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Civil and military aircraft manufacturers need to respond to increasingly more restric-
tive standards about noise emission. In order to fulfil those requirements the mechanisms
underlying the noise production need to be understood. The supersonic jets at the exit of
aircraft engines are known to contain several sources of noise, namely: screech (military air-
crafts), Broadband Shock–cell Associated Noise (BBSAN) and large–scale structures. The
current work is focused on the study of BBSAN by means of a wavelet–based technique.
The technique was applied to a pressure nearfield line array for the sake of extracting the
’signatures’ related to noise production mechanisms. Each ’signature’ characterized by its
shape and time–scale. The signature found up to approximatively x/D = 6D has a ’wave–
packet’ like shape. The same shape is obtained at farfield locations for forward angles.
The Sound Pressure Level (SPL) was computed using the nearfield signatures and it is in
good agreement with the SPL computed using the pressure signals. The ’wave–packet’ like
shape ’signature’ is associated to BBSAN as it has the same characteristics: same SPL and
forward angles directivity.

I. Introduction

The noise perceived in the aft-cabin for an aircraft at cruise condition is mainly due to the turbofan jet.
The pressure mismatch between the ambient air and the secondary stream of a turbofan engine leads to the
formation of (diamond-shaped) shock-cells. These series of expansion and compression waves interact with
the vortical structures developing in the mixing layer of the jet. This interaction process generates intense
noise components on top of the turbulent mixing noise, which makes supersonic jets noisier than their
subsonic counterparts.1 Supersonic jet noise is mainly composed of three components: the screech tonal
noise, the broadband shock-associated noise (BBSAN) and the turbulent mixing noise. The first component
is a tonal noise known as ’screech’. This tonal noise appears from a closed loop between the generation of
vortical structures convected downstream and the perturbations propagated upstream that are generated
when they interact with the shock-cell system. These perturbations will then interact with the development
of the instabilities in the shear-layer closing a feedback loop. The screech phenomenon is usually generated
by the interaction with the third and forth shock–cells.2 The second component of supersonic jet noise is
a broadband component known as BBSAN. The generation is based on the same interaction of the vortical
structures as the screech, minus the feedback loop, as it was demonstrated experimentally by Tam et al.3

The origin of the BBSAN was located by Norum et al.4 in the downstream weaker shock-cells. The third
component, the turbulent mixing noise of axisymmetric jets was analyzed by Tam et al.5 who evidenced the
existence of two universal similarity spectra, one for the noise generated by the large turbulent structures
and the other for the fine-scale turbulence.

Several post-processing techniques in order to extract the different aerodynamic and aeroacoustic char-
acteristics of the jets. In this paper, the wavelet–conditioning is applied to the numerical database in the
present work. It is a wavelet–based post–processing technique used to detect energetic events in a signal.
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As seen in previous studies [6,7,8], the wavelet–conditioning is perfectly suitable for coherent–structures 
identification in jets. The identification is done by means of an energy criterion named Local Intermittency 
Measure9 or LIM. By applying the technique to a signal at a specific location known to be greatly influenced 
by BBSAN, it is possible to isolate events due to BBSAN instead of those due to the turbulent–structures 
in the shear–layer.

In order to study BBSAN, an under–expanded single jet at Mach 1.15 is simulated with the Finite Volume 
multi-block structured solver elsA (Onera’s software10). The acoustic farfield is calculated by the use of the 
Ffowcs-Williams & Hawkings analogy11 (FWH). A wavelet–based post–processing method is then applied 
to nearfield pressure signals on a line array and to farfield pressure signals on a polar array.

At first, a description of the numerical simulation with elsA is given in section II. The description of 
the wavelet–based method is given in section III. In section IV the results are presented. The concluding 
remarks and perspectives are given in the last section V.

II. Numerical Simulation

A. Numerical Formulation

The full compressible Navier-Stokes equations are solved using the Finite Volume multi-block structured 
solver elsA (Onera’s software10). The spatial scheme is based on the well-known Lele’s implicit compact 
finite difference scheme of sixth-order,12 extended to Finite Volumes by Fosso et al.13 The above scheme is 
stabilized by the compact filter of Visbal & Gaitonde,14 also used as an implicit subgrid-scale model for the 
present LES. Time integration is performed the six-step second-order Runge-Kutta DRP scheme of Bogey 
and Bailly.15

B. Simulation Setup and Procedure

The case under investigation is the one of a cold supersonic under-expanded single jet, experimentally tested 
by André.16 The jet is established from a convergent nozzle with exit diameter D = 38.0mm and a modeled 
nozzle lip thickness of 0.125D. The nozzle is operated under-expanded at the stagnation to ambient pressure 
ratio ps/p∞ = 2.27. The Reynolds number, Re, based on the jet exit diameter is 1.25 × 106 and the fully 
expanded jet Mach number is Mj = 1.15.

