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Abstract

In this paper, we study the long time behaviour of the Fokker-Planck and the kinetic Fokker-Planck
equations with many body interaction, more precisely with interaction defined by U-statistics, whose
macroscopic limits are often called McKean-Vlasov and Vlasov-Fokker-Planck equations respectively.
In the continuity of the recent papers [66, 46, 45] and [47, 77, 78], we establish nonlinear functional
inequalities for the limiting McKean-Vlasov SDEs related to our particle systems. In the first order
case, our results rely on large deviations for U-statistics and a uniform logarithmic Sobolev inequality
in the number of particles for the invariant measure of the particle system. In the kinetic case, we first
prove a uniform (in the number of particles) exponential convergence to equilibrium for the solutions
in the weighted Sobolev space H! (i) with a rate of convergence which is explicitly computable and
independent of the number of particles. In a second time, we quantitatively establish an exponential re-
turn to equilibrium in Wasserstein’s #%-metric for the Vlasov-Fokker-Planck equation. Some concrete
examples are also provided.

Keywords. U-statistics; propagation of chaos; polynomial interaction; (kinetic) Fokker-Planck equa-
tion; McKean-Vlasov equation, functional inequalities; convergence to equilibrium; (hypo)coercivity.
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On the long-time behavior of the McKean-Viasov PDE 1 INTRODUCTION

1 Introduction

In the continuity of the recent papers [46] and [45], we establish exponential convergence towards equilibrium for a class
of McKean-Vlasov and Vlasov-Fokker-Planck with polynomial interaction (macroscopic interaction associated with U-
statistics and defined in Eq. (1.17) and Eq. (1.18)). Before going further into the details, we recall the general setting
related to our problem.

General homogeneous McKean-Vlasov diffusion. The processes studied in this paper belong to the following class of
stochastic differential equations:
dX, = b(X;,Px,)dt +o(X;,Px,)dB;, (1.1)

with respectively b : RP x 2 (RP) — RP the drift coefficient, o : RP x #(RP) — p,p(R) the diffusion coefficient and
(Bf) =0 a standard p—dimensional Brownian motion. More precisely, we are interested in the study of exponential ergod-

icity of the process defined by
2

dXt = _(@mF(PXﬂXI) + %VV(X[))dt"l‘ O'dB[, (12)

where F: Z([RP) — R, 9,,F is the intrinsic derivative (L—derivation or derivation in the sense of Fréchet of F on the

probability measure space, see Eq. (1.26) for precise definition) which is none other than the gradient of a flat deriva-

tive (see Eq. (1.26)) of F: 92,,F(m,-) := Vg—;l(m, -) (for example, if F(m) = f(pdm, we have g—rfl(m,x) = @(x) then,

PmF(m, x) =V@(x)), V is a confinement potential and o > 0 (in this paper, without loss of generality and for the sake of
standardization, we take o = v/2). Equation (1.2) also writes

5H
dX, = —V%(th,xt)dt+odBt (1.3)

with the functional H given by
o2
H(p) := F(p)+?[Vdp. (1.4)

With these notations, considering polynomial interactions means that F is a polynomial on the probability space of degree
at least two (see Eq. (1.17) for details). The second term being a polynomial of degree 1, the function H is also a polyno-
mial on the probability space (without constant term).

The related mean-field particle system. The n—particle associated with (1.2) is given by the following system of SDEs:
Vie{l,...,n}, dX}"=bX;" uxndt+oX},", uxs)dB}, (1.5)

where B,...,B" are n independent Brownian motions and Hx» denotes the empirical measure defined by
1 & D
Moo= — Y By x=(x1,...,x5) € ®RD)".
k=1

Under standard assumptions, (X" i, is aMarkov process with infinitesimal generator defined on an appropriate subspace
of €,((RP)™) by,
n
Lpex):=) £, W) (1.6)
i=1
where for a given p € P[RD),
1
L= b(-,u)~V+ETr(oo*(~,u)v2), He2RP) (1.7)

and the notation ZM; ¢ denotes the action of an operator £ defined on (a subset of) €}, (RP) against the i-th variable of a
function ¢ € %b((RD)”); in other words, ZM; is defined as the function:

x€RP) — Ly — @X1,..., Xi—1, V) Xit1)---» Xn)] (X)) ER.

In the family of equations of type (1.5), kinetic particle systems correspond to the case where Zi’" = (Xi'",V;"” ) € R4 x R4
is a particle defined by two arguments, its position Xi’" and its velocity Vi’” defined as the time derivative of the position.
The evolution of a system of kinetic particles is usually governed by Newton’s laws of motion. In a random setting, the
typical system of SDEs is thus the following:

dxi" =vi'dt

. dr o . 1.8
dAvy" =FX;" V" pxpd e+ o X" V" ) dB, o

Viefl,...,n}, {
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where F: RY x R x Z([R%) — R and o : RY x RY x 2(R%) — A ;(R). Note that it is often assumed that the force field
induced by the interactions between the particles depends only on their positions. Note that in the system Eq. (1.5) there
are actually nD independent one-dimensional Brownian motions. In particular, for kinetic particles defined by their posi-
tions and velocities, the noise is often added on the velocity variable only (this case is nevertheless covered by Eq. (1.5)
with a block-diagonal matrix ¢ with a vanishing block on the position variable). This special case of the McKean-Vlasov
diffusion in RP = R? xR¥ is also often called a second order system by opposition to the first order systems when RP = R%.
In this paper, we will establish some uniform exponential convergence of the particle systems Eq. (3.5) and Eq. (3.16)
(defined below) which in turn will allow us to derive the same properties for their mean-field limiting dynamics.

McKean-Vlasov PDE. It is classically assumed that the domain of the generator £, does not depend on p. This domain
will be denoted by & < 6, (RP). In that case, it is easy to guess the form of the associated nonlinear system obtained
when n — +oco. Taking a test function of the form @(x,...,x,) := w(x;), where @ € &, one obtains the one-particle
Kolmogorov equation:

d
— P ) = f( o L, 9)Pxy (dx) = E[ Ly 9X])). (1.9)

Note that the right-hand side depends on the n—particle distribution. If the limiting system exists (propagation of chaos)
then, its law p; at time ¢ = 0 is typically obtained as the limit of the empirical measure process:

" (1.10)

This also implies Py, nEe M. Reporting formally in the previous equation, it follows that p; should satisfy
t

d . ..
(V(peé"ﬁ’, %(pt,(p):mt,ffp[(p))<:>6tpt:.§€gtp.t, where .,%’Jt is the weak adjoint of Z,. (1.11)

This is the weak form of the so-called the (nonlinear) evolution equation induced by (1.1). The evolution equation
Eq. (1.11) can be written in a strong form (at least formally) and reads:

1 D
Ot (x) ==V (b(x, uppy) + 3 > axiaxj((‘70*)1',]'(3"}1:)”1:)- (1.12)
ij=1

This is a nonlinear Fokker-Planck equation which is used in many important modelling problems. This equation was
obtained (formally) previously using only the generators when n — +oco. Here, there is an alternative way to derive the
limiting system: looking at the SDE system Eq. (1.5), the empirical measure can be formally replaced by its expected
limit p,. Since all the particles are exchangeable, this can be done in any of the n equations. The result is a process
(X) =0 Which solves the SDE: (McKean-Vlasov process)

d)_(tZb()_(t,p.t)dt'f—o'()_(t,pt)dBt, (113)

where (B;) ;>0 is a Brownian motion and X ~ Ho. Moreover, since for all i, X’t” has law Py, and since it is expected that
t

le,n
The dependency of the solution of a SDE on its law is a special case of what is called a nonlinear process in the sense
of McKean (Eq. (1.1) is equivalent to Eq. (1.11) via mean-field system given by Eq. (1.6). Under appropriate conditions,
the process Eq. (1.13) is well defined or (equivalently) the PDE Eq. (1.12) is well-posed (see [30, Proposition.1] or
Theorem A.2 for details).

Remark 1.1. Note that when o = 0, the limit equation Eq. (1.12) is the renowned Viasov equation which is historically
one of the first and most important models in plasma physics and celestial mechanics.

iy ¢, the process X¢) >0 and the distributions (1£) =0 should be linked by the relation: for all ¢ = 0, X, ~ Me-

Equivalently, our main objective is the study of the long-time behavior of the solution flow of the nonlinear (2,,F must at
least depend on the measure otherwise we find the standard Fokker-Planck PDE) Fokker-Planck equation:

2 2
atmzv-((@mF(m,-)+%VV)m+ %Vm). (1.14)

From two-body to many-body interactions. Depending on the form of the drift and diffusion coefficients, the McKean-
Vlasov diffusion can be used in a wide range of modelling problems. The first case is obtained when b and o depend
linearly on the measure argument. Namely, for 7, m € N, let us consider two functions K; : R? x R? — R”, K, : R? x R —
R™, and let us take b(x, u) = b(x, K * p(x)), o(x, 1) = 0(x, Kz * u(x)), where b:RYxR" - R, G:RY x R™ — #;(R) and
K; % pu(x) := [K;(x,y)u(dy). When K;,K; and b, G are Lipschitz and bounded, the propagation of chaos result is the given
by McKean’s theorem.

In many applications, o is a constant diffusion matrix, K; (x, y) = K(y — x) for a (usually symmetric) radial kernel K : R4 —
R? and b(x, 1) = K pi(x). Note that the case where K has a singularity is much more delicate but contains many important

Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 3 Mohamed Alfaki AG ABOUBACRINE ASSADECK
F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Viasov PDE 1 INTRODUCTION

cases (such as the Biot-Savart kernel or the 2D-incompressible Navier-Stokes model in fluid dynamics).
The case of gradient systems is an important sub-case when o (x, 1) = old for a constant o > 0 and

b(x, 1) = —VV(x) —fw VW (x - y)u(dy) (1.15)

where V,W are two potentials on R? respectively called the confinement potential and the interaction potential. The limit

Fokker-Planck equation
2

(o)
Orkr = AR+ V- (e VVEW 1)) (1.16)

is called the granular-media equation. The above models are two-body interactions. This is characterized by the fact
that K; or K, depend on only two variables or equivalently by the fact the functional F: p— [Kj(x, y)u(dx)pu(dy) is a
polynomial of degree two. Nevertheless, in some other models, one may find some interactions which involve more than
two particles. This is for instance the case of the Skyrme model (see [88]). This is why in this paper, we choose to consider
a polynomial dependence in the measure p induced by order statistics (many-body interaction) in order to generalize the
results obtained in the case of a linear interaction in the measure p defined by the convolution via a potential two-body
interaction ( [45], [46]). More exactly, under adequate assumptions (see HMV3.1, VFP3.2), we are interested in the
exponential return to equilibrium of the solution of Eq. (1.14) in the case

N
Fw=)Y fW(k)dp®k, (1.17)
k=2

where Vk e {2,...,N}, W® is a symmetric interaction potential between k particles and N represents the number of such
potentials. The intrinsic derivative 2,,F (v, y) associated with this functional is given by

61:; N k _
V%(v,y) =y > ijW(k)(xl,...,x,-,l,y,xjﬂ,...,xk)v@k 1(dx1,...,dxj,l,dxjﬂ,...,dxk) (1.18)
k=2j=1

The associated microscopic (particle-level) interaction is given by (U—statistic of order k and kernel ® = W(®)

kl(n—k)!

' Yo owlin  Xeny where X = XML, X" € (RP)". (1.19)
n.

1<ii<..<ig<n

UnWH):=

UX"™) := U, (®) is called U—statistic of order k and kernel ® associated with the sample X”. This statistic corresponds
to the arithmetic mean of the kernel ® over all the parts at k elements of the set of sample values. We will often write
U, (W) (X" :=: U(X"). We generalize this definition to the space of probabilities by the functional

ne P RP) Mf odpu®k, (1.20)
RKD

called monome of degree k and coefficient ® on the probability space 22(RP). The link between these two microscopic
and macroscopic interactions is given by

N
Y U, (WP) = F(uxn). (1.21)
k=2

Remark 1.2. Note that the granular-media equation (1.16) is a particular case of (1.14) with

1 2
F(p = f W@, ypdnpdy) W2,y = W=y Vi = V). (1.22)

Indeed, in this case, we have

S5F
%(u,x)=fW(2)(x,y)u(dy)+fW(2)(y,x)p(dy)=fW(x—y)p(dy) = W (), (1.23)

so that SF
DmF(, x) = V%(p,x) = VW % p(x).

Energy and Large Deviations. Consider Mlp (RP) defined in §2, G: Mf (RP) — R (which can be nonlinear) and the
probability (Gibbs) measure « related to V, i.e. a(dx) = Zy'e”V™@dx with Zy = [e VWdx (where Zy is assumed to

finite). For any o > 0, we put
2

VoS (m) := G(m) + %H[ml(x]. (1.24)
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VoG is an energy function regularised by the KL—divergence H[m|a] which is given by Eq. (2.3) in §2. It is known (see
e.g. [52, Proposition.2.5]) that VoG is minimized by a measure m®* satisfying the following fixed point problem (it is
noteworthy that the variational form of the invariant measure of the classic Langevin equation is a particular example of

this first order condition)

1 _2(8G (0% 402
mo* (dx) = Z_e p (5, (M7, X)+ = V(x))dx’ (1.25)
o

where Zs is the normalising constant, and for any m € Mlp (RP) and x € RP, g—g(m, x) denotes a flat derivative of G with

respect to m, in the direction of x, evaluated at m. For any 0,0, € Mlp (RD), the function g—’% :M{” (RP) xRP — R satisfies

1 oG
G(©1)~ G(Oo) = f f O (@0 +A(©1 - 00), 0)(O1 — 00) () A (dN). (1.26)
o Jrp dm

This notion of derivative appears in the literature under several different names, including the linear functional derivative
(see e.g [22, Section.5.4.1]) or the first variation [2].

Remark 1.3. It is important to note that we have uniqueness modulo the choice of a function of the measure. The
McKean-Vlasov SDE given by Eq. (1.2) (therefore the associated PDE given by Eq. (1.14) and the invariant measure
given by Eq. (1.25)) does not depend on the choice of the function of the measure in the calculation of a flat derivative: we
can therefore do the calculations with any flat derivative. By convexity of ./%1!7 R4), forall £€[0,1],0,:= (1-1)O¢+ 1O, €
[09,0;] c Mf (R%). Eq. (1.26) is equivalent to deriving the functional G along the end segment © and ©; parameterized
by the path £t € [0,1] — Oy:

d 3G
26O = [ 2(01,0061(d). (1.27)
dt rD Om
In practice, this reformulation via derivation along paths lends itself better to calculations. For example, it is easy to check
oF S ") k-1
V—vp»=> k| VuaWR(y,2v®* (d2); (1.28)
5m k=2
PDpHL 1l (v,y) = Vo (@)( ) (1.29)
m y)=Viogl oo |- -

In [66], the authors showed a Sanov theorem by large deviations on U-statistics in which VV2F is a good convergence
rate function, which implies that VV2F admits a minimizer: inf-compactness of the mean-field energy functional. As for
uniqueness, it is not assured: in statistical physics, we speak of phase transition. We ensure uniqueness by a contraction
property (see HMV3.1) on the invariant measure application induced by Eq. (1.25). Large Deviation Principles imply
propagation of chaos, but they do not always give a way to quantify it since the related results are often purely asymp-
totic (for instance, Sanov theorem is non-quantitative). Nevertheless, the results of large deviations turn out to be very
useful for the technical passages in the macroscopic limits: when one makes tend the number of particles to infinity. In
the seminal article [11], the authors improve results from [62] and [17] on Large Deviation Principles (LDP) for Gibbs
measures and obtain as a byproduct a pathwise propagation of chaos result for the McKean-Vlasov diffusion. Firstly, [11,
Theorem.A] (or Theorem A.3) states a large deviation principle for Gibbs measures with a polynomial potential. [11,
Theorem.B] quantifies the fluctuations of px» in the non-degenerate case. Analogous results for the degenerate case are
given in [11, Theorem.C]. For more details, see also [30, Theorem.4.7, Corollary.3]. We use the large deviations results
obtained on the order statistics in [66]: In addition to the fact that the mean-field entropy functional (Eq. (A.62) or VV2E
defined by Eq. (1.24)) is a rate function (Theorem A.3) for the random empirical measure px», the authors show that it is
a good rate function that has good tensorization properties.

