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Characterization of weighted Hardy
spaces on which all composition operators
are bounded

Pascal Lefévre, Daniel L,
Hervé Queffélec, Luis Rodriguez-Piazza

October 23, 2023

Abstract. We give a complete characterization of the sequences § = (5,) of
positive numbers for which all composition operators on H?(3) are bounded,
where H?(f3) is the space of analytic functions f on the unit disk D such that
S olan?Bn < 40 if f(z) = Y07 anz™. We prove that all composition
operators are bounded on H?(3) if and only if 3 is essentially decreasing and
slowly oscillating. We also prove that every automorphism of the unit disk
induces a bounded composition operator on H?(3) if and only if 3 is slowly
oscillating. We give applications of our results.

MSC 2010. primary: 47B33 ; secondary: 30H10

Key-words. automorphism of the unit disk; composition operator; slowly os-
cillating sequence; weighted Hardy space

1 Introduction
Let 8 = (Bn)n>0 be a sequence of positive numbers such that

(1.1) linniioréfﬂi/” >1.
The associated weighted Hardy space H?(f3) is the Hilbertian space of analytic
functions f(z) = >, 7 anz™ such that

(1.2) 1712 = 3 fanl?8 < o0
n=0

Condition (1.1) is equivalent to the inclusion H?(3) C Hol(D). Indeed, if
(1.1) holds, we have H?(3) C Hol(D) since |a,|*B, is bounded and thanks to
the Hadamard formula. Conversely, testing the inclusion H?(3) C Hol(D) on

the function f(z) =Y oo, lﬂ( )z" € H?(B), we get (1.1) from the Hadamard

formula.



Condition (1.1) will therefore be assumed throughout this paper, without
repeating it.

When 3, = 1, we recover the usual Hardy space H?; the Bergman space
corresponds to 3, = 1/(n+ 1), and the Dirichlet space to 8, = n + 1.

Recall that a symbol is a (non constant) analytic self-map ¢: D — D, and
the associated composition operator C,,: H?(8) — Hol(D) is defined as:

(1.3) Co(f)=fop.

An important question in the theory is to decide when C, is bounded on
H?(B), i.e. when Cy,: H?(B) — H?(B).

This question appears in the literature in several places. For instance, it is
Problem 1 in the thesis of Nina Zorboska [23, Pb 1, p.49]. This thesis contains
many interesting results, in particular Proposition 3.1 and Proposition 4.2 of
the present paper (actually we discovered the content of Zorboska’s thesis once
the present paper was almost finished). See also Question 36 raised by Deddens
in [19, p. 122.¢].

When H?(3) is the usual Hardy space H? (i.e. when 8, = 1), it is well-
known, as a consequence of the Littlewood subordination principle (see [14]),
that all symbols generate bounded composition operators (see [18, pp. 13—17]).
On the other hand, for the Dirichlet space, corresponding to 5, = n+ 1, not all
composition operators are bounded since there exist symbols ¢ not belonging
to the Dirichlet space (e.g. any infinite Blaschke product).

Note that, by definition of the norm of H?(3), all rotations Ry, defined by
Ry(2) = ¢z, with § € R, induce bounded and surjective composition operators
on H?(j) and send isometrically H?(3) into itself.

Our goal in this paper is characterizing the sequences S for which all compo-
sition operators act boundedly on the space H?(3), i.e. send H?(f3) into itself.

In Shapiro’s presentation for the Hardy space H2, the main point is the case
©(0) = 0 and a subordination principle for subharmonic functions (Littlewood’s
subordination principle). The case of automorphisms is claimed simple, using
an integral representation for the norm and some change of variable. For general
weights 3, the situation is different, as we will see in this paper, and it turns
out that the conditions on 3 for the boundedness of the composition operators
C, on H?(B3) are not the same depending on whether we consider the class of
all symbols such that ¢(0) = 0, or the class of symbols ¢ = T,, where

a—+z

(1.4) T.(2) = T+az

for a € D.

It is clear that when these two classes of composition operators are bounded,
then all composition operators are bounded. Recall that every symbol ¢ can be
written as the composition ¢ = T, o ¢ where ¢(0) = 0 and a = ¢(0); and then
Cp,=CyoCr,.



In many occurrences, the weight g is defined as

(1.5) 5n=/0 t"do(t)

where o is a positive measure on (0, 1); more specifically the following definition
is often used: let G: (0,1) — Ry be an integrable function and let HZ be the
space of analytic functions f: D — C such that:

(1.6) 1 = [ £GP GO~ 12R) dAG) < oo.

Such weighted Bergman type spaces are used, for instance, in [10], [11] and
in [13]. We have HZ = H?(3) with:

1 1
(1.7) Bn = 2/ r?" G —r?)dr = / t"G(1 —t)dt,
0 0

and the sequence 8 = (8,,), is non-increasing (actually, the above representation
(1.5) is equivalent, by the Hausdorff moment theorem, to a high regularity of
the sequence (3, namely its complete monotony).

When the weight 8 is non-increasing (or more generally, essentially decreas-
ing), all the symbols vanishing at the origin induce a bounded composition op-
erator. This was proved by C. Cowen [4, Corollary, page 31], using Hadamard
multiplication. We can also use Kacnel’son’s theorem (see [2] or [12, Theo-
rem 3.12]). Actually that follows from an older theorem of Goluzin [8] (see
[5, Theorem 6.3]), which itself uses a self-refinement observed by Rogosinski of
Littlewood’s principle ([5, Theorem 6.2]).

For weights defined as in (1.5), we dispose of integral representations for the
norm in H2(3), and, as in the Hardy space case, this integral representation
rather easily allows us to decide when the boundedness of Cr, on H?(3) occurs.
This is not always the case, as shown by T. Kriete and B. MacCluer in [11]. They
consider spaces of Bergman type Azé := HZ, where CNT'(r) = G(1 —1?), defined

as the spaces of analytic functions in D such that [ |f(2)]* G(|z])dA < oo,

for a positive non-increasing continuous function G on [0,1). They prove [11,
Theorem 3| that for

~ 1
G(T):exp<—B(1_T)a), B>0,0<O€S2,
and

p(z) =z+t(1—2), 1<~y<3,0<t<277,

then ¢ is a symbol and C,, is bounded on A% if and only if v > a+ 1.
Here

1
Bn = / e~ B/0=VD" g4 < oxp(—en®/ (@1 |
0



We point out that 8 is non-increasing, so for every symbol ¢ fixing the origin,
the composition operator C, is bounded. Nevertheless, choosing v < a + 1,
there exist symbols inducing an unbounded composition operator, hence not all
the Cp, are bounded. Actually, for every a € (0, 2], no Cr, is bounded because
B has no polynomial lower estimate (see Proposition 4.5 below).

Let us describe the contents of this paper. In Section 2, we introduce sev-
eral notion of growth or regularity for a sequence f3: essentially decreasing,
polynomial decay and polynomial growth, slow oscillation, and give some con-
nections between them. In Section 3, we consider the composition operators
whose symbol vanishes at the origin. We show that in order for all these oper-
ators to be bounded, it is necessary that S be bounded above. We show that
B is essentially decreasing if and only if all these operators are bounded and
SUP,(0y=o [|Cpll < +oo. In Theorem 3.3, we give a sufficient condition for having
all the composition operators C,, with ¢(0) = 0 bounded, allowing us to give an
example of a sequence 3 for which this happens though sup,g)— [|Cy|l = +00
(Theorem 3.7). In Section 4, we prove that all Cr, are bounded on H?(3) if
and only if 3 is slowly oscillating (Theorem 4.6 and Theorem 4.9). We hence
have:

Theorem 1.1. Let 3 be a sequence of positive numbers, and let

a+z
Tal2) = ltaz

for a € D. The following assertions are equivalent:

1) for some a € D\ {0}, the map T, induces a bounded composition operator
Cr, on H%(j);

2) for all a € D, the maps Ty, induce bounded composition operators Cr, on
H?(B);
3) B is slowly oscillating.

The deep implication is 2) = 3). Its proof requires some sharp estimates on
the mean of Taylor coefficients of T, for a belonging to a subinterval of (0, 1).
Once we found the equivalence of 1) and 2), we realized that it already appeared
in Zorboska’s thesis [23].

In Section 5, we show (Theorem 5.1) that if § is slowly oscillating, and
moreover all composition operators are bounded on H?(3), then f3 is essentially
decreasing. We thus obtain the following theorem.

Theorem 1.2. Let 8 be a sequence of positive numbers. Then all composition
operators on H?(B) are bounded if and only if B is essentially decreasing and
slowly oscillating.

