For all 8 € M, the partial derivative of W,
with respect to g € (—52‘272, oo), with d¢, , in (28), is

0 1 1
%(Lz(OHB) T (B L.(0)7 (230)
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From [58, Theorem 6.28, page 160], the following holds

d 1 0 1
3] o599 =] 5500 .
1
=— | ———— dQ(0). 232
/ Gy .
From Lemma 4.1, the derivative of the function K, o ’12 in (26) satisfies:

d oy . d 1 -

5580 = 35 ([ 5z 120) )

2
1 d 1
_ _<fﬁ+fz(9)dQ(9)> (w/ﬂ+Lz(9) dQ(6)  (233h)
1

= — f " (6+L=(9))? dQ(OQ) (233C)

(f 7+ 4Q(0))

_ S e 90) (2330)

(f 5viy d0O)

where (233c) follows from (232).

Jensen’s inequality [59, Theorem 2.6.2] leads to the following inequality:

</6+Ez(0)dQ(0)>2 S/mdQ(GL (234)

with equality if and only if the function L in (3) is nonseparable (Definition 2.2).
Then, from (233d) and (234), for all 8 € (—(5(*272, oo), it holds that

1
(J it d@0)
51 (236)

This completes the first part of the proof.

The second part is as follows. Consider the pairs (A1,51) € Ag.» X Cg,» and

(A2, B2) € Ag.z X Cg.z, such that Ao > Ay, which implies that Kq ,(A2) >

Kg.»(A) (Lemma 4.1). Then, from Lemma 6.1, it follows that

R, (p(Q,Az) ) _R. (p(Q,Al) )

®|Z==z O|Z==z
=X =M+ Kqz(M) — KQ.z(A2) (237a)
=Ko, (B2) = Kq(B1) + B1 = Ba, (237b)
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where (237b) follows from substituting (26) into (237a). Note that (236) implies
that

I_(é,lz(f82) - I_(é,lz(ﬁl) > P2 — fu, (238)

with equality if and only if the function L, is nonseparable. Thus, from (237b)
and (238) it follows that

R.(PS352)) - R.(PSTZ) = 0, (239)

with equality if and only if the function L, is nonseparable. This completes the
second part of the proof. [ |

N Proof of Lemma 6.3

From Theorem 3.1 and Corollary 3.3, it holds that

d
D(QIPS.) = [ 1o —h | acte) (240)

O|Z==z

<tog| [ —h-(0)0Qe0) (241)

O|Z==z

o [ Kas 0 10) ) -
—og( [ Fo-+ L0 000)  21)
log<)\ (Kg2(\) + R (Q))), (244)

where (241) follows from Jensen’s inequality [59, Theorem 2.6.2]; (242) follows
from (16); and (244) follows from (6). From (244), it follows that

R-(Q) = Aexp(D (QIPSTY.) ) — Koz (N) (245)
= exp (D (QUPSTL.) ) +R: (P2, ) =, (246)

where (246) follows from Lemma 6.1. Hence, the difference between the expected
empirical risk of the probability measures PgngA )z and @, from (246), satisfies
that

R.(Q) — R. (p(g?;g) > A(exp(D (Q||ngz”z)) - 1), (247)

which completes the proof. |
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O Proof of Lemma 6.5

From Lemma 4.1, Lemma 4.2, and Lemma 6.1, it holds that

o )
R.(PST52.) = A= Ka.-(\) (248)
<A+ 05 (249)
Note also that
—(Q.\ — (O,
R:(PS3.) = [ Lat@)ar$) o) (250)
> [P0 0) (251)
=042 (252)

with L, in (3). The proof continues by determining the conditions for which (252)
holds with equality. Assume the empirical risk L, in (3) is separable with re-
spect to the probability measure P(ec‘g’z)‘iz in (16) (see Definition 2.2). Then,
there exists a real value € > 0 and two nonnegligible sets A and B with respect
to the probability measure PS> in (16), such that

O|Z==z
A={0eM:L.(0) <8, +e},and (253)
B={0cM:L.(0)>5,+¢} (254)

Note that the sets A and B form a partition of the set M. Hence, the expected
empirical risk satisfies

R. (pgg;;z) - / L-(0) dPg’,Y . (8) (255)
- /A L-(0) dPS,Y (0) + /B L-(8)dPST,Y (8)  (256)

* D, ,)\ * = 7>\
> /A 5.2 dpglez(ewr /B (052 +¢) dP(E)ﬁ?Z:)z(e) (257)