Long time behavior. In the present paper, we are concerned by the long-time convergence towards the solution to an
optimization problem on the subspace ./%lp (RP) of probability measures .4/ (RP): we consider a function E : Mf (RP) - R
and we want to find a minimizing measure m* := arginf MF(RD)E such that for a gradient flow (see e.g. [2] and [81])

(my) =0 associated with E, we have an exponential estimate of the deviation E(m;) — E(m*) of the form (with C = 1 and
p>0)
E(m;) —E(m™) < C(E(mg) —E(m™))e °". (1.30)

Eq. (1.30)-type Inequalities are called hypocoercive inequalities. We call E—E(m*) the entropy functional ([56],[6],[35])
of the system and —%(E(mt) —E(m*)) the production of entropy (usually called energy in mathematical literature).
Clausius invents the concept of entropy, Boltzmann proposes to derive entropy along the flow. Generally speaking, an
entropy is a Lyapunov functional of a specific form. It is however hard (and even somewhat artificial) to give a formal
narrow definition of entropies that distinguishes them from, say, energies. An entropy is a quantity calculated from a
solution, which decreases over time when the solution obeys an evolution equation, and which is stationary only for the
stationary solutions of the equation. In conclusion, the concept of entropy is a tool that adapts to what we want to study.
The notion of hypocoercivity was proposed by T. Gallay. The objective is typically to control the entropy at time ¢ by
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the initial entropy multiplied by a constant C (always greater than 1) and a exponential decay factor, with exponential
decay rate as good as possible in big time. This theory is inspired by the hypoelliptic theory of L. Hormander, and the
terminology hypocoercivity accounts for the relationship between entropy and its derivative with respect to ¢. There would
be coercivity if C =1, which is clearly not possible in most cases considered in kinetic theory. It is well known that, for
the standard Langevin equation of Hamiltonian V (given by Eq. (1.2) in the case F = 0), for p > 0, the following assertions
are equivalent:

Vo e EPRY), pEntylp?] szfuwpnzdcx. (1.31)
pH[|a] < 2I[-|a]. (1.32)
V=0, Hulal <Hlpylale ™. (1.33)

These three equivalent assertions imply the T2—Talagrand inequality
p#5 () < 2H[ o, (1.34)

inequality which, in turn, implies an exponential contraction in wasserstein metric %>, i.e. the exponential convergence of
the flow (1Y) =0 (solution of the Fokker-Planck equation associated with the standard Langevin process of Hamiltonian
V) to the maxwellian (invariant measure of the Langevin process that can also be seen from equivalently as the unique
argming, pa)H[-|a]) o of the Fokker-Planck PDE given by Eq. (1.14) in the case F = 0:

2
VE=0, Wi, < 5H[p}{kx]e‘m. (1.35)

Eq. (1.31) and Eq. (1.32) respectively define the logarithmic Sobolev inequality ([6]) and its dual version. According to
the dimension curvature criterion of Bakry-Emery, we have

(3p>o V(x,h) eR? x R4, <VZV(x)h,h>>p||h||§)=>Eq.(1.31). (1.36)

Note that in the case of the symmetric Langevin-Kolmogorov process, we have

mi=ny, m*=a E=H[la, E(m,)-E(m*)=Hu|a, (1.37)

_i _ * __i Vv _ Vv
dt(E(mt) E(m™)) = dtH[MHO‘]—I[HHO‘l (1.38)

The objective of this work is to identify a flow of measures (mf’F ) =0 (flow solution of Eq. (1.14)) such that

t—+o00

VU'F(M?’F)—VG'F(mU’*) —0, (139)

as well as conditions (HMV3.1, VFP3.2) that ensure that this convergence is exponential. To this end, we equip the space
Jllp (RP) with a suitable distance function d : Jllp (RP) x j[lp (RP) — R, and consider a corresponding gradient flow, where
the form of the flow is dictated by the choice of d. Such a problem has been dealt with in the case of the Fisher-Rao metric
(see [65]): the authors established from a Polyak-Lojasiewicz inequality the exponential convergence of the gradient
flow (m([”G) =0 described by the birth-death equation along Vo' towards V% (m®*). In our case, Eq. (1.30) implies the
exponential decay in d-metric (transport distance):

d(my", m™*) < y(VOF (mg") =V (m™*))e ", (1.40)

Eq. (1.40) is a consequence of transport inequalities (see [95]). Moreover, given a measure m?* satisfying the first order
condition Eq. (1.25), it is formally a stationary solution to Eq. (1.14) called the Maxwellian of the McKean-Viasov PDE.
Therefore, formally, we have already obtained the correspondence between the minimiser of the free energy function
and the invariant measure of Eq. (1.2). In this paper, the connection is rigorously proved mainly with a probabilistic
argument. The study of stationary solutions to nonlocal, diffusive Eq. (1.14) is classical topic with it roots in statistical
physics literature and with strong links to Kac’s program in Kinetic theory [76]. We also refer reader to the excellent
monographs [2] and [5]. An important issue is the long-time behaviour of gradient systems which is often studied under
convexity assumptions on the potentials. In particular, variational approach has been developed in [25] and [81] where
authors studied dissipation of entropy for granular media equations Eq. (1.16) with the symmetric interaction potential of
convolution type (interaction potential corresponds to term 2, F in Eq. (1.14)). Following on from the work done in [81]
and [25] (among others) on the long-time behavior of Eq. (1.16), in [46], the authors proved via a uniform logarithmic
Sobolev inequality in the number of particles that

orel 2 ol
Vi=0, Hwlv]<Hwlvole ®$2 and #2(Vs,Voo) sp—Hw[vo]e PLs7, (141)
LS
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On the long-time behavior of the McKean-Viasov PDE 2 NOTATIONS AND DEFINITIONS

Eq. (1.41) translates the exponential decrease of the mean field entropy Hy (given by Eq. (1.30) with E = V°'F) and the
contraction in Wasserstein metric (d = #3) of the solution flow of Eq. (1.14) in the case

1
o=v2 and F(u = EfW(x,y)p(dx)p(dy). (1.42)

The study of the long-time behaviour for the VFP equation is often more difficult than that of the McKean-Vlasov equation
because of two reasons:

(1) it is a degenerate diffusion process where the Laplacian acts only on the volocity variable and;

(ii) itis not a gradient flows but simultaneously presents both Hamiltonian and gradient flows effects.

In [47], combining the results of [46] and [77], the trend to equilibrium in large time is studied for a large particle system
(given by Eq. (3.16) in case of a two-body interaction) associated to a Vlasov-Fokker-Planck equation by the authors:
they showed that under some conditions (that allow non-convex confining potentials), the convergence rate is proven to be
independent from the number of particles. From this are derived uniform in time propagation of chaos estimates and an
exponentially fast convergence for the nonlinear equation itself.

Contributions. In this paper, we are going to prove in a polynomial interaction setting
(i) propagation of chaos in Wasserstein’s #,-metric for our particle systems given by Eq. (3.5) and Eq. (3.16).

(ii) entropic convergence to equilibrium for the nonlinear McKean-Vlasov SDE (mean field limit of the first order
system given by Eq. (3.5)) generalizing results (given in Eq. (1.41) of [46]).

(iii) by Villani’s hypocoercivity theorem (see e.g. [45, Theorem.3] or [94, Theorem.35]) the H!—convergence for the
kinetic Fokker-Planck equation with mean field interaction given by Eq. (3.16).

(iv) exponential convergence towards equilibrium in metric #,—Wasserstein for the flow solution of the Vlasov-Fokker-
Planck equation: mean field limit of the second order system given by Eq. (3.16).

In the spirit of [46], we give probabilistic proofs (see §5, Fig. 1 and §6) based mainly on the propagation of chaos (see
Theorem 5.1); the H-tensorization (see Proposition 5.10) and inf-compactness given by large deviations principle; the I-
tensorization (see Proposition 5.11) given by law of large numbers; the uniform log-Sobolev inequality (see Theorem 5.3);
and the uniqueness argument (see Proposition 5.9). In the kinetic case, we need additional results such as Villani’s hypoco-
ercivity ([45, Theorem.3] or [94, Theorem.18 and Theorem.35]) theorem (see Proposition 5.15) and Hormander’s form
(see e.g. respectively Theorem.7 and Theorem.10 in [77, [78]]). The fact that the interaction is polynomial is important in
calculations, among other things, for passing to the limit in the number of particles: technical passage to the limit given,
among others, by LDP.

Plan of the paper. Let us finish this introduction by the plan of the paper. In the next three sections, we will present
our mean field systems (Eq. (3.5),Eq. (3.16)), our set of assumptions (HMV3.1,VF[P3.2), the main results (and examples)
(in §4) of the paper concerning logarithmic Sobolev inequality of mean field particles systems as well as exponential
convergences to equilibrium for McKean-Vlasov (Theorem 4.1,Theorem 4.2), kinetic Fokker-Planck (Theorem 4.3) and
Vlasov-Fokker-Planck (Theorem 4.4) SDEs. In §5, we sketch a proof of our results and we introduce the pre-proof tools.
In §6, we prove our main results. And we end the paper with the appendix, the acknowledgments and the bibliographical
references.

2 Notations and Definitions

We try to keep coherent definitions and notations throughout the article, but as the various objects and what they represent
may become confusing, we list them here for reference :

Notations. For all (1, v) € R? x RY, we note u® v := uv® = (Ui Vj)1<i,j<a the tensor product matrix of two vectors and
u-v:= u'v the standard Euclidean scalar product of two vectors. We note || - [lop the matrix subordinate norm to the
Euclidean norm which we will note indifferently ||- ||, or |-|. () represents indifferently the scalar product and the
duality bracket. We note ||| ||l the operator norm associated with the weighted Sobolev H! (pg) space induced by
the invariant measure p7; of our second-order system given by Eq. (3.16). We have

H' ()= {oel?w)), Voem*wp)"}, ||q>||2Hl::||cp||iz(pg)+f(||vxcp||§+||vycp||§)dp§. @.1)

.....

n=1, &, is the n-th symmetric group. For all p € [1 + co), the Wasserstein p-distance between two probability measures
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On the long-time behavior of the McKean-Viasov PDE 2 NOTATIONS AND DEFINITIONS

p and v on RP with finite p-moments is given by
1
V) = inf —ylP p, 2.2
Wy, V) (Ye}r(lp‘v)fRDxRD |x =yl Y(dxdy)) (2.2)

T(y,v):= {y € Q(RD x [RD), my=p and mWey= v}.
We note Mlp (RP) the space of probability measures with finite p—moments.

Definitions.
Relative entropy: Let u € 2(RP). We define H[-|u] : (RP) — [0, +o0] such that
{[EV [log Z,—:l] =: Entu[g—:l] if vy,

Hv|u] =
H +00 otherwise.

2.3)

And we recall that in the first case of absolute continuity, % is the Radon-Nikodym density of v with respect to L.
Relative Fisher information: We also define the Fisher-Donsker-Varadhan information of v with respect to p by:

o= [ [ 5| au= 3 [viog 2 av=1 |28 viay 24
av

if v< p and i € H:l and I[v|pu] = +oo otherwise. H%l is the domain of the Dirichlet form

suig— [ VeI dn 2.5)

UPL. We say that p(dx) := e "™Wdx (Gibbs probability measure of hamiltonian H : R"® — R) satisfies a uniform
Poincaré inequality if
>0 V=2 Yee€PR™), AViipl <E Vel (2.6)

And we call Poincaré constant the best constant A; (1) for which we have such an inequality.
ULSI. We say that p satisfies a uniform logarithmic Sobolev inequality if

Pp>0 VYn=2 VYeeE€ R™), pEnty(e?] <EulIVel]. (2.7)

And the best constant prs (i) for which such an inequality holds is called the logarithmic Sobolev constant.

Remark 2.1. 'We recall that
ULSI. — UPI. (2.8)

The Poincaré and log-Sobolev inequalities for | are equivalent to exponential decreases of the semigroup (P;);»¢ respec-
tively in variance and in entropy, i.e.

> Poincaré
Vofel’(w 120, P f—w Plizgy <e M UF =, Pllrzy- (2.9)
> Log-Sobolev
vV fel'(wlogl'(w) =0, Enty[P,f]<e PSW Ent,[f]. (2.10)
Here, the notation L! (u)logL! (u) denotes the entropy definition domain under .
We say that p satisfies a Ty, —transport (Talagrand) inequality if there exists a > 0 such that #}, (-, p) < /aH[-|p].

Remark 2.2. Moreover, as with the Poincaré and log-Sobolev inequalities, To-inequality implies the T1-inequality : by
definition and Cauchy-Schwarz inequality, we have

Wi, v):=_ inf E[X-YIl<_ inf VE[X=YI?]=:#5(u,v). (2.11)
X~ Y~v X~ Y~v

The class of probabilities verifying T;-inequality is identical to that having an exponential moment of finite order 2. The
T,-inequality is significantly more structured than the T;-inequality since it involves a spectral gap inequality.
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On the long-time behavior of the McKean-Viasov PDE 3 MEAN-FIELD SYSTEMS AND ASSUMPTIONS

3 Mean-Field Systems and Assumptions

Throughout the paper, we consider a confinement potential of a particle V: R — R € ¢%(R%) and N interaction potentials
such that

Vke2,...,N}, WH:RH* — Re G2 (RHY). (3.1)
We recall that Vo € & and Vx = (x1,..., Xg),
1 1
W) =Wwh (), aldx):= ce VO gy, Un(w‘k))::E Y WP, ), (3.2)
nl (y,...,ip)elk

where Iﬁ = {(i1,...,ix) € NklillJ #1ig, 1< ip<n}is the set of possible arrangements of k integers of the set of 7 first

nonzero integers, which gives |I’,§| = Aﬁ = (n%'k)' We define Wk~ .= max(—W(k),O) and WK+ .= rnax(W[k),O) the

negative and positive parts of W, vy such that W%~ e L1 (u®¥),
WO = 0k WO = E 0k W] - e (W], (3.3)

3.1 Our Systems
First order case. We consider the microscopic mean-field many-body interaction energy given by
n N K
Hy (X1, X0) = Y VX)) +n Y, Uy (WS, (3.4)
j=1 k=2
The (non-kinetic) McKean-Vlasov process is defined as the mean field limit (under adequate assumptions given below)
of the sequence (X"),>N of Langevin-Kolmogorov process of Hamiltonian Hy,, i.e.: (N fixed)
Vn=N, dX!=v2dB,-VH,XM)dt. (3.5)
Let
Ln:=A-VH,-V (3.6)

be the infinitesimal generator and (P});=¢ the associated semigroup of unique invariant measure (under HMV3.1 below),
the Gibbs measure

1
Un(dx) = Z—e’H”(X)dx with Z,:= ‘[(Rd)n e 1 gy « 100 (3.7)

n
is the normalization constant (called partition function). Note that

Cn
Wn(dx) = Z—e‘”Z?:zU"(W(k’)a@"(dx). (3.8)

n

Without interaction (i.e. Vk, W® =0 or constant), Mp = a®” (i.e. the particles are independent). We denote
1 n
Lu(x;):=—) 84() (3.9)
iz
the empirical measurement application. We know that under general conditions, by propagation of chaos ([92]), L, (X";-)
converges weakly towards the solution of the nonlinear partial differential equation of McKean-Vlasov associated with
the system of particles. We define

Z
Wy (dx) := e Tk UnW) o ®n ) = C—Z Wy (dx). (3.10)

The macroscopic mean-field energy is given by

Hiplo] + XN wk [y if Hula < +oo and W= e LL(u®Ky,
By [ :={ AT = TH » ! 3.11)
otherwise.
Let
dom(HW):z{p, Hlplo] < +oo and VK, W(k)‘_eLl(p@’k)}. (3.12)

Remark 3.1. Hy := Ew —infEyy is called the mean field entropy. We can prove that Hyy is inf-compact (Theorem 5.2)
and that there is at least one minimizer usually called equilibrium point. From the point of view of statistical physics, Hy
is an entropy or free energy associated to the nonlinear McKean-Viasov equation given by Eq. (3.5). The uniqueness of
the minimizer means that there is no phase transition for the mean-field. Concerning the work on uniqueness in the case
of peer interaction, we can cite among others: [46], [69] and [25]. These authors ([69],[25]) showed that Hyy is strictly
displacement convex (i.e. along the #>-geodesic) under various sufficient conditions on the convexity of the confinement
potential V and the pair interaction potential W@ In case of a many-body interaction, under assumptions in HMV3.1, we
prove in Proposition 5.9 the uniqueness: then we denote [, this minimizer.
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On the long-time behavior of the McKean-Viasov PDE 3 MEAN-FIELD SYSTEMS AND ASSUMPTIONS

Analogously, we define the mean-field Fisher information by:

Twlpl:= }JHV?—J;(p,y)Hzp(dy). (3.13)

Remark 3.2. Without interaction (Vk, wk = wy), we find the Lyapunov functionals associated with the standard sym-
metric Langevin-Kolmogorov process whose Hamiltonian is given by the confinement potential V. More precisely, in this
case:

N
Ew=H[laJ+ Y wy, Hw=H[lla] and Ky =I[|al. (3.14)
k=2
Kinetic case. Set
10 N
2:= (X1,eee, Xy U1, V) €RZM, HE(2) = 5 2 il +2V(xp)+n Y. U, W) (3.15)
j=1 k=2

and Z":=x™L, . xmn oyl vy e (R x R such that

dx" =v, HA(Z"dt
(3.16)

v} = ~(V HEED + Y, HE 2Dt + V2dB),.

We are going to study the long-time behavior of the mean-field limit of the Langevin process (Z7);>o of Hamiltonian
H%(x, V) :=S1,,(x) +S2,,(v) with S ;, is none other than the Hamiltonian H,, of the McKean-Vlasov case and S, the
velocity part (Sz,,, := H% =Sy ;). Invariant measure of the Langevin process is given by

1 1 1
o (dxdv) = Ee_H'Zl(Z)dxdu = —e‘slv"(’”dxc—e‘s%"(”)dy = 1,0 @ p2,n (dxdv). 3.17)

1,n 2,n

And the parabolic PDE in the sense of the distributions associated with this Kolmogorov-Fokker-Planck SDE is:
O =Ayu+VSy ;- Vyu=VS1 - Vyu+VSy n Vxu=Appu+v-Vyu=VSy ;- Vypu+v-Vip = ‘Zg’np (3.18)

with
gz,n:ZAU—I}'VU+VSL71'VU—U'VX (319)

the generator of the strongly continuous semigrou (PZ’("))t>0 if the hessian V%S ,, is bounded, it is a Markovian semi-
g gly group (r; ,

group defined by the Kolmogorov-Fokker-Planck SDE) and we note =§€ZT, ,, adjoint in the sense of distributions. In other

words, for any test function @ € € ((R? x R%)"), the function (t,z) — P?’(”)Lp(z) is the unique solution of the Cauchy

problem:

dh _ M _ cpt
ot = Lol |57 =2k (3.20)
h(0,-) = . Mo =5.
Vlasov Fokker Planck free energy and associated mean field entropy are given by
1 N
&l := Hlpldxdv] + -f llvll*p(dxdv) + whg o3”C+fv(x) (dxdv) 3.21
u u 3 Joa g 1VIH kgz g u u (3.21)
N
= Hlpla® A (0,1d,)] + wh gk
ul d kgz g u
and
F =& -Inf& =& - &[uZ). (3.22)

They are Lyapunov functionals for the Viasov-Fokker-Planck partial differential equation whose solutions are obtained
as mean-field limits of our kinetic Fokker-Planck particle system given by Eq. (3.16). Mean Field Fisher Information for

Vlasov-Fokker-Planck is given by (A:: (I((i)d) € %2d,d(R))

0 ) ) 2
AMES f (Vi - 6%, 0), AN Vo= 81, 0) J(dxd) = f [Veos—6axv|| wdxdo. (323

The functional obtained by replacing A by Z := (jﬁd) € M>a,qa(R), we will talk about auxiliary Fisher information. We
2ldg
have
L ou¥¥P = L VP = VPP <o, (3.24)
dr ! ar” "t !
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3.2 QOur Assumptions

Assumption 3.1 (HMV). We put the following hypotheses on the potentials which will ensure properties of existence,
uniqueness and contraction:

> (H1)(Hessian) The hessian of the confinement potential V is bounded from below and the hessians of the interaction
potentials W® k=2,...,N, are bounded.