For the notion of essentially decreasing and slowly oscillating sequences, see
Definition 2.1 and Definition 2.2

We end the paper with some results about multipliers.



A first version of this paper, not including the complete characterization
given here, was put on arXiv on 30 November 2020 (and a second version on 21
March 2022) under the title Boundedness of composition operators on general
weighted Hardy spaces of analytic functions.

2 Definitions, notation, and preliminary results

The open unit disk of C is denoted D and we write T its boundary dD. We
set e, (z) = 2", n>0.

The weighted Hardy space H?(3) defined in the introduction is a Hilbert
space with the canonical orthonormal basis

1
(2.1) P2)=—=2", n>0,
VP
and the reproducing kernel K, given for all w € D by
o] oo 1
2.2 K,(z) = el — "
(2.2) (2) nz::O EZ: 3

Note that H? is continuously embedded in H?() if and only if 3 is bounded
above. In particular, this is the case when [ is non-increasing. In this paper,
we need a slightly more general notion.

Definition 2.1. A sequence of positive numbers 8 = (Bn)n>0 is said to be
essentially decreasing if, for some constant C > 1, we have, for all m > n > 0:

(2.3) B < C By

Note that saying that [ is essentially decreasing means that the shift operator
on H?(j) is power bounded.

If 3 is essentially decreasing, and if we set:

ﬁn = sup Bma

m>n

the sequence 5 ( ) is non-increasing and we have 8, < ﬁn < CpB,. In

particular, H2(8) = H2(3) (with equivalent norms) and H? is continuously
embedded in H?(B).

Definition 2.2. We say that a sequence 3 is slowly oscillating if there are
positive constants ¢ < 1 < C such that

(2.4) CSB—SC’ when n/2 <m < 2n.



We may remark that this is equivalent to the existence of some function
p: (0,00) — (0,00) which is bounded above on each compact subset of (0, 00)
and for which f,,/8, < p(m/n), equivalently

Definition 2.3. The sequence of positive numbers 8 = (8,) is said to have
polynomial decay if there are positive constants ¢ and « such that, for all integers
n>1:

(2.5) Bn >cn™ .

That means that H?(f3) is continuously embedded in the weighted Bergman
space B2_; of the analytic functions f: D — C such that

1£115%2

=a / R - |2 dA(z) < oo
D

1

(03

since B2_, = H?(y) with v, =~ n~°.

Definition 2.4. The sequence of positive numbers 8 = (B,) is said to have
polynomial growth if there are positive constants C and v such that, for all
integers n > 1:

(2.6) Bn < Cn™.

The following simple proposition links those notions.

Proposition 2.5.

1) Every slowly oscillating sequence 8 has polynomial decay and growth.

2) There are sequences that are essentially decreasing, and with polynomial
decay, but not slowly oscillating.

3) There are bounded sequences that are slowly oscillating, but not essentially
decreasing.

Proof. 1) This is clear, because, for some ¢ € (0,1), if 2/ <n < 27+ then
Bn>cfa 2B > cin,

with a = log(1/¢)/log2; and, for some C' > 1,
Bn < CPas < OB < O,

with v = log C'/ log 2.

2) Let 6 > 0. We set Sp = 51 = 1 and for n > 2:

1
B”:W when k! <n < (k+ 1)!.



The sequence S is non-increasing.
For n and k as above, we have:
1 1
Br = 5 2 5

(k" n
1

hence 8 has arbitrarily slow polynomial decay. However we have, for & > 2:

Bakty _ (k)~? 1

Br! (k=1 ~ &k a

so (8 is not slowly oscillating.

3) We define 3, as follows. Let (aj) be an increasing sequence of positive
square integers such that limy_, o axt1/ar = oo, for example ap = 4’“2, and
let by = /arary1; with our choice, this is an integer and we clearly have
ap, < by < apy1. We set:

ax/n for ap, < n < by
Bn:

(ar/b2)n = (1/ags1)n for by <n < apiq.

This sequence (3,,) is slowly oscillating by construction. Indeed, since the other
cases are obvious, it suffices to check that for ar < n/2 < by < n < ag41, the
quotient f3,,/fB, remains lower and upper bounded when n/2 < m < n (it will
then be automatically also satisfied when n < m < 2n). But for n/2 < m < by,
we have

ﬂnz _ ak/m _ Arpar41 _ ﬁ

- - )

Bn  njapi1 mn mn

which is < 2b2/n? < 2 and > b2 /n? > (n/2)?/n? = 1/4; and for by < m, we
have

Bm _ m/ag1 m {1 }
=Lt "= — e |21,
Bn  njagrr  n 2
However, though (8,) is bounded, since 8, < 1 for ax < n < by and, for

b <n < apy1,

B < Bar-1= (akt1—1) <1,

Ak+1
it is not essentially decreasing, since

_ 1 a
Par 11 = (apq1—1) ~ 4/ RLAE NNV O
Bbk VOkQE4+1 ap k—oo

Now we are going to recall some well known facts about matrix represen-
tation of an operator T' defined on a Hilbert space with an orthonormal basis
(en)n>0 and how it is translated in our framework.

The entry a,, , (where m,n > 0) is defined by the m'" coordinate of T'(e,,):

amn = e (T(en))




where e} (z) stands for the k' coordinate of the vector z.
We shall use the notation f(k) for the k' Fourier coefficient of a function
f €L (—n,n):
~ 1
k)= — —ikt gt
fy =5 | sre
Let us point out that when the operator is the composition operator C,
associated to the symbol ¢, viewed on H?(3), its matrix representation in the

basis (eﬁ)nzo has an entry (m,n) which can be written as

\/Bim * ((pn) ﬁm /ﬁ
VB, VB ©

since the m'"* Taylor coefficient of ™ coincides with its m!" Fourier coefficient.

(em)" (Colen) = (m)

We say that the reproducing kernels K, have a slow growth if

_c
(1= fwl])®

for positive constants C' and s. We have the following equivalence.

(2.7) [l <

Proposition 2.6. The sequence B has polynomial decay if and only if the re-
producing kernels K., of H*(3) have a slow growth.

Proof. Assume that the reproducing kernels have a slow growth. Since

S 2k
w
K2 =3 A2
= Bk

we get, for any k > 2:
|w| 2k 2
< 2
Br (1= fw])*
Taking w =1 — ¢, we obtain 3, > C' k~2%.
For the necessity, we only have to see that:

Il = 55+ 3 L < st S < e O
Bo = Bn Bo (1= [w[?)>t

3 Boundedness of composition operators whose
symbol vanishes at the origin

3.1 Necessary conditions
We begin with this simple observation (see [23, Proposition 3.1]).

Proposition 3.1. If all composition operators with symbol vanishing at 0 are
bounded on H? (), then the sequence B is bounded above.



Proof. Let f € H*. Write f = Ap + f(0) where A is a constant and ¢ a
symbol vanishing at 0. We have ¢ = C,(2) € H?(j3), by hypothesis. So that
f € H%(B) and H> C H?(j). It follows (by the closed graph theorem, since the
convergence in norm implies pointwise convergence) that there exists a constant
M such that || f||g25) < M || f]|oo for all f € H*. Testing that with f(z) = 2",
we get 5, < M 2, O

Let us point out that boundedness of 3, does not suffice. For example, let
(Brn) be a sequence such that Byr42/B2k+1 kﬂ oo (for instance o = 1 and
— 00

Bok1 = 1/(k +1)); if @(2) = 22, then [|[C,,(22"+1)||2 = |22 +D)|2 = Ba2n+1);
since ||22"T1|? = Ba,41, the operator C,, is not bounded on H?(f).

A partial characterization is given in the next proposition.

Proposition 3.2. The following assertions are equivalent:

1) all symbols ¢ such that ©(0) = 0 induce bounded composition operators
C, on H%*(3) and

(3.1) sup ||Cyl| < o0
©(0)=0

2) B is an essentially decreasing sequence.

Of course, by the uniform boundedness principle, (3.1) is equivalent to:

sup ||[fopll <oo forall fe H*B).
©(0)=0

Let us point out an important fact: we shall see in Theorem 3.7 that there
are weights (3 for which all composition operators C, with ¢(0) = 0 are bounded,
but sup,, )= [|Cy | = +o0.