= 08, Point () + (05,. +€) Poin? . (B), (258)
x  p(@A * 5(Q,A

- 5Q’ZP(§|2Z;(A) + (65,2 +€) (1 - szlz(A)) (259)

=002+ 6(1 — P gf"zﬁz(v‘l)) (260)

> 00,2 (261)

where inequality (257) follows from (28) and (254); (259) follows from the fact
that the sets A and B form a partition of the set M; and (261) follows from the
fact that the sets A and B are nonnegligible with respect to the probability mea-

sure p((-)ﬁ?)ZAlz’ which implies PéQ‘é)\lz(A) < 1. This proves the strict inequality
in (251).

Consider the case in which the empirical risk L, in (3) is not separable with

p@ry (16). Then, for all 8 € supp PN the empirical risk

respect to ©|Z== ©|Z=2
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O|Z==z
L. is nonseparable, then (251) holds with equality. Therefore, (251) holds with
equality, if and only if the function L, is nonseparable, which completes the
proof. |

satisfies L, (0) = 0%, 2> which implies R, (P(Q’/\) ) = 0() - Hence, if the function

P Proof of Theorem 6.1

Let & be a real in (63, ,,00), with 6 _ in (28). Let also v € (0,00) satisfy the
following equality:

R.(PS3.) <o, (262)

p(Q,7)
P@\Z:z

with respect to v (Lemma 6.2); and Lemma 6.5 and Lemma 6.6. From (27), 1t
holds that

where the existence of such a 7 is ensured by the continuity of Rz<

ﬁz(é) 2 L* 2z (263)
and thus,
PelZLL(£2(0) = PI). (£ ) (264
with L7, , defined in (30). Let A be a positive real such that A <, and
5(Q.\
P (Lhs) > 1-c (265)

The existence of such a positive real A follows from Lemma 5.5. From (263), it
follows that

PSR (£2(8) = PSS (£5..). (266)
Hence, from (265) and (266), it holds that
QA

L—e< Patp) . (£5.2) (267)
=(Q,\

< PG (L:(6)). (268)

The equality in (268) implies that the probability measure Péﬁgz’\i L is (d,¢)-

optimal (Definition 6.1), which completes the proof.
[ ]

Q Proof of Lemma 7.1

The proof is divided into two parts. The first part is as follows, from Theo-
rem 3.1, it follows that for all 8 € M,

©|z== _ A
g| —35— @ ‘1°g<kQ,z<A>+Lz<0>> (269)
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—log() — log (K. (\) + L.(8)) (270)
:log()\) —VQ’Z’,\(9>7 (271)

where the function Vg , » is defined in (57b). Thus,

dP(Q’A)

=(Q, ®|Z==z =(Q,
0 (PS50 10) = [0 =522 (0) |ar;) . 0) (272)
—1og() ~ [ Vo (6)4P;.0) (273)
—log(\) — Ro.xa (Pé?;iz), (274)

where the functional R, » is defined in (70). Hence, it follows from (274)
that

log(\) = Ro.= (PST52. ) + D (PE2.1Q) (275)
which completes the proof of (72) and concludes the first part.
The second part is as follows. From (271), it follows that

GBS APy
=5(Q,\ _ =z
D(QUPSY,) = / loz | —S2==(0) |aQ(6) (276)
=—log(\) + /VQyz,A(G) dQ(0) (277)
=—log(\) + RQ,ZJ\(Q). (278)
Hence, it follows from (278) that
log(A) = Ra,-(Q) — D(QIPS. ), (279)
which completes the proof of (73). This completes the proof. |

R Proof of Lemma 7.2

The proof uses the mutual absolute continuity between P(E)Ql’z)‘:)z in (16) and

Q@ (Corollary 3.3). Hence, a probability measure P € Og(M) is mutually
absolutely continuous with P(E)("?’Z’\lz. The proof follows by noticing that for such

P and for all 8 € M, it holds that

dP ap aQ
log dP(Q’)\) (0) = log dQ (0) dP(Q’A) (0) (280)
O|Z==z ®|Z==z
p(Q,N)
dP dP(-)|Z=z
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= log<jp(0) - log([_(Qﬁz()\))\_i_ Lz(6)> (282)