The numerical computation is initialized by a RANS simulation using the Spalart-Allmaras turbulence 
model.17 The RANS solution is wall resolved in the inner and outer sections of the nozzle with a y+ < 1. 
Once mesh convergence is achieved, the LES run is then initialized from the RANS simulation. The inner 
part of the nozzle is removed from the LES simulation and the RANS nozzle exit conservative variables are 
imposed.18

The boundary conditions are sketched in figure 1. Tam and Dong19 non-reflective boundary conditions, 
extended to three dimensions by Bogey and Bailly 20 are used in the exterior inlet as well as in the lateral 
boundaries. The exit condition is based on the characteristic formulation of Poinsot and Lele.21 Furthermore, 
sponge layers are coupled around the domain to attenuate exiting vorticity waves. Due to the fact that the 
interior of the nozzle is not modeled, no inflow forcing is applied at the exit of the nozzle to avoid parasite 
noise.

The simulation runs for 120 non-dimensional time units (t̂  = tD/c∞) in order to reach statistically 
convergent results. After the transient phase, the simulation runs for t̂  = 140. The far-field sound is 
obtained by means of FWH analogy.11 The surface used to propagate the variables to the far-field is located 
in a topological surface starting at r/D = 3.5 from the axis and radially growing with the mesh. The cut-off 
mesh frequency is St ≈ 2.0. In terms of frequency (St = fD/Uj ), this value is defined as f = c∞/(n∆), where 
∆ is the cell size, c∞ the ambient speed of sound and n the number of cells needed to resolve fluctuations 
with the numerical scheme used. The sampling frequency has been set to 113,875Hz (St ≈ 5.0).

C. Mesh Definition

The computational domain used for the LES simulation extends 40D in the axial direction and 7D in the 
radial direction using a butterfly block to avoid the singularity at the axis as it is shown in figure 2 (a) and 
(b). The mesh consists in 75 × 106 cells with (1052 × 270 × 256) cells in the axial, radial and azimuthal
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Figure 1. Sketch of the domain representing the different boundary conditions and dimensions.

directions respectively. The maximum expansion ratio between adjacent cells achieved in the mesh is less
than 4%.

The mesh used in the LES simulation near the jet lip-line is coarsened in the radial direction with respect
to the RANS mesh, meaning that no wall-resolution is achieved when the RANS solution is interpolated into
the LES mesh. Nevertheless, the boundary layer at the exit of the nozzle is defined by 15 points. The radial
discretization is shown for different x/D positions in figure 3 (a). Each single shock-cell is resolved within
40 cells in the axial direction. The axial discretization is shown in figure 3 (b).
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Figure 2. Mesh cuts representing 1 every 4 cells in the plane (a) z/D = 0 and the plane (b) x/D = 0

III. Wavelet–based method

The wavelet–conditioning, presented in this section, is used on the numerical database. The technique 
is first applied to a pressure nearfield line array at r/D = 3D following an angle of 5 degrees, and then to 
a pressure farfield polar array with θ ∈ [20◦, 160◦]. In III.A a short introduction to wavelets is given. The 
procedure by which the events are selected is described in III.B. Finally, the conditional–average is explained 
in III.C.
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Figure 3. Discretization of the mesh along (a) the radial distribution for different x/D positions and (b) the axial
distribution on the axis