Proof. 2) = 1) We may assume that § is non-increasing. Then the Goluzin-
Rogosinski theorem ([5, Theorem 6.3]) gives the result; in fact, writing f(z) =
S genz™ and (Cyf)(2) = Yooy dn2", it says that

SToddl < Y lel* vn >0,

0<k<n 0<k<n

and hence, by Abel summation:
oo oo
ICFIP =D ldnlBa < D lenl®Bn = IIFI?,
n=0 n=0

leading to C, bounded and ||C,|| < 1. This result was also proved by C. Cowen
[4, Corollary of Theorem 7]. Alternatively, we can use a result of Kacnel’son
([9]; see also [2], [3, Corollary 2.2], or [12, Theorem 3.12]).



1) = 2) Set M = sup,o)—¢ [|Cpl|. Let m > n, and take

o(2) = fmn(z) = 2 (”;)/

Then ©(0) = 0 and [p(2)]" = Z£2~ ; hence

1 n
7 Bo+ Bm) = "2 = [1Co(en)l* < IC|*lenll* < M2
so 3 is essentially decreasing. O

Remark. Let us mention the following example. For 0 < r < 1, let g8, =
anr?®, for n > 1 and By = 1. This sequence is eventually decreasing, so it is
essentially decreasing. The quantity || f[|32(4) —[/(0)[? is the area of the part of
the Riemann surface on which D is mapped by f. E. Reich [16], generalizing
Goluzin’s result [8] (see [5, Theorem 6.3]), proved that for all symbols ¢ such
that ¢(0) = 0, the composition operator C,, is bounded on H?(3) and

1 1
2e ry/log(1/r) .

For 0 < r < 1/v/2, Goluzin’s theorem asserts that ||C,|| < 1.

Note that this sequence 3 is not slowly oscillating since Ba,/83, = 2r%".
Hence, from Theorem 4.9 below, we get that no composition operator C'r, is
bounded on H?(p3).

ICe|l < sup et <
n>1

However, that the weight ( is essentially decreasing is not necessary for the
boundedness of all composition operators C,, with symbol ¢ vanishing at 0, as
we will see later (Theorem 3.7).

3.2 Sufficient condition

Theorem 3.3. Let 5 = (8,)52 be a sequence of positive numbers with polyno-
mial decay and growth. Assume that  is weakly decreasing, i.e.:

For every § > 0, there exists a positive constant C = C(6) such that

3.2
(3.2) Bm < C B, wheneverm > (1+4§)n.

Then, for all symbols ¢: D — D vanishing at 0, the composition operator C,
is bounded on H?(f3).

Let us point out that (3.2) implies that 5 is bounded. For a counterexample
with an exponential weight, see [23, Ex. 1, p. 14-15].

To prove Theorem 3.3, we need several lemmas.

Lemma 3.4. Let ¢: D — D be an analytic self-map such that ©(0) = 0 and
|©’(0)| < 1. Then there exists p > 0 such that, for every integers n and m,

F(m)| < exp (= 510+ p)n—m]).

10



Proof. Since ¢(0) = 0, we can write p(z) = z¢1(z). Since |[¢'(0)] < 1, we
have ¢1: D — D. Let M(r) = supy,—, [¢1(2)|. Cauchy’s inequalities say that
|<,/0\§’(m)| < [M(r)]™/r™. We have M (r) < 1, so there exists a positive number
p = p(r) such that M(r) = r?. We get:
— — T
PR m)| = m — m)| < T = O

- Tmfn

and the result follows, by taking r = e~ 1/2. O

The next lemma is a variant of the following result of V. E Kacnel’son ([9];
see also [2], [3, Corollary 2.2], or [12, Theorem 3.12]).

Theorem 3.5 (V. E. Kacnel’son). Let H be a separable complex Hilbert space
and (e;)i>0 o fized orthonormal basis of H. Let M: H — H be a bounded
linear operator. We assume that the matriz of M with respect to this basis is
lower-triangular: (Me; | e;) =0 for i < j.

Let (vj)j>0 be a non-decreasing sequence of positive real numbers and I' the
(possibly unbounded) diagonal operator such that T'(e;) = v;e;, j > 0. Then the
operator T™YMT: H — H is bounded and moreover:

[T M| < M-
This variant is used implicitly in [12, page 13].

Lemma 3.6. Let A: {5 — {5 be a bounded operator represented by the matriz
(amyn)m e € A = (Aen,em), where (en)n>0 is the canonical basis of ls.
Let (d,,) be a sequence of positive numbers such that, for every m and n:

(3.3) dp < dp =  apmp=0.

Then, D being the (possibly unbounded) diagonal operator with entries d,,
we have:
IDTIAD|| < || All.

The proof is the same as that of Kacnel’son’s theorem, but we reproduce it
for the convenience of the reader. Actually we propose two different proofs.

Proof 1. Let Cy be the right-half plane Cy = {z € C; Rez > 0}. We set
Hy =span{e,; n < N} and

AN = PNAJN,

where Py is the orthogonal projection from o onto Hpy and Jy the canonical
injection from Hy into ¢5. We consider, for z € Cy:

AN(Z) =D FAND?: Hy — Hy,

where D?(e,) = dfe,.

11



If (amn(2)), . is the matrix of Ay(z) on the basis {e,; n < N} of Hy, we
clearly have:
A (2) = Ao (dn/dm)” .

In particular, we have, thanks to (3.3):
amn(z) =0 ifd, <d,,

and _
|@m n(2)| < suplag,| =M, for all z € Cy.
k.l

s

Since [|An(2)? < AN (2)[frs = Xon ey lamn(2)]? < (N +1)2M?, we get:
AN (2)|| < (N +1)M for all z € Cy.
Let us consider the function u: Cy — Cy defined by:
(3.4) un(z) = [[An(2)]]-

This function uy is continuous on Cgy, bounded above by (N + 1)M, and sub-
harmonic in Cy. Moreover, thanks to (3.3), the maximum principle gives:

supuy(z) =supuy(z).
o aCo
Since ||D?|| = ||D~#|| = 1 for z € 9Cy, we have ||An(2)]| < ||An] for z € 9C,,
and we get:
supuy (2) < [[An| < [|A]l.-
Co
In particular un (1) < ||A]|, and, letting N going to infinity, we obtain that
ID~AD]| < || A]l.

Proof 2. Since d, is positive, we can write d,, = e~ ”" where p, € R. Let
T = (Tp)n>0 and y = (Yn)n>o0 € ¢* with finite support, we are interested in
controlling the sum

d _
S = Z am,nﬁ TnYm
m,n

which can also be written

S = Z am7n67|p"7pm‘ T UYm-
m,n
since the non trivial part of the sum runs over the pairs (m,n) such that d,,, > d,
1.€. Pn > Pm-

Now we introduce the function f(t) = for t € R, which is positive

1
(1 +t2)
and belongs to the unit ball of L!(R). Moreover, its Fourier transform satisfies,
for every z € R,

F(f)(~x) = /R FB)eitdt = el

12



We get
s= [ 10 (mzmym) it = [ FOAG).y)e

where ] .
w(t) = (zae®), o and  y(t) = (yae™), .

We obtain
S| S/f(t)IIAII [z()|l IIy(t)Ildt:/f(t)IIAHIIxIIHyIIdt: Al |y
R R

since Hf”Ll(R) =1.
Since x and y are arbitrary, this proves | D™*AD| < ||A]|. O

Proof of Theorem 3.3. First, if |¢/(0)] = 1, we have ¢(z) = a z for some « with
|| = 1, and the result is trivial.

So, we assume that |¢’(0)] < 1. Then, by Lemma 3.4, there exists p > 0
such that, for all m, n:

[(1+p)n—m]).

N |

Fm)| < exp (—

Since ¢(0) = 0, we also know that " (m) = 0 if m < n.
Take § = p/2 and use property (3.2): there exists M > 1 such that:

g—mSM when m > (14 0)n.

n

Define now a new sequence vy = (7,,) as:

Tn = Max {ﬂna sup ﬁm} .

m>(1+0) n

We have:

1) Br < v < M Br;

2) Y <yn ifm>(1+406)n.

Item 1) implies that H?(y) = H?(8), and we are reduced to prove that
C,: H?(y) — H?*(v) is bounded.

Let A= (amun), = (@(m))mn We have to prove that

m,n

B = (vl amn) 1

represents a bounded operator on /5.