)
—tog( 556)) - log)
(

d@
+ log(Koq,=(\) + L»(89)) (283)
10g(dQ( )) — log()\) + VQ7Z,)\(0), (284)

where the functions L., Kg » and Vg » » are defined in (3), (23) and in (57b),
respectively. The equality (282) follows from (16). Hence, the relative entropy

(P||P (@) ) satisfies,

©|Z=z
PIPSY Y= [1og| —2F _(9) |ap(o) (285)
D (PIFST;.) / dP§Y.
= /(log(jé(@)) —log(A)
+vQ,27A(e)> dP(6) (286)
:/]0g<dg(0)) dP(8) — log())
+ [ Voza(6)aP(®) (287)
= D(P[|Q) ~ log(A) + Rg.2a(P) (288)
=D(PQ) ~ Raen (PSHL.)
—D(PS.1Q) + Rozn(P), (289)

where (286) follows from (284); (288) follows from (70); and (289) follows from
Lemma 7.1. Thus, from (289), it follows that

Ro.-(P) — Roza (PSTFY.) =D (PIPEY.) —D(PlQ)
+D(PST2. Q). (290)

which completes the proof. |

S Proof of Lemma 7.4

From Lemma 7.1, for all a € (0,00), it holds that
D(PS52.1Q) = —Rauz.a(PST52. ) +log(a). (291)

where the functional Rg » o is defined in (70).
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Similarly, from [30, Lemma 20], for all A € (0, c0), it holds that

D (PGLI0) = (R (PSL) +Kas (-5))

with the functional R, defined in (6). From [30, Theorem 3|, the function Sg x
in [30, Definition 7] satisfies that

Son (= P8.) = R (PS5, ) — R (PST) (203)
= A(D(PSLIPSEL. ) + 0 (PSL.1Q)
-D(PS2.I1Q)) (204)
= A\(D(PS21P82.) + D (PSE.1Q)
+Roza (PST52. ) —log() (295)
(D (PS2IPS.) - R (PS2)

1 5 5(Q.
~Kq.. <—A> +Ra= (PS5) - log(a)>, (296)
where (295) follows from (291); and (296) follows from (292). Rearranging (296)
yields
Lo (plao ) _g p(Q.0) p(Q.) | p(Q.N)
XRZ (PG\Z:z) - Rsz’OC (PG\Z:z) =D (PG\Z:z||P®|Z:z) - log(a)

Ko, (-i) . (207)

Similarly, from Lemma 7.2 the function SQ’Q in (75) satisfies that
S @Y ) _R @Y\ _R 5(Q.0)
Sa.a (2 PST7L.) = Roma (PS5, ) ~ Rasa (P81, (208)

-0 (PGIRSE.) -0 (PERLI0)

+D(PS2.1Q) (299)

_ (@A) |1 p(Q,2) (Q,N)
=D (P("D\Z:ZHPGHZ:z) -D (P(-)\Z:ZHQ>

Rz (PGT52.) +log(a) (300)

— (@N)  p(@s)
=D (PG)\Z:z ||P®|Z:z)

1 @) 1
+5R=(PST7L.) + Ko <_A>
— RQ,z,a (péQ"Za:)z) + 10g(0{)7 (301)

where (300) follows from (291); and (301) follows from (292). Rearranging (301)
yields

1 QN = @) QN | p@a)
XRZ (P®|Z:z) —RQ.za (P®|Z:z) =-D (P®|Z:z||PG)|Z:z)
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_ (log(a) + Koo <i>> (302)

The proof proceeds by subtracting (302) from (297), resulting in

1 Q) & (@)
XSQA( P@|z z) *SQO( P@|z z)

(Q,0) (@) (@) Q)
_D(PQ\Z z||P®|Z z) (PQ\Z z||P®|Z z)

+2 <1og(a) + Ko (-i)) (303)

where the functions Sg ) and gQ,a are respectively defined in [30, Definition 7]
and (75). From [36, Theorem 1] and Lemma 7.2, it follows that

