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REDUCED DISSIPATION EFFECT IN STOCHASTIC TRANSPORT BY
GAUSSIAN NOISE WITH REGULARITY GREATER THAN 1/2

BY FRANCO FLANDOLI", AND FRANCESCO RUSSO%P
1Scuola Normale Superiore, Piazza dei Cavalieri, 7 - 56126 Pisa, Italy , *franco.flandoli@sns. it

2ENSTA Paris, Unité de Mathématiques appliquées, OC, Institut Polytechnique de Paris. bfrancesco.russo@ensla—paris.fr

Diffusion with stochastic transport is investigated here when the random
driving process is a very general Gaussian process including Fractional Brow-
nian motion. The purpose is the comparison with a deterministic PDE which
in certain cases represents the equation for the mean value. From this equa-
tion we observe a reduced dissipation property with respect to delta correlated
noise when regularity is higher than the one of Brownian motion, a fact in-
terpreted qualitatively here as a signature of the reduced dissipation observed
for 2D turbulent fluids due to the inverse cascade. We give results also for
the variance of the solution and for a scaling limit of a two-component noise
input.

1. Introduction. This work investigates the dissipation properties of a stochastic trans-
port term of Fractional Brownian Motion (FBM henceforth) type with Hurst parameter
H > %, or more generally a Gaussian process with Holder paths of exponents greater than
Yo > %, compared to those of Brownian motion.

Starting from the paper [24], several works proved that a suitable scaling limit of a Brow-
nian transport term lead to effects similar to those of an additional dissipation or viscosity,
see for instance [1], [5], [11], [13], [14], [16], [15], [18], [17], [19], [20], [21], [25], [26],
[28]. Interpreting stochatic transport as the effect of small-scale turbulence (the smallness of
the scales being related to the scaling limit of the above quoted works) on a passive scalar or
on the large scales of the fluid itself, these results support the intuition, expressed by Joseph
Boussinesq [4], that small scale turbulence acts as a dissipation mechanism, similar to the
molecular one (although being macroscopic).

However, the intuition of Boussinesq has limits of validity (even not so clear yet); see cer-
tain criticisms for instance in [31], [39], [40]. One mechanism which seems to work against
it is the inverse cascade in 2D fluids. When turbulent small vortices, which by themselves
would act as a dissipation, aggregate in larger vortex structures, their dissipation power de-
creases. In direct numerical simulations, where the inverse cascade happens, this depletion of
dissipativity is observed [10]. In the simplified models mentioned above, where the fluid is
replaced by a white noise, there is no inverse cascade by assumption (because the fluid model
is not Navier-Stokes, producing the cascade but a simplified a priori given model with only
small structures), hence the phenomenon is hidden.

Larger vortex structures not only have a greater spatial extension and smaller spatial varia-
tion, but also a longer time scale of relaxation, a longer memory, and positive time correlation,
namely the velocity has a tendency to remain in the same direction for longer time, compared
to the small vortex structures. A simplified phenomenological model of such larger vortex
structures, therefore, and still in the philosophy of simple stochastic fluid models, may be
the time derivative of FMB with H > %, with a large spatial scale, which we shall assume
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constant for simplicity (like it may appear performing a local blow-up). Although FBM is
the paradigmatic example, it may be useful to have more degrees of freedom in the statis-
tical choice (see examples in [3], [2], [7]) and thus Gaussian process with Holder paths of
exponents greater than vy > % may be a convenient framework.

We therefore investigate the following model for the diffusion of a passive scalar 6. (¢, x)
(e.g. the temperature of the fluid), with t > 0 and x € R2:

dgr-e
dt

(1) Oife (t, ) = KAO (t, ) + > (ok () - V) e (¢, 2)
keK
Oc|t=0 = 0o,
where « > 0 is a (small) diffusion constant (in most part of this work also x = 0 is admit-

ted), K is a finite index set, oy () are smooth divergence free vector fields and gf < are
e-regularization of stationary increment Gaussian processes G, € > 0:

tGk . —GF
ke ste (s—€)+
2 T = ——— —~%ds
2 A /0 >
where, here and below, we denote by (s — €) the maximum between s — € and zero. Hence
ke
the driving random field dgd—’i is stationary. The choice to work in R? is only due to the

motivation of the inverse cascade, but the results proved here hold in any space dimension.
The interpretation is that the velocity field u, (¢,x) of the fluid is modeled by the stationary
random field

d ke
uet.a) = Y o ()

keK

Some of the works quoted above had in mind the case when the fluid structures oy, (x) where
small, modeling small-space-scale turbulence; accordingly, it was natural to idealize the time-

ke . .
9. related to white noise. Here we

dt
ke . .
have in mind larger space structures o (x) and longer time correlation of d%@ , as it is

realized when gf *“ is related to FBM with H > 1 /2.

We follow the philosophy that the physical model is the family of equations parametrized
by € > 0. Of course it is mathematically interesting to investigate the limit as € — 0 in itself
but this is not the purpose of this work. On the contrary, we compute observations, especially
mean values and take the limit as e — 0 of their results, getting clean final expressions for the
observed quantities.