13



Define the matrix

A1 = (amnL{mn); m<(148)n})

and set Ao = A — A;. Define analogously B; and B, = B — B;.
Then A; is a Hilbert-Schmidt operator, because (recall that a,,, = 0 if
m < n), we have

o (14+8)n oo (14+86)n

Z Z \amn|2<z Z exp (= [(1+ p)n —m])

n=1 m=n

Z (6n+1) exp(—dn) < o0

Now, ( is bounded and has polynomial decay, so, for some positive constants
C4, Cs, and «, we have:

(1+6)n 0o (1468)n
Z Z |amn|2<z Z —exp —dn)
n=1 m=n n=1 m=n

< Z Ca(1+8)n*Texp(—dn) < oo

meaning that B; is a Hilbert-Schmidt operator.
Since A is bounded, it follows that As = A — A; is bounded. Remark that,

writing As = (am,n)m ,» we have, with d,, = 1/ /n:
dpn <dpn = Ym > =— m<((1l+0)n = amp,=0.
Hence we can apply Lemma 3.6 to the matrix Ay, and it ensues that B is
bounded, and therefore that B = By + By is bounded as well, as wanted. O
As a corollary of Theorem 3.3, we can provide the following example.

Theorem 3.7. There exists a bounded sequence 5, with polynomial decay, but
which is not essentially decreasing, and for which every composition operator
with symbol vanishing at 0 is bounded on H?().

We hence have sup ,(g)—q |Cyl| = +oc.

It should be noted that for this weight, the composition operators are not
all bounded, as we will see in Proposition 4.10.

Proof. Define g, = 1 for n < 3!, and, for & > 3:

Bn = % for k! <n < (k+1)! —2 and for n = (k + 1)!
8 L (k1)1
= rn = -1,

(k+1)!

14



Note that, for m > n, we have 8,, > 3, only if n = (k + 1)! — 1 and
m=(k+ 1) =n+1, for some k > 3.

However (3 is not essentially decreasing since, for every & > 3, we have
Brni1/Bn=k+1ifn=(k+1)! -1

The sequence § has a polynomial decay because 5, > 1/(2n) for all n > 1.
In fact, for k > 3, we have 8, > (k+1)/n > 1/nif k! <n < (k+1)! —2 or if
n = (k+1)!; and for n = (k+1)!—1, we have n 3,, = [(k+1)!-1]/(k+1)! > 1/2.
It has a polynomial growth since it is bounded above, by 1.

Now, it remains to check (3.2) in order to apply Theorem 3.3 and finish
the proof of Theorem 3.7. Note first that we have §,,/8, < 1if m > n+ 2.
Next, for given § > 0, there exists an integer N such that (1 +d)n > n + 2
for every n > N, 50 B/Bn < 1ifm > (14 0)n and n > N. It suffices to
take C' = maxj<n<n Bn+t1/0n to obtain (3.2). The last assertion follows from
Proposition 3.2. O

4 Boundedness of composition operators of sym-
bol T,

Recall that for a € D, we defined

a+z
4.1 Ta = ) ebh.
(4.1) (&) =177 2

It is well-known that 7T, is an automorphism of D and that 7,(0) = a and
T.(—a) =0.

Though we do not really need this, we may remark that (7,).e(—1,1) is a
group and (T,).e(0,1) is a semigroup. It suffices to see that T, o T} = T4y, with:

a+b

(4.2) a*b=1+ab-

In this section, we are going to prove a necessary and sufficient condition
in order that all composition operators Cr, for a € D are bounded on H?(f3).
Namely, we have the following theorem, the proof of which will occupy Sec-
tion 4.2 and Section 4.3.

Theorem 4.1. All composition operators Cr,, with a € D are bounded on
H?(B) if and only if 3 is slowly oscillating.

Before that, let us note the following fact (see also [23, Proposition 3.6]).
Recall that if ¢ and v are two symbols, then C, o Cy = Ciyop-

Proposition 4.2. If Cr, is bounded on H?(3) for some a € D\ {0}, then Cr,
is bounded on H?(B) for all b € D.
Moreover the maps Cr, are uniformly bounded on the compact subsets of D.

15



We decompose the proof into lemmas. The first one was first proved in [23]
(see also [6, Proposition 2.1]), and follows from the fact that if b = pe®® and Ry
is the rotation Ry(z) = €'z, which induces a unitary operator Cr, on H2(3),
then T, = RgoT,0 R_g and Cp, = Cr_, © CTp oCp,.

Lemma 4.3. The composition operator Cr, is bounded if and only if Cr,, is
bounded, with equal norms.

Lemma 4.4. Let r € (0,1) such that Cr. is bounded. For any b € D satisfying

o] < %, Cr, is bounded and we have ||Cr,| < ||Cr, ||2.

Proof. Let S be the circle C(0,7) and u: S — Ry be the continuous function
defined by

s+r
1+ 5r

(4.3) u(s) =

By connectedness, u(S) contains the segment [0, %] = [u(—r),u(r)]. Let now
b € D(0,23). By the above, there exists s € S such that [b] = u(s). That
means that |75(0)| = |b] = |u(s)| = |Ts(r)| = [(Ts o T;,)(0)]. Therefore, T;(0) =
e'(Ts o T,-)(0) for some « € R, and hence, by Schwarz’s lemma, there is some
0 € R such that Tj, = Ry0Ts0T,0Ry. We then have Cr, = Cgr,0Cr,0Cr,0oCR,.
Since Cgr, and Cg,_, are unitary, we get using Lemma 4.3 for Cr,:

ICz, || = ICr, o Cr, || < ICT 1 |ICr | = IO, |1 - O

Proof of Proposition 4.2. It suffices to use Lemma 4.3 and Lemma 4.4 and do
an iteration, in noting that if ro = |a| > 0 and 7,11 = 12_:;}2 = r, * Ty, then

(rn)n>o0 increases to 1. O

4.1 An elementary necessary condition

We begin by an elementary necessary condition. It is implied by Theo-
rem 4.9, but its statement deserves to be pointed out. Moreover, its proof is
simple and highlights the role of the reproducing kernel.

Proposition 4.5. Let a € (0,1) and assume that T, induces a bounded compo-
sition operator on H?(3). Then B has polynomial decay.

Proof. Since
) . p2n
LAEDPE =
n=0 """
we have || K, || < || Kyl for 0 <z <y <1

We define by induction a sequence (uy,),>0 with:

ug =0 and Una1 = Tolun) .

16



Since T, (1) =1 (recall that a € (0,1)), we have:

! L
1—un+1:/ Té(t)dt:/ mdt,

n

hence
1—a

14+a
Let 0 <z < 1. We can find N > 0 such that uy <2 < un41. Then:

l—xgl—uNg(l—GQ)N.

(1—up) <1 —tppr < (1—a®)A —uy,).

On the other hand, since C’;a K. = Kr, () for all z € D, we have:

1
1Kl < 1Kyl S NCT N K s | < NCT, 1M 1K, | = —=IC, [V

ViBo

Let s > 0 such that (1 —a?)™% = ||Cr,||. We obtain:

1
(4.4) 1Kzl € ——=——<;ICr. |-
ﬁo(l — (E)S
We get the result by using Proposition 2.6. 0

Remarks. 1) For example, when §,, = exp [ —c (log(n + 1))2}, with ¢ > 0, no
T, induces a bounded composition operator on H%(3), though C,, is bounded for
all symbols ¢ with ¢(0) = 0, since § is decreasing, as we saw in Proposition 3.2.

2) For the Dirichlet space D?, we have 3,, = n+1, but all the maps T, induce
bounded composition operators on D? (see [12, Remark before Theorem 3.12]).
In this case 8 has polynomial growth though it is not bounded above.

3) However, even for decreasing sequences, a polynomial decay for § is not
enough for some T; to induce a bounded composition operator. Indeed, we saw
in Proposition 2.5 an example of a decreasing sequence 3 with polynomial decay
but not slowly oscillating, and we will see in Theorem 4.9 that this condition is
needed for having some T, inducing a bounded composition operator.

4) In [6], Eva Gallardo-Gutiérrez and Jonathan Partington give estimates
for the norm of Cr,, with a € (0,1), when Cr, is bounded on H?(3). More
precisely, they proved that if 8 is bounded above and C7, is bounded, then

1+a\’
Cr. | > )
o> (72)

where 0 =inf{s > 0; (1 —2)"% ¢ H*(8)}, and

1+a\’
Cr | < ;
ol < (722)
1

where 7 = 5 supRe W (A), with A the infinitesimal generator of the continuous
semigroup (S;) defined as S; = Cr,,, ,, namely (Af)(z) = f/(2)(1 — 2?), and
W (A) its numerical range.

For 8, = 1/(n+ 1) with 0 < v < 1, the two bounds coincide, so they get
Oml = (322) "

l1—a

17



4.2 Sufficient condition

The following sufficient condition explains in particular why all composition
operators Cr, are bounded on the Dirichlet space.