1 Q) S (@)
XSQ,A( P@\Z z> _SQ,a(z7P®\Z—z>
(Q,a) (Q;N) (Q;N) (Q,«)
_D( 0|Z= zHP@\Z z) o ( 0|Z= zHPG)\Z z)

+2(D(PS52.11Q) - D(PSS2.1Q) ). (304)
Substituting (304) into (303) yields

D(Pcff;_ ||Q) (Pé?zazllQ) log( )+KQ,z(_i>, (305)

which completes the proof. |

T Examples

T.1 Example 1

Consider the Type-II ERM-RER problem in (11) and assume that: (a) M =
X =Y =10,00); (b) z=((1,0)), which represents a single data point; and (c)
Q < p, with p the Lebesgue measure, such that for all € € supp Q,
dQ
dp
Let also the function f: M x X — ) be

(0) = 462 exp(—20). (306)

£(8,2) = 26, (307)
and the loss function ¢ in (2) be

U(f(8,2),y) = (26 —y)’, (308)
which implies

L=(0) = (20 — y)*, (309)
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with the function L, defined in (3). Furthermore, from assumptions (a), (b),
and (309), it follows that there exists 8* € supp @ such that L,(6*) = 0, which
implies that

00,2 =0. (310)
Under the current assumptions, the objective of this example is to show that
Co,» = [&Q’z,oo). For this purpose, from Lemma 4.2, it is sufficient to show

that the condition in (31) holds. From Theorem 3.1, it follows that Pg‘QZ)‘ )z
in (16) satisfies for all 8 € supp @,

dPSy) A
|Z==z _ 2 _
i (0) = NOE 540 exp(—20), (311)

with 3 satisfying (15). Thus,

/L (0)1 / 46% exp(—20) du(6)  (312a)
_/oO 402 eXp 20) 40 (312b)
o (z0—1y) —6*
/°° 462 exp 20) 40 (3120)
0
_ / 467 eXp 29) 0 (312d)
0
= 4dexp(—20)do (312e)
0
=2, (312f)

where (31 a) follows from (306); (312c¢) follows from the assumption that (z,y) =
(1,0); and (312d) follows from the fact that o5 , = 0. Finally, the function
Kq,» in (23) satisfies Ko .(3) = 0, which 1mphes =05, € Cq,z, thus the set
Ag > = (0,00).

T.2 Example 2

Consider Example 1 in Appendix T.1 with z = ((1,1)). Note that (310) holds
for this example. Under the current assumptions, the objective of this example
is to show that Ag . = ((522 z,oo). For this purpose, from Lemma 4.2, it is
sufficient to show that the condition in (31) does not hold. That is,

1 ) 10
/MdQ(e) :/Mdﬂ(@) dp(6) (313a)
[ 462 exp(—20)
- / L.(0) - o5, du(9) (313b)
_ [ _467exp(-20) .
= / w0y o dy(0) (313c¢)
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i / W 1(0) (313d)
) 4/ 02(?(11(1_)20) 4u(8) (313e)
_ 4/<0exp(—2:)_4;mp(22m

= Cxpé:) I):xp(;%) ) du(8) (313f)
(o

+/ ecxpé_:)Jrl;"(;?@) dﬂ(‘”) (313g)
_ 4(;/ 20 eXp(—Q:l—&;eXp(_QB) 44(6)

% / Oexp(?:)Jrl )e;cp(20) du(e)) , (313h)

where (313a) follows from the assumption that Q < u, (313b) follows from (306), (313d)

follows from (310) and the assumption that (z,y) = (1,1). Using integration
by parts on the second integral in (313h), let the functions ¢ : M — R and
Y : M — R be

$(0) = O exp(—260) + exp(—20), and (314a)

TIC) Pp—— (314b)

The derivatives of ¢ and v satisfy

do

du(a) = —260 exp(—20) — exp(—20), and (315a)
dyp, o 1
W= G (3150)

respectively. Note that given a subset [a,b] C M with a,b € R such that a < b
it holds that,

/ exp(—20) + exp(—20) du(6)
[a,b]

0 —1)°

_ dy a
- [, @5, 0n0 (316a)

S CCLC) e A ACECE0 (3160)
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B [ _ Oexp(—20) + exp(—20)]b
N 0—1 a
+/ —20 exp(—20) — exp(—20)
[a.b]

91 du(0), (316¢)

where (316¢) follows the equalities (314) and (315). Substituting (316c¢) into (313h)

yields
| or=s, 100

4 / GQGXP 29) du(0) (317a)