Our aim is proving that the dissipation, for H > 1/2, is smaller than in the white noise
case. Proving such a claim on the single realizations of 6, (¢, z) is very difficult. In the special
regime investigated in [24], [16], [22] and other works this is possible, but in general the only
information available could be on mean quantities. Assume that the Gaussian fields Gf are
independent and equally distributed. We thus introduce the mean field equation associated to

(1):

structure assuming very small time-correlation, hence

_ — — dy (t
3) 9,0 (t,x) =rKAD (t,x) + (LO (1)) (2) ZZE )
§|t:0 = 90.
Here L is the elliptic operator (possibly non-uniformly elliptic)
4) (Lf) (z) = div(Q (z,2) V f (x))

Q(z,y) =Y ox(z) @0k (y)

keK
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and +y (t) is the variance function of the G¥:

~v(t)=Var (Gf) .

When we deduce equation (3) we restrict ourselves to le_gt) > 0 but this investigation opens
the door to the possibility of negative viscosities, mentioned for instance by [40]. In relevant

cases
(£O(t)) (x) = krAO (¢, )
where k7 > 0 may be called eddy dissipation constant, and

dy (t) 21

dt

for small ¢. The fact that dzl—gt) is infinitesimal for small ¢ when H > 1/2, compared to the
Brownian case (H = 1/2) where it is constant, is the manifestation of depleted average dis-
sipation identified by this model. For large ¢ the asymptotics ~ t2# ~! is not realistic having
in mind fluids, see Remark 3 below.

The link between the stochastic equation (1) and what we have called its mean field equa-
tion (3) is however not always easy or completely clear. In the Brownian case, equation (3)
is the equation for the limit as e — O of the average of the solution of equation (1) and,
as already mentioned, in several works it was shown, under suitable assumptions of small
space-correlation, that the realizations of 6. (¢, z) are concentrated around their mean 0 (¢, z).
However, in the general Gaussian case treated here the link is less obvious.

We thus first analyze in detail, in Section 3, the simpler but very relevant' case of constant
vector fields 0. We call it the commutative case since the differential operators (o, (z) - V)
commute. Thanks to Fourier analysis we show that equation (3) is the equation for the limit
as € — 0 of the average of the solution of equation (1). In addition, we get an equation for the
limit as € — 0 of the variance, which is

OV () = AV (1,2) + ((zv 1) @) +2 Y (o vmt,x))?) al O}

keK

Let us indicate the relevance of this law. Heuristically speaking for simplicity, taking x = 0
again to make a simple example, noticing that V' =0 at time ¢ = 0, we get for small ¢

0(t) ~ (L) t*
VV )~ 2 (o1 V) 00)*t".
keK

Compare the Brownian case (H = 1/2) with the case H > 1/2. In the latter, not only the
average dissipation is infinitesimal with respect to the Brownian case, but also a confidence
interval around the average is small. Again, these results are meaningful for small time, see
Remark 3 below.

Among the interests in the computation of the commutative case there is its generality
in terms of noise, which in particular covers all H € (0,1) and even beyond. We refer in
particular to a stochastic analysis related to a very singular covariance process, see e.g. [34].

In the last Section 4 we move a few steps in the direction of the non-commutative case.
This case is very difficult and our understanding is only fragmentary. Subsection 4.1 describes

! Constant vector fields is the idealization - think also under a blow-up scaling - of large space structures.
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an idealized model of turbulent 2D flow incorporating the idea of inverse cascade in the
simplest possible way: the noise is divided into two components, one small-space-scale and
white noise in time, the other larger-space-scale and correlated in time. In the larger one the
space structures are constant in space. We prove that the smaller scales produce the effect
predicted by the Boussinesq hypothesis, while the larger ones remain in their form. It is also
an example of reduction to the commutative case. Subsection 4.1 is finally devoted to show
the difficulty arising in the non-commutative case, where a commutator arises as a remainder
in the link between the true expected value of the solution and the mean field equation.

Let us finally remark that the model presented here could be of interest also in connection
with other research directions on stochastic transport, not necessarily related to Boussinesq
assumption and inverse cascade. In particular, since we have modeled larger space structures,
the connection with the general activity reported in [6], originated by the seminal work [29],
see also [38], [8], [9], [12], [27], [30], [33].

2. Preparatory material. The material of this section is adapted from Chapter 1. of
[35], see [32], in particular Section 10, for a more explicit formulation and summarized here
for the reader’s convenience. See also [36] for some more recent developments.

We consider a Gaussian process G := (G¥;k € K) in RN, N = Card (K ), whose com-
ponents are independent and identically distributed. Denote by # the self-reproducing kernel
space of G, with scalar product (-, -),,. Recall that (179, 1[0,5] ),, gives us the covariance

function of G'.
EXAMPLE 1. The FBM with H > 1/2 has covariance function given by

1 t s
R(t,s)= 3 (82H e s|2H) = aH/ / Ir — w72 dudr
0 JO

for a suitable constant oy > 0 and therefore
(f:9) —OéH/ / —ul* 72 £ (r) g (u) dudr-.

EXAMPLE 2. A model which seems to fit better our intuition of the intermediate vortex
structures of a 2D turbulent fluid is

R(t, s)—ozHA/ / | — w2 e A=l qudy

(f,9)% —oq“/ / u*"72 e A=l () g (w) dudr

with X\ > 0, for a suitable constant oy ) > 0. Indeed,
. ke . ke 5
E [gt g, ] = (2¢) "E[(Grre — Gi—c) (Gsge — Gs—o)]
=(2¢) 2 (R(t+e,5+€)—R(t+e,s—e)—R(t—e,s+€)+ R(t—e,5—¢))

— QO R (t,s) = |t — s|*H 2 e A=l

This process develops, locally in time, the same correlation structure of FBM, but loses mem-
ory in the long time, closely to the fact that also large scale vortex structures are like a birth
and death process, they do not persist to infinity.
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REMARK 3. In the case of the previous example, call T > 0 a time of decorrelation of
the vortex structures we want to model and take A = 1/7. We have

t
dy(t) _ %01 2 / J2H=2,=r g
dt “Jo

which behaves like

d (¢) ~2H-1

dt

for small t but not for large ones. The limit as t — oo of
Gamma function)

le—Eft) is given by (I (r) denotes the

o.0]
2aH7,\/ p2H=20=2 gp — 90y T (2H — 1) 7201 o 7201
0

so it remains small if T is small.