Theorem 4.6. If 3 is slowly oscillating, then all symbols that extend analyti-
cally in a neighborhood of D induce a bounded composition operator on H?(j3).
In particular, all Cr, for a € D are bounded on H?(3).

To prove Theorem 4.6, we begin by a very elementary fact.

Lemma 4.7. Let ¢ : D — D have an analytic extension to an open neighborhood
Q of D. Then, there are a constant b > 0 and an integer A > 1 such that

— e~ if n>Am
n < — ?
Foml<{ o 02w

Proof. Let R > 1 such that D(0,R) C Q. For 0 < r < R, we set

M(r) = sup [p(2)].

|z|=r

Take any r € (0,1), for instance r = e~!. We have M(r) < 1, so we can write
M(r) = e~?, for some positive p.
Cauchy’s inequalities give:
o~ M(r)|™
Fi(m)) < PO _ g,
rm
Choose A\; = max(2,2/p) and by = p — AT! then |p"(m)| < e™"17 if n > A\ym.
For the second inequality, write R =: e®, with 8 > 0. Let a > 0 with
M(R) < e. Cauchy’s inequalities again give:

[M(R)]"

= < eanf,Bm )

" (m)| <

Choose Xy = max(2,2a/8) and by = B — aX;! then |p"(m)| < e 2™ if
m > Aon. We get the conclusion taking b = min(by, b2) and choosing an integer
A Z max()\l, )\2) O

Lemma 4.8. Let (5,,) be a slowly oscillating sequence of positive numbers. Let
A = (@mn)m,n be the matriz of a bounded operator on ¢y. Assume that, for
some integer A > 1, and some constants ¢, b, we have:

bn

1) |amn| < ce” when n > Am;

bm

2) |a'7n,n‘ <ce” when m > An.

Then the matriz A = (am’n \/ gm> also defines a bounded operator on {s.
n/ mmn

18



Proof. In the sequel | - || stands for the ¢2-norm.

Since [ is slowly oscillating, it has polynomial decay and growth: for some
a,v>0and 6 € (0,1), we have § (n+1)"* < B, <6 H(n+1)7.

The matrix A is Hilbert-Schmidt far from the diagonal since

Z 2/Bm <Z Z n+1 a+v|amn|2

n=1Am<n n=1Am<n

oo
Z (n+1) atyFlg=2bn 4o
n=1

and

3 famal 2 £33 ) el

n=0m>An >An

IS i(n + 1)‘”7( > e‘%m) < +oo.

m>An

Since B, /B, remains bounded from above and below around the diagonal, the
matrix A behaves like A near the diagonal. More precisely, if I, J are blocks
of integers such that (m,n) € I x J implies that n/A? < m < A\?n, then, with
obvious notations, the slow oscillation of 3 gives, for some C' > 0:

Bm 2 Qﬁm 1/2
S gy 2 <||A||( S el loml ﬁ)
(m,n)eIxXJ " n

(m,n)eIxJ
< CV2|A| | Py || Pryll -
For k = 0,1,2,..., let J, = [A*F,\F*1[ and, for ¥ = 1,2,..., we define
I = [\~ \E+2[0 We also define Iy = [0, A2].
We define the matrix R, whose entries are

), i e U x )
Tm,n = ﬁn Pt

0 elsewhere.

Let Hj, be the subspace of the sequences (z,)n>0 in f2 such that z, = 0 for
n ¢ I, i.e. Hp = span{e,; n € I}, and Hy, = span{en; n € Ji}. Let
Py be (the matrix of) the orthogonal projection of ¢ with range Hy and Qy
that with range ﬁk. Then Ry = P, AQ) is the matrix with entries a,,, when
(m,n) € Iy x Jx and 0 elsewhere. By the above discussion, we have

(Ruz | y) < C2IA] Quee] | Pryll

Point out that, for every y € 2, we have Z | Peyl®> < 3|ly||? since each
integer belongs to at most 3 intervals Ij.
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In the same way, for every z € 2, we have Z |Qrz||? < ||z||* since the
subspaces Hj are orthogonal.
Summing up over k, we get the boundedness of R =", Ry.

_ Now let us check when the entries of R do not coincide with the entries of
A. Actually it happens when (m,n) does not belong to the union of the I}, x Jg.
When n > 1, it means that n belongs to some J, but m ¢ I,: either m < AP~!
or m > AP*2] hence either m/n < A~! or m/n > X. Therefore the non zero

entries (m,n) of A — R satisfy either n > Am or m > An.
That ends the proof since we have seen at the beginning that A—Ris
Hilbert-Schmidst. O

Remark. The proof shows that, instead of 1) and 2), it is enough to have:

Z T ama)? < oo and Z M@y |* < 00
m<Cin m>Can

Moreover the proof also shows that when 3 is slowly oscillating, if we set
E = {(m,n); Cin < m < Con}, for some C1,C5 > 0, then the matrix
(\/ﬂm/ﬁn 1g(m,n) ) is a Schur multiplier over all the bounded matrices, while
Kacnel’son’s theorem (Theorem 3.5) says that, if ¥ = (v, ) is non-increasing, the
matrix (Y, /vn) is a Schur multiplier of all bounded lower-triangular matrices.

Proof of Theorem 4.6. Thanks to Lemma 4.7, the hypotheses of Lemma 4.8 are
fulfilled by the matrix whose entries are a,,, = ¢"(m). It follows (with the

notations of Lemma 4.8) that A is bounded on 02, which means exactly that T,
is bounded on H?(B). O

4.3 Necessary condition
The main theorem of this section is the following.

Theorem 4.9. If the composition operator Cr, is bounded on H?(j3) for some
a € D\ {0}, then B is slowly oscillating.

Let us give right now a corollary of this result.

Proposition 4.10. For the weight 8 constructed in the proof of Theorem 3.7,
no automorphism T, with 0 < a < 1 can be bounded.

Proof. Indeed, it is clear that g is not slowly oscillating, since
Bikrr-1/Bkrn = 1/(k+1) — 0. O

To prove Theorem 4.9, we need estimates on the Taylor coefficients of 7).
Actually the Taylor coefficients of T are the Fourier coefficients of z € R +—

T (e*) and we shall denote them with the same notation I/“ZL Sharp such
estimates are given in the papers [20] and [21], and we thank R. Zarouf for
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interesting informations in this respect. Our method, using stationary phase
and the van der Corput lemma, is a variant of that used in [20], [21], and goes
back at least to [7]. However, we need minorations of \ﬁ(m)\ when m is close
to n, and Szehr and Zarouf’s estimates show that this quantity oscillates and,
for individual a, can be too small for our purpose, so we cannot use them, and
have to prove an estimate in mean for a in some subinterval of (0,1).

We begin with a standard fact, that we give with its proof for the convenience
of the reader.

Lemma 4.11. Let a € (0,1) and let

- 1—a?
14 2acosz + a?

P_,(x)
be the Poisson kernel at the point —a. Then, for all © € [—7,7]|:
(4.5) T.(e"™) = exp [i Va(2)]

where
(4.6) Vi(z) = /0 Pt dt.

Proof. For t € [—m, 7], write:

eit _|_a .
P(t) = Tract ~ &P (iv(t)),
with v a real-valued, C!-function on [—, 7] such that v(0) = 0. This is possible
since |1 (e")| = 1 and (0) = 1. Differentiating both sides with respect to ¢, we
get:

. 1—a? e 4+ a
ie”m = iv'(t) Tzet
This implies
1—a?
v'(t) = M+ac? — P_(t),
and the result follows since v(0) = 0 = V,(0). O

Let us note that, with V,, the function of Lemma 4.11, the Fourier formulas
give, since T*(m) is real, or since nV,(z) — ma is odd:

(4.7) ZW@(m) = / exp(i[nVy(x) — mz]) de = 2Re I, p ,
where
(4.8) Iyn = / expi[nVy(z) — ma]dx.

0

Now the main ingredient for proving Theorem 4.9 is the following.
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Proposition 4.12. Let [ := [%,%] There exist constants o« > 1, e.g. a« =5/4,
and § € (0,1/2) such that, for n large enough (n > ng), it holds

(4.9) /|i?(m)|2 da > % for allm € [a™'n,an].
I

Proof. We will set once and for all

(4.10) q=

m
>
n

so that ™! < ¢ < a where a = 5/4 (say). We will only consider pairs (a, q)
satisfying

1 2 4 5

Such pairs will be called admissible.