A. Short–introduction to Wavelets

The Fourier–Transform is the usual method used to study the frequency content of a certain signal and allows
to exclusively study the signal in its frequency domain losing the time–information. The Short–Time Fourier
Transform (STFT) is an alternative that allows to obtain a frequency–time representation of the signal. The
STFT is FT applied on a sliding window instead of the entire signal. The main drawback of STFT is time–
length of the chosen window. This limitation is due to the uncertainty principle or Heisenberg’s principle.
The time–length of the window will influence the resolution of the decomposition: a larger window in time
will give a better decomposition at low frequency while in counterpart will have a poorer resolution at higher
frequency and viceversa.
As for the two former techniques, the wavelet–transform is ruled by the uncertainty principle. However,
because the wavelet–transform is a multi–scale transform, the uncertainty principle does not affect it as it
does for the FT and the STFT. The Continuous Wavelet–Transform formulation is given by:

w (s, τ) =
1√
|s|

∫ +∞

−∞
p (t) Ψ

(
t− τ
s

)
dt, (1)

where p (t) is the time–signal to analyse, {w (s, τ)} is the set of wavelet coefficients, τ is the translation
parameter, s is the dilatation parameter also called scale parameter and Ψ

(
t−τ
s

)
is the complex–conjugate

of the daughter–wavelet Ψ
(
t−τ
s

)
obtained by the translation and dilatation of the so–called mother–wavelet

Ψ (t). The scale of the wavelet–transform is as the window for STFT which means that each scale will
correspond to a different size of window. For further information about the Wavelet–Transform the reader
can refer to [9,22].

B. Energetic events selection

The wavelet–conditioning already presented in the introduction is a well–assessed technique for coherent–
structures identification in subsonic flows [6,7,23,8,24]. In the present work, the technique is used at a specific
spatial location, close to the nozzle exit, in order to isolate the contribution from BBSAN. A comparison
is done with the signature emitted by the coherent–structures at a farther axial location and then with the
farfield signatures.

Wavelet–conditioning is based on the so–called Local Intermittency Measure or LIM, introduced by
Farge,9 which gives a local measure of the ratio between local energy and the time–averaged for a specific
scale s. The LIM’s mathematical formulation, noted L (s, τ), is:

L(s, τ) =
w2(s, τ)

〈w(2s, τ)〉τ
, (2)

where w2(s, τ) is the local energy for a specific time and scale, and 〈•〉t represents a time average. The value 
of the LIM gives an indication about the fluctuation of the energy. It is possible to select the most energetic
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events in a signal p (t) by selecting a proper threshold T with the conditions:

L(s, τ) > T,

∂L

∂τ
(s, τ) = 0,

∂2L

∂τ2
(s, τ) < 0,

(3)

that define local maxima of L (s, τ). This set, labeled later Pk, is going to be used in the next paragraph for
the conditional–average. The value of the threshold was chosen to be 1 in order to increase the number of
events selected as the time–length of the signal on which the analysis is performed is short.

C. Conditional–average

The outcome of the previous explained procedure is a set of times belonging to the energetic events which are
energetic peaks in the analysed signal. At each time location corresponding to a peak of energy it is possible
to extract a window W , of fixed time–length tW , from the original signal p (t). The conditional–average, p̃
can be calculated from this set of windows:

p̃nm (W ) = 〈pm|Pk〉τ̃ns =
1

Nn

Nn∑
i=1

pm (ξi) , (4)

where the superscript n and subscript m stand for the position of the reference signal and of any other signal
of the array, respectively, the subscript s stands for the scale, Nn is the number of detected events, τ̃ns is the
set of corresponding times for a specific scale s at which these events are occurring and {ξi} is the interval
surrounding each peak, ξi ∈

[
t̃i − tW

2 , t̃i + tW
2

]
, t̃i ∈ τ̃ns .

As LES is really expensive and long to produce, most of the time the resulting simulations of a certain
flow are limited to few instants. The short time–length has an impact on the number of events that can
be selected. In order to improve the results, the formulation of the conditional–average in equation 4 is
modified. First, a multiplicative coefficient is introduced to the sum of equation 4 because the LIM does not
give any indication about the sign (positive or negative) of the peak in the real domain. This multiplicative
coefficient is sign(pn(t̃i)) = pn(t̃i)/|pn(t̃i)| = ±1. A first post–processing with the wavelet–conditioning is
accomplished by doing the conditional–average on positive or negative peaks separately. The results are
similar but out of phase by π. In addition, a second average is computed azimuthally. By applying the same
methodology on each azimuthal location available, it is then possible to compute an azimuthally–averaged
conditional–average at each axial position. The new formulation of the conditional–average is:

p̃nm (W ) = 〈pm,θ|Pk〉τ̃nsθ =
1

Nn ·Nθ

Nθ∑
j=1

Nn∑
i=1

sign
(
pn,j

(
t̃i,j
))
pm,j (ξi,j) , (5)