[0,00

—4 eXp )d ) + 4 0% exp(=20) 4 o) (317D
/ ; 1(0) + /(1,00) (@) (317b)
exp

O

[0,
9) au(0) (317¢)

v
i
i

B 20 exp( 29) + exp(—20)
_2</[01 o d,4(6)
exp(—20) + exp(—280)
+ /[0 ; 017 du(@)) (317d)
20 exp(—20) + exp(—20)
< 51 du(6)
[ Oexp 20 ) + exp(— 29)]1
-1 0
7/ 20exp(720) + exp(—20) du(6) (317¢)
[0,1] -1
_ 2[ B 0€xp(—2(99)j1exp(—26)](1) (3171)
- 0 (317g)

where (317a) follows from the assumption that M = [0,00), (317c) follows
from observing that for all 8 € [0, 00), it holds that % > 0, in (317d)
follows from (313h), and (317e) follows from substituting (316¢) into (317d).
From (317g), it follows that the function K¢ , in (23) is undefined at zero,

which implies 67, , ¢ Ag, =, and this, Ag » = (0, 00).

T.3 Example 3

Consider the Type-II ERM-RER problem in (11) and assume that: (a) the set
B is a proper subset of M, and (b) the probability measure @) satisfies

Q(B) =¢, and (318a)
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QM\B)=1—¢, (318b)
with € > 0. Let the empirical risk function L, in (3) be

0 if 6eB

Lz(a):{c it 6ecM\B, (319)

with ¢ > 0. Under the current assumptions, the objective of this example is to
show that for all z € (X x )", it holds that Cq . = (=05 ,,00) and Ag. =
(0,00). To show this, it is necessary to characterize the function Kg . in (23b).
Hence, from the fact that the Lagrangian multiplier 5 for the optimization
problem in (11) satisfies

A

which follows from Theorem 3.1, the empirical risk function L, : M — ]RéF
in (319), which is a simple function, and the probability measure @ in (318a),
it holds that
[ 5t 100 =A(51oQUTE) + M\ TR))  G21)
B+L:(v) B+co B+e

A( ! m7u»+1u—QU@m) (321b)

p+co B+c
(B+c1)Q(T(2)) + (B+co)(1 —Q(T(2)))
( 62+B(CO+CI)+6061 > (321C)
_ [ (1= c)Q(T(2) + B+ co
A( 62+6(CO+01>+0001 ) (321(1)

>

From (320) and (321d), it follows that

0 =%+ B(co +c1) + cocr — M(e1 — c0)Q(T (2)) + B + co) (322a)
:52 —+ 5(60 =+ C1 — )\) + CoC1 — )\CQ — /\(Cl — CQ)Q(T(Z)) (322b)

Hence,
0=3%+B(c1 = A) = A1 Q(T (2)). (322¢)

Observe that the expression in (322¢) is a quadratic polynomial that has two
roots 71 and ro. Hence, (322¢) in terms of 1 and ro satisfies

0=p%—(ri +72)B + 7172 (323a)
=(B—r1)(B —r2), (323b)
where the roots r; and ry are given by the quadratic formula such that
- -2\’
S 5 ) _ \/<Cl 5 ) + 2 Q(T(2)), (324a)
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and

p=- G- \/ ( - A) FAQQ(T(2)): (324b)

The proof continues by verifying that the roots in (324a) and (324b) are real
and there is only one positive root for all A € (0,+00) and for all Q(7T(z)) €
[0,1).

Note that for all ¢; € (0,00) and for all A € [0,4+00), it holds that

_012—/\§ 012—)\‘ (325)
_ <01;A)2 (326)
<\/<C1 = A>2 A Q(T(2)). (327)

Observe that for all Q(T(z)) € [0,1), ¢1 € (0,00) and A € [0, 00) the expressions

(%)2 and Ac;Q(T (z)) are always positive. Thus, the square roots in (324a)
and (324b) are real, which implies that 1 and ro are real. From (324) and
(327), for all A € [0,400) and for all Q(7(2)) € [0,1), it holds that

r1 <0; (328a)
and following the same arguments
rg >0. (328Db)

Hence, the solution for the Lagrange Multiplier 8 that satisfies (320) given the
empirical risk function L, in (319) and the probability measure @ in (318a)

p=—ta=N, ¢ (“52) +ra@TE@), (329)

which implies that the function Kg , in (23b) under the current assumptions
in (318) and (319) satisfies