> (H2)(Lyapunov) There are two positive constants ¢; and ¢, such that
VxelRid, x-VV(x) = cllx|2—02. (3.25)

This hypothesis is a Lyapunov condition.

Remark 3.3. Since the Hessian V2V of V is bounded from below and V satisfies a Lyapunov condition (H2), aox e~
satisfies a logarithmic Sobolev inequality (see e.g. [28, 29]).
> (H3) Forall ke {2,...,N},
®- (o) _yk A
VA >0, f MOV gy ¢ oo (3.26)

Remark 3.4. This assumption is trivially satisfied if the W% are bounded from below. If (H2) holds, it is also always
true if W~ (x,..., xp) = o(z;?:l 1) as |x1[*+...+|x|* — +oo (since (H2) involves that iminf|y— o0 V() /|x[* >
0). Under the exponential integrability condition, if H[p|a] < +oo, for all k € {2,...,N}, by Donsker-Varadhan vari-
ational formula (in the bounded case) and Fatou’s lemma (by approximating W®.— with (min(W (k)",L))LZO), we
have W~ e L1 (u®%): then dom(Hy) given by Eq. (3.12) satisfies

dom(Hy) = {p, Hulo] < +oo}.

> (H4)(Logsob) The invariant measure [, of the system satisfies a logarithmic Sobolev inequality such that

limsupprs(py) >0. (3.27)

n—+oo

> (H5)(Contraction) There exists a distance d;, on a subset Z of 2 (RY) such that (22, (RY), #5) continuously injects
into (Z,dy;p) and ®:pe Z — @(W)(dx) := ie*%(”"‘)*vmdx € Z satisfies

Ike 1 VIVEZ, dup@W, (V) < kdrip(, V). (3.28)

In others terms, ® is k-Lipschitz (contraction) for d;p.

Remark 3.5. The two above assumptions are not easy to check in practice. In §4.3, we thus provide several many-
body interaction examples where these conditions apply. Nevertheless, let us give some first comments below

> About (H4): (H4) can be certainly satisfies under Bakry-Emery criterion (see Proposition 4.1). There also ex-
ist some specific conditions called Zegarlinski conditions (see [46],[100],[101]): we recall Zegarlinski conditions
refer to specific conditions on the Hessian of the interaction potential, which are then used (together with other
conditions) to prove a uniform logarithmic Sobolev inequality. Finally, let us note that as p,, is a Gibbs measure
with respect to «®” and its Hamiltonian is Hgy p, := nzlljzz U, (W%, if this Hamiltonian has bounded oscillations
(osc(Hg, ) := supHg,, —infHg , < +00) uniformly in 7, then we can show that by property of tensorization and
stability by bounded perturbation, we have (H4) seen that according to Royer’s book [86, Proposition 3.1.18],
oLs (n) = prs (@) e ¢Han) Tn Proposition 4.1, our examples will be yet built with the help of the simpler Bakry-
Emery condition. In Proposition 4.4, we provide another class of examples which do not require Bakry-Emery
condition.

> About (H5): As concerns (H5), we also give some explicit conditions in Proposition 4.1 and Proposition 4.4
with Z = 2,(R?%) and dy; p = #1. (H5) ensures uniqueness of the fixed point (invariant measure of the McKean-
Vlasov process): in statistical physics, we say that we have no phase transition. This is the crucial point for the
proof: Hy = H[-|®(-)] (which justifies the name mean field entropy). The contractivity assumptions in Eq. (3.28) can
follow from Eberle conditions (lipschitzian spectral gap condition for one particle): see [46]. To obtain uniqueness,
some authors also require displacement-convexity (see e.g. [81],[25]): assuming that the functional G in VoG : p —
%ZH[NO(] +G(q) is displacement-convex. And as the relative entropy is strictly displacement-convex, Vo0 is also
strictly displacement-convex, which implies the existence of an entropy minimizer ensuring its uniqueness.

Assumption 3.2 (VFP). In this case, all the conditions stated in HMV3.1 are assumed, together with the two following
additional ones

Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 11 Mohamed Alfaki AG ABOUBACRINE ASSADECK
F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954
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> VFP1. Lipschitz interactions:
vke{2,3,...,N} IK>0, [[vWH| <K (3.29)

> VFP2. Lyapunov condition on confinement:
IV2Vllop < K1|VV| +Ko. (3.30)

Remark 3.6. Either of these conditions ensures that the kinetic Fokker-Planck semigroup converges exponentially
(‘as a family of operators of Jfl(p;) indexed by time ) towards p; and uniformly in the number of particles (see
[45] or [94]).

4 Main Theorems

4.1 First-order case

Under HMV3.1, we establish (see §6 for the proof) the following two main results (thus generalizing those of [46]). Let
(Kp) r=0 (given by the arrow (1) in Fig. 1) be the flow of solution distributions of the McKean-Vlasov equation associated
with the particle system defined by the U—statistic and the confinement potential. Then for any initial condition admitting
a moment of order 2, the mean field entropy Hy decreases exponentially along the flow, i.e.:

Theorem 4.1 (Exponential decreasing of mean-field entropy). Assume HMV3.1 and let py € Mf(Rd) be an initial condi-
tion. Then .
V=0, Hwlp <Hwlpole ™52, 4.1)

From the exponential decrease of the mean field entropy along the flow, we deduce the following exponential convergence
in Wassertein metric:

Theorem 4.2 (Exponential convergence in Wasserstein metric from flow to equilibrium). Assume HMV3.1 give us an

initial condition [ € J%IZ(Rd). Then

2
V20, #5 (M Hoo) < p—Hw[uole‘pLS%. 4.2)
LS

4.2 Kinetic case

For kinetic type models, the extension of the above results relies on applications of hypocoercivity arguments (see e.g.
[45] or [94] for background). In this setting, we first obtain an exponential decrease in ||| - ||| .1 norm (defined in §2).

Theorem 4.3 (Uniform exponential convergence to equilibrium in the weighted Sobolev space). Assume VFP3.2 and give
us an initial condition | € Jllz ([Rd X [R?d). Then

<ae P (4.3)

Z,(n)
>0 >0 vnz2, ||[PP"-ug .

Remark 4.1. We still have Theorem 4.3 if we replace the uniform logarithmic Sobolev inequality given in HMV3.1 by a
uniform Poincaré inequality. We keep the logarithmic Sobolev inequality to have the following Theorem 4.4. Note that
the constants o > 0 and f > 0 can be made explicit uniform. The originality of the proof relies on functional inequalities
and hypocoercivity with Lyapunov type conditions, usually not suitable to provide adimensional results.

Theorem 4.4 (Exponential decay in Wasserstein metric). Assume VFP3.2 and V?V is bounded. Then there are constants
C>0,&>0and x>0 such thathE@z(Rd de), Vn=2and Vit >0,

H{p (012 < CH[uJ (0)|ul1e, 4.4)
w2V ul) <kCH e, (4.5)
where L is the initial condition and & (defined in Eq. (3.22)) is the mean-field entropy associated with our second order
system given by Eq. (3.16).
4.3 Examples

Let us begin with results which provide some explicit conditions on V and the W®) under which our results apply. We
only focus on HMV3.1 but the extension to VFP3.2 only requires to add the constraints on VW® and V2V introduced in
VFP1 and VFP2. We will use the notation A for the lowest eigenvalue of a symmetric matrix.
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Proposition 4.1 (Application in Example 4.1). Assume that (H1) holds, that wk,= (X1,..0, X)) = O(Z?zl V(x;)) as |x 12+
...+ X2 — +o0 and that the following assumption is fulfilled:

N
A> Y k= DIVEWPgp00 (4.6)
k=2

where IIV%ZW(]C) lop,co = SUP ¢ (d)k IIV%ZWU‘) lop and

N

A= xﬁ@fd Avey( + ye(@lmgfk—l kg,z kAg2 witz,) |-
Then, HMV3. 1 is true.
Proof. The proof of this result is achieved in §6. O

Proposition 4.2 (Application in Example 4.2). Assume that
(i) (H1), (H2) and (H3) hold;
(ii) Vke{2,...,N}, x— VWO (x) is bounded;

(iii) Ew:p— lejzz fW[k)dp®k is convex in the flat interpolation sense:

Vte[0,1] V(,v)ePBRY?,  Ew((l-p+tv)<1-DEw (W + tw(v); 4.7
(iv) Eq. (4.6) holds.
Then, HMVV3. 1 is true.
Proof. The proof of this result is achieved in §6. O

Remark 4.2. For instance, Assumption (iii) is true in Example 4.2.

(%) Regularized Skyrme model

Example 4.1 (Regularized Skyrme model). One of the main areas of research in nuclear physics is the study of nuclei
under extreme conditions in spin and isospin. Microscopic methods of mean field type, including the Hartree-Fock
method based on the independent particle approximation, are one of the most efficient tools for theoretical predictions
in this field. Representing the interactions between nucleons in the nucleus, the effective forces nucleon-nucleon are the
main ingredient of these self-consistent microscopic theories. The Skyrme interaction is a zero-range force allowing to
construct the mean field in a relatively simple manner: effective phenomenological interaction of zero range which allows
the interactions between nucleons in the nucleus to be modeled in a simple manner. Proposed by Skyrme ([88]), this force
is limited to the sum of interactions between two and three nucleons. The interaction potential is given by

—

F = (Z)U,,(WQ)H (:)Un(w@) (4.8)

with W a potential causing two particles to interact and W® a potential causing three particles to interact. In this

model, the potentials are functions of Dirac distributions: therefore singular. We will regularize the problem by replacing
_2
1 —e 202, 0>0, we consider the particle system
(2no?) 2

the Dirac distributions with a smooth approximation: setting G4 :=

(n) _ (n) 3) v (1)
ax” = v2dB\"” - vHY X")dt (4.9)
where

6

n 2
(3) — , @ ) —_—
HP 0= Y Ve + o= ¥ WOlhx) + e o

j=1 l<i<j<n

Y W, xj,x0), (4.10)

<j<ksn
with W@ (x, ) = Gy (x — y) and WP (x, , 2) = G (x - ¥)Go (X — 2)Gg (y — 2).

. . . s 2 2-3d . _d
Proposition 4.3. Assume that V is a 6*-function. Then, if inf g Aoy > €102~ + 207273 with ¢ = 4 x (2m) "2 and

=121 +4e ) x (Zn)_%, the regularized Skyrme model satisfies HMV/ 3. 1. If furthermore, VFP2 holds true forV, then,
VFP3.2 is also satisfied.
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Remark 4.3. As expected, these conditions become more and more stringent when o goes to 0. Thus, considering the
long-time behavior of such models with singular kernels would probably require to develop specific techniques.

Proof. Since W? and W® are bounded, it is enough to check Assumption (4.6) of Proposition 4.1. First, VG (x) =
—072Gg(x)x and V2Gg (x) = 072(02x ® x —14)Gg (x). Using that for all x, x ® x is a nonnegative symmetric matrix with
x® x < |x|%1,, it follows that

1 1 1
Iy < ~—Go (W)l < V2Go(x) < —4Gg(x)(|x|2 - oz)ﬂd. @.11)
2m)2 02+d g o
‘We deduce that )
A =A —_—
Av2 W@ (x,y) T AV2Gg(x- 9= (27[) d g2+d
and that
V3, W@ (x, 1) lop,co < ————-
12 P00 (21‘[)%0'2'”1
Using that

V31 (Go(x = 3)Go(x — 2) = V2Gg (x — ))Gg (x — 2) + V2Gg (x — 2)Gg (X — J) + Uy, 2 ® Uy, + Uy, y ® Uz,
with uy,, = VGg(x — y), one also deduces that

2)|GelI? 2(1+2e7!
1Go o =207 |Ggllool X = y1.1x = 2IGg (x = Y)Go (X~ 2) = — e )

Ao2 > 2 -
Lv2 Wl (x,y,2) = d 3d ’
n Y (2m) 2 g2td (2m) 2 g2+3d

where we used that sup,,cpa %Go(u) < V2e71Gg llo- Finally, one similarly obtains that

- - 1+6e!
1V2, W (x, 3, 2 llopoo < 0 2(1 +6e ™Gy 12, = ——=——r.
@2m2 02+3d

Plugging these estimates into Assumption (4.6) yields the result. 0

(**) Elementary Symmetric Polynomial Interaction Model (ESPIM): p € 2(R%) — P((u,G))
with P € R[X]

Example 4.2 (ESPIM model). Let us finish this section with a class of examples with polynomial interaction inspired by
elementary symmetric polynomials (ESP). Note that this class will not require Bakry-Emery criterion. The polynomial
interaction is built though the c«€Z-potential G:RY —R: for N> 2,ke{2,3,...,N}and je{l,...,k}, let GW: (Rd)k — R be
the following symmetric function

Gy, := Y. J]Gx)  with yk(j):z{lcu,...,k}, card(l):j}» (4.12)
12 (j) i€l

and assume that W e Vectg{G,...,G¥}, i.e.

W(k)—zlﬁ(k)G(” with  B%,....pY) e R, (4.13)
J
Note that _

G (x,..., xx) = Pj(G(x), ..., Gxx) (4.14)

where P; denotes the j" ESP defined by

Piyi,-.oy)i= Y. [lwi (4.15)
e (j) i€l

The homogeneous polynomial H : 22(R%) — R associated with the McKean-Vlasov equation is defined by

H(p):dep+ Z[W(k)dp®k (4.16)

By symmetry and the Fubini-Tonelli-Lebesgue Theorem,

fW(k)dp®k Zﬁ(k)fG(j)dp®k Zﬁ(k) )y HG(xi)Hp(dxi)— 5“‘)()de;1 (4.17)

j=1 j=1 Ic2(j)Y el i€l
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and hence,

H(W =dep+ y Zﬁ(k)( .)(dep)j :dep+Q(dep) (4.18)

k=2j=1

with Q:= Z Zﬁ(k) X/ € Ry ([X].
J

k=2j=1

Since H: p— [Vdu+QoT(p) with T: p— [ Gdy, we have

S—H(u,x)zv(xHQ’( f Gdp)Gly) with Q':= 3 Z;ﬁ(’“ “Ixi e Ry (4.19)
om k=2 j=1

oH _ , » OH w2 / 2
=V (1) =WV +Q (dep)VG:>V S (1) =VVHQ (dep.)V G. (4.20)

Furthermore, we have

sup \Q’(deu ZZ]IB(’“)I( )IIGII =1y (4.21)

HEZG(RY) k=2 j

([ Gaw)| < ZZ](J vipi|

k=2j=1

IGIIL? =: 2. (4.22)

sup
HePGRY)

Proposition 4.4. Assume that G, VG and V2G are bounded. As ||Gl|o < +00, We have for all i = 1,2, y; < +o0 and
2R c PRY) = {pe 2RY), Gell(p}=2R.
Let us further assume that
> Q" =0 and the confinement potential V satisfies (H1) and (H2);
~ Y2
i 2
A= inf (Avevin + Yohyege) >0 and  22IVGIE <1
with Y3 :=inf . g, ga) Q'(/ GAW  (lysl < y1).
Then, ESPIM satisfies HMV3. 1. If furthermore, VEP2 holds true for V, then, VFP3.2 is also satisfied.

Proof. The proof of this result is achieved in §6. O

Remark 4.4. If V2 oH - (L) = pld with p > 0, by the Bakry-Emery curvature criterion, ®(p)(dx) = e & 0 gy satisfies
a uniform logarlthmlc Sobolev inequality in the measure.

5 Sketch of proofs and preliminaries

5.1 Sketch of proofs

First order case. The diagram given in Fig. 1 summarizes the strategy of proof: we show (4) from (1) , (2) and (3). And
in this diagram, the quantities involved are:

> p‘g”P;m = 1, (1) the law at time ¢ of the particle system induced by the confinement potential and the U—statistics;

> (’)(t) the i—th marginal of p,(1);

> pé.’f) = U, the invariant measure of the particle system;

> pg) the i—th marginal of y,;
> O =, the law at time ¢ of the McKean-Vlasov process obtained by propagation of chaos;
> Ou = oo the invariant measure of the McKean-Vlasov process;

> d="%5.
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Ergodicity
Functional inequality
n—o0o0, [— o0
(4]
0, O
in d-metric

exponentially

Sanov’s Theorem and
(1) (3) uniqueness of O,

t—o00, Nn—o00

Propagation of chaos
n—noo, ffixed

(n)y (i (n). (i)
(H®HPI Jia] Hoo
in d-metric
exponentially
a@nplnl [r)
P Heo
(2)

Ergodicity
Functional inequality
nfixed, t—oc

Figure 1: Diagram of convergences

Arrow (1). The McKean-Vlasov process classically appears as the mean-field limit of a particle system. This property is
recalled and studied, among others, in [30]. In our case, see Theorem 5.1.

Arrow (2). The process X" is a homogeneous diffusion process of the Langevin-Kolmogorov type which is a class of
Markov processes. In the literature, the long-time behavior for this class is classically studied (see e.g. [6, [5]]). In order
to ensure this property (see §5.2.Theorem 5.3), exponentially in time and uniformly in number of particle n, we rely on
(H4) in HMV3.1 and the equivalence between Sobolev’s inequality, exponential decay of entropy and Talagrand’s second
inequality for Gibbs measures.

Arrow (3). This arrow is ensured by (H1), (H2) and (H3) in HMV3.1 which allow us to obtain large deviations principle
and Sanov-type theorem (see §5.2.Theorem 5.2.Proposition 5.8).

Arrow (4). To establish this last arrow, we will use the fact that the nonlinear Sobolev inequality (prsHw < 2Iy) given
in §5.2.Theorem 5.3 is also equivalent to the exponential decrease of the mean field entropy Hy along the flow () s=0
of the McKean-Vlasov distributions and to the second nonlinear Talagrand inequality (prs 7/22(-, Hoo) < 2Hyw). Note that
Talagrand inequalities allow to recover usual Wasserstein convergence (and then convergence in law) from entropic con-
vergence. Note that concentration inequalities could also stem from Talagrand inequalities, although the stronger Loga-
rithmic Sobolev inequality is more often used in this context.