Let @ : RY — R be smooth an bounded and let ¢, € H, k € K. Set

T
Y:@(/ gpdek;kzeK)
0

where fOT ¢, dG* are Wiener integrals. Then the Malliavin derivative
DY = (D(k)Y; ke K)

is a vector process given by

T
DYY = (8,®) </ prdG*; k€ K) pu(r).
0

The integration by parts on Wiener space states that, if Z = (Z*;k € K) is a Malliavin
smooth vector of processes, then

E[(DY, Z)y] =E[Y(Z)],

where § is the Skorohod integral (divergence operator), which has zero expectation, among
other properties. For instance, if G is an /NV-dimensional Brownian motion, we get

5(Z)=> /OT ZkdG*.

keK

If ¢ € H then the Wiener integral |, OT gdG coincides with the Skorohod integral §(g). Key to
our developments below is rewriting the terms
Gk . —GF
(gk (:C) . V) 0. (t’ :E) Zste Ts—e

2e
as a suitable mean zero term plus a term which remains when taking the mean and the limit
as ¢ — 0 and possibly is "closed", namely expressed in terms of the mean of the limit of

0. (t,x). The first step is identifying a suitable mean zero part and it will be the Skorohod
integral. The second step is understanding the remaining term, which is the so-called trace.



If X is a Malliavin smooth stochastic process, we have

Gl; € Gt 1 ste
Xsw = X,— 5G18€
2¢ 2e (s—s)+
1 s+€ & 1
= X068+ { DM x, —1,_
e oo, GS + < " 9¢ [(s e)+,s+e}>H
hence we get the formula
t Gk, Gk t 1
ste (s—€) _ (k)
5) /0 XST+CZ5 =M, —{—/0 <D X, %1[(se)+,s+e]>7{d8,

where M is the mean zero process

t 1 s+e€
Mt:/ —/ X,0G* | ds.
0 2¢ (s—e)+
Formula (5) is used several times below.

3. The commutative case. We consider the equation
k k
Gate = G-,

6) O (t,x)="00(x)+ /0 KAO, (s,z)ds + Z /0 (ok - V)0 (s,x) 5 ,

keK

when the transport noise vector fields are constant, oy, € R2. We assume that G¥, k € K, are
independent mean zero Gaussian processes, starting at zero, equally distributed.
One can solve equation (6) by Fourier transform. We use the convention that

Fo= [ et

fla)= [ emerfieds

when the notations are meaningful, in a classical or generalized sense. The equation in
Fourier transform reads
k k
o Gre = Glg.

R N t t
D 86O =0©) = rlef [ B dsti Y 0n6) [ 00—

keK

ds

and, being decoupled with respect to the frequency variable &, it is pointwise meaningful as a
complex-valued ordinary differential equation parametrized by £. In fact it can be explicitly
solved:

®) 0. (1,€) = 0o (€) exp (—n!&ﬁtﬂ‘z (o1 - €) f‘) ,

keK

where gf *“ is defined by (2). We introduce the following assumption.
Assumption A
i) G is a Gaussian continuous process with stationary increments, vanishing at zero.
ii) v (t) = Var (G}) is a bounded variation function.

REMARK 4. The property of stationary increments can be relaxed, but we keep it as it is
to avoid complications.
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REMARK 5. Of course this includes the case of G being a Fractional Brownian motion
with any Hurst index H.

LEMMA 6. Suppose Assumption A. We denote

1 t
27 /0 (L= trels Lis—e) s sel) 5, 98

Ve(t) =
and
) V.(r) = /O V() dt.

Then the measure dV, (t) converges weak star to dry (t), namely

T T
| om0 [ eman.
for every p € C([0,T)).
REMARK 7. The integral in (9) is a well defined Bochner integral in H.

REMARK 8. One has D,(,’“)gf" =0for k' # k and

€ 1 ¢
(10) Dﬁk)gfv = 2—/ 1[(8—5)+,s+5} (7") ds.
€Jo

Indeed (the case k' # k is similar),

s+e€
Dﬁk) l 6Gg == 1[(8—E)+,S+€] (’I“) .

s—€)+

PROOF. We have, for 7 > ¢,

T 1 t
Ve = a2 1 —€ 671 S—€)y,5+€ dsdt
(7) /0 (26)2/0 (U(tmey s Hamesote )3 95

=V (€) + V. (1),

where V, (1) =0 for 7 < e,

_ 1
Ve (1) = ) <1[(t—e)+7t+6}’ 1[(8—5)+75+€]>H dsdt,
€ (26) €

for 7 > €. It is not difficult to show that V. (€) — 0 as e — 0. It remains to show that dV (t)
converges weak star to d+ (¢). For this it is enough to show that

(11) Ve (1) — %7 (1) for every T € [0, 7]

V. (1)

L |
(12) sup / —
e Je (2€)?

and that su r dt < 00, hence that
peE(O,l) 0

t
/E (Lt=e)s tels Ls—e)sustel ), d5| dE < 00.