7 ) -2\’
Ko () =~ . ) 4 \/<C2) +AcQ(B). (330)
From Theorem 3.1, it follows that Pg‘”)’zl)z in (16) satisfies for all 8 € supp @,
dP(Q”\l A
jg—z (6) = = — : (331)
L.(6) — S5~ + \/(Cg )"+ XeQ(B)
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Under the current assumptions, from Lemma 4.2, it is sufficient to show that
for all ¢ € (0,00) and A € (0,00) in (319), the function K¢ , in (23b) is strictly
greater than —d7, .. From equality (330), it holds that

2

Ko = - 3 Y, \/ (C 5 A) +AcQ(B) (332a)
S le=n ey (332b)

2 2

(c— M) c—A

=- 2

5 5 (332¢)
>0 (332d)
=—65.2 (332¢)
which proves that for all ¢ € (0,00) and for all A € (0,00), it holds that
Ko () > —04 , which implies that —dg, . ¢ Cq . with the set Cg . defined

in (23) and thus Ag,z = (0,00).

U Numerical Simulation

The MNIST dataset consists of 60,000 images for training and 10,000 images for
testing. Out of the 60,000 training images, 12,183 are labeled as the digits six
or seven, while 1,986 out of the 10,000 test images correspond to these digits.

Each image is a 28 x 28 grayscale picture and is represented by the matrix
Ief0,1]%%.

U.1 Feature Extraction of the Histogram of Oriented Gra-
dients

The grayscale images are processed by calculating their corresponding histogram
of oriented gradients (HOG) [60]. The HOG for each image is computed through
the following steps:

1.) For each pixel location (i,j) € {1,2,...,28}? in the image, the gradients in
the w- and h-directions (width, height) are computed using finite differences
given by the functions G, : {1,2,...,28}2 — R and Gy, : {1,2,...,28}2 - R,
which are defined as

I(i+1,5)—I(6i—1,5) ifie{2,...,27}
Guw(i,j) =< It +1,5) —1(i,7) ifi=1 , (333)
I(i,5) — I(i—1,5) if ¢ = 28
and
I(i,j+1)—1I(i,j—1) ifje{2,...,27}
Gn(t,7) =< I(i,5+1)—I(3,5) ifj=1 , (334)
I(i, ) —I(i,j—1) if j =28
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where I(i,7) € [0, 1] represents the pixel intensity at location (i, 7).

2.) Given a pixel location (¢,7) € {1,2,..., 28}2, the magnitude and orientation
of a pixel at location (i, ) is given by the functions M : {1,2; ..., 28}2 — R and
o:{1,2, ...,28}2 — R, such that

M, j) = A/ Gu(i,5)* + Gn(i,§)°, and (335)
i, j) = arctan 7Gh(i’j)
0(63) = rctan 205 ). (336)

3.) The matrix I is divided into sub-matrices of size 4 x 4, such that the number
of sub-matrices is 7. These sub-matrices are referred to as cells and are denoted,
for all (w,h) € {1,---,7}>, by

I(aun bh) I(aw + vah)
Cuwp = : ; , (337)
I(aw,bp +3) -+ I(aw+3,bp+3)

where the real values a,, and b;, are

ay =4(w—-1)+1 (338)
by = 4(h — 1) + 1. (339)

This implies that the matrix I can be represented as

I=| + . | (340)
Ciz - Cry

From (337), the set of all pairs (4, j) of pixel coordinates in I that lie within the
cell Cy, 1, is given by:

Aw,h == {awa Ay + 3} X {bha bh + 3}3 (341)

with a,, in (338) and b, in (339).

4.) For each cell Cy, 5, in (337) the orientations ¢(i,7) in (336) are divided into
9 bins. That is, the n'” bin, with 1 < n < 9, satisfies that

n—1

B = {w,j) ER: 180( ) <o) <1502 : (1) € Aw,h}. (342)

The contribution of each pixel to its corresponding bin is based on its gradient
magnitude. That is, the value of the n-th bin from the (w,h)-th cell Cy 4
in (337) is given by the function Hy, (n) : {1,2,...,9} — R, such that

Hw,h(n) = Z M(Z”j)]l{qB(i,j)EB(";L}’ (343)
(i.3)€Aw,n v
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with M in (335); and Bq(ﬂn;l in (342). Thus, the histogram of gradient orientations
of the cell C,, j is represented by the vector H,, j € R?, such that

Hw,h = [Hw,h(1)7 Hw,h(2)7 T Hw,h(g)]a (344)

with the function H,, p, in (343).