Remark 5.1. In the case of the two-body interaction (N = 2) associated with the equation of granular media given by
Eqg. (1.16), the exponential convergence in entropy (given in Theorem 4.1) should be equivalent to the mean field log-
Sobolev inequality prsHyw < 2Ly (in Theorem 5.3), basing on (gradient flow and Gronwall lemma)

_%HW[HI] =4ly[pd = %HW[M] < —2p1sHwl(p = Hwlj] < Hw[pole s’ G.D
noted by Carrillo-McCann-Villani in their convex framework. The proof of — d%HW [M¢] = 4w [y ] demands the regularity
of t— p; (Fig. 1) which requires the PDE theory of the McKean-Vlasov equation. That is why we prefer to give
a rigorously probabilistic proof based directly on the log-Sobolev inequality of |, (Fig. 1) in HMV3.1.(H4). As for
Theorem 4.2 on exponential decay in Wasserstein metric, it follows from the previous one (Theorem 4.1) via Talagrand’s
T2-inequality.

Second order case. The proof in this case, can also be described by the diagram given in Fig. 1 but with the following
notations:
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> p.®”P§”) = p(2) the law at time ¢ of the kinetic particle system induced by the confinement potential and the
U —statistics;
> (uerp)d = pg'(”(t) the i—th marginal of p(1);

> pd = u7 the invariant measure of the particle system;

> p;,(i) the i—th marginal of p7;

> Q= pyFP the law at time ¢ of the Vlasov-Fokker-Planck process obtained by propagation of chaos;
> Oy = pZ, the invariant measure of the Vlasov-Fokker-Planck process;
> d=|l|-—-Illj_m ord="%#,.

Arrow (1). We first recall the generator £y, defined (in Hormander form) by Eq. (5.88) is a non-symmetric hypoelliptic
operator (see Remark 5.4). The related n-particle system given by Eq. (3.16) converges to the Vlasov-Fokker-Planck
equation (mean-field limit of Eq. (3.16)) when n — +oo (see Theorem 5.1).

Arrow (2). The process Z" is a homogeneous diffusion process of the Langevin type usually called kinetic Fokker-Planck
process. The study of the long-time behavior of the particle system requires the help of hypocoercivity tools (see e.g. [45]
and [94]). We recall that

n N
VxeR™, S ,(0:=)Y Vx)+n) U,wWH), (5.2)
i=1 k=2

In particular, 3.2 ensures the following Poincaré and log-Sobolev inequalities

> UPIL We say that p, , satisfies a uniform Poincaré inequality if

NS0 Vn=2 Vee€XR™), AV, lo] <Eu ,[1IV.0l?]. (5.3)
> ULSI. We say that p,,, satisfies a uniform logarithmic Sobolev inequality if
>0 VYn=2 Yee€ R™), pEnty,,[9°] <Ey, Vi@l (5.4)
Under (UPI), we are able to obtain as an application of Villani’s theorem the following exponential rate to equilibrium

<oe P! (5.5)

Z,n _ n
T

with constants a > 0 and > 0 make explicit uniform. The idea in Villani’s proof of [45, Theorem.3] is as follows: if
one could find a Hilbert space such that the operator £ ,, is coercive with respect to its norm, then one has exponential
convergence for the semigroup (P%'(”)) >0 under such a norm. If, in addition, this norm is equivalent to some usual norm
(such as Jé’l(pg)—norm), then one obtains exponential convergence under the usual norm as well. In his statement of
[94, Theorem.35], the boundedness condition is verified by IIVZSL,,IIOp < C(1 +[IVSy 1) with a constant M depending
unfortunately on the dimension. The L? and H! norms are not suitable to obtain a result on the non-linear system (such
as Eq. (4.4) and Eq. (4.5)). On the other hand, thanks to (ULSI) playing a fundamental role in the exponential return in
Wasserstein metric (see e.g. [77, Theorem.7] or [78, Theorem.10]), we are able to prove Eq. (4.4) which in turn will allow
us to deduce Eq. (4.5).

Arrow (3). The results of large deviations on the U—statistics in the non-kinetic case in §5.2 and the fact that p.g =
H1,n @ Mo, allow to deduce that the random empire measurements of the kinetic particle system satisfy the principle of
large deviations under p7; of good rate function defined by

V(i Ho) € 2o (RY) x 2,(RY),  T(py, 1y) := Hw (] + Hpy |4 (0,1d )] (5.6)

Thus there exists by inf-compactness a Maxwellian to the nonlinear Vlasov-Fokker-Planck equation and this equilib-
rium (invariant measure of the nonlinear Vlasov-Fokker-Planck process) is unique. See §5.2.Theorem 5.2.Proposi-
tion 5.8.Proposition 5.9.Appendix A.4.

Arrow (4). This part is obtained by the first-order case by exploiting the uniform logarithmic Sobolev inequality and the
Hormander form given by Eq. (5.88) (see §5.2).

Remark 5.2. By applying hypocoercivity tools to the system with n particles given by Eq. (3.16), we obtain a (uniform in
n) convergence rate to equilibrium which in turn extends to the limiting non linear system.
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5.2 Preliminaries

Propagation of chaos for polynomial interacting particle systems. Below, we recall or extend some conditions on the
interaction potentials which guarantee the propagation of chaos for some particle systems with polynomial interaction.
Even if our proof only requires such properties in finite horizon, we also provide some properties which lead to propaga-
tion of chaos uniform in time.

To this end, we use the classical (synchrounous) coupling strategy: let (X(""”))Z= , denote the particle system and (X(p))z=1
denote n copies of the limiting Mc-Kean-Vlasov process built with the same Brownian motions than in the particle system.
Assume that all the paths have the same initial condition Xy ~ po. Then, the following proposition holds:

Theorem 5.1 (Chaos propagation in Wasserstein #5 metric). Assume that V and the W are ¢? and that 3P e R Vk €
2,...,N} PreR VY (x,y) e RY x R?

(VW(x)-VV(y), x—y) = -Bllx—ylI% (5.7)
(Ve WO () =V, WR (3, x = y) = —Bllx — ylI%. (5.8)

Then, for every T >0, a constant Ky exists such that for every g € 25 (R%),

K
sup EXU_xW2 < 21 (5.9)
0<t<T n
Furthermore, if v .=+ Zgzz kBx <0, the upper bound is uniform in time, i.e.,
K
supEIXV! - XD 12 < =2 K, < +o0. (5.10)
=0 n
The constants are specified in the proof.
Proof. See Appendix A.1 O

Remark 5.3. 1> For the sake of simplicity, we only provided the result for the classical McKean-Vlasov process. The
extension of the result in finite horizon easily extends to the kinetic setting as soon as (H1).

> As mentioned before, the statement also leads to uniform in time propagation of chaos but it certainly requires that the
function V plays a confinement role which is characterized by the fact that w is assumed to be negative.

> If for all k € {2,...,N}, V,, W) is just uniformly bounded and uniformly Lipschitzian in the first coordinate, then it
does not necessarily satisfy the conditions of the Theorem 5.1 but if the confinement potentiel V satisfies them, we still
have the conclusions at least in a short time: for all (x, y) € RY x R? and HE @([Rd),

x-VV(x) = (-B - [VV(0) ) |x|* - [VV(0)]; (5.11)

~(V WO (x,) =V W (3,9, x = 1) < IV W (x,) = Vi WO (3,1 1x = (5.12)
< (%1 = Vi WO (g, )l 1x = y1%;

x-VS—Z(p,x) =x-VV(x)+ Iikx-vxlw(k) * n® 1 (x) (5.13)

N
> (B~ IVVODIx? = WO -] Y klxy — WO Gy, 01y
k=2
N
> (=B 19VO) -1V - Y. klxy —W® (xr, )l 1P
k=2

N
— WO Y klxg —W® e, ).
k=2

And this last inequality comes from a disjunction of cases depending on whether the vector is on the unit ball or not.

Back to U-statistics. The results on the U—statistics (5.1,5.2,5.3,5.4) and the inf-compactness of the entropy functional
Hyw (5.5,5.2,5.8) are inspired by [66] in the case S = R%. We recall that the expectation of W® under p®* exists if and
only if

E o W®* < 400 or Eyec W] < +oo. (5.14)

First we present the law of large numbers of the U—statistic (see [[61], Corollary 3.1.1] or [[66], Lemma 3.1]). We recall
that U-statistics are defined in Eq. (1.19).
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Proposition 5.1 (law of large numbers for U—statistics). Let (X,) =1 be a sequence of independent and identically dis-
tributed random variables with values in a measurable space (E, B(E)) equipped with its Borelian tribe and ® : E¥ — R
a symmetric measurable function such that

n—+oo

E[l®Xy,...,Xp)ll <+oo, then Upy(®) — E[P(Xy,...,Xg)] with probability 1. (5.15)
Proof. See Appendix A.6 or [66]. O

In terms of integrals, this result means that for any function ® € /sy, (E¥,R) with EX provided with the tensor tribe (or
product) and any measure | € Z?(E) such that ® € L! (p®k), we almost surely have

U, (@) "==7F @ (@] := fEkqn(x) n®*dx). (5.16)

This result can also be seen as a law of large numbers for U—statistics. From this result, we deduce that Vk € {2,...,N}, if
WH e L1 (u®¥), then we almost surely have U, (W) tends to WX [p1]. We first recall the decoupling inequality of Victor
H. De La Peiia (see [[31], 1992)).

Proposition 5.2 (Decoupling and Khintchine inequalities for U—statistics). Let (X,) =1 be a sequence of random vari-
ables with values in a measurable space (E,B(E)), independent and identically distributed. We assume that

&L, XD ok (5.17)

.....

are k independent copies of (Xy,...,X,). Then for all increasing convex functions ¥ : [0,+00) — R and measurable
symmetric ®: EF — R such that E[|l®Xy,...,X)|] < +00, we have

v X om.x|)]|<El¥(c] ¥ oexd,...xb)] (5.18)
(i1 emnrig)EIX (i1 emnrig)EIX
with .
C2:=8 and Vk=3, Cp:=2"J](/-D. (5.19)
j=2

<

Proposition 5.3. Let 1 < k< n, (X{ )1<isn,1<j<k be independent random variables with values in (E,%(E)). For all

(i1,...,ik) € Ilfl, defining @, i, ‘E¥ —Ra measurable function of k variables, we have
1 ol k n—k+1 1 el k
log[E[exp(m 2@,(xil,...,xik))] < Z;Clog[E[exp(mq),(xil,...,Xik))]. (5.20)
i€l n iely,
Proof. See Appendix A.6 or [66]. O

Proposition 5.4 (Decoupling corollary). For (X;);>1 a sequence of independent and identically distributed random vari-
ables according to o, we denote An(',W(k)) the log-Laplace transformation associated with the U—statistic of order k,
i.e. to within a factor, the logarithm of the moment generating function, namely

1
Vn=k=2 VYA>0, A,\W®):=_logE
n

e"AUn‘W(“’]. (5.21)
IFW® e L1 (a®F), then
1
AnA,WE) < %log[E[eXp (kaMW”‘) (xl,...,xkn]]. (5.22)
Proof. See Appendix A.6 or [66]. O

Large deviations: inf-compactness of mean-field entropy and existence of an equilibrium point. We will use a large
deviations result ensuring the infcompactness of the entropy functional to show the existence of an invariant measure for
the nonlinear process studied.

Proposition 5.5 (Lower bound of large deviations for L,, under W},). Under the integrability assumptions on the interaction
potentials (W®), <N, we have the lower bound of large deviations for {1y, Ly € Mnsn, Le

1
d * e T i *
YO c 4 (R?) open, l(@)'—l}lllljgfnl‘)g(lln(l‘neﬁ) (5.23)
z—inf{EW[p]) neo, vasks<N, wheLllu®hl.

In particular, we have

1
limjnf{—log(zn) —log(C)} > —inf{Ew[p]| we dLRY, v2<k<N, w®e Ll(p®k)}. (5.24)
n—+oo lp
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On the long-time behavior of the McKean-Viasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

Proof. See Appendix A.6 or [66]. O
Proposition 5.6 (Exponential approximation of the U—statistic). Assuming that for all A >0,
Elexp(\[W®[(Xy, ..., Xp))] < +oo, (5.25)

then there exists a sequence (W%f))mgl of bounded continuous functions such that

Vd>0, lim hmsup—logIP(lUn(W(k)) -U, (W(k))l > Q) = (5.26)

M—=+00 p— oo

Proof. See Appendix A.6 or [66]. O

Theorem 5.2 (Large deviations principle for U—statistics). Let (X;)i>1 be a sequence of independent and identically
distributed random variables with distribution «. We assume that we have exponential integrability of the interaction
potentials under the tensor products of a by itself, i.e.

Vke(2,...,N}, VA>0, ([E[ AWO ;. Xk”]<+oo<=>e"'w(k”eLl(a®k)]. (5.27)

Then
{[F"((Ln,Un(W(Z)),...,U,,(W(N))) € )} (5.28)

n=N

satisfies a large deviations principle on the product space 4, ([R%) x RN" and good rate function given by

Hiplad, if Yk, xp=W®[y],

. (5.29)
+00 otherwise.

IU(H)XZ,--UXN) = {

Proof. Let (W (k)) m=1 be the sequence of bounded continuous functions of the proof of Proposition 5.6 (see Appendix A.6)
such that for all A >0,

e m k) =log [ MWWl go@k M=t (5.30)
®4)*
For all m =1, we set
Fr = (W WE L, W), f0 = (W, W ). (531)
We consider the following metric on the product space
N
d((p,xz,...,xN), v, y2, ...,yN)) i=dip (W, V) + ) Xk — Yl = dip (0, V) + | x =yl (5.32)
k=2
and note that N
d(fin (W, () = Y. 1 f W =W au®*k|. (5.33)
k=2 J®RDE

The sequel of the proof is divided in three steps.

Step 1: Continuity of f,. For this step, it suffices to show that for all k€ {2,...,N}, p e .4 (RY) — W%] [u] is continuous
for the convergence topology weak. Let mare win (44 (RY), drp) . By the Skorokhod representation theorem, there
exists a sequence (Y;), of random variables with values in R? such that Y, ~ Mn and almost surely, Y, "TEOY ~ M.
Y "Ry wh

n , which

W, ...,Y®). In particular, p®* tends weakly to p®¥, which proves the

Let (Y, 1> 0,Y?),<;<i be independent copies of (Y, n=0,Y). We have for all i, almost surely,
n—+oo

implies that almost surely, (Y(D .,Yﬁlk))
continuity of the above functional.

Step 2: Good exponential approximation of (L,,U,(W®),...,U,(W™N)) by f,,(L,). By exponential approximation of
the U —statistic, we have for all 6 >0,

lim limsup —logIP( ((Ln,Un(W(Z)),...,Un(W(N))), (L, Up(W®), ...,Un(wgf’))) > 6) __
M=+ p—too

ie. Lo, U,W2), ..., U, WD) is a good exponential approximation of (L., U,(W®),..., U, (WN)) .

Moreover, (L,,U,(W?),...,U,(W™N)) and f,,(L,) are exponentially equivalent because we have the following uniform

estimate

Wi - [ Wi a1 < (1- )(|Un(W§7’?)|+||W,5§)||oo) (5.34)
<2(1- ' |)||W”€>||o<,”1""0.
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On the long-time behavior of the McKean-Viasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

We get that when m — +o0, f;,(L,) is a good exponential approximation of (L, U, (W3, ... U, WNy).

Step 3: LDP. By Sanov theorem and the LDP approximation theorems, to get the desired LDP, it suffices to show that for
allL>0,
sup  d(fm(W, F() "0 (5.35)
b Hiplal<L
Indeed, for all A >0, L >0 and p such that H[p|a] < L, by the variational formula of Donsker-Varadhan and Fatou’s
lemma, we have for all k€ {2...,N},

1 1
f Wi~ W ap®* <~ (HIL®40®5) + log f AW W oK) < ~(kL+ et m, k). (5.36)
This completes the proof of the theorem because A is arbitrary and for all A > 0, e(A, m, k) "'— 0. O

We are now able to prove the inf-compactness of the mean-field entropy functional.
Proposition 5.7 (Inf-compactness of the mean-field entropy functional). The mean-field entropy functional is inf-compact.

Proof of Proposition 5.7. We will do the proof in three steps. We recall that if we have a good rate function, then its
infimum on any closed nonempty is reached, that is to say that this infimum is a minimum.

First, Assumption (A1) of [66] is clearly satisfied: taking p = ha with h continuous with compact support, we deduce
from the local boundedness of W® that
Hiplol +Eer (W] < +oo.

By (H3), we have the strong exponential integrability condition of (A1).

Moreover, under (H2), we necessarily have that lim|y|— o0 755 |x\2 > 0. Actually, by (H2) there exists a positive M such that
for every x with |x| > M, x.VV(x) = a le2 Then, for any x with |x| =M, set p = . We have

l1-p

1 1
V(x)—V(px):(l—p)f VV((1+u(1—p))x).xdu=f0 VV((l+u(1—p))x).(1+u(1—p))x><m

01|x|2

_ 2 2
(1—p)cplx| chlxl

f(1+u(1 PN -p)du= 1

as soon as |x| = 2M (since in this case, p = % < %). We deduce that for any p € [1,2) and any A >0,

/ M’ o (dx) < +o0
Rd

which corresponds to the last assumption of [66].. .

Step 1: W% bounded from above. In this case, we have for all A >0,

E[MWV 10X ¢ 4 oo (5.37)

In principle, large deviations for the U—statistic, under P := a®N, (L, U,, (W@, ... U, (WNY) satisfies a large deviations
principle on . (R%) x RN~1 of good rate function Iy. As

N
Y U, (W®) s continuous in (L, U,(W®),..., U, (W™, (5.38)
k=2

Vp>1, hmsup—log[E ~np X, UnWE)

n—+oo

< +00,

by what precedes and the theorem of R.Ellis, we deduce that p,,((Ln,Un(W(Z)), LU, WYy e ) satisfies a large devia-
tions principle with rate function defined by

N
I(W, x2,...,68) =Ty (W, X2, ..., XN) + Z = 1nf {IU(p,xg,...,xN) +) xk}. (5.39)
k=2 Ho X200 XN k=2
So
7 Ewlpl —infyEwln]  if Hlplal<+oo, Vk, xx=W®[p]
T, %, X) = { Wi i Ewin " a (5.40)
+00 otherwise.
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On the long-time behavior of the McKean-Viasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

We conclude by the principle of contraction that 1, (L, € -) satisfies a PGD of rate function Hy. Note in this case that Eyy
is inf-compact, so Hy too.