With these notations, we set, for 0 < z < 7

(4.12) Fy(x) = Vu(z) — %x = /0z P_,(t)dt — qux,

where P_, is the Poisson kernel at —a. We have

1—a?)
F’ = ( —q.
q(gj) 1+ 2acoszx + a? q

and the unique (if some) critical point z, = z4(a) of Fj in [0, 7] is given by
P_,(zq) = g, that is
11-a*> 1+4a?

(4.13) cosS Ty = T 5 = hq(a).

We now proceed through a series of simple lemmas, and begin by estimates on
hq and z,.

Lemma 4.13. There are positive constants C > 1 and § € (0,1/2) such that,
for every admissible couple (a,q), we have:

(4.14) lhg(a)l <1—6 and |h(a)] < C,

s0, there is one critical point x,(a) satisfying

(4.15) 0 <z4(a) <m—40 and sinzy(a)>7J;
moreover
(4.16) lzy(a)] <C and 6 <[P, (z,)| <C.

22



Proof. We have

hy(a) = (; 1;@“2) + (— ! ;;”2) —: u(a) + v(a),

with u and v respectively decreasing and increasing on [0, 1], and with v < 0,
so that we have, for ¢ € J:

1 3 15
< =< =
hgla) < u<2) 4q — 1
Similarly:
2 5 5_ 1 b 11
R
3 12¢ 43 4 12
Next, 2h)(a) = (1 — %) L -+ ) hence [hy(a)] < C. So that, writing
Ty = xq(a) = arccosh q(a), we get, w1th another constant C' > 0,
! (a
o)l = A o
1 — hg(a)?

since hy(a)? <1 —4. Finally, 1/9 < (1 —a)? <1+ 2acosz, + a® < 4 and since

2a(1 — a?)sinz,
(14 2acoszq + a?)?

)

Pia(xq) =

we get the final estimates, ending the proof. O

Back to Proposition 4.12.
We saw in (4.7) that the value of a,, , := T (m) is given by the formula

1
(4.17) Cn = —Re Ly p .
m
We have the following estimate, whose proof is postponed (recall that ¢ =
m/n, and x4 = z4(a)).
Proposition 4.14. We have
ei [nFq(zq)+m/4]

4.18 Lnn=V2rn Y2 +0(n 3",
(4.18) | ™ Py O

where the O only depends on a, and so is absolute as long as (a,q) is admissible.

Note that 3/5 > 1/2. We hence have:

419 a2 AR g oo,
toVn P a,)]
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It will be convenient to introduce p,(a), by settting
(4.20) Fy(zq(a)) = pq(a).

Then, since 1/2 + 3/5 = 11/10, cos?(r/4 + x) = =522 and [P’ (z4)| > & by
Lemma 4.13:
1 _;1—sin2np,(a)]

2 _ —11/10
== 0
R T 8 [

implying, since | P’ ,(z4)| < C by Lemma 4.13 (again for (a, ¢) admissible), and
changing §:

(4.21) al , >dn (1 —sin2np4(a)]) + O (n1/19).
We will also need estimates on the derivatives of ¢4(a).

Lemma 4.15. If (a,q) is admissible, then ¢, decreases on I and moreover:

1) legla)l = 6;
2)  |pga) <C.

Proof. Note, in passing, that, with x = z,(a) € [0, 7] (thanks to (4.12)):
oufa) = [ [P-alt) = P_a(a)]dt <0,
0
since the integrand is negative. Next, if f and g are real C'-functions and
f(a)
ba)= [ glan.
0
the chain rule gives
f(a) dg
V(o) = '@ glaf@) + [ S atdr,
0

With g(a,t) = P_,(t) and f(a) = z4(a), we get, remembering that z,(a) is
critical for Fy:

wq(a)
Gof@) = [Poa(on(@) —a) oy + [ 2 @y

0
zq(a) 8]2_a
:/0 o (a,) dt.

But P_,(t) =1+2>;2,(—a)* coskt, so that

/ _%(a)imikq _Emik.
goq(a)f/o ( Q;k( a) Coskt> dtfa kZ:O( a)" sin [kxq(a)],
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that is

9 1 —2sinz,(a)
4.22 gla)=-73 2g(a) q
(4.22) #q(a) a "1+ aem® ~ 1+ 2acos zq(a) + a?

<0.

Now, (4.15) gives 1).

Since |zg(a)] < C by Lemma 4.13, the chain rule and (4.22) clearly give
the uniform boundedness of |¢} (a)| when (a, ¢) is admissible, and this ends the
proof. O

Lemma 4.13 and Lemma 4.15 will now be exploited through a simple variant
of the van der Corput inequalities.
Lemma 4.16. Let f: [A,B] — R, with A < B, be a C*-function satisfying
|f'] >0 and || < C, and let us put M = ff e (@) dz. Then

2 C(B-4)
M| < = 4 224
|M] < nd + n 02
Proof. Write ‘
g _ )

nf’
and integrate by parts to get
inf1B ;B "
inf'ly nJa [f'(@)]

with [M;] < 2 and [Ms| < BT’A 5% This gives the result. O

End of proof of Proposition 4.12. The preceding lemma can be applied with
A=1/2, B =2/3, f =, and n changed into 2n, since Lemma 4.15 shows
that this f meets the assumptions of Lemma 4.16. This gives us, uniformly with

respect to (a,q) admissible:
< ‘/e%ns&q(a) da
I

Now, integrating (4.21) on I and using (4.23) give for some numerical § €
(0,1/2) (recall that ay, ., = T2 (m)):

<

(4.23) ‘ /1 sin [2ng, (a)] da %

1Tz do = 607140 (072) 4 O (011 = (5/2) ™
I

for n > ng and a~! < m/n < a. This ends the proof of Proposition 4.12. O

Proof of Theorem 4.9. We know, by Proposition 4.2, that Cr, is bounded for
all « € D, and that, thanks to Lemma 4.4,

K:= sup |[Cr| <+o.
1/2<a<2/3
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Matricially, this writes, for all a € (1/2,2/3):

| ).,

In particular, for every n > 1, we have, considering the columns and rows of the
previous matrix:

<K.

Z|T” |26m<K2 e Y (TR(m) B < K2 B,

m=1
and, for every m > 1:
KQ
ITo(m)? 22 < K%, i e Tr(m)> — < .
Z Z | i
In particular, for every n > 1:
(4.24) Y. TR B < KB
(4/5)n<j<(5/4)n
and, for every m > 1:
—ry 1 K?
4.25 TEm)]? - < —-
(4.25) > T (m)] 5 S5

(4/5)m<k<(5/4)m
Integrating on a € (1/2,2/3), and using Proposition 4.12, we get, from (4.24),
for n large enough,
) K?
4.2 = <
(4.26) s> Bisb
(4/5)n<j<(5/4)n

and, from (4.25), for m large enough, we have both

) 1 5K2% 1
(4.27) — ) <

m (4/5)ym<k<m B 24 fBm
and

) 1 5K% 1
4.28 — = .

m
m<k<(5/4)m

Since the harmonic mean (over the sets of integers [4m/5, m| and [m, 5m/4],
which have cardinality &~ n &~ m) is less than the arithmetical mean, we obtain
from (4.27) and (4.28) both

(4.29) 125 K* > B

Pm < 246 m
(4/5)m<k<m
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and

10 K2
. < — — .
(4:30) L D D
m<k<(5/4)m
Now assume that n < m < (5/4)n. From (4.29), we have

T D DR S A<h

(4/5)m<k<m (4/5)n<k<(5/4)n

3=

thanks to (4.26).

From (4.30) and (4.26), we treat the case (4/5)n < m < n in the same way.
We conclude that for some constant ¢ > 0, we have for n and m large enough
satisfying (4/5)n < m < (5/4)n:

(4.31) Bm < ¢PBn s

which means that 3 is slowly oscillating. O

Proof of Proposition 4.14. We will use a variant of [22, Lemma 4.6, p. 72] on
the van der Corput’s version of the stationary phase method. A careful reading
of the proof in [22, page 72] gives the version below, which only needs local
estimates on the second derivative F”, as occurs in our situation. For sake of
completeness, we will give a proof, however postponed to the Appendix.

Proposition 4.17 (Stationary phase). Let F' be a real function with continuous
derivatives up to the third order on the interval [A, B] and F" > 0 throughout
JA, B[. Assume that there is a (unique) point ¢ in |A, B[ such that F’'(c) = 0,
and that, for some positive numbers Ao, A3, and n, the following assertions hold:

1) [Ci 7770+Tl} C [A7B]a

2) F"(x) > Xa for allz € [c—n,c+n);

3) |F"(z)| < A3 for all x € [A, B].