5.) To account for illumination and contrast variations, the histogram H,,
in (344) is normalized. To normalize the histograms for all cells C,, , in (337),
the cells are grouped into sub-matrices formed by 2 x 2 cells with a cell overlap
set to 1 pixel, such that the number of sub-matrices is:

(7T—1)x (7T—1) = 36. (345)

These sub-matrices of the matrix I in (340), with (m,s) € {1, \/36}2 are
referred to as blocks, and denoted by

Cm,s Cm+1,s
C(171,5-‘,-1 Cm-‘rl,s—i-l ’
with the matrix C,, s in (337). From (340) and (346), a block B,, s is a sub-
matrix of size 8 x 8, i.e., By, s € R®*®. The size of a block is given by the ratio
of the total number of pixels in a block to the number of pixels in a cell:
8
X 8 _4,
4 x4

Bos = (346)

(347a)

The normalized histogram of a cell Cy, p, in a block By, s is denoted by the vector

H i}m};s) € R°. This normalization of is typically done using the f5-norm, such
that

rr(m,s H
Y = il (348)

)
2 2
Hij+e

\/(i7j)€{m7m+l}><{s7s+1}

where H,, j, in (344) is the unnormalized histogram, and the ¢ = 107* to avoid
division by zero.

6.) For an image with 36 blocks (see (345)), 9 orientation bins, and a size of
block 4 (see (347)), the dimension of the HOG feature vector x is:

36 x 4 x 9 = 1296. (349)

The HOG feature vector X € R2% is formed by concatenating all the normalized
: Fr(m,s)
histograms H, ;" such that

R Ar(1,1) 2r(11) £r(1,1) £4(1,1
X:[Hg,l)7Hg,2)7H;,1)7Hg,2)ﬂ
2 (2,1) £r(2,1) £5r(2,1) £5(2,1
Hé,l)vHé,z)vHi(%,l)vH‘(,Q)""v

~(6,6) 7r(6,6) £r(6,6) £r(6,6)]"
aY HEP B HE | (350)
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U.2 Principal Component Analysis

The final step in the data processing is to reduce the dimensionality of the
pattern X in (350) from R'2%® to R?, while ensuring that the important structure
of the pattern is preserved. In this simulation, principal component analysis
(PCA) is used to project the high-dimensional data onto a lower-dimensional
subspace. From 60,000 images for training in the MNIST, the HOG of two
handwritten numbers (in this simulation 6 and 7) are computed, as mentioned
in Appendix U.1. The resulting 12,183 HOG vectors x € R'2? are reduced to
R? using PCA as follows:

1.) To reduce the dimensionality, the first step in PCA is to compute the co-
variance matriz of the data. This matrix captures the relationships between
the different features (or dimensions) of the data. The covariance matrix is
calculated as follows:

=S - wi- (351)

n—1
i=1

where n = 12,183, C € R!296x1296 and p is the mean of all the training patterns
given by

1.

p=- Z ;. (352)
=1

2.) The next step in PCA is to perform an eigenvalue decomposition of the

covariance matrix C in (351). The decomposition can be written as:

C=VAV', (353)

where V€ R!296x129 5 5 matrix whose columns are the eigenvectors of C
and A € R1296x1296 j5 5 diagonal matrix containing the corresponding eigenval-
ues.

3.) Following the computation of the eigenvectors, the dimensionality is reduced
from R'?% to R? by selecting the two eigenvectors associated with the largest
eigenvalues. Denote these top two eigenvectors as w; and wsy. These eigen-
vectors constitute the columns of the projection matrix W € R1296%2 defined
as

4.) Once the projection matrix W is computed, each high-dimensional pattern
% € R'?96 can be projected onto the new R? subspace. The projection is
performed as follows:

x=W'x, (355)
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with % in (350), W in (354) and x € R? is the 2-dimensional coordinates of the
original pattern x in the reduced-dimensional space.

U.3 Simulation Dataset

In this simulation, a datapoint is a tuple (%,y) € R?% x {6, 7}, with % in (350)
and y being the label assigned by MNIST to the image I in (340). The label y
corresponds to the digit in the image I. Such an image produces the vector X,
when its HOG features are computed.
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