where Nθ is the number of azimuthal locations. The conditional–average can be performed on a signal pn by 
using its own set of times τ̃sn, and so n = m: this is the auto–conditioning. It is also possible to perform the 
conditional–average of a signal pm by using the times of a signal pn, and so n 6= m: it is then called cross–
conditioning. The auto/cross–conditioning are presented on figure 4: the top is the auto–conditioning where 
the selection of W is done in the reference signal n; and the bottom is the cross–conditioning of another signal 
m where W is centered around the times obtained with signal n. The results of the conditional–average will 
be denoted as the signature obtained with the wavelet–conditioning and will be only referred by signature. 
Next, the results are presented with first an acoustic characterization of the jet.
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Figure 4. Auto–conditioning of a signal pn(t) and cross–conditioning of a signal pn(t)

IV. Results

A. Acoustic characterization

The auto–correlation of nearfield pressure signals are performed and depicted in figure 5. The pressure 
signals are located on a line array at a radial distance of r/D = {1, 2, 3} and inclined by 5 degrees. Different 
phenomena can be observed in the vicinity of the nozzle exit and further downstream. The correlations 
in the vicinity of the nozzle are enhanced with increasing radial distance because of the reduction of the 
hydrodynamic component. The correlations have a ’wave–packet’ like shape their characteristic time is 
decreasing with increasing axial distance up to approximatively 7D for figure 5 (b) and (c). The denomination 
wave–packet here is exclusively related to the shape and has nothing to do with the wave–packet model used 
in subsonic jets as a source model for large turbulent–structures.

The BBSAN, that is mainly being generated at the position range 7 < x/D < 10 where the latest 
shock-cells are located, is visible in the nearfield for x/D < 7. Figure 6 shows the Sound Pressure Level 
(SPL) along the same position of figure 5. The BBSAN appears as it was shown by Savarese25 as a ’banana 
shaped’ contour. The effect of the cut-off Strouhal that depends on the cell size is clearly visible. While the 
maximum Strouhal is reduced for higher r/D positions, the hydrodynamic component at low frequencies is 
reduced as well. Therefore, the positions x/D = {2.5, 6.2} and r/D = 3, highlighted with the dashed circle, 
will be a point of interest in the following sections along with the position x/D = 14 for comparison.

Subsequently to the correlation and nearfield analysis it was decided to apply the wavelet–conditioning 
on the line array at r = 3D because it is the position at which the hydrodynamic noise is minimum in the 
vicinity of the nozzle exit.

The pressure perturbations are propagated to the farfield (50 diameters) by means of the FWH analogy 
using the flow values on a topological surface located at r/D = 3. The results are shown in figure 7 (a) at 
different angles and compared with the experimental results of André.16 The results are in good agreement 
up to the cut-off Strouhal. However, no screech was detected by the simulation due to the fact that no 
interior of the nozzle is modeled.26 Without it, the instabilities inside the shear-layer develop half a diameter 
downstream after a laminar region. Having the instabilities closer to the nozzle exit might help the presence 
of screech phenomenon as well, increasing the feedback loop gain because the lip acts as a reflecting boundary 
for the perturbations traveling upstream.27 The OverAll Sound Pressure Level (OASPL) is computed in the 
audible range [20 - 20000 Hz] and compared with the experimental results in figure 7 (b).

6 of 12



(a)

(b)

(c)

Figure 5. Auto–correlation of pressure signals of a linear–array of probes at r/D = {1, 2, 3}.

B. Wavelet–conditioning

The methodology described in section III is applied to pressure signals on a nearfield line array at 3D and 
on a farfield polar array. Morlet’s wavelet with a central frequency of ω0 = 6 is used for the detection of the 
energetic events.
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Figure 6. Nearfield SPL in dB/Hz along different axial positions for a line array with an angle of 5◦ at (a) r/D = 1,
(b) r/D = 2 and (c) r/D = 3.
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Figure 7. Acoustic spectrum in the farfield (50 diameters) for a Mj = 1.15 under-expanded jet. θ is measured with 
respect to the jet axis, (a) SPL, (b) OASPL.

1. Nearfield line array

The wavelet–conditioning is applied first to the nearfield line array in order to bring–up BBSAN presence at 
axial positions close to the nozzle exit. It is observed for x/D ∈ [0, 5.5] that the signatures’ shape, obtained 
with the conditional–averaged process, is similar to the shape of the auto–correlation at the same axial 
locations. For brevity, only the results at axial location x/D = {2.5, 6.2, 14} are presented here. Figure 
8 shows the auto–conditioning of the signals at these positions. It is clear that there are two different 
phenomena, one observed close to the nozzle exit and the second further downstream. The ones close to the 
nozzle exit depict oscillations while the one downstream is a single peak.