At this point, for ¢ > s > ¢ (denote any one of the G* by G), using stationarity of the
increments,

(Lt-er e Us—o)r e

=Cov (Grye = G(—e), » Gsre = Gs-o),)
=Cov (Gi—sy2e — G5, G2c)

=Cov (Gi—st2¢,Goe) — Cov (Gi—s, Gae)

:1(*y(t—s—|—26)—|—’y(26)—’y(t—S))

2
1
=5 (V2 +7(t—s) =7 (t —s—2¢)),
with the convention that -y is extended by parity for negative arguments. So
(V- tres Ls—0) +el )3

(vy(t—s+2¢) —v(t—s))

(Yt —=s) =7 (t—s5—2€)).

N = N =

Now, for 7 > €, by telescopy,

\76(7')2/:%/0 (y(t—s+2€) —v(t—s))dsdt

[ [ === 20 dsa

862
_/:é/tj(,y(s_i_e)_7(3_5))dsdt.

where
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By Fubini theorem, using that
s+e

s+ -1-a= [ ),

—€

we can easily show that
I (7,€) = y(7)
Ir(7,¢) = 0.

This shows (11). Concerning (12), we proceed similarly. By the same arguments as before
we show that

T 1 t
/E 2 / (Ut—ers el L) sel ) 05|
T t+e _ _
S/ i/ v(ste—v(s—¢) |
e 2€|Ji—¢ 2e
T 1 0 _ _
+/ _/ v(ste)—v(s—¢ |
e 2¢€|)_. 2e
We proceed as above, using that
s+e
s+ -16-al< [ dhle).
where ||v]| is the total variation function. O
LEMMA 9. Dﬁk)é\e (t,&) exists and it is given by
1 t
(13) DG =8 (101 €) 5 [ Tiomay i (1)

PROOF. We could deduce this formula from equation (7) and its uniqueness property. For
shortness, let us use the explicit formula (8). It gives us

DI (1,6) =0 (£,€)i Y (ow - &) DFGY

k'eK

~ , 1 [t
0.1 5 [ Lo arq (1),
€Jo
where we have used (10). O

We come back to equation (7). Using (5) we have

0.(1.6) = ¢ —f@|£|/ £)ds + M,
pwg 1,
—HZ o+ &) O (s, §) (s—c)s 5+ ) A5,
keK H
where M is a mean zero process, and using (13)
= —k|¢)? / §)ds + M,

~ 1 S
- : 2 96 ) / 1r—e real s—e€)4,5+€ drds.
k;{(ak £) /0 (s,€) 2 s (Ur—ere L(s=e)s se] ) Arels
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Recalling the definition of V. and taking expectation we get for e. (¢,£) =E [92 (t,& )]

R t t
(14) ec (t,€) =00 (&) — k€| / ec(s,8)ds — o (€) / ec (s,)dVe(s),
0 0
where

o (&)= (ox-8)>*.
keK
The limit

€ (tag) = h_r)%ef (tag)

exists (it can be deduced by a stability argument on the differential equation and Lemma 6,
but for shortness let us invoke here the explicit formula (8)). Taking the limit as € — 0 into
the previous equation, by Lemma 6 we get the result of the following corollary.

COROLLARY 10. Suppose Assumption A. Then the function e (t,§) satisfies the closed
form equation

e<t,£>=%<£>—m|s|2/0 e(s,ods—o?(s)/o e(5,6)dy (s).

Now we go back in physical space by inverse Fourier transform. Until now we have as-
sumed only Assumption A.

REMARK 11. Without additional assumptions the Fourier coefficients e (t,£) could not
have easy decay properties for large &, in the case when the measure dry (s) has a negative
component, and as a consequence the inverse Fourier transform could give us a true distri-
bution, which solves in the distributional sense the equation written below but should require
a closer investigation, due to its singularity. Similarly, if dv (s) /ds is well defined, non neg-
ative, but it is not bounded above, like in the case of FBM with H < 1/2 where it is diverges
at s =0, we are faced - in the inverse Fourier transform - with a parabolic equation equation
with singular second order coefficients, which is uncommon and also requires special theory.

REMARK 12. [In addition, the present work has a precise motivation from 2D inverse
cascade turbulence and, in that framework, we expect the large vortex structures being posi-
tively correlated in time, as it is for H > 1/2, not negatively as it is for H < 1/2. Therefore
we prefer to assume dy (s) /ds bounded from above for reasons of coherence with the pur-
poses of this work. On the contrary, the case when dv (s) has a negative component could
correspond to negative viscosity, a debated phenomenon for turbulent fluids [40], perhaps
also associated with the 2D inverse cascade. However, it must be better understood and thus
we postpone to future works.

For the reasons highlighted in the previous two remarks, we introduce the following addi-
tional assumption:

Assumption B

i) the measure d+ (s) has a non-negative density d~y (s) /ds with respect to Lebesgue mea-
sure

ii) and there exists C' > 0 such that dv (s) /ds < C for a.e. s > 0.

