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Besides its fundamental interest, understanding the dynamics of pair break-
ing in superconducting nanostructures is a central issue to optimize the perfor-
mances of superconducting devices such as qubits or photon detectors. However,
despite substantial research efforts, these dynamics are still not well understood
as this requires experiments in which quasiparticles are injected in a controlled
fashion. Until now, such experiments have employed solid-state tunnel junctions
with a fixed tunnel barrier. Here we use instead a cryogenic scanning tunnelling
microscope to tune independently the energy and the rate of quasiparticle in-
jection through, respectively, the bias voltage and the tunnelling current. For
high energy quasiparticles, we observe the reduction of the critical current of a
nanowire and show it is mainly controlled by the injected power and, marginally,
by the injection rate. Our results prove a thermal mechanism for the reduction

of the critical current and unveil the rapid dynamics of the generated hot spot.

The performance of superconducting devices is often limited or governed by quasiparticle dy-
namics. Whereas excess quasiparticles are detrimental for superconducting microcoolers [1, 2],
current sources in metrology [3], high kinetic inductances [4], and superconducting qubits [5-13],
the generation of quasiparticles is a prerequisite for the operation of photon detectors [14-18].
A precise knowledge of the physical mechanisms underlying the quasiparticle dynamics is thus
needed for optimization of device performance. However, despite intense research efforts [19-28],
the processes at stake in the energy relaxation of quasiparticles in current-carrying superconduc-
tors are still not well understood. One striking example is the recent proposal of an all-metal
Josephson field-effect transistor (JFET) that relies on the modulation of its critical current under
the application of a gate voltage [29, 30]. This proposal has given rise to considerable controversy,

suggesting instead a heating effect through the injection of high-energy quasiparticles [31-34]. All



these experiments have employed solid-state tunnel junctions with a fixed resistance which do
not easily allow to disentangle current and voltage effects. We overcome these limitations with a
new experimental set-up based on a very low temperature scanning tunnelling microscope (STM)
working at 50 mK which allows to locally inject quasiparticles into a superconducting nanowire
with a nanometer spatial resolution while simultaneously measuring its critical current. With this
so-called scanning critical current microscope, we can vary independently the tunnelling current
It and the energy of the injected quasiparticles eVb, where e is the electronic charge and Vb the
bias voltage of the tunnelling junction. We show that for injection at bias voltages larger than the
superconducting gap, the reduction of the critical current is scaling with the injected power. This
scaling and the spatial study of the quasiparticles injection on the critical current are explained
by a thermal mechanism. Moreover, we observe a marginal influence of the injection rate on the
critical current that we interpret as a signature of the quasiparticle energy relaxation during the
first tens of picoseconds after their injection.

Contacting and locating an individual nanostructure with an STM is very challenging due to the
intrinsic incompatibility of an STM with the insulating regions necessary to define a galvanically
isolated nanostructure. Other research efforts have focused on combining AFM and STM [35-
37], which intrinsically inherits the difficulties of both technologies. We take another approach
in which we uniquely use our STM for both locating and measuring our nanodevice. Figure 1
presents the Scanning Critical Current Microscopy set-up. The nanowires are made of bi-layers
of Nb/Au evaporated on a pre-etched Si/SiOs substrate (see Figure 1b). The role of the Au
capping layer is to prevent oxidation of the Nb and to warrant a good tunnelling junction with
the STM Pt-Ir tip. The topology of the pre-etched substrate provides a fully metallic surface
compatible with the STM technique while preserving a galvanic isolation of the nanowire with the
surrounding grounded film. Six superconducting nanowires with different Nb/Au nominal total
thicknesses ranging between 6 nm and 10 nm were studied (see Supplementary for more details).
The 300 nm X 2 pm nanowire is localized using a target formed of lithographically defined lines
(see Figure 1c). Four electrical micro-bonded contacts are used for the transport measurements.
They are connected to the nanowire through Nb/Au leads of about 320 pum long and 2.3 pm wide
(see Figure 1a). I. is determined by ramping the current I in the nanowire while recording the
voltage Vire. The critical current is reached when an abrupt jump of Vi is observed in the e
- Vwire characteristic (see Supplementary).

Figure 2 presents the critical current measured when quasiparticles are injected in the middle of

the nanowire. Panel (a) displays the critical current as a function of the bias voltage V}, for different
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FIG. 1. Experimental set-up (a) Picture of a nanowire at the center of a target of lines (blue squares)
with four microbondings (at the edges). (b) Schematic of the sectional view of a nanowire. (c¢) The nanowire
is scanned by a STM tip at a bias potential V}, and tunnelling current I; while the [,;,c — Viyire characteristic

is monitored.