Step 2: General case. In this case, for all L> 0, we set W]Ek) :=min(W® 1). So

[Rlod + XN, WP if  Hiplal < +oo,

E L 5.41
w1l = { +00 otherwise. ( )

is inf-compact on .#; (R%) by step 1. This proves that Hy is also inf -compact by passing to the monotonous limit. For
all closed & < 4 (R%) and L > 0, we have

p:‘,(Lneg):fﬂLnegexp( nZU (W(k)))da‘g’” fﬂLnEgexp( nZUn(\N(k)))da@” (5.42)
k=2

< exp ( - npl?gchWL (Ul + o(n))
and this last inequality is given by the LDP for the U—statistic and the Varadhan-Laplace lemma. It follows

limsup —log WLy, €F)<— 1nf EWL[p] B llmsup—log WLy €F)<— 1nf Ewl[u] (5.43)

n—+oo n—+oo

by monotone limit and inf-compactness. In particular, for & = .4, (RY), we deduce that

llmsup{—loan —logC} <- inf Ewl[pl. (5.44)
n—+oo pey (RY)

By the lower bound of the large deviations for L,, under p}, obtained, this upper bound and given that Ew[p] = +oo if for
ake(2,...,N}, WO ¢ L1 (u®Fk) we derive that

1
li —logZ,-logC{=- inf E 5.45
nll-}—lm{ n 08%n 08 } H€JI¢2(Rd) W[H] ( )
which is a finite quantity by assumptions and inf-compactness. With this equality, we thus obtain upper and lower bounds

of large deviations for {p,(Ly, € )} =N.
O

Proposition 5.8 (Sanov’s theorem for the Wasserstein metric by Wang et.al). Let (X;) ;=1 be a sequence of independent
random variables, identically distributed, with values in R% endowed with one of its norms that we will denote || - || and
law o. We have equivalence between the following two assertions
(i) (P(L, € ))ns1 satisfies a principle of large deviations on the Wasserstein space (./%lp (Rd),ﬁ/p) with speed n and
good rate function H[-|«] .
(ii)
YA>0 xp€RY, fd ME=20lP 5 (dx) < +oo. (5.46)
R

Proof. Since we have established a LDP for the random empirical measure L,, under ,, on .41 (R?) equipped with the
topology of weak convergence, it suffices to prove the exponential tension of (i, (Ly € -))p=n On (Jllp (Rd),Wp).

LetKc Jllp (RY) be compact and (a, b) € [1, +00]? a pair of conjugate exponents (Lll + llo =1). By Holder’s inequality, we
have

Cn N
Hn(Ly ¢ K) = Z__[HL’”ZK exp ( -ny Un(W(k)))d(x‘X’” (5.47)
n k=2

C @n a CAPIL:
\Z—((x (Ln<£K)) (fexp( anUn(W ))d(x )

n

It is deduced that

Zn
limsup — log ML, eK) < — 11m sup — logo&® "L, ¢ K) —limsup — log — (5.48)

n—+oo a4 n—+oo n—+oo N cn

- llmsup exp (— n Z Un(bW(k)))d(x@".
" k=2

n—+oo

Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 22 Mohamed Alfaki AG ABOUBACRINE ASSADECK
F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Viasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

Now the right-hand side of this inequality is upper bounded by

1 1 1
Zlimsup —loga®"(L, ¢K)+ inf Ewlpl—-— inf Euwlul, (5.49)
a n—too N pe4 (RY) b we.ut; ®d)
and from the above, infHE 6RY) Ew[p] and
N
inf  Epwlul:= inf {H[pla] + Z fbw(k)dp‘g’k}, are finite quantities. (5.50)
et (RY) el ®RY) k=2

Under (H1), (H2) and (H3) in HMV3.1, the LDP holds for L,, under a®" on the Wasserstein space. So, for all L > 0, there
is a compact Ky, < .4 (R?) such that

1
limsup —log(x®”(Ln ¢Kp)s—al—a inf Ew[pl+ 4 inf  Epwlpl. (5.51)
n—+oo N pet (RY) b yeut; r?)
It follows that )
limsup —logp, (L, € Ky) < -L. (5.52)
n—+oo N
O

Uniqueness of invariant measure. The assumptions on the interaction potentials and the confinement potential ensure
the existence (via the inf-compactness of the entropy functional proven in §5.2 and [66]) of an invariant measure (global
minimum point for the entropy functional) for the McKean-Vlasov process obtained by propagation of chaos. It remains
to prove the uniqueness.

Proposition 5.9 (Fixed point uniqueness). Under (H1), (H2) and (H3) in HMV3. 1, there exists |lo a minimizer of Hy.
We have equivalently

> Critical points of energy: poo € {V, ?—;’l"(v, ) =0} £ @.

> Fixed points: Poo €{v, ®(V)=V}# Q.

> Maxwellians: e is also an invariant probability of the McKean-Viasov process: [ooZy,, = 0 or equivalently
Jfoo = d;—f (existence of density) satisfies

div(foovg—: (Mooy ) + Vfoo) =0.

The contraction assumption (H5) in HMIV3.1 ensures the uniqueness of [oo-

Proof. To do this, we will use the characterization of the local extrema of a differentiable functional in the sense of Fréchet
(flat derivation) on an open set. Let

@::{pe,@(Rd), Hlpla] < +oo, VK, fw(k)'*dp®’<<+oo} (5.53)
=H[-|o] ™ (] — 00, +coD) (V¥ (| — 00, +oo[V 1),
with

¥ipg— (fW(Z)'_dp®2,...,fW(N)’_dp‘g’N). (5.54)

We know that Ey = +oo over o°. By Fréchet differentiability of the relative entropy H[:|a] and of ¥ on .4 ([Rd) endowed
with its structure of differential Fréchet manifold, @ is open as an intersection of open sets. We deduce that the local
extrema (here minimum) of Ey are critical points on @, i.e. p € @ such that

) & 1
Zyi= [ BTV dx < o0, LW () 20 pidn) = e B0V, (5.55)
m M

According to the hypothesis (H5) of HMV3.1, we have

diip (@), D(V)) < kdpip(y, V), (5.56)
and since there is a fixed point, suppose by absurd that there is more than one, i.e. there is i, 2 € @ such that p; # Ho
and for all i, ®(y;) = p;. It follows that k = 1 which is absurd because k < 1. O
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On the long-time behavior of the McKean-Viasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

Cesaro tensorial: About entropies and Fisher Informations. We will establish convergences in entropy and Fisher
information which are useful for the proof of the exponential decrease of the mean field entropy and the establishment of
the nonlinear Talagrand inequality.

Proposition 5.10 (H-Tensorization). For any probability measure v on R4 such that H[v|a] < +oo, we have:

n—+oo

H[v®"|u,] — Hwlvl, where p, isdefinedin Egq.(3.8). (5.57)

Proof. For p such that p < a and for all k€ {2,...,N}, Wk ¢ Ll(p® kY. we have

du®”

[d o +nZUn(W“‘))+log (5.58)

1 1
—HP®" ) = ~Fye

(ulad + Z fW(k)dp‘X’" + ;loan ~logC.
k=

‘We recall that a(dx) :=
f ) M o (dx) < +oo. (5.59)
R
By asking:
Zn:= f(uw)n e "X VW (L day), (5.60)
we get: (by Fubini-Tonelli)
c" N g w®
Wn(dx) = Z—e‘”zkﬂ W) a®n gy, (5.61)

Letve ./ (R%) be such that H[v|a] < +oo. Since
H[v®¥o®k) = kH[v]a), (5.62)

2
x— e e 11 (q) and

k
Vike2,..,N} VxeRM (wR@I<pa+ Y Il (5.63)
j=1

by boundedness of its hessian V2W® (hypothesis (H1) in HMV3.1), according to Donsker-Varadhan variational formula
of entropy, we have W® e L1 (v®¥). We have successively: (by a direct calculation and application of the Fubini-Tonelli

theorem)
ave®n 1 ave®"
H[Vv®" :Et—:—f 1 ave" 5.64
A n ””[ duy (R Og( duy ) Y (>.64)
We deduce that:
lH[vwm =L flog(ﬁ(x-)) Ve Z U, WE gver + —log(Z ) (5.65)
n Tl da”™" k=2 ! .
im L 7 V= _
nEern log(Z,) = o H:fma )EW [nl (see Theorem 5.2),
1 & dv on _
;[;log(%(xi))dv = H[v|a] (5.66)
and finally, we also have: (see Proposition 5.1)
Z U, WR)gven = Z WO (v (dx). (5.67)
k=2
Thereby:
1 N
“HV® ] " Hvad + ZfW(k)(x)v®k(dx) inf Ew[nl = Hy[V]. (5.68)
n — ne, (R9)
What needed to be proven. O
Proposition 5.11 (I-Tensorization). If I[v|a] < +oo, we have:
Ve ) "= Ry [V]. (5.69)
Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 24 Mohamed Alfaki AG ABOUBACRINE ASSADECK

F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954
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Proof. For any probability measure v on R4 such that I[v|a] < +oo, by the Lyapunov condition (H2) in HMV3.1 on the
potential V, we have:

clflxlzdv < ¢ +1[v]a] < +o00. (5.70)

As the second order derivatives of W are bounded by the condition (H1) in HMV3.1 on its Hessian, V., W® has a linear

increase. So V ij(k) € L2(v®%). By the law of large numbers for independent and identically distributed sequences, we
have successively:
V@n) 2
n

n

1
V& |yl = 2 en (5.71)

inlog(dv +n§: inUn(W(k))szvw

)

f”VIOg (x)+n Z vy, U, W(k))H Ave”"

- k 2
n +OO fHVlOg (y)+ Z Zfvxjw(k)(xl,,..,x]‘_l,y,x]‘+1,...,xk)v®k*1( l_[ dxl‘) | V(dy)

k=2j=1 i=1,i#]

=Iwlv].
O

We recall the tensorisation property of relative entropy: The Proposition 5.12 on entropy and tensor product allows us,
in what follows, to show the exponential decreasing of mean-field entropy along the flow of solution distributions of the
McKean-Vlasov equation associated with the particle system.

Proposition 5.12 (Relative entropy and tensor product) Let HN L & and Q respectively be a product probability measure
and a probability measure defined on Eq x --- x EN a product of Polish spaces. Denoting Q; the marginal distribution of
x; under Q, we have:

N N
HIQI [ ] ail = ) HIQjlo]. (5.72)
i=1

i=1
Proof. See Appendix A.6 or [46]. O

Proposition 5.13 (Relative entropy and Boltzmann measure). Let | be a probability measure on a Polish space E and
U :E — (—00, +o0] be a measurable potential such that:

f e PYdu < +oo (5.73)

L, .. -U .
or some p > 1. Considering the Boltzmann probability measure wy := £=d\, if for some measure v, H[v|uy] < +oo, we
p 8 p y M c au M
have successively:

(i) Hlv|lpl < +ooand U e L'(v).
(ii)
H[v|pyl =H[v|p] +fUdv+logf e Vdp. (5.74)
Proof. See Appendix A.6 or [46]. O

Functional and transportation inequalities. Functional inequalities are powerful tools to quantify the trend to equilib-
rium of Markov semigroups and have a wide range of important applications to the concentration of measure phenomenon
and hypercontractivity. Vn, we recall that p,(f) :=Po (X?)‘1 and B, := prs (1n).

Theorem 5.3 (Transportation inequalities). Under the assumptions in HMV3. 1, we have

(i)
Hip, (01n] < Hip, O)lpale P2 = Hip® ", e P2 (5.75)
prs (M) HI-[Ws] < 211 [Wpl; (5.76)
pLs ()5 (-, ) < 2H[| ). (5.77)
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On the long-time behavior of the McKean-Viasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

(ii) A po € ./%lz(Rd) such that: (§5.2.Proposition 5.9)

Moo = argmin{HW[v],v €M (IRd)}, (5.78)
with Hw the mean field entropy.
(iii) prs :=limsup prs(uy,) >0 checks:
n—+oo
vve./2RY), prsHwIvl<2ky[vl and prs#52(V, Hoo) < 2Hw(V]. (5.79)

We say that we have a nonlinear log-Sobolev inequality for the first inequality and a Talagrand transport inequality
for the second.

Proof of Theorem 5.3. The logarithmic Sobolev inequality of constant 3, := prs ([L,,) for p, given by (H4) in HMV3.1, the
large deviations principle ( Sanov’s theorem) in §5.2 and the uniqueness of the minimum argument () in Proposition 5.9
of the mean field entropy ensure that we have successively:

> Vu such as H[p|a] < 400, (§5.2.Proposition 5.10.Proposition 5.11)

n—+oo

1 1 .
EH[H®"|Hn] —Hw[u] and ;I[u®"|}1n] " T [l (5.80)

> Equivalence between Sobolev’s inequality, exponential decay of entropy and Talagrand’s second inequality for
Gibbs measures (Otto-Villani,[82],[95])

BrH[-Ipn,] <2I[-|u,]  and ﬁn%z('»Un)QZH['an (5.81)

> Chaos propagation. (Theorem 5.1) Denoting (l;):>0 the flow of solution distributions of the McKean-Vlasov
equation associated with the particle system defined by the U— statistic and the confinement potential, if pg €
Jllz (R%), then for any non-empty set I < N* of finite cardinality, Pxn(iy);e converges in metric L2 —Wasserstein to
u®Cr 0 (arrow (1) in Fig. 1).

> Denoting pg) the i-th marginal distribution of p,, we have by uniqueness and LDP (arrow (3) in Fig. 1)

A
1Y == oo (5.82)

> By symmetry of y,, all its marginal distributions are identical and as

n .
2O w) = Y WP w =m0 W, (5.83)

i=1

we deduce:
nBa W2 (WP, ) < 2H[®" |1, ). (5.84)

By equivalence of the logarithmic Sobolev inequality to the exponential decrease of entropy along the semigroup, we have
(arrow (2) in Fig. 1)

H(, (0] < Hipn Olpale P2 = Hp® " wle P2, 1, (0:=Poxh . (5.85)

And by lower semi-continuity of the Wasserstein metric, we deduce the nonlinear To—Talagrand inequality given by
(arrow (4) in Fig. 1)

PLs 5 (M, Moo) < PLS 1}11111{37//22(% My <2Hwlul, prs:=limsupp, > 0. (5.86)

n—+oo

We also have the nonlinear logarithmic Sobolev inequality given by (arrow (4) in Fig. 1)

pLsHw [-] < 2Iw[]. (5.87)

In Kinetic case. We consider /7, := Ay —V,S1,,-V = &£, the elliptical generator associated with p; , =, .
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Remark 5.4. £z, admits the following Hormander form

n d )
gz,n=x0+Y+ZZx§J, Xjj=5.— Xo=-v-V, Y=VS1,-Vy—v-Vy (5.88)
i=1j=1 Vi,j
The family
{Xl,lr”-rxi,j) v Xi g X, N XL YN X [Yan,d]} (5.89)

form a basis of R2”? at any point. Which implies by Hormander’s theorem that %7, 1s hypoelliptic. Moreover, £y, is
non-symmetric, i.e. in L?(p%), we have :

Ly n=Ln-2Y=(%;,2(%;,) isnotaclosed extension of (Lzn,2(Zz,n). (5.90)
The following known lemma is a key to the Lyapunov type conditions. We include its simple proof for completeness.
Proposition 5.14 (Lemma.8 in [45]). For any function ¢ € €*(R"%) strictly positive (¢ > 0), we have

JE
Ve, [ Py, < [ wwiap,. (5.91)

Proof of Proposition 5.14. Indeed, by integrating by parts, we successively obtain

76 2
f_T?(pWdeLnsf<V(p,V%>dp.1,n (5.92)
2uVy ¢V
Sf<V(p, " _—(Pz >dl11,n

s]lledul,n.

And this last inequality follows from the inequality

2 2
( Vq’> <YIVOF vy, (5.93)

O

This second Proposition 5.15 is the heart of the proof of Theorem 4.3: this proposition is inspired by [45, Lemma.10] for
the two-body interaction. It uses Lyapunov conditions, yet well know for being highly dimensional, but at the marginal
level, thus providing results independent of the number of particles.