We may call "regular” the case when Assumption B is satisfied and "singular" the other
case, which covers measures with negative components of viscosity and unbounded positive
viscosities. N

Under Assumption B, |e (¢,&)| < ‘90 &)

, hence the following.
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COROLLARY 13.  Suppose Assumptions A and B and 6, € L? (]RQ). Then

0(t,x):= /Rd T (t,€) dE
has the property 0 (t) € L? (RQ), it is weakly continuous in time in L? (RQ) and it satisfies,
in the sense of distribution,
0(t,x)=0p(z)+ /t KA (s,2) ds + /t (£6(s)) (z)dv(s),
where L is the differential operatorodeﬁned by (4). ’

The only part of the statement we have to clarify is the form of £. Until now it is

—

(L) (€)=~ () f(€).
Then

L@ =3 [ A 0y (o€ F(6)dg

keK

= Z (O‘k : V) (O'k ) Vf(x))

keK

= " div((ox ® 03) V£ ())

keK
=div(QVf(z)),
where Q =), (0} ® 0p).

REMARK 14. Assume, for instance, that N = 2, K = {1,2}, ey, e canonical basis of

RQ
Ok =/ KRT€1,
where kT > 0 is a constant (with the physical meaning of turbulent kinetic energy). Then
2 ¢\ 2
o” (&) = rr[¢]

(Lf) (x) = rrAf (z)

and the equations take the form

e(t,@:e%(&)—n\sf/o e (s,€)ds — rr 15\2/0 e (5,€)dv ()

0(t,x) =00 (x) + /0 kAG (s,x)ds —|—/0 kA0 (s,z)dy (s).

The dissipation kA0 (s, x) is enhanced by the term kA0 (s,x) dvy (s), on average. However,
compared to the Brownian case H = 1/2, where

0(t,x)="00(z)+ /Ot (k + k) AG (s,7) ds,

1
the case when H > 1/2 is slower for short times, because dy (s) ~ s == ds which is infinites-
imal for small s. Positively correlated noise decreases the dissipation power with respect to
the incorrelated case, which is constituted by Gaussian white noise.

We go on investigating the variance in closed form.
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3.1. Variance-covariance of the solution. In order to evaluate the variance of the solu-

tion one needs to understand the covariance structure of (9: (t,& )) . Indeed, if 9: is the
£eR?

solution of equation (6) then

0c(t.2) ~ B (t0) = [ 7% (8(0,6) - e (1.0)) de

Var (6 (t,2)) = E | (0 (t,2) = E [0 (t.2)]) (O (t.2) — E [ (t,2)])|

://62”"@”)“'”05 (t.€,m) dédn,

where C, (t,£,n) is the covariance function

Ce(t.&m) =E |((0.(6.9) = ec(t.)) ) (0 (t.m) = ec (1)) |

We come back to equations (7) and (14). We set

Oc (£,6) =B (£,6) —ec (t,€)

and have
t~
e —%IEIZ/ B (s,
are = Glog
ST€ S—e€)y
+iY (op-8) / (5,€) > d
keK
sTe (s—€)+
—l—zz ka/eesg) 5 d
keK
) t
—o(©) [ el D)
Therefore

:/ 55(d37§)5e(3777)+/ 56(87 )55(618777)
0 0

= (PP [ 8.7 s

Gere_GkS €
+z20k§n/es§ (5,7) 2(>+d
keK
t ~7G§+E_Gk37e
+ZZ(Jk£)/ eﬁ(sag)ee(san)#ds
keK 0 2e

o Gh-Gh
=i Y (o) [ Bl e o s

keK
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So setting

RE (ta 67 77) = 55 (ta 6) 55 (ta 77)7

we get

Rt = (16 + ) [ R Gs.6n)ds

t GE"'G_Gksfe
”Z@*k'(ﬁ—n))/ Re(s,g,n)%ds
keK 0
t ~7Gk+ _Gk‘
+ZZ(Uk f)/o ee (5,€)0c (s,m) > ds
keK
' 7G§+6 B Gks—s
_ZZ (Ukn)/ 95 (876) Ce (&W)%ds
keK 0
+ My,

where M is a mean zero process.

Now we need to express the three terms on the right-hand-side of this identity which
involve the noise by means of mean zero processes plus a trace. Let us treat each one of
them. Denoting again by M a generic mean zero process, we re-express the first one of the
previous terms, using in particular (5), (13) and (9):

t G§+6 - Gks—s ¢ 1
[ et =0 vt [ (DR (5600 g 1)
0 € 0 € H
From (13),

D®IR, (t,¢,n) = D6, (t,€) - 6. (t,) + 6. (t,€) - DG, (¢,7)

= 1 [t
=0, (t, 5) Oe (t, 77)1 (Uk ’ 5) % A 1[(s—e)+,s+5} (T) ds

= , 1 [t
- 96 (ta 5) 96 (ta 77)1 (Jk : 77) % A 1[(sfe)+,s+e} (T) ds

1

t
= M; + R (t, £, 77) i (Uk ’ (5 - 77)) % /0 1[(sfe)+,s+e} (T) ds

and thus
t

t
/ (DR (5,6,m) 150, w40 ), ds =My +i(op (€ = 1)) / Re (s,€,m) dVe (s).
0 H 0

Concerning the third one of the previous terms we have
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b~ G§+€ B GIES—G)+
e <s,n>2—ds
0 €

ti
:Mt+/0 65(3777) <D(k ( 5) (s— €)+75+6}> ds
H

1

:Mt+i<ak-s>/0 (s, 5)65(877)(26

2 / (Litr—e)rtes L(s—e)s54e] )3 drds

=M, +i(op - 5)/0 Oc (5,€) ec (s, m)dVe (s)

hence

Gl;—I—e - Gk

—ZZ (o - 77/9 (5,6 ec(s,m) 5 e o g

keK

=M+ Y (-6 (o) [ D5, e lmave (o).