tunnelling currents I;. Increasing either Iy or V4 reduces the critical current from its maximum
value I, = 96.3 A measured when the STM tip is withdrawn and no quasiparticles are injected. It
is striking that the critical current is reduced by tunnelling current injections that are six orders of
magnitude smaller. In Panel (b) the same data are plotted as a function of the product I;V; which
is approximately twice the injected power P, for large eV} compared to the superconducting gap
Ag = 370 peV as measured by tunnelling spectroscopy. All the experimental points almost merge
on a unique curve. This demonstrates that the critical current is mainly controlled by the injected
power. In a thermodynamical framework, each injected quasiparticle relaxes its energy to phonons,

which in turn break hundreds of Cooper pairs generating many out-of-equilibrium quasiparticles,
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FIG. 2. Critical current as a function of bias voltage and injected power. Sample N03.(a) Critical
current as a function of bias voltage V; for different tunnelling currents I; at T = 250 mK. The dashed
line indicates the critical current value I. = 96.3 uA when no quasiparticles are injected. (b) Same data as

function of I;V,. The inset is a zoom of the data in the grey rectangle

the so-called hot spot that thermalizes through inelastic electron-phonon and electron-electron
interactions. This down-conversion cascade occurs on a very short time of the order of a few
picoseconds [19, 25]. A quasi-equilibrium stationary state is reached when the injected power
is balanced by the power evacuated through electronic thermal conduction and electron-phonon
coupling. Such a state is characterized by a local increase of the electronic temperature below the
tip, resulting in a reduced local critical current.

Scanning critical current microscopy allows to go a step further by mapping the critical current
I.(z,y) as a function of the STM tip position for fixed tunnelling conditions. I. is smoothly
varying along the nanowire length x with very little fluctuations in the transverse direction y (see
Supplementary). We can therefore plot I.(z) as shown on Figure 3 where panel (a) sketches the
nanowire shape and panel (b) presents the critical current evolution for three different injected
powers. As expected, it shows that the critical current decreases further as the position of the tip
moves away from the leads or as the injected power increases.

In order to have a quantitative understanding of our data, the local electronic temperature

can be estimated from the measured critical current. Without quasiparticle injection, the thermal
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FIG. 3. Scanning critical current microscopy. (a) Nanowire shape. (b) Dots: critical current as
a function of the STM tip position x along the nanowire and averaged along y for different tunnelling
conditions at T = 180 mK. Dashed lines: critical current obtained from the numerical solutions of Eq. 1

for ¥ = 6 x 10° W.K—®.m~3. Without injection current, I. = 18.5 uA. Sample NO6.

dependence of the critical current is a universal curve as theoretically expected [38] and illustrated
in Figure 4(a) where measurements performed on all our nanowires are shown in reduced units.
From this curve, a local electronic temperature T, below the tip can be associated to the measured
critical current I.(1;, V3). It is then possible to plot the normalized electronic temperature T, /T, as a
function of the injected power as shown for different samples and bath temperatures in Figure 4(b).
At low injected power, the electronic temperature is equal to the bath temperature. At high injected

power, it scales with a power law.

A minimal stationary thermal model that accounts for both the spatial and the power depen-
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FIG. 4. Effect of the power injected by quasiparticles on the electronic temperature (a) Normal-
I(T/Te)
2

ized critical current measured without quasiparticle injection where I? is the critical current value
at T=0 as a function of the reduced temperature. (b) Reduced electronic temperature as a function of the
quasiparticle power injected by the STM tip. For the sake of completeness in this set of experiments we
varied and measured T}, with the help of a heater and a thermometer glued to the sample holder. On the
left of the plot, horizontal colored lines point out the corresponding reduced bath temperature T, /7. Solid
lines correspond to theoretical predictions of Eq. 1 with ¥ = 6,6,0.8 and 8 x 10° W.K~5.m™3 for samples

NO03, N06, NO8 and NO7, respectively.

dences of T, with quasiparticle injection is given by a one-dimensional heat equation:

OTe(x)
ox

V (dwke ) = Swd(T? () — T2,) — Pod(z — ) (1)

p

where d and w are, respectively, the thickness and the width of the nanowire, k. is the electronic
thermal conductivity, ¥ is a material-dependent electron-phonon coupling parameter, T.(x) is the
local electron temperature and Ty, is the phonon temperature. We assume that the substrate acts
as a phonon reservoir such that T,, = T, everywhere. We have experimentally determined the
limits of validity of this hypothesis (see Supplementary). Py is the power injected by the tip at

the position xg. It is approximately equal to Py ~ I;V;/2 when the bias voltage is large compared



to the superconducting gap. The left hand term is the thermal gradient along the nanowire.
The electronic thermal conductivity is computed with Usadel equations [39] with no adjustable
parameter. Its value at the critical temperature is set by the measured normal state resistivity and
the Wiedemann-Franz law (see Supplementary for more details). The right hand term describes
the heat flow. Its last term accounts for the heating due to the injection of quasiparticles. The first
right hand term is a cooling flow due to electron-phonon coupling in metals [40]. This power law
is not strictly valid at low temperatures in superconductors. Indeed, the opening of a gap in the
electronic density of states exponentially reduces the electron-phonon coupling which cannot be
described by an analytical expression [41]. However, the cooling flow term is only relevant when the
electronic temperature is large compared to the phonon bath temperature, i.e when the nanowire
is close to its normal state.