Proposition 5.15. Under the conditions in VFP3.2 giving UPL, there are two constants Cy and Cy depending on N, K, Ky, Ko
and d (dimension of R?) and such that

Ve G, [ IV, < C [ 1Vyidpn+Cz [ wPdpn (5.94)

Proof of Proposition 5.15. This lemma follows from the Lyapunov property, from the particular form of the invariant
measure generator! W, and from the previous Proposition 5.14. Indeed, we have:

()
IV2VIiZ, < i (1= IVVI - AV) + 1, (5.95)
) , 25K}d* 1
N1 :=5K] mn2:=4K5+ 2 Y= = (5.96)
(ii) Since the interactions are Lipschitz, we know that Vk € {2,.. ., N13IK® such that ||[VW® || < K®,
Let K:= max{K®, k=2,... N It follows that
N K2 Y
1Y, Vi UnW®) - WV (i) < (N = DKIVVIGR) < (N= D)5 + S IVVE (i) (5.97)
k=2 Y
1 We have
n N
Hon =Y. Tiy Tii=0x; =V -V =n Y Vi UnWH). v,
i=1 k=2
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On the long-time behavior of the McKean-Viasov PDE 6 PROOFS OF MAIN THEOREMS

But for ¢(x) := e2V(x’ we have
S T
= 2 X avi + (— —DIVVE() - n Z Vo UnW®) - W () (5.98)
¢ ¢ 2 k=2
Thereby
T, N N-DK?
2791 AV () + (Y — 1)WY () + N-DK" (5.99)
2 2y
Moreover, we have )
S (N-D1K
(A= PIIVVIEC) - AV () < ~27 22 4 ey (5.100)
Therefore, by the inequality obtained in (i),
Jf @ (N-DK?
VAV < S ——— |+ 5.101
IVAVIZ, < mi (-2 ) (5.101)
Integrating with respect to w?d; ,, we obtain
2 7 (N-DK?
fnvzwxmlﬁpwzdm,n < %f ”‘pwzdul nt (me+ Tm)fwzdm,n. (5.102)
And we conclude by the previous Proposition 5.14 that
f IVAV ) llapwPdinn,n < Cy f IVowlPdpy,, +Co f vidpy,n, (5.103)
where C; = 2% and Cp = 1), + &5 I)Kznl
O
6 Proofs of Main Theorems
Proof of Theorem 4.1. Indeed, we have the inequality (Proposition 5.12)
—H[pn(tna@"] > Hlpy (1)l 6.1)
and by lower semi-continuity of relative entropy and propagation of chaos,
hmlnf H p‘”(t)l(x] = Hlp;|o] (6.2)
On the other hand, we have (Theorem 5.2.Theorem 5.3.Eq. (5.58))
1 1
;H[pn(t)lpn] < ;H[p?”lpn]e_ﬁ”% and hmlnf H |p le™ Bns =Hwl[pole™ pLSZ. (6.3)
Also, as
" oIV, U, W) ®
Mn(dx) = Z—e "k W@ (), (6.4)
n
we also have
Hip, (0)pn) = —H[un(t)|a®"] + Z fUn(W(k))dpn(t) + (—log(Zn) —log(C)) (6.5)
and (§5.2.Eq. (5.58))
N
00 1 .
f U, (WP dp, (0 "== f > [ wPap® =y W), —logz,) -log(C)"—="~ inf Ewlul. (6.6)
k=2 k=2 n e RY)
It is deduced that
Vt=0, Hwlpole P52 >11rn1nf —H(n ()1 > Hlplod + ZW(k)[p.t] inf  EBwlul=Hwlu].  (6.7)
k=2 e (RY)
This completes the proof of the exponential decrease of entropy along the flow. O
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On the long-time behavior of the McKean-Viasov PDE 6 PROOFS OF MAIN THEOREMS

Proof of Theorem 4.2. Just use the nonlinear T, —Talagrand inequality, i.e.: (Theorem 5.3)
Vi=0, prs#y (e Hoo) < 2Hw . (6.8)
This completes the proof of the desired inequality: We conclude with the Theorem 4.1. O

Proof of Theorem 4.3. By the Lyapunov condition in the assumptions 3.2, we can apply Proposition 5.15 and obtain that
for any y € #' (1, ,,), it holds

f V2V () By w2dits < Co f IV d .+ Co f wRdy,p, 6.9)

with C; = 20 and Co=ma+ (N_zl)Kz N for instance which are independent of the number n of particles. It follows that

the boundedness condition in Villani’s theorem holds. Since the uniform Sobolev inequality implies the uniform Poincaré
inequality, we can apply Villani’s hypocoercivity theorem ([45, Theorem.3] or [94, Theorem.18 and Theorem.35]), which
completes the proof. O

Proof of Theorem 4.4. Note that (pg(t)) =0 18 a solution of a (large dimensional) linear Fokker-Planck equation, for which
the exponential decay of the entropy is already known under assumptions including 3.2 (see e.g. [94]). Consider the
_ dwy (0
= ~ar
with respect to its equilibrium distribution, solves

generator %7, given by Eq. (3.19). Then ¥, : the density of the law of the particle system given by Eq. (3.16)

Y=L, Y. (6.10)

This is a linear kinetic Fokker-Planck equation, for which convergence to equilibrium has been proven by many ways.
All we need to check is that the explicit estimates we obtain do not depend on n (see e.g. respectively Theorem.7 and
Theorem.10 in [77, [78]]). The key point in Eq. (4.4) is that C and £ do not depend on n: Indeed, as pg =U,n@H2n
and these measures satisfy logarithmic Sobolev inequalities of constants prs(p1,,) = p and prs(p2,,) =1, pg‘ satisfies an
inequality of logarithmic Sobolev of constant prs (i) := max(p, 1); moreover, the Hessian of its Hamiltonian is uniformly
bounded. This enables us to prove the following: (T2—inequality)

k>0 Vn Vi, 7//22(}12’(0, Hy) < Kef‘r’tH[pg(O)lpg], Hy(0)=p®", pe 2, (R x RY). (6.11)
By symmetry, propagation of chaos and Sanov’s theorem (LDP), we have respectively
n,(i) n—+too 7

Vie{l,...,n, n#2urPm, ) <w2wim,uw, prPm "0y, pO ez (6.12)

We have by lower semi-continuity

. i N
VH€@2(Rd de), 71/22(|J,, p-go) $lrllllllg71/22(u’ MZ,(l)) SKI}}I}_&&;;H[H%(O”H;] :Ky“,l], (613)
1 N 1 oo
—H[p®" 7] = Hiplae .4 (0,1d) + U, WE)apu®" + ~log(Zy) - log(C) "0 Plul = &l - EpA]. (6.14)
k=2
According to Eq. (4.4), we have
LWV < CcFule . (6.15)
It follows that
w2 ) < k2 [P < kCF[ple ™t (6.16)
O

Proof of Proposition 4.1. First, note that (4.6) ensures that V2V > pI; with p > 0, which in turn implies (H2). For (H3),
this follows from the assumption: W(k)"(xl, cey X)) = O(Z;?:lV(xj)) as |x % +... + kal2 — +00.

To prove (H4), we use the classical Bakry-Emery criterion. To this end, let us denote by A;; = V? an(xl, ..., Xp) where

we abusively omit the dependence in (x1,...,X,). Note that A;; is a d x d-matrix. Using the symmetry of the wh | we
have

-1
N
n-1
A =VVE)+Y kY ( )vilw(")(x,-,xil,...,xik_l)

k=2 (i}, ip_1)el;! k-1
andif i # j,
-1
3 n=l1 oo ok
Aij: Z k Z =1 vlzw (xi!xj!xil;---;xik,z)
k=2 (i), ig_o)el,’
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On the long-time behavior of the McKean-Viasov PDE 6 PROOFS OF MAIN THEOREMS

where I;i (resp. I;ij) denotes the set of increasing sequences i} < ... < ix_; of [1,n]]\{i} (resp. i} < ... < i of
[1, nl1\{i, j}). With the notations of the proposition, one easily checks one can find a small enough € and a large enough
ne such that for any A <€, n = ne and (x1,...,x,) € (R%)™, we have for all i € [1, n],

N
1A = Mlgp 2 A=2e> Y k(k=DIVEW P llo+£2 Y 1IVF ;Aijllop.
k=2 j#i

This implies that for any A € (—oo, €), the matrix V2H,(x1,...,Xp) —Al,,q is block-diagonally dominant and thus invertible.
Hence, V?H,, = €l,,; which in turn implies (H4) by the Bakry-Emery criterion.

Let us now prove that (H5) holds. Let vo,v; € 22, (R and set v; = (1—1)vo+ vy, £ €[0,1]. Let f: R > Rbea 1-Lipschitz
smooth function. From the very definition of @,

1

(@(v), ) = 7

fd f(x)e_vm_zlljzzkfw(k) Ve dy gy (6.17)
R

so that setting g;(x) = -8, (X}, k fWP (x, y)vE¥~1(dy)), we get

d _ 0:Zy,
E(Q(Vt)yf) =- 7

(@), [) +(D(Ve), f81) = (P(Ve), [81) —(@(Ve), [HUP(V4), &) = Covay,) (f, &)

Vi

For a probability y, let £, be the operator defined on %2-functions by
OF
$Hf=—Vf.V(%(p,-)+V)+Af, (6.18)

with 56—51 defined by (1.18). Denoting by ¢, be the solution of the Poisson equation f —®(v,)(f) = £v,¢; and using that
Xy, is self-adjoint in L2 (@(vy)), we get

Covaw,)(f,81) = <tpt,$vtgt>Lz(¢(vt)) = —(tht,VgﬁLz(q)(V,))-
Note that for the second equality, we used the fact that for some €2-functions f and g, £\, (f.8) = f %y, 8+ 8%y, f +
2V f.Vg. With the help of Cauchy-Schwarz inequality and Lemma 6.1, this leads to

1
|Covaw,) (f, 8 < IVt @w )y IVE 2w,y < XIIVgxlle@(V[))- (6.19)

Let us finally focus on Vg;. First, one checks that
k k k ol
0, f WO, v ldy) = f WO, Y (vi—vo)dyp) [T veldys (6.20)
j=1 i#]
= (k-1 f f W®H (x, x2, ) (v = vo) (dx2)vEF 2 (d ).
Note that we used the symmetry of W® and the fact that [W®| is subquadratic (due to (H1)), which ensures sufficient

integrability properties for the above equalities. Now, denoting by (Xy,,Xy,) an optimal coupling of vo and v; for the
1-Wasserstein distance, one obtains

IV ( f WO (x, x5, ) (v1 — Vo)(dXz)) | < IEVIW® (x, Xy, ) = ViWE (o, Xy, ]I (6.21)
< "v%zw(k) ||op,oo7//1 (vo,Vv1)-

Hence,

N
Vgl @,y < V8o < (Z k(k = DIVZW® llop o | #1 (Vo, V1),
k=2

and by (6.19), we get for any smooth 1-Lipschitz function

YR, k(k=1IVEW P lgp 00
A

1 d
|(<I>(V1),f>—(q>(vo),f>|<f0 |%<<I>(Vt),f>ldt$ W1 (vo, V1).

By (4.6), a density argument and the Kantorovitch-Rubinstein duality relation, it follows that @ is a contraction on
(PR, W1). O
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On the long-time behavior of the McKean-Viasov PDE 6 PROOFS OF MAIN THEOREMS

Proof of Proposition 4.2. We need to show that (H4) and (H5) are true. Concerning (H5), this is a consequence of as-
sumption (4.6), exactly as in the proof of Proposition 4.1. For (H4), we apply [96, Theorem 1]. The inspection of the
related assumptions is divided in three steps.

Step 1: Regularity properties. For any p € 22(R%), we consider the standard Langevin process X" 10 of Hamiltonian
x1— B (,x) = V) + X3, kWP (xy, p)p®*-l(dy), ie.

8H
ax =v2dB! —V%(M,det. (6.22)

)
This Langevin process admits for invariant distribution ®(u)(dx) = ie’ﬁ(”"”dx. The functional H admits first and

second-order flat derivatives that are jointly continuous and are €7 in the spatial variables. H,, the Hamiltonian of the
particle system and its derivatives are related to the macroscopic Hamiltonian H and its derivatives by

H;, (%) = nH(uy) (6.23)
1 n
= nH(; p;l 6xp)

n N
=Y Vi) +n ) U,wWW0y;
p=1 k=2

Vi, Hp(X) = 25 H(px, Xi); (6.24)
1
Vi Hn 09 = V2 Hpx, X008 + — D3, H (i, X, ). (6.25)
As
5*H > (k) ®k-2
Sz (X1 X2) = Y ktk—=1) [ W9 xy, x2, y)p® % (dy), (6.26)
k=2

and that for all k € {2,...,N}, V,, W® and V2  W® are bounded, the functions (i, x1,%2) — Vy, %(p,xl,xg) and

(1, X1, X2) — Vil X g%(p,xl,xz) are bounded. These properties imply that Assumptions land 2 of [96, Theorem 1] are
true. On the other hand, Assumption 5 exactly corresponds to Assumption (iii) of Proposition 4.2. It thus remains to
establish Assumption 3 concerning uniform logarithmic Sobolev inequality for ®(u) and Assumption 4 concerning uni-
form Poincaré inequality for the i-th conditional marginal of the invariant distribution of the particle system given by
Hn(dx) = 7-e 1™ dx.

Step 2: Uniform log-Sobolev inequality. For this step, one uses [28, 29] which gives some sufficient conditions on a
e—U

potential U to ensure a py-log-Sobolev inequality for ay(dx) := < “ dx. More precisely, such a result holds if U is €

U
with lower bounded Hessian and satisfies the following Lyapunov condition: there are two positive constants C}J and cg

such that

Vxe [Rd, x-VU(x) = cijlxl2 -cY. (6.27)

Thus, in our setting, the uniform log-Sobolev inequality will hold if these assumptions are true uniformly in p for x —
g—g(p,x). Let us check these conditions: since for all k € {2,...,N}, x — V,,; W% (x) and V2W® are bounded, for all

pe P RY) and x e RY,

SH N _
XV > el — e+ Yk | x 0 WG, ppdy) (6.28)
k=2

N
> crladl? = c2 = 3 klIV. WP oo xI
k=2

and

5H N _
V)=V Yk [ VR WG puetay) (6.29)
om k=2
is bounded from below. As |x| < €| x|? + C, for any € > 0, there are two positive constants cf and c; such that
d d oH *1 42 ok
Y (x, ) € R x 2 (R?), x~V6—(p,x)>c1 [x|“—c5. (6.30)
m

From what precedes, one can conclude @ () satisfies a p logarithmic Sobolev inequality with constant p independent of 1.
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Step 3: Uniform Poincaré inequality for pi)*i. First,

=1 =i —nH(uy)
Mo () _ e (6.31)
dx; Je "l dy;
which involves that its log-density satisfies
~ViInph (X7 = D Hip, X0). (6.32)
Second, let us denote pfﬁi (-) the probability measure defined by
H;{:—i () q)(ux—i) e—g%(llx—i,xi)
= = S . (6.33)
dx; dx; [ e am i gy
Its log-density satisfies
~Vilnpg, (x) = D H(uy-i, X)), (6.34)
We have (definition of the flat derivative)
! 82H
DmH(U1, x) =D H(uo, X) =f0 /Rd wa(tm + (1= Ho, X, ) (11 — Ho)(dy)dt. (6.35)
By boundedness property of (u, x, y) — ng%(p, X,), we have
82H
|ZmH (1, ) = ZmH (o, 1) < Vi o3 llool 1 = HollTv- (6.36)
Then, for some constant M, H verifies
M
|DmH(ux, Xi) = DmH(pg-i, x)| < - (6.37)

then the derivatives can at most differ by % This means that, for n large, the conditional measure pfl_i (-x7%) is a weak

log-Lipschitz perturbation of the measure pfﬁi. Furthermore, pfﬁi satisfies a p-log-Sobolev, a fortiori, it satisfies a p-

Poincaré inequality. By Aida and Shigekawa perturbation theorem [1, Theorem 2.7], the uniform Poincaré inequality for
il-i
U, = follows.

Conclusion. By [96, Theorem 1], we have the desired uniform log-Sobolev inequality for p,. O

Lemma 6.1. Let y€ P[RY). Let f:RY — be a €' function with bounded derivative. Let ¢ be a unique solution the
Poisson equation f —(® (W), f) = Ly where £, is defined by (6.18). Then,

IV@lloo < [f1IAT!

where [f], denotes the Lipschitz constant of f and X"\ is defined by (4.6).

Proof. Tt is well-known that ¢(x) = 0+°°P;l fx) = (D), frdt where (P;‘) t=0 denotes the semi-group associated with £,
so that under adequate derivation conditions (which will be satisfied in our setting),

+0o
ch(x)=f VP f(x)dr.
0
Now,
VP} f(x) = EIV f(X}")3:X} ]

where (X}"*) denotes the solution starting from x of the SDE associated with %, and (d,X}) its first variation process
solution to

SF
dy,=-v? (%(p,xg"") +VEXE | Y, dr

with Yo =I;. Under the assumption (4.6), one easily deduces from a Gronwall argument that for any z € R%,

1Y,z < e72A| 2

which implies that
IVPE £ (01 < [F1110:X5  llop < [f11€72.

The result follows. O
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Remark 6.1. In the proof of the Lemma 6.1, we can replace A by

inf (Ageyy+ inf A SN (6.38)

)
xeRd peg’(Rd)_vz Bm ()

m

Proof of Proposition 4.4. As G, VG and V2G are bounded, given that the interaction potentials are combinations of tensor
products of G, it is easy to check (H1), (H3), VFP1, for all i = 1,2, y; < +oo and 2, (R?) ¢ 5 (R%) = 2 (RY). As for (H4)
and (H5), they are significantly more difficult to establish. Let’s go prove them.

For (H4), we will proceed as in the proof of Proposition 4.2: we will establish assumptions of [96, Theorem 1].

Step 1: Regularity properties. For any p € 22(R%), consider the standard Langevin process (X‘;)r;o of Hamiltonian
W (1,)=V+Q(fGAWG, i.e.

8H
axt =v2dsY —V%(H,th)dt. (6.39)

. . . L o _aH . .
This Langevin process admits for invariant distribution ®(u)(dx) = sze sm ¥ dx. The functional H admits first and

second-order flat derivatives that are jointly continuous and are €7 in the spatial variables. H,, the Hamiltonian of the
particle system and its derivatives are related to the macroscopic Hamiltonian H and its derivatives by

H, (x) = nH(ux) (6.40)
1 n
= I’ZH(; pzz'l 8xp)

n 1 n
=) V(xp)+ nQ(— > G(xp));
p=1 np=1

Vi Hp () = 2,,H(pix, Xi); (6.41)
vijxiHn(x) = VD mH(ux, x:)8;j + %@iH(ux, Xi) Xj). (6.42)

As S2H1
5oz (WX X2) = Q”(dep)G(xl)G(xz), (6.43)

and G, VG and V2G are bounded, the functions (W, X1, x2) — Vi %(p,xl,xg) and (W, x1, x2) — Vilng%(p,xl,xg) are
bounded. Then, to apply [96, Theorem 1], the boundedness assumption on second order flat derivative and the convexity
in flat interpolation sense assumption (Q” = 0) on & hold true. It remains to establish the assumption 3 concerning
uniform logarithmic Sobolev inequality for ®(p) and the assumption 4 concerning uniform Poincaré inequality for the
i-th conditional marginal of the invariant distribution of the particle system given by p,,(dx) = z_ln e Hn® gy

Step 2: Uniform log-Sobolev inequality. For this step, one uses [28, 29] which gives some sufficient conditions on a
e*U

potential U to ensure a py-log-Sobolev inequality for ay (dx) := = “ dx. More precisely, such a result holds if U is €2

U
with lower bounded Hessian and satisfies the following Lyapunov condition: there are two positive constants CP and c;J

such that

VxeRY, x-VU@) =cllx?-cY. (6.44)

Thus, in our setting, the uniform log-Sobolev inequality will hold if these assumptions are true uniformly in p for x —
g—g (1, x). Let us check these conditions: since y; < +oo (|ysl <Yy1), forall pe Qz(Rd) and x € Rd, we have

OH
V2 (4,") = V2V + y3V2G 6.45
Sm(u ) +Y3 (6.45)
> V2V -y, V2G;
8H )
x-V—Sm(p,x)Bcllxl —Cc2+Y3x-VG(x) (6.46)

2
= c1]x|” = c2 = Y11IVGllool x].