Then:

B (=) \/7 etlF(c)+m/4] 1 A

where the O involves an absolute constant.
We will show that Proposition 4.17 is applicable with F' = nF, and
[AvB] = [077'['], C:l'q, AQ =hkoMN, )\3 :COTL7 n= (A2A3)71/5'
The parameter 7 is chosen in order to make both error terms in Proposition 4.17

equal: n%z = n*\s; so:

n= kn 2/
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and

1 _
(4.33) v PAs = =35 = O (n=3%)

(with & = (koCp) ™'/ and & = 2/kok).
The slight technical difficulty encountered here is that F,/(x) vanishes at 0
and 7. But Proposition 4.17 covers this case. We have

sinz
n,
(14 2acosz + a?)?

F"(z) = nF)(x) =nP' ,(x) = 2a(1l — a?)

and there are some positive (and absolute) constants ko and o such that
(4.34) F'’(z) > kgn =Xy forz € [o,m— o).

Now (for n large enough), [z, —n, z,+n] C [0, 7 —0]. Hence the assumptions
1) and 2) of Proposition 4.17 are satisfied.

Finally, since F(z) = nFy(z) = n[Va(z) — gz, F"" = nF)" =nV," =nP” |
we have, for all z € [0, 7] and (a, q) admissible:

[F"(x)] < Con = Az,

where Cj is absolute and assertion 3) of Proposition 4.17 holds.

With (4.33) this ends the proof of (4.18), once we remarked that nV,)'(z,)
F'(a,).

o

5 Boundedness of all composition operators

In this section, we characterize all the sequences 8 for which all composition
operators are bounded on H?(3). The main remaining step is the following
theorem.

Theorem 5.1. Assume that all composition operators Cy, are bounded on H*(3).
Then (3 is essentially decreasing.

As an immediate consequence, we obtain Theorem 1.2.

Proof of Theorem 1.2. Assume that [ is essentially decreasing and slowly os-
cillating. All composition operators Cy, with ¢(0) = 0 are bounded on H?(j3)
(see the Introduction or Proposition 3.2). Since 8 is slowly oscillating, all the
composition operators Cr,, with a € D, are bounded thanks to Theorem 4.6.
Now it is very classical that we can get the boundedness of every composition
operators. Indeed given a symbol ¢, the symbol ¢ = T, o ¢ fixes the origin for
a = —(0). Since C, = Cy o Cr_,, the conclusion follows.

Assume that all composition operators are bounded on H?(f3), in particular,
the Cr, ones are so, and f is slowly oscillating, thanks to Theorem 4.9. It also
follows from Theorem 5.1 that § is essentially decreasing. O
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We will use the following elementary, but crucial, lemma.

Lemma 5.2. Let u be a function analytic in an open neighborhood 2 of D.
Then, for every € > 0, there exists an integer N > 1 such that

(5.1) ()P <e, Vp=1.
Jj=Np

Proof. From Lemma 4.7, we know that there exist some integer A > 1 and a
constant b > 0, such that [u?(j)| < e~% when j > Ap. Therefore, for any N > ),
we have

o0
S PGIE < (1—e ) e BV < (1o ) e PN < o
J=Np

as soon as N is chosen large enough. O

Proof of Theorem 5.1. Thanks to Theorem 4.9, we know that 3 is slowly oscil-
lating. Therefore we shall assume that the sequence § is slowly oscillating but
is not essentially decreasing. We are going to construct an analytic function
¢: D — D such that the composition operator C, is not bounded on H2(B).
This function ¢ will be a Blaschke product, of the form

o0 oo

) = 2"k 4 ay,
I | = | | S
- a 1+ apzmx

for a sequence of numbers a; € (0,1) such that »°,-,(1 —ax) < oo and a
sequence of positive integers ny increasing to infinity. We recall that T,(z) =

fjaaz for 0 < a < 1. Then,

2(1 — (J,k)

T, (2") —1| <
Top () =1 < S

and ¢ is alocally uniformly convergent infinite product. Observe that ¢ is indeed
a convergent Blaschke product, with nj zeroes of modulus a,lc/”’“, k=1,2,...,
and, setting a, = e %, >, ng(l — ai/n’“) < enn(er/ng) = >, en < 00

These sequences will be constructed by induction, together with another
sequence of integers (mg)x>1.

Since f is not essentially decreasing, there exist integers n; > mj > 4 such
that 8,, > 2 8m,. We start with

1 1 >3
=1 — et
! m1_4

Using Lemma 5.2 with v = T,,, we get Ny > 1 such that

S TpGIP <2, vm>1.
j:No’n’L
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Assume now that we have constructed increasing sequences of integers
mi,mo,..., Mk, MN1,N2,...,NEk, No,Nl,...,Nk_l
such that, for 1 <[ <k — 1, we have
mi41 > 4ml and ni4+1 > 4nl

and, for 1 <1 < k:
ng > Niymy and Bo, > 28,

and
o
doolerG)IF <2,
J=Ni—1my
where

1
a=1- p and  ¢(z) = T, (™).

We then apply Lemma 5.2 again, to the function v = ug = @1 -+ @r. We
get Ni > Nj_; such that

(5.2) S oGP <2, ym>1.

j:Nkm

Since [ is not essentially decreasing but is slowly oscillating, there exist
Mmpy1 > 4my and ngyq > 4ng such that

k+1
NEk+1 Z Nkmk-‘rl and 5nk+1 2 2 + Bmk+1 .

We set

ag41 =1— and 9019-&-1(2:) = Tak+1 (an+1) :

MEg+1
That ends the induction.
Now, since >-;7 ) (T—ag) = Y200 - < Yooy 47 = 1/3 < 400, the infinite
product ¢ = [],~; ¢ converges uniformly on compact subsets of D.

To show that the composition operator C, is not bounded on H2(B), it
suffices to show that, for some constant ¢; > 0, we have, for all £ > 2:

2nk
(5.3) S lemG)E 2 e
Jj=nk

Indeed, since £ is slowly oscillating, there is a positive constant § < 1 such that
Bj > 5/8nk for j=ng,ng+1,...,2n.

Then, if we set e (z) = 2™*, we have, since Cy(er) = ¢™*:

2 2| S (4128,
ICoter) e . T3 WP OB 16 b -

> > c16 — +o00,
||ek||%[2(ﬂ) By, B k—o00
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so that C,, is not bounded on H?(j).

We now have to show (5.3). Let us agree to write formally, for an analytic
function f(z) = > _p—, fxz" and an arbitrary positive integer p:

p
=" fuet + O,

k=0

For that, we set

H eu(z) = H a; + O (2"+1).

I=k+1 I=k+1

We have, for k > 2:
p(z) = vk(2) i (2) Gi(2) ,

where vy, = @1+ PE_1.
Remark now that, for 0 < a < 1, we have

To(z) =a+ (1—a*)z+0(2%),

SO
or(2) = Top (2™) = ag, + (1 — aj)z"™ + O (z°™).

Then

o0 my
(5.4) [Gr(2)]™ = < II al) + O (")

I=k+1

and
(5 o™ =+ (=m0 ().
But

1 mp—1

mg—1 o —1 _

(5.6) ay, (1 mk) >e o)
and
(5.7) (1 —a})mpal™ " > (1 —ap)mpal™ " > cy.

Moreover, since 1 — x > e 2 for0 < x < 1/2, we have:

(5.8) ( ﬁ al>mk > exp (—2( i ﬂil)mk)

I=k+1 I=k+1

> exp (—224 > =exp(—2/3) :
=1
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Afterwards, by (5.2), we have

o0

(5.9) Yo P <2,

Jj=Ng_1my

Set v,"* = g1 + g2, with

Nk—lmk/\
az) = > vrG) A
j=0
g2(2) = > vrG)
J>Ni_1my
By (5.9), we have, with || - [|2 = | | z2(:
lg2l3 =" D l@)IF <27,
J>Ng_1my

Besides, since @y, is inner as a product of inner functions, we have |vi(z)| = 1
for all z € T, so

lg1ll3 = lloxll3 = llg2ll3 > 1 =277
Now, ¢ = v " G = Fy + Fy, with
Fi = 1o *G"™  and  Fh = gopp "G .
Using (5.4), (5.5), (5.7) and (5.8), we get

ng+Nig—1mpg L ) 2my, ) Ni—1mp
> R@E=( I @) [0-adma] AP
J=n I=k+1 =0
>(1-2"")c3es.
As
1F213 < Nlgall3 o™ 151G 113 < 271,
we get, using the inequality |a + b> > 1 |a|? — [b|*:
2n ng+Ng_1mp
Yol = Y IRG)+ Bi)P
J=ng J=ng
1 np+Np_1my . np+Np_1my .
>3 > RO - Y RGP
Jj=ng J=nk
1 1
2 5 (1 _ 2715) Cg C% _ 2715 — 5 (1 _ 2715) 6710/3 _ 2715
>27%9 271550,
The proof is now complete. O
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6 Some results on multipliers

In this section, we give some results on the multipliers on H?(/3), which show
how the different notions of regularity for § intervene.