keK

Similarly, concerning the second one of the terms,

GkJre _ Gk

/O e (5,) B (s,m) ————=Lods = My — i (o 1) /0 e (5,€) 0c (s.m)dVe (5)

and therefore

k k

' NiGS € G s—e€
i3 (0r-) /O e (5,6) 8, (s.) 1 =0 g

keK

M+ Y (o) (o) [ (5.0 (snave (o).

keK

Summarizing the previous identities, we get

Rt = (16 + ) [ R Gs.6n)ds
- (or- (€ - ) /R &)V (s)

keK

+ 3 @9 [ e v (o

keK

_|_Z (ok - &) (o) - 77)/ 9( y6) ee(s,mdVe (s)

keK
+ M.
Taking expectation (recall C, (t,£,n) =E[Re (t,£,1)]), we get

Cett&on) == (jeP+ 1) [ Cutosgmds
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=3 (ox- (E—) /CSEndV()

keK

+2 Y (o0-§) (o) [ ec(s. e (smave o).

keK

Let us introduce the notation

p(&m) = (k&) (o).

keK

Taking the limit (it existence is like above for e (¢, £))
C(t,€n) = lim Cc (¢,€,m),
e—0

from Lemma 6, we establish the following.

PROPOSITION 15.  Suppose Assumption A. Then the function C (t,&,n) satisfies, to-
gether with e, the identity

Cttem = (6P +10P) [ Cs.cn)ds

—O'2 — t S S
(¢ n>/0 C (s,€.m)dy ()

+2p(§,n)/Ote(&&)e(sm)dv(éf)-
Let us go back to the computation of the function
Vit = [ [ e,
which is limit of Var (0, (¢,x)).

PROPOSITION 16. Suppose Assumptions A and B. Then, in the sense of distributions,

V(t,x):/o QIQAV(S,x)dS—i—/O (LV () (x)dy (s —1—22/ (op- V)0 ))Qdy(s).

keK
PROOF. The proof proceeds by applying [ [ e2mi€=m= ... dedn to each term of the

1dent1ty of Proposition 15. Its application to the first term on the right-hand-side gives us
f 2AV (s,z)ds because

/ / 2T 2O (5,¢,m) dédn

_ / 2mET ¢ |? ( / e 2O (s, 6,m) dn) d¢
_ —A/ 2mié-x </ ef2win-mc(8’£’n) dn) d§

=—-AV (t,x)

and a similar computation on the conjugate holds for the other term.
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Let us come to the second term on the right-hand-side of the identity of Proposition 15. To
make the computation more transparent, let us write V' (¢, z) in Fourier form as

V()= / / PREM =0 (1, ¢ ) dedn

§'=£77/</62m‘§/~mc ($7§/+77777) d§/> dn

— / 2’ < / C (s, +n,m) dn> d¢’ = / TV (1,€) dE,

where
V9= [Cls&+nndn
Then
(LV (D) () = (©)V (t.€)
=0’ (5)/C(S,£+nﬂ7)dn
(LV (9)) ()
= [ eme v e de

_ / £2miE 42 () / C (s,€ +1,m) dydg

5'=:£+77//62m‘(§’—n)~x02 (5/ _ 77) C (5,5,,77) dé—/dn

Thus also the second term is checked.
Finally, let us treat the third term on the right-hand-side of the identity of Proposition 15.
Here we simply have

//em(gn)-x (o1 - &) (on - ) e(s,€) e (s,n)dédn

- ( / 2k (ak.g)e(s,g)d,;f) ( / e2min i (o, - n)e(s,n) dn)

— (o1 - V)8 (s,2))

which leads to the claimed identity. O

4. The non commutative case. The case when the stochastic transport terms do not
have constant-in-space coefficients and do not commute between themselves and with the
Laplacian, is admittedly very difficult and still obscure, from the viewpoint of theoretical
quantitative results. We may only present two subsections with side remarks on this topic.

The first subsection idealizes a turbulent 2D fluid undergoing inverse cascade by prescrib-
ing two families of stochastic transport terms: a small-space-scale component modeling the
smallest turbulent scales, maintained, white noise (namely uncorrelated) in time, and a larger-
space-scale component modeling the larger structures which appear and disappear by inverse
cascade. The latter are constant in space, idealization of their relative size with respect to the
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smallest ones, and correlated in time. The result we prove is that the smaller scales produce
the effect predicted by the Boussinesq hypothesis, while the larger ones are maintained in
their form. The system then reduces to the commutative case.

The second subsection is only aimed to explain as clearly as possible the technical diffi-
culty arising in a truly non-commutative case. A commutator appears which spoils the simple
link with the mean field equation found in Section 3. Nevertheless, a link up to a remainder
exists and could be important in future investigations.