In figure 9, each subplot represents a map of the cross–conditioning with the reference signals at x/D =
{2.5, 6.2, 14}. The cross–conditioning is done with the signals comprised within 4D from the reference signal,
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(a) (b) (c)

Figure 8. Auto–conditioning of pressure signal of the nearfield line array at (a) x/D = 2.5, (b) x/D = 6.2, (c)
x/D = 14.

for instance: the reference signal at x/D = 2.5 and the close signals at x/D ∈ [0.5, 4.5]. A dashed line is
plotted on each subplot of figure 9 to highlight the sense in which the selected events are travelling. Figure
9 (a) shows that the events seem to travel counter–stream, that is, from downstream locations to upstream
locations. On the other hand, on subplot 9 (c) the structure is evolving with the flow stream. Subplot 9 (b)
depicts the transition between the two previous subplots as both phenomena can be observed.

(a) (b) (c)

Figure 9. Auto/cross–conditioning of pressure signal of the nearfield line array at (a) x/D = 2.5, (b) x/D = 6.2, (c) 
x/D = 14.

The SPL of the different signatures from the previous figure is showed in figure 10. The SPL results 
are scaled in order to qualitatively match the result in figure 6 (c). Despite the fact that the SPL level is 
different (the computation is done on a far smaller number of samples), the representation seems to match 
the one found in figure 6 (c) and so the wavelet–conditioning allows to preserve the main feature of the flow.
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Figure 10. SPL of the auto–conditioned signal at each nearfield location on the line array at r/D = 3D.

2. Farfield polar array

In the current section the results obtained with the wavelet–conditioning applied to the farfield polar array
are presented. Only the results obtained for θ = {30, 90, 120} are presented here. The signatures for the
three chosen polar angles are shown in figure 11. As for the nearfield results, it is observed that there is
different phenomena ruling the downstream and upstream acoustic field.

(a) (b) (c)

Figure 11. Auto–conditioning of farfield pressure at (a) θ = 120, (b) θ = 90, (c) θ = 30.

Figures 11.(a) and 11 (b) have a similar signature’s shape and are similar to those in figures 6 (a) and 
6 (b). The signature in figure 6 (a) slightly deviates from figures 11.(a) and 11 (b) as it presents more 
oscillations due to the fact that it is closer to the nozzle exit.
Nevertheless, the signatures are similar between nearfield and upstream farfield angles. As it is known that
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BBSAN is radiating in upstream angles with a strong directivity,3 the signatures found with the wavelet–
conditioning can be associated with BBSAN emission. The amplitude of the signature at 90◦ is lower than
the one at 120◦. This is in agreement with the widening and decreasing in amplitude of the BBSAN peak
at upstream angles.

V. Conclusion

The simulation of an under–expanded single jet at Mach 1.15 is performed. First, the nearfield is studied
by means of the cross–correlation at each axial position for the different radial distances. Second, its acoustic
characterisation is studied by means of SPL plots obtained in the nearfield at different radial distances,
r/D = {1, 2, 3}. Good agreement is found with experimental results in the literature. The auto–correlation
and nearfield acoustic characterisation results were used in order to choose the radial distance at which
the wavelet–conditioning is performed. Next the wavelet–conditioning is applied to the nearfield line array
at r/D = 3 with a spreading angle of 5 degree and to the farfield polar array. The nearfield signature at
x/D = 2.5 is compared to the one at x/D = 14. The signatures are different and so the phenomena captured.
Then, the nearfield signatures are compared to the farfield signatures. The signatures at x/D = {2.5, 6.2}
are similar in shape to those at θ = {90◦, 120◦} where BBSAN is known to radiate the most. In addition,
the SPL of the signatures is computed and compared to the SPL obtained with the pressure signals. Good
qualitative agreement is found between them. The signatures in the nearfield are compared to those obtained
at farfield positions. Both signatures are similar in shape for the upstream and downstream directions.

To conclude, it is shown that the wavelet–conditioning is a post-processing technique capable to capture
the broadband shock-cell associated noise features at the nearfield and at the farfield.
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