The set M(Hz(ﬂ)) of multipliers of H2(3) is by definition the vector space
of functions h analytic on D and such that hf € H?(3) for all f € H?(3). When
h € M(H?(B)), the operator M of multiplication by h is bounded on H?(f)
by the closed graph theorem. The space M (H?(f)) equipped with the operator
norm is a Banach space. We note the obvious property:

(6.1) M(H?(B)) < H*> contractively.
Indeed, if h € M(H2(ﬂ)), we easily get for all w € D:
M (Ky) = h(w)Ky;

so that taking norms and simplifying, we are left with |h(w)| < ||Mp||, showing
that h € H*™ with ||h|leo < ||Mp]].

Proposition 6.1. We have M(HQ(B)) = H*® isomorphically if and only if B
is essentially decreasing.

Proof. The sufficient condition is proved in [12, beginning of the proof of Propo-
sition 3.16]. For the necessity, we then have | M} | = ||h||« for every h € H*®
by the Banach isomorphism theorem. Now, for m > n (recall that e, (z) = 2"):

em(z) =2"""" = (Mem,nen)(z);

so, since || M. | < C|lem—nlloo = C for some positive constant C:

monl
B = llem|* < C* [lenl|* = C* B O

In [12, Section 3.6], we gave the following notion of admissible Hilbert space
of analytic functions.

Definition 6.2. A Hilbert space H of analytic functions on D, containing the
constants, and with reproducing kernels K., a € D, is said to be admissible if:

(i) H? is continuously embedded in H;

ii) M
(#i1) the automorphzsms of D induce bounded composition operators on H;
)

(iv

K, —|b
| Kallz < h< | |) for a,b € D, where h: Rt — RY is a non-
[ 1 —|a

decreasing function.

We proved in that paper that every weighted Hilbert space H?(3) with 3
non-increasing is admissible, under the additional hypothesis that the automor-
phisms of ID induce bounded composition operators. In view of Theorem 4.6,
we get the following result.

33



Proposition 6.3. Let 8 be a weight.
1) If B is essentially decreasing, then we have (i), (i1), (#ii) in Definition 6.2.
2) If B is slowly oscillating, then we have (iv) in Definition 6.2.

Let us give a different proof from the one in [12].

Proof. 1) Let us assume that [ is essentially decreasing. Then item (i) holds,
as well as item (i%), by Proposition 6.1. Item (i) is Theorem 4.6.

2) Now we assume that [ is slowly oscillating.

Let 0 <s<r<l.

Without loss of generality, we may assume that r,s > 1/2. It is enough to
prove:

(6.2) 1 [* < C [ Ka?
for some constant C' > 1. Indeed, iteration of (6.2) gives:

1K1 < CF |1 2|12

and if k is the smallest integer such that 2" < s, we have 2¥~!logr > log s and
2k < D }:j where D is a numerical constant. Writing C' = 2% with a > 1, we

obtain: )
||Kr||) k k <1_5>a
<CF=(2%M*<D* .
(HKSH 1—r

To prove (6.2), we pick some M > 1 such that B, > M '3, and Ba,_1 >
M~18,, for all n > 1, since 8 is slowly oscillating. Write t = r2. We have:

& t2n & t2n71

1
2 _ — R
Il =5t Lt 2

’
n—1 ﬁanl

implying, since 2"~ < 4¢2":
e $2n

1
KIP<—+MY —
(| K| 5 2.,

> t2n
+4AM Y — <BM|| K. O

; G ([ E|

The notion of admissible Hilbert space H is useful for the set of conditional
multipliers:
MH,p)={weH; w(fop)e Hforall fe H}.

As a corollary of [12, Theorem 3.18] we get:
Corollary 6.4. Let 8 be essentially decreasing and slowly oscillating. Then:

1) M(H?,¢) € M(H*(B),¢);
2) M(H*(B),¢) = H*(B) if and only if o]l < 1;
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3) M(Hz(ﬁ), <p) = H™ if and only if ¢ is a finite Blaschke product.

We add here as another application of our results an answer to a question
appearing in Problem 5 in Zorboska’s thesis [23].

Theorem 6.5. Let (3 be a weight such that H?(B) is disc-automorphism invari-
ant and a symbol ¢ inducing a compact composition operator on H?(3). Then
the Denjoy- Wolff point of ¢ must be in D.

In other words, ¢ has a fixed point in D.

In the statement, “ H?(3) is disc-automorphism invariant” means that for all
the automorphisms T, where a € D, C7, is bounded on H?(3) (equivalently it
is bounded for at least one a € D\ {0}).

For the definition of the Denjoy-Wolff point, we refer to [18].

Proof. From Theorem 4.9, we know that S is slowly oscillating, and from Propo-
sition 6.3, we know that

K, —
| Kall 28 < h(l 10|
1 Kol 2 (8 1 — |al

(6.3) ) for every a,b € D,
where h: R™ — R* is a non-decreasing function.
Now we split the proof into two cases.

1
If S 5 < o0, then H?(B) C A(D) (continuously) thanks to the Cauchy-

n
Schwarz inequality. It follows from a result due to Shapiro [17, Theorem 2.1]
that ||¢]|ec < 1 and the conclusion follows obviously in this case.

1
If > . = o0, then the normalized reproducing kernel is weakly

K.
n (el
converging to 0 when |z| — 17, since | K, || — +oo.

Since C,, is compact, C is compact as well and we get

Kots) —0 when |z| — 17
[pae]
and equivalently

|| K|l
”ch(z)”

But, from (6.3), we get

—> +00  when |z| > 17 .

1—
h(lw(T”) — +00 when |z| — 17
— |z

hence, since h is non-decreasing,

1— (=)l

— 400 when |z| = 17 .
1— ]

By the Denjoy-Wolff theorem [18], the conclusion follows in this case too. [
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7 Appendix

In this appendix, we give the proof of Proposition 4.17.

The following lemma can be found in [15, Lemma 1, page 47].

Lemma 7.1. Let F: [u,v] — R, with u < v, be a C>- function with F"' > 0,
and F' not vanishing on [u,v]. Let

J:/veiF(x)dm.

Then:
a) if I/ >0 on [u,v], then |J| < %;
b) lfFl <0 on ['LL,'U], then |J| S ﬁ

Proof of Proposition 4.17. Write now the integral I of Proposition 4.17 on [A, B]
as I = .[1 +IQ +I3 Wlth

en etn B

I, = / @ dy, I, = / @ dy, Iy = / e F@) dy
A c—n c+n

Lemma 7.1 with u = A and v = ¢ — i implies, since F’ < 0 on [4, ¢ — 7]:

2 2

7.1 I|<—2% < =
(1) Ll < [F'(c—n)] — nAs

where, for the last inequality, we just have to write
[F'(c —n)| = F'(c) = F'(c—n) =nF"(§)
for some £ € [c — 1, ] so that F"(§) > Aq.
Similarly, Lemma 7.1 with v = ¢+ 7 and v = B implies

2 2
7.2 L<——— < —-
(72 R T

We can now estimate I5. The Taylor formula shows that
2
) =P+ C e 1 R,

with
|z —c®

|R| < A3

Hence ; '
I, = eiF(c)/ 2 exp (; sz”(c)> dx + S
0

36



with

Finally, set

K = /QGXp( 2?F"(c )>dx.

We make the change of variable z = ,/F,,L(C)\/i. Recall that foo o dt =

/7 ei™* ig the classical Fresnel integral, and that an integration by parts gives,
for m > O:

Therefore, with m = " F"(e):

| 2m i /4
F” / F”(C) (§ / + Rm7

|Rn| < C

with

All in all, we proved that

2

(7.3) b=\

exp [i(F(c) + 7/4)] + O (77}\2 + 774)\3) :

and the same estimate holds for I, thanks to (7.1) and (7.2).
We have hence proved Proposition 4.17. O
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