4.1. Two-scale system and reduction to the commutative case. Consider a more com-

plete fluid dynamic model than the one introduced in Section 1, further parametrized by a
parameter N € N:

0i0c N (t,2) = KAl N (t,x)

awy
LYY (L) + 3 (i (2)- V) O (8,2) —E
JE€IN
d ]C7E
+ D 0k (@) V) e (t2) =1

e, N|i=0 = 6o,

where now oy, (z) are smooth divergence free fields, the finite index set Jy may vary with IV,
the vector fields v; v (z) too, as well as the associated covariance function Q% (z,y) defined
as

Qwa ZUJN ) @i N (Y)

JE€EJIN

covariance operator (@9\, on vector fields v, w € L? (RQ) defined as

(@), = [ [o@ Q@) o) ddy
and differential operator ﬁ?v defined as
(LX) (x) = div (Q% (,2) V f (z)) -
The sum
dw}
dt

LY (tx)+ D (055 () - V) O (t,2)
JE€IN

stands for the Itd formulation (easier to define) of the Stratonovich integral

J
> (v (@) 9) e (1) 0 T L

Jj€JIN

The main aim of this section is proving that, under suitable assumptions, we may reduce
the model to the commutative case. This requires that the It6 integrals go to zero and that the
corrector goes to k7 Abf v (t,x). Since we want to interpret rigorously the equation in mild
form, in order to reduce details we assume that the diagonal Q; (z, z) is independent of N
and already equal to krId:

Q% (z,2) =krld
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forevery N € N and x € R%. Moreover, we assume that x4 x7 > 0. Let A be the infinitesimal
generator of analytic semigroup in L? (RQ) (see [37], Chapter 7), defined on W22 (RQ) as

(Af) (x) = (K + kr) Af (2).
Since we assume independence of (Wj ;7€ J N) from (gf “keK ) and the analysis in
this section is pathwise with respect to (Qf “keK ), we replace the above equation by
A (1) = (ABen (1) + (0 (1) - V) Bey (D) dt 4+ > (v V) ey (£) AWV
JEJIN

e N|t=0 = 6o,

where v (t, ) is a single path of ), _ ;- o () d%;;,e. This equation, when 6, € L? (R?), can
be solved, in mild form

t
Oen () =00+ > / e (v; N - V) O (5) AW
JEJIN 0

. /Ot o(t—9)A (v (s)- V)b n(s)ds

as in the case v (t) = 0 as in [23], Chapter 3. Here ¢*4, t > 0, denotes the analytic semigroup
generated by A on L? (RQ). The solution is an adapted process with paths of class

fen €C([0,T];L% (R?)) nL? (0, T; Wh? (R?)),

it satisfies a.s.

T
sup |6, v (t)HiZ(RZ) + ”/ IV 0e,n (S)Hiz(Rz) ds < HHOH%Q(RQ)'
te[0,7 0

Moreover, it satisfies the maximum principle ([23], Chapter 3; see also [22])

(15) sup |[[0e,n (75)||L00(R2) < ||90||L00(R2)
t€[0,T]

However, with some easy technical work, we may also interpret the equation in the alternative
mild form

t
(16) Ocn () =U (£,0) 00+ > / U (t,s) (vjn - V)0 n(s)dW?
JjE€IN 0

where U (t,s) is the evolution operator defined as follows. For every s > 0, consider the
deterministic equation

u(t)= (=) Ay + /t et—m)A (v(r)-V)u(r)dr

fort € [s,00).
For every ug € L? (RQ) and "> s, let
ue C ([s,T);L* (R*)) N L* (s, T; W2 (R?))
be its unique solution. Then we set

U(tvs)uozu(t)7
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for ¢t € [s,T] and extend to all ¢ in an obvious way using the uniqueness. We construct a
family of bounded linear operators {U (¢,s);0 < s <t} on L? (R?). With a little work one
can show that (¢, s) — U (t,s) ug is continuous, for every ug € L? (R?) and that the mild
formulation (16) based on U (t, s) holds true. Finally, it is easy to see that U* (¢, s) is the
analogous evolution operator associated to the equation

z(t) = et Az — / A (v (1) - V) 2 (r) dr

fort € [s, 00).
In particular it satisfies the inequality
T
2 2 2
(17) sup [|U" (¢, ) ¢l72(ge) + "i/ IVU* (£, 5) Ol L2 (mey ds < 10172 (e -
te(s,T] s
Consider also the reduced problem

dGre
dt

Oife (t,7) = (K + k1) Ab (t,2) + Y _ (0% - V) Oc (£, )
keK

Oe|t=0 = bo.
We simply have
0. (t)="U (t,0) 0.

THEOREM 17. We have
E {8 () = 0c (1), ¢)°] <T||@%]
for every ¢ € L? (]RQ) and t € [0,T). Therefore

lim sup E [(96,]\/ (t) —0e(t), ¢>2] =0
N—oo te[0,T]

=0.

2 2
212 HHOHLco ||¢HL2

i lima oo Q%)

L2 L2

PROOF. One has

Oon ()= 0. (), )= 3 /0 (U (t,5) (v - V) By () . ) AW

Now, called g; (s) := U* (t, s) ¢ for shortness,

Y B (5), (vjn - V) g1 (5))?

JEIN

-y / / e (5,2) (153 (2) - V) g1 (5,2) B (5,) (w0 () - V) i (5, 9) dedy

JEIN
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2
=> Y //HG,N(S,x)v}?fN(x)aagt(S,x)HE,N(s,y)va(y)aggt(s,y)dmdy

a7ﬁ:1 jEJN

2
-y / / 0oy (5,2) | 32 02 n (2) 0%y (1) | ag (5,2) B (5,9) s (5,) dady

2
-y / / O (5,2) Q0P (2,) Bagi (5,7) 0o (5,) Dpgt (s,y) dady

ij=1

- / / 0o (5,2) Ve (5,0) - Q% (2) - Vi (5,) Do (5.) dedy

= <Q9\/Vgt (8)0cn (5),Vgi(s)0e N (3)>
<NQX N oy 12 106 ()17 VU™ (2, 5) 1172
< HQ?\/‘ L2-s L2 ||90H%°° ||¢||%2
by (15) and (17). We conclude that
t
B [0 ()= 0.0, 0%] B [ Q] oo 1901 01