As |x| < €] x|? + Cg for any € > 0, there are two positive constants cf and c; such that

0H
V(x, ) € R? x 2, (RD), x-V%(p,x) > cf|x® - 5. (6.47)

From what precedes, one can conclude @ () satisfies a p logarithmic Sobolev inequality with constant p independent of 1.
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On the long-time behavior of the McKean-Viasov PDE 6 PROOFS OF MAIN THEOREMS

Step 3: Uniform Poincaré inequality for pi)*i. First,

=iy omi —nH ()
Mo O _ e (6.48)
dx; Je M dy;
which involves that its log-density satisfies
~V;Inph (X = 2 Hip, X0). (6.49)
Second, let us denote pf:_i (-) the probability measure defined by
Hi)-i QRN I (TH) efg%(”xﬂ"x")
= = T . (6.50)
dx; dx; [ e 8m i) gy,
Its log-density satisfies
~Vilnpd, (x)) = D H(ug-1, x). (6.51)
We have (definition of the flat derivative)
! §%H
DmH(U1, x) =D H(uo, X) =f0 /Rd wa(tm + (1= Ho, X, Y) (11 — Ho)(dy)dt. (6.52)
By boundedness property of (y, x,y) — ng%(p, X,y), we have
82H
|@mH(H1;x) _gmH(MO; x| < ||va”oo”Hl - UOHTV- (6.53)
Then, for some constant M, H verifies
M
(DmH(ux, Xi) = D H(pyg-i, x;)| < P (6.54)

then the derivatives can at most differ by % This means that, for n large, the conditional measure pg_i (-Ix7%) is a weak

log-Lipschitz perturbation of the measure uf_i. Furthermore, pi’_i satisfies a p-log-Sobolev, a fortiori, it satisfies a p-

Poincaré inequality. By Aida and Shigekawa perturbation theorem [1, Theorem 2.7], the uniform Poincaré inequality for
il-i
U, follows.

Conclusion. By [96, Theorem 1], we have the desired uniform log-Sobolev inequality for p,.

For (H5), we follow the same strategy as in the proof of Proposition 4.1 (see (6.17)): for vg,v; € 2,(R%) and a 1-Lipschitz
function f: RY — R, we write v; = (1 —t)vg + tv;. First,

1

(@vy), /)= 7

f [ fae VWmQUEMINEE gy and %@(w),ﬂ = Covay,) (f, &1) (6.55)
R
with

810 =-0,(Q( [ Gvitdy)6n) = ~Goe” ( | G(y)vt(dy)) [ e -voa.

Following carefully the proof of Proposition 4.1, we get

1
|Covov, (f, gl < IVOelliz@w ) IVEliz@y,y < )\_*”Vgt”LZ(QJ(v,)) (6.56)

with A* = inf _ga (AVZV(x) + Y3AV2G(x)) > 0 under the assumptions of Proposition 4.4. Now, since
Vg = —Q”( f G(y)vt(dy)) f G(y)(v1 = vo)(dy)VG,
since Y2 < +oo and VG is bounded, by the Kantorovitch-Rubinstein duality relation, we have

IVgtli2 @) < 1V8tloo =

Q'( [ cuvitan)|-| [ 6w~y @n|iivGile < valVGIEH vorv1)

and by (6.56), we get for any smooth 1-Lipschitz function
1 d IIVGIIZ
KD(v1), f) = (D(vo), /I <[ |E(®(Vt),f>|df< Yz)\—*ooWl(Vo,Vﬂ-
0 —_—
As ;\(—fLIIVGllgO < 1, by a density argument and the Kantorovitch-Rubinstein duality relation, it follows that ® is a contrac-

tion on (2 (R%), #7).
O
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On the long-time behavior of the McKean-Viasov PDE A APPENDIX AND ADDITIONAL PROOFS

A Appendix and additional proofs

A.1 Propagation of chaos

Theorem A.1 (Moment control). Let m € Rxy, ||-||2 be the standard Euclidean norm on R% and the continuous function
0,: R— [0,+00[ (A.1)
—20 .
0 l’ee“ if 0#0;
2t if ©6=0.
Suppose that there exist pairs of constants (8,9),(02,9,),,..., (On,ON) such that for all (i, x) € PRY) xRY,
x-VV(x) =0||x]1> +9; (A.2)
Vkel2,...,N}, x-VWHR s u® 1 (x) >0, x]% + 0. (A.3)
Letw:=0+ 21,21:2 kO and 9:= 9+ 21,21:2 k9. We have
oo, 2m+d—-2-0+12m+d—-2-79|
Vo€ Zom®) vezo0, |[IB|| <[l e 0:@. (Ad)
L™ () L™ (j10) 2
In particular, if @ >0 or ® =0 and 2m+d — 2 —9 < 0, we have uniformity in time:
2m+d—2-9+[2m+d—2—-9) e =0
12 if >0
sup||[ll-113 <||II-13 + 20 ’ _ (A5)
t;g | ZHL’”(uz) H 2HL’"(po) 0 if =0 and 2m+d-2-9<0.
Proof of Theorem A.1. By the transfer formula, for any function y € L!(i1;) or of constant sign, we have
By (o] = [ wiom(dx). (A6)
For all m = 1, by Itd’s formula, we have
d 2m 2m
E[E[IIXzII 1 =E[L, - 1157 XA (A7)
On the other hand, we have
V|- 157 (x) = 2ml|x| 2" Vx; (A.8)
All- 115" () = V- VI 15" (x) (A.9)
d
=2m g (IxIP™ D x;)
j=1
< 2(m-1) 2(m-2)) .2
_ m— _ m—
=2m) (el 20m = 11622 12
=2md|lx|?"V + 4m(m - 1)|1x|*" 2 || x| ?
=2m@2m+d-2)||x|?"V.
We deduce that
_ _ 6F
Ll 12" (x) = 2m@m+d — 2)||x|P77V = 2ml | x][2" D x. (V%(p,x) +vv) (A.10)
N
=2mllxIP D (2m+ d -2 - x- V() = 3 kx- Vi WE 5 =k )
k=2
By setting S, (1) := E[l|X]|>™], we have
N N
s () <2m(2m+d—2—ﬂ— Y kﬂk)Sm_l(t) —2m(9+ Y ka)Sm(t). (A.11)
k=2 k=2
As for a finite measure |, we have
1 1.1
Vp<q Ve, vl = [wrdn)” < ([ 1di)" v, (A.12)
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On the long-time behavior of the McKean-Viasov PDE A APPENDIX AND ADDITIONAL PROOFS

we have o
Sm-1(B) <Sp() ™. (A.13)

Case 1: Using L” injection. If 2Zm+d-2-9— lej:z k9 > 0, we have

N ~ N
s (1) s2m(2m+d—2—ﬁ— Y kak)sm(r)’"T‘ —2m(e+ y kek)sm(t). (A.14)
k=2 k=2
We deduce that
1Y/ N N 1
m(Sm(0)n ) <2m(2m+d-2-9- Y kd)-2m(0+ Y k6i)S,n(n)7. (A.15)
k=2 k=2

By setting z,,,(#) := Sm(t)#, we have

N N
2 (1) s2(2m+d—2—8— Y kak) —z(e+ Y kek)zm(t). (A.16)
k=2 k=2

And by Gronwall’s lemma, if 0 + ZE:g kOy # 0, we have

2m+d-2-9-YN, ko _ (om0 - 2m+d-2-9-YN, ko )e—zr(e+zl,jz o0,)
m

zm () — < (A.17)
" 0+, k0 0+, kO
If0+Y¥N kb =0, by integration, we deduce that
N
zm(t)szm(0)+2(2m+d—2—€)—Zk%)k)t (A.18)
k=2
In conclusion of this disjunction of cases, whether 0 + ZE:Z kO = 0 is zero or not, we have
—2t[0+xN k0 N N
Zm(0) < Zm(0)e ( ke k) + (2m +d-2-9-Y kak)@t(e +y kek); (A.19)
k=2 k=2
O;: R—[0,+00]
—20 .
0 1’%2[ if 0#0;
2t if 6=0.
Case 2: Direct increase. If 2m+d-2-9- lej:z k9 <0, we have
N
S (1)< —2m(e+ y kek)sm(t). (A.20)
k=2
And by Gronwall’s lemma, we have
—Ztm(e+z§:2 kek)
Sm() <S,0)e . (A.21)
In conclusion, in all these cases, if o € ,@Zm(le), we have
VT =0, sup E[[[X:[*™] < M(m, uo,T). (A.22)
0<t<T
As for uniformity in time, it is ensured if one of the following conditions is verified
> 0+XN, kB >0;
> 0+YN k0 =0and2m+d—-2-9-X} , k9, <0.
O

Remark A.1. Suppose that there exist pairs of constants (8,9), (02,9,),,..., (O, 9N) such that for all (y, x) € PRY) xRY,

X-VV(x) = 0] x| +9; (A.23)
(k) ®k-1 2
Vke2,..,Nb,  x-Ve WO s n® 1 (x) > 0,]1x]12 + 0. (A.24)
Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 36 Mohamed Alfaki AG ABOUBACRINE ASSADECK

F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Viasov PDE A APPENDIX AND ADDITIONAL PROOFS

If we add VV(0) =0 and V le”‘) (0,-) = 0 to the reduced Hessian conditions, we obtain the following hypotheses above.
Indeed, if there exists p € R such that V2V = —Bl,; and for all k € {2,...,N}, there exists B € R such that VilW(k) > —Brly,
we have in particular

(VV(x) = VV (), x - y) = —Bllx - ylI%; (A.25)
(Ve WO (x,) =V WP (3,), x = ) = —Billx -yl (A.26)
In this case, 0 =—p, 9=0, for all k€ {2,...,N}, O = —f and D =0.

Proof of Theorem 5.1. To show the result and for greater clarity of proof, we proceed in five steps described below.

Step 1: 1to’s formula and drift division. By setting G = m, we have

N k . .
ax"? = 2apmr_y K 5 (VG(X(;”"’) +Vxlw(k)(x(t”)"’,x(t")”l,...,X(t”)”k‘l))dt (A.27)

n-1
k=2 (k,l) 1<11§/12< <;k 1sn
I p

N k , .
= V2daB"P -y — y f (VGXP) 4 Vg WO X0 X ape®=Day,

n-1
k=2 (k*l) 1<11§12< <¢lk 1sn
I p

N
ax;” = v2apy"" - 2k V) + Vo WH Y, ) e D @y (A.28)
=2

Rd)k—l (

k

N
=V2dB/"P -y y f (VG(X(t’”)) +V,, WR P, y))u»;f’c‘”(dy)dt.
k=2 (k—l) 1$l’1§li‘2<...‘<¢ik,1$n (Rd)k-1

i ij#Ep

So

r k=2 k 1) 1<ij<ip<..<ip_1<n
Vi, ij#p

f( - (VG(XQ”)) ~vGx™P) (A.29)

+V WOEP ) v, wR P ximi ,xﬁ”)’ik-l))uwgs(k‘“ (dy)ds.

By Itd’s formula, we have

n n
Z “X(tn),p _X(tp)Hz _ Z HX(rn),p _X(rp)llz (A30)
p=1 p:]
Lot K (n),p (P k) ()
2y Y= Y f (VG - V6P -V WP X, y)
= 2 (10)) 1<i<in < iy <n O
vi,  ij#p

+ U WO XDP xO0i xiiey xmp_x (P) >uﬂ>§§f’“‘” dy)ds.
By setting p; = Px, and V,, W& % &V .= 1y, Wk (. 1)u®*-1(dy), we have

n n
> IXT-XPIP = Y X (431
p=1 p=1

n t
(n), (p) (n), (p)
-2y r <VV(Xsn Py—wvx Py, xmP _x P >ds

n t N ' |
-2 Z Z n—1 Z <vx1W(k)(X(sn)'p,X§n)'ll,,,_,X‘(gn)’lkfl)
p=1JT [=2 (k'—l) 1Sii<iz<.. <lk \<n
vj, ij#p

— Vo WH s 2D (x Py x (0P —X§m>ds.

Let
oy (9= <vxlw(k) (P xmix iy g Wk s 8D (x Py x0p —xg”)> (A.32)
=0 i D0, ()
P (9= <vxlw(k) (P xmiximien g w P xi x k) xmp —Xi”’>; (A.33)
0 (9:m (T WP, KO, Xy, Wb 25D ) X ), (a3
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On the long-time behavior of the McKean-Viasov PDE A APPENDIX AND ADDITIONAL PROOFS

Step 2: Control of the confinement term. As the Hessian matrix of the confinement potential is bounded from below,
we have

s () (P)y () ) '& e »
-y <vvo<s Py _yy Py, xWr _xp >ds<ﬁ S XP —XP 2. (A.35)
p—l r r p:l

Step 3: Control of the interaction term in p®). As the Hessian matrices of the interaction potentials in the first coordinate
are uniformly bounded from below, we have

Vke 2. N, —p? (9 <BrlX{"P XTI, (A.36)

Step 4: Control of the interaction term in p®®. By Cauchy-Schwarz inequality, we have

£ T e OV GEX X (A37)
1<i)<ip<..<ip_1sn T
Vi, ij#p
. . 2
Cipyonip_y () 1= > Ve WR P X, X)) - v, Wk s D (Xﬁ"’))H (A.38)
I<ij<ip<..<ig_1<n
lvjz, tﬁf} !

= >y EERY

L X Dyenylf—p 0 T NV, ir
1<i)<iz<..<ip_1sn
Vi, ij#p

) .
1 (S),E']l ..... jk*l (s)>!

(2]
ail ..... i

9=V WO P X, LX) - v W 2D ), (A.39)

As the Xip ) are independent copies of X with distribution pg, we have

B

ik

(p) _
L.87 () =0. (A.40)

Moreover, as the McKean-Vlasov flow admits bounded moments (see Theorem A.1), we have

EIEY ,  @IF <EIV,WHXP X, X2 (A4l)
< QEIXS 1P+ EIXV 1P+ + BIXCEV 27
= kQE[IX,]1*™]
< kQMo,,, (T). (A.42)

It follows that

n-1
I T OE $ ( . 1)kQM2m(T>\/ EIIXS” = X112, (A.43)

1<i)<ip<..<ip_1sn
Vi, ij#p

Step 5: Gronwall’s lemma. For all g € {1,...,n}, let y4(7) = [EIIX(t")"’ —X(tq)llz. By taking the expectation in equation
A.31, by the previous controls and the exchangeability of the marginals of the particle system, we obtain

I

N t N k t
nY (1) < nyq(r)+2n(B+ Y kﬁk)f Yq(9)ds +2nv/OMz () Y )f JYq(9)ds. (A.44)
r =N

k=2
As
n—1 kln
=—1.; A.45
mk [n e[k
(E) < (k) <e (%) ; (A.46)
we have
N gl N NS s N2
Y <Y e ()T =y S sN-D—~. (A47)
k=2 ("—1) k=2 N k=2n'z vn
k-1
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On the long-time behavior of the McKean-Viasov PDE A APPENDIX AND ADDITIONAL PROOFS

By setting k = (N — 1)v/QMoa,,, (T)NN*2, we have

N t K [t
1)< +2(p+ ) k f) d +Z——f ds. A.48
Va0 < ¥q(r)+2(p+ 3 k8] | vowds 2= |y fqds (A48)
Or equivalently
Yo —Yq(r) _ [Iyg®ds  « [I\/Yq®ds
— <2(p+ Zkﬁ) Y A (A.49)
And by passing to the limit, we obtain
Yy <2(p+ Z kﬁk)yq(t) +2\/_\/Yq(t) (A.50)
fw:=p +lej:2 kP =0, we have (y4(0) =0)
! Yq( N x
(1 (t)<—t (A.51)
( Yq ) zm Yq \/—
By setting y4 = /Yq, if w # 0, we have
/ N N "
(va(0+ . ) =y <(p+ Y kBe)yq(+ % = (B+ Y kBi)(vg(0+ ) s
B+, ki) v = nol e B+, ki) v
And by Gronwall’s lemma, we deduce that (y4(0) = 0)
N
Vgl + <(vg@+ )et(m’“z kﬁ’“): (A.53)
(B+Z, ki) v B+, ki) v
N
Ve = . (er(mz“ i) _ 1).
B+, ki) v
O

Proposition A.1 (Corollary of the theorem 5.1). The result of the theorem 5.1 ensure with explicit rates,

(n),p

(i) the weak convergence of the law ;" of a particle towards ;. in fact, X(tn)'p has the law p(t")'p by definition and

X(tp) has the law | by construction, therefore for all t<T and all n =1,

M
#E W ) < — (A.54)

with M not depending on the number of particles. The uniformity in time of M is verified if w <0 in theorem 5.1;

(ii) the propagation of chaos for the particle system: q being a fixed integer- or more generally a o(n)- and for the
Wasserstein distance defined on (R4, for {iy,..., igt a part of {1,...,n}, we have

qM

i 077 < (A.55)

e

(iii) the convergence of the empirical measurement of the particle system towards the McKean-Vlasov particle law: for
any Lipschitzian function ¢ : R% — R, we have

MM My,
EKITYY, ) — (g P < ——22 (A.56)
Proof of Proposition A.1. By definition of the Wasserstein metric and empirical measurement, we have
@ M
3 ) <EIXP -XPIP < = (A57)
(i1)
2 g (), (n),iq X\ mp_ w2 o M _
W (P(X(tm,l .... Xiay M7 ) <E[[oct™ i, x P -, )H < gEIXP —xXP )12 < T2 = Mo(); (A.58)
(iii)
2M + M,
BN, 0 = (e ) < ——— [l (A.59)
O
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On the long-time behavior of the McKean-Viasov PDE A APPENDIX AND ADDITIONAL PROOFS

A.2 McKean-Vlasov theory

Theorem A.2 (Existence and uniqueness of solutions of Eq. (1.13)). Let us assume that the functions b and o are globally
Lipschitz: 3K >0 Y (x, y, 1, V) € RP x RP x 2, (RP) x 2, (RP),

[1b(x, ) = b(y, VI +llo(x,p) —a(y, Wl < K(Ix— v+ %(u,v)), (A.60)

where || - || denotes a vector norm, |||-||| is a matrix norm and W, denotes the Wasserstein-2 distance. Assume that
Ho € P[RP). Then for any T = 0 the SDE Eq. (1.13) has a unique strong solution on [0,T] and consequently, its law is
the unique weak solution to the Fokker-Planck equation Eq. (1.12) and the unique solution to the associated nonlinear
martingale problem.