:THQ%/‘ L2 L2 ||90H%°° ||¢||%2

for t € [0, 7. O

4.2. Link with the mean field equation, up to a commutator. Consider now equation (1)
without the assumption that the vector fields o}, are constant; assume them smooth, bounded
and divergence free. Assume 6y € L? (R?). As outlined in the previous subsection, introduc-
ing the operator A as above but with k7 = 0 (assuming therefore « > 0) and the associated
analytic semigroup e*4, ¢t > 0, one can study pathwise the equation in mild form

t dgk‘,E
_ tA t—s)A s
(18) 0. (t)=e 90+§j/0 9% (01 V) B (5) = ds

keK

and prove that there exists a unique solution of class
0.€C([0,77;L* (R*)) N L*(0,T;Wh? (R?)).
Moreover, it is measurable in the random parameter. Moreover, it holds
2 T 2 2
sup [0 (O + [ 16 ds < 160l
te[0,7] 0

Solving the equation from a generic initial time s > 0 as indicated in the previous subsection,
the solution defines a family U, (¢, s,w) of bounded linear operators on L? (R?), for ¢t > s >
0, satisfying

Ue(t,s,w)Uc(s,0,w) = U, (t,0,w)
Ue (s,s,w) =1d

0. (t) = U, (t,0) f.
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Precisely, U, (¢, s) 1 satisfies

Ue (t,s)¢ —etAw—i—Z/ =4 (o - V) U, (r, 5)

keK

k,e

In this case we are not able to close the equation for the expected value E [0 ()] and our
aim therefore is only to estimate its distance from the solution of the mean field equation (3).

In order to see the difficulty, let us consider equation (18) in weak form on a test function
¢ €C (R?)

ke
(6. (t),6) = (80, 0) = 3 / (o 9) =) g

keK

Then, similarly to the strategy described in Section 3, by means of formula (5) we rewrite the
stochastic integral a a Skorohod integral (mean zero) plus a trace

(0 (), 0) = (400, ¢) + M,

1
_ Z/ <<D(k [(S€)+vs+€}> 7(0'k . V) e(ts)A¢> ds
H

keK
where M; has zero mean. Therefore

(E [0, ()], 6) = (460, 6)
. kez;(/ << Y0.(5)] %lkswm% (V) e<“>A¢> s,

In the commutative case D.(k)ee (s) can be expressed by means of 6, (s) and we find a closed
equation for E [0, (¢)]. Indeed, by Lemma 9, we have

Dﬁk)ae (t) = Xe (ta T) (Uk : V) Oc (t)

1 t
Xe (t,7) = 26/ 1[(s—s)+,s+e] (r)ds.

Now, without commutation, we have only the following result.

LEMMA 18.
D (t) = xe (t,1) Ue (t,7) (04 - V) Be (1) -

PROOF. Indeed, from (18) we get

Dy, Z/ (=94 (4, )D(k)g()dg

k'eK
! dD{M gk
+ / =4 (1, - V) 0, (s) 7gds
0 ds
Then we use (10) to express D(k)gf’E and get
PP =Y [0y 9) D08, 2
” ds

k'eK
+ e(tir) (Uk‘ : V) Oc (7“) Xe (t, T)
which leads to the result by uniqueness for the equation defining U, (¢,7). U
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The problem is that we cannot commute U, (¢, 7) (o, - V) with (oy, - V) Uc (¢,7), otherwise
we would have

DIV (t) = Xe (t,7) (0% - V) Ue (t,7) 0 (7)
= Xe (t,7) (0k - V) 0c (1)
(due to 6. (r) = U (r,0) 0 and U, (¢t,7) Uc (1,0) = U, (¢,0)) like in the commuting case.

Summarizing, until now we have found:

LEMMA 19.

(E[6 (1)],0) = (60, 9)

=3 [ { (el B0 0 D)0 g ) o )0 s,

keK

Adding and subtracting the term with (o - V) U (t,7) in place of U (t,r) (o) - V) we
have

(E e ()], ¢) = (400, )

- Z /Ot <<X6 (s,7), %1[(se)+,s+e}>7{ (o) - VYE[0: (5)], (o) - V) e(ts)A¢> ds

keK

t ! —s)A
+Z/O <<X6(5,-)Re,k‘(5,-)’%1[(se)+7s+€}>H,(0k.V)e(t ) <;5>ds

where for shortness of notations we have set
(19) Re i (s,7) =E[(Uc(s,7) (08 - V) = (0% - V) Uc (5,7)) 0c (1)] .

With the notations of Section 3, we have

(E [0 (8)],0) = <€tA90 + /O TIALE O, (5)] dVe (s), ¢>

t 1 B
+Z A <<X€ (37-)Re,k (S,-)72_61[(5—e)+73+5}>7{7(0'k.V) e(t )A¢> ds

keK
or

E[6. (t)] = 26, + /0 t U=DALR 0, (s)] dV. (s)

t s 1
— Z / e(t )A (O-k;v) <X€ (5,‘)Re (Sa'),z_l[(s—e)+7s+5}> dS.
0 € H

keK
Notice that the mean field equation is
t
0 (t) =0y + / eU=DALE (s)dvy (s).
0

The closedness of E [f, ()] to 6 () depends on the smallness of the average commutator
R, ), (s,r). Estimates on R, (s,7) seem possible but those we have found until now do not
deserve to be reported, so we postpone this subject to future research.
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