The proof of this theorem is fairly classical. This proof is based on a fixed point argument that is sketched in [30,
Proposition.1].

Theorem A.3 (Polynomial Potential). Let E be a Polish measurable space. Let &« € ZP(E). Let us consider a random

vector X" in E", distributed according to the Gibbs measure:

Wp(dx) = Zie"FWx)a@"(dx), (A.61)

n

where Z,, is a normalization constant and F is a polynomial function on 2 (E) (called the energy functional) of the form
given by Eq. (1.17). Then (for some symmetric continuous bounded functions W®) the laws of pxn satisfy a large
deviation principle in 22 (22 (E)) with speed % and rate function

p— Hipla] ~F(o - inf {Hinlal —E(). (A.62)

A.3 Gibbs-Laplace Variational Principle
Definition A.1 (Distribution support). Let g be a probability measure on a Polish space E (or even a measure on a
topological space!). We call support of p noted supp(p) the closed set defined by
C
F= U o (A.63)

FcE closed, p(F)=1 OcE open, p(0)=0

In other words, the support of a distribution is the complement of the largest open set over which it is zero: the smallest
closed set of maximum mass!

Definition A.2 (Extremum essential). Let p be a probability measure on a Polish space E and V : E — [—00, +00] mea-
surable. We call infimum p—essential of V the quantity

p—essinfV:=inffve R, p({vV<uv}) >0} (A.64)

Theorem A.4 (Variational principle). For any probability measure W on a topological space Q and any measurable
function V:Q — R, we have

1
lim —log f e"™Vdu=—p—essinfV. (A.65)

n—+oon

Moreover, if V is upper semicontinuous, then

inf V=p-essinfV. (A.66)
supp(p)

Proof Sketch: Suppose p—essinfV is finite. Check that we can assume without loss of generality that V = 0 and p—
essinfV = 0. Then check ly<ce ™ < e ™ <1 and conclude. Show that the limit is +oo with the lower bound when
p —essinfV = —co.

Proof. > p—essinfV is finished:
1 1 :
Z lng e*”Vdp + u —essinfV = Z log(f efn(V*erssme)dH)' (A.67)

This implies that we can assume without loss of generality that V = 0 and p—essinfV = 0 because V—p—essinfV = 0
almost surely, its essential infimum under p is zero and the convergence that interests us is equivalent to

llog(f e—n(Vfufessian)dp.) n-roo (A.68)
n
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But for all € > 0 = pu —essinfV,

1 < 1
lveee <e™V <1l w —-e< - logf e™Vdus<o. (A.69)
We deduce that by the bounding limit theorem, we have
1 1
limsup — logf e ™V dp =liminf - logf e™Vdu=0. (A.70)
n n n n

> p—essinfV = —oo: In this case, for all v € R, we have p(V < v) >0 and

f e_”vdpzf e™Vduze " u(v <. (A71)
Q {V<u}
It is deduced that
1 1 <
Vv eR, —log[ e_"vdpz—v++w (A.72)
n Q n
.1 v g _ .
:HETOOZInge dp = +o0o=—p—essinfV.
O

Theorem A.5 (Gibbs measures and deviations). Let E be a Polish space, y a probability measure on E and V:E — R a
measurable function. We have:

>
inf V< p—essinfV. (A.73)
supp(j)
> If'V is upper semicontinuous, then
inf Vzp—essinfVv— inf V=p-—essinfV. (A.74)
supp(p) supp (1)

In particular, if V is continuous, then the principle of large deviations holds for

Hn(dx) := e ™V (dx) (A.75)

fe‘”Vdp

with rate function V=V +1y —inf{V + 1o} with

0 ifxe ,
Io(x) := { if x € supp(p) (A.76)
+oo else.
Proof sketch:
> Show that
{x, V(x) < inf V} (supp(p) = @. (A7)
supp(p)
Then conclude.
> For all € > 0, show that
{x, V(x)< inf V+ s} is an open containing a support element: (A.78)
supp (W)

their intersection is non-empty; then conclude.

A.4 Principle of contraction and tensorization

Let f: X — G be continuous between two Polish spaces and (Xy) a random variable sequence of X satisfying the principle
of large deviations of rate function I: X — [0,+00]. Then ((f(Xy)) satisfies the principle of large deviations of rate
function J : G — [0, +o00] such that

J(g):= inf I (A.79)

gy

Let (X;)n=1 and (Y,,)n=1 be sequences with values respectively in E; and E», independent (Px,,,v,) = Px, ® Py, ) and both
satisfying the principle of large deviations of the respective good rate functions I and I,. Then (X,;,Y,)),>1 satisfies the
principle of large deviations on the product space and of good rate function I defined by

I(x, ) ;=11 () + L2(p). (A.80)
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A.5 Entropy and Chaos

Theorem A.6 (Characterization of relative entropy: Sanov’s theorem). Let | and v be probability measures (even finite!)
on a Polish space E and (¢ ;) jen a dense sequence of functions bounded uniformly continuous. we have

1 n
lim lim lim —logp ({yEE"; Vjell,..., k}, ‘fE(deV—EZ(Pj(yi))<8})=—H[V|H]- (A.81)
i=1

k—ooe—0n—o0

We interpret n as the number of particles; the @ j a sequence of observables whose mean value is measured; and € as the
precision of the measurements. This formula concisely summarizes the essential information contained in the Boltzmann
function H.

Theorem A.7 ((strict) convexity of relative entropy). Let p € 22(Q). HI-|ul has values in Ry, convex, strictly convex on
{v, HI[Vv|ul < +oo} and is zero only in .

Theorem A.8 (Tensorization property). Let L€ P(Q), v € P2 (Q") with v; its i—th marginal. So
H[v|u®" = VI®v Z [Vilp] (A.82)
=1

Theorem A.9 (Villani). Let X := (Xy,...,X,) be a random variable on E" with E a Polish space, |, := Px € 2(E"),
Ox 1= %Z dx,; and p € P(E). The following assertions are equivalent:

> &x converges in law to .

Y € 65 (E), f(pd&x nioof(pdp almost surely. (A.83)
>
voeLipy(®), lim Ey, H/(pd(fix - p)” - 0. (A.84)

Without repeating the proof, we can say that this result is obtained by defining a metric on 22(E) from a dense sequence of
Lipschitz functions and then by defining the transport distance Wasserstein’s #] on 2 (2 (E)) associated with this metric.
Using this result, we can more formally prove the propagation of chaos.

Definition A.3 (U-statistics). Let E be a set, k € N* and @ : EF — R a symmetric function. Then the application: (1 = k)

k'(n—-k)!

X:= (X)) j=1,.n € B — UX) 1= ——
n.

> D(Xiy, ..., Xi,) (A.85)

1<i1<i2<...<ik<n

is called U—statistic of order k and kernel ®. U(X) is called U-statistic of order k and kernel ® associated with the
sample X. This statistic corresponds to the arithmetic mean of the kernel over all the parts at k elements of the set of
sample values. we often write U, (®)(X) := UX). If E is a measurable space, we generalize this definition to the space of
probabilities by the functional pt— E &« [P].

A.6 Proofs
Proof of Proposition 5.1. Let &, be the group of permutations of {1,...,n} and B, the c—algebra defined by
B = G{Bn x CplCp e BEMI™), B, e BE"), V16, 1lg,= ﬂsn}- (A.86)

This o—algebra is invariant under permutations and verifies for all n =1,

B41 <By. (A.87)
By integrability,
V(... ip) € I],i, E[®Xy, -, Xi)Bnl =E[PXy,...,Xp) B, (A.88)
which implies that
Uy (@) =E[O(Xy, ..., Xp) Byl (A.89)

According to the limit theorems on martingales (closed martingale) and the law of 0 — 1 applied to the asymptotic tribe

Boo := N B, we deduce that we almost surely have
n=1

n—+oo

Up(@) — E[OXy,...,Xp) Bl =E[OX], ..., XE)]. (A.90)
O]
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Proof of Proposition 5.3. We prove this result by induction. Indeed, for k = 1 the inequality is verified since we have
equality of the two members. Suppose that for k—1 the inequality holds. Denote by By the left side of this inequality. We
have

k 1 1
B =logE' [E[exp[— ¥ Y 0 K XE X (A91)
[ [ (|I£c’ ll (i1 o1 €T IR ELTL s TR} n—k+1 " " i ) ”
with X¥:= (Xk,...,XK). Let us set
. 1
By, = T Y o o ,-k(x}l,...,xfk). (A.92)

i @{ir,mip-1}
By induction hypothesis, we deduce that

By slog[EXk[exp(n_—kJr2

> log[E[exp(ﬁﬁDi1 ..... ,-k_l) Xk])] (A.93)

k-1
" (i1 yomip_1)€IE™1
Since 4o )
k n—k+ -
log[EX exp|———— logE|exp| ————=D;;,...ir xk (A.94)
[ ( |Ilrcz_1| - iE)EI’,ﬁ’l [ (n_k+2 ool 1) ])]
is upper bounded by
xk 1 _ k n—k+2
logE [exp ( = Z o log ([E[ exp (mfb,-l ,,,,, ik—l) X ) ) , (A.95)
(l1,...,lk_1)€ln
by convexity of X — logE[eX] (consequence of Holder’s inequality), we have
xk ; - . k n—k+2
By < = Z Hlog[E [([E[exp(n_k+2(1),1,_“,,k_1) X ) ] (A.96)
(010 ip—1)ELy
In this last inequality, for all (iy,..., k1), the logarithmic term verifies
xk ; < . k n—k+2
E [([E[exp(n_k+2(1),1 ,,,,, ) (A.97)
k 1 n—k+2
=E |(E| exp Yoo, xE) XK :
[( [ ((n_k+2)(n_k+ 1) el i) 15 23 )‘ ) ]
and by Holder’s inequality, we have
xk ; = ‘ k n—k+2
E [([E[e><p(n_k+2e1>,1 ,,,,, ,k_l)x ]) (A.98)
k 1 =
<EX E —— @, XL XE ) IXE :
zke{ill:[.,ik_l} [eXp ( nkrz i lk))‘ ]) ]
By Jensen’s inequality, we also have the upper bound of the right-hand side of this last inequality by
k
Bl TT E|exp|———®ip i Xi - X0 [XE ],
[Mﬁh ..... %4}[ (n—k+1 Lotk %)| ”
and by independence, this quantity is equal to
M Efexp(-——ii X)), (A.99)
ip @it emip_1} n—k+1
O

.....

.....

ApA, WE) = %log[E[exp ()‘—,f Y wh (Xil,...,X,-k))], (A.100)

T ielk
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and it follows that

1 1
(k) - = (k) 1 k
ApL,W )snlog[E[exp(lllrcl“EZﬂC)\anIW |(x,.1,...,xl.k))] (A.101)
1 AnCy
Y logE|exp 2k jwib x| xEy)].
n|1§_l|i§ % [EXp(n—kﬂl X, lk))]
Gold
IIk T Y logk[exp =22 WL xE)) | = S logE[exp (S WG, X)) | A102)

teI’C

It is deduced that
05 n_k+1 )\an 05 ) )
A W) < ———= log[E[exp(—n_k+1|W I(Xll,...,X,k))] (A.103)
1
< %log[E[exp (ka)\IW(k)I(Xl,...,Xk))],

and this last inequality is obtained by growth on (0, +00) of a — élog[E[e“X] and from the fact that for all n and k such
that n = k, wehave k+1 <k. O

Proof of Proposition 5.5. To do this, we will show that for any probability measure u such that H{p|a] < +oo and for any
k, W® e L' (u®*), we have I* (@) = —Ewlu]. Let B(y,d) be the open ball with center u and of radius & > 0 in .4 (R%)
endowed with the Lévy-Prokhorov metric dp such that B(y, §) c ©. Let us introduce the events

>
Api={xe ®D"| Lyi=L,(x) B, 8)}; (A.104)
>
d n
Byi={xe( Zlog—(x,) = —log(d ) (x) < Hipla +e}; (A.105)
>
N N
Cpi= {xe ®H" Y U, WH) < Y W] +e}. (A.106)
k=2 k=2
‘We deduce that for all € > 0, we have
d ®n - n
Wi (L, € B, 8)) = f ( Lk ) u®"dx) = f o~ Zi 08 G (i) g XN, Un W R @1 1) (A.107)
An dpn An

and

f o~ L log Gh (x) ,=n TR, U (W) n®"(dx) = p®" (A, NB, N C,)e "HIAFOY i v —n(z WH ] +€). (A.108)
An

k=2
Thereby
W (L € B(w, 8) = u®" (A, N B, N Cp)e "EwlHI=2ne, (A.109)
We will prove that
u®"(A,NB,NC, =271 (A.110)

Indeed, by the law of large numbers, we have

nﬂ+00 l’l—'+00

u®m@A,) =51, u®n(B,) (A.111)
Moreover, by the law of large numbers for U—statistics (§5.2), we also have
u®nc,) "=, (A.112)
It is deduced that .
INGES lrillllglof; W (Ly € B(W, 8)) = —Ewlu] —2¢, (A.113)
and we conclude by letting € tend to zero. O
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Proof of Proposition 5.6. To do this, consider the truncation function
WHL = max(-L, min(W®, L)). (A.114)

We have by Lebesgue’s dominated convergence theorem

logElexp(m/W®L —Ww® X, ... X)) =20, (A.115)
So we can choose L = L(m) so that
logE[exp (m|W LM _w® x, X)) < % (A.116)
For m =1 and L(m) > 0 fixed, we can find a sequence (ng)’L) ;=1 of continuous functions bounded such that
WX, ... X reoll WL, X, Vi1, WL, .. Xl <L, (A.117)

otherwise, we consider the truncation max(—L, rnln(W (k),L ,L)). Seen that VI =1,

exp|m - Xy, X)) + - TRy, Ak) || s expim - VX Xg) +2mL), :
p (m[jw® —wkL) x Xp) + W Wl(k)L|(X X1) p(mw® —w®L x X5 L|, (A.118)

by dominated convergence, we have

[E[ exp (m(|w‘k’ “WRL XL X ) + W E —wj")’L|(x1,...,Xk)))] Iz +°°[E[ exp (m|w“” —w L|(x1,...,xk)]].
(A.119)
For L =L(m), we can choose [ = [(m) so that
2
log[E[ exp (m(IW(k) ~WELX, LX)+ WE WL ,Xk)))] <. (A.120)
By setting W(k) = W(k) L™ bounded continuous function, we have by triangular inequality
2
1og[E[exp(m|w”‘)—wﬁ,’,‘)|(x1,...,xk))] <= (A.121)
m
Since by Jensen’s inequality, we have for all A > 0,
A
Vm=A, log[E[ exp ()\IW(k’ —W$’|(x1,...,xk))] < —[E[ exp (mIW(k) —Wﬁ,’f)|(xl,...,xk))], (A.122)
m
we deduce that
log[E[ exp ()\IW“‘) W® Xy, ... xk))] moteo g (A.123)
For all > 0 and A > 0, by the Markov-Tchebychev inequality, we have
P(U,WH®) - U,Wh)| > 5) < e*""S[E[ exp (n)\Un(IW(k) —w |))]. (A.124)
From the above (§5.2), we deduce that
1 1
—1ogP(IU,W®) - U, (WH)| > 5) < -5+ z log[E[ exp (kaMW“‘) —Wi}f’uxl,...,xk))]. (A.125)
n
We conclude that we have the expected result when m — +oo since A is arbitrary. O

Proof of Proposition 5.12. Let Q'(-|x(1,;-1) be the conditional distribution of x; knowing x1,;-1) := (x1,--+,%;—1) (not
knowing if i = 1). We have:

N aQ _ N Q' (dx;lx1,i-1))
H[ngal]—EQ[IOg(m)] —EQ[;lOg(W” E [ZH[Q (|X[1l 1])|(X 11. (A126)
Since
EqlQ’ ¢lxp1,i—1)] = Qi (), (A.127)

we obtain by convexity of the relative entropy (Jensen’s inequality):

Eq|HIQ' (lxq1,i—1) o] | = HIQ; o] (A.128)
Which shows that we have the result of the proposition. O
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Proof of Proposition 5.13. For f a measurable function on E, we define:
Au(f) :=log(Eylel]) = logfefdp € (—00, +00] (A.129)

the log-Laplace transformation under p which is convex in f by Holder’s inequality. We have:

1 1
Ay () = logf el dpy = Au(f-U) = Au(-U) < ;Ap(—pU) + EAp(qf) -Au(-0) (A.130)
by Holder’s inequality considering the conjugate exponent q := % of p. By the variational formula of Donsker-Varadhan,
we deduce that:
1 1
Hlvipyl = sup {ffdv—ApU (f)} > sup {ffdv - —Ap(qf)} +A(=U) = = A, (—pU). (A.131)
fedty(E) fedtly(E) q p
Gold: ) ) . )
sup {ffdv - —Ap(qf)} +Ap(=U) = = Au(=pU) = —Hlv|pl + Ap(=U) = = Ay (=pU). (A.132)
fety(®) q p q p

So if H[v|uy] < +o00, H[V|p] < +00 or equivalently, log(g—:i) e L'(v) and:

log(%):log(Z—:)+U+Ap(—U)EL1(v). (A.133)

This proves the proposition. O
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