Solutions of the one-dimensional heat Equation 1 are compared to the spatial variation of the
critical current in Figure 3 and to the power dependence of the electronic temperature below the
tip in Figure 4, see dashed and solid lines respectively. The only fitting parameter is the material-
dependent electron-phonon parameter ¥ that we found to be in the range of 109 W.K°.m™3 in
agreement with previous measurements in disordered metals [40]. The same value of ¥ accounts
for both the spatial variation and the power dependence of sample N06. The remarkable agree-
ment between the one-dimensional heat model and all the experimental data stongly supports the
thermally-driven reduction of the critical current by hot quasiparticle injection.

However, a closer look at the inset of Figure 2(b) shows that, although the critical current
is mainly given by the injected power, there is a small systematic variation with the tunnelling
current: [.(P) fans out along different curves depending on the tunnelling current, i.e. the injection
rate T;n; = It/e of the quasiparticles. As we will show below, this is a signature of the dynamics of
the injected quasiparticles and it reveals the time dependent formation of the hot spot at its early
stage.

Following Semenov and co-workers [42] an excess of quasiparticles d NV in the hot spot reduces the
density of Cooper pairs available to carry the superfluid current. This translates into an increase of
their speed in order to sustain a constant bias current [... During the down-conversion cascade,
more and more quasiparticles are created so that, at one point, the Cooper pairs reach their critical

velocity and the nanowire switches in the normal state. The critical current is then determined by:

ON

Ic — Istat 1—
¢ ( NQA()f’wd)

(2)

where N is the electronic density of states at the Fermi level and £ the superconducting coherence



length. 15 is the stationary critical current in the limit of a continuously delivered power to the
nanowire (i.e. I; — 00).

The hot spot dynamics is governed by the balance between the proliferation of quasiparticles
during the down-conversion cascade and their escape through diffusion outside the critical volume
where the nanowire switches to the normal state. The former process can be accurately described
by an exponential growth with a relaxation time scale 7, [43] while the critical volume of the

latter is modelized by a slab of width £ across the nanowire [42]. This leads to the time evolution :

5NK1_6TT;§ (3)
va Dt

Here D is the diffusion coefficient which is independently determined by transport measurements

(see Supplementary) and K is the maximum number of quasiparticles created in the relaxation
process. If one neglects phonon escape, it can be estimated as K ~ Z—‘g where eV is the energy
of the tunnelling electron (V' € [0, V}]). This approximation is justified since the time required for
phonon to escape is much larger than the relaxation time because of phonon-trapping [44].

With this model in hand, we simulated the experiment by computing a series of N tunnelling
events of electrons with an energy eV; occurring at times ¢;. V; is uniformly distributed between
0 and V, and the tunnelling times ¢; obey a Poisson distribution where on average one electron is
tunnelling every 7;,; = 1. N has been chosen large enough so the total time of each series is in the
ms range, thus comparable with the duration of the experimental step increment of the ramped
Lyire(t). Then, a single measurement of I. corresponds to the minimum of the critical current of
the computed series. It appears that this minimum always occur when several tunnelling events
happen in a short period of time (see Supplementary). For each tunnelling conditions of I; and
V4 hundreds of series have been computed in order to determine an averaged critical current and
adjust 7. to fit with the data of Figure 2(b). Our results are shown in Figure 5. The dashed line
is the stationary critical current I5%** which is self-consistently determined by the fitting procedure.
The fanning out of the critical current for various injection rates is due to the dynamics of the
hot spot formation with a time scale of 7,,; = 40 4+ 10ps. It is longer than the 7ps in pure Nb
computed by Kozorezov and co-workers [19]. This difference could be attributed to a weakening
of the electron-phonon scattering rate due to disorder and to the gold overlayer.

It is important to notice that in the model described above, only the growing number of out-of-
equilibrium quasiparticles matters. After the time 7., they may not be fully thermalized yet with
a well established Fermi-Dirac distribution at the local electronic temperature T,. Nevertheless,

it is interesting to notice that 7., the time of the hot spot formation, is of the same order of
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FIG. 5. Relaxation dynamics of the injected quasiparticles. The critical current I, at a given power
I; V4 is all the more reduced that the quasiparticle injection rate is low. Points are the same data as in
Figure 2 and solid lines are numerical fits with 7,.; = 40ps. The dashed line is the stationary critical current

I5t%t, The inset is a zoom at low power.

magnitude as 7, = % ~ 40ps the time required for the quasiparticles to diffuse across the width

of the nanowire. This suggests that the nanowire switches to the normal state over its entire width,
rather than that the normal state is triggered by current crowding around a normal-state core [23—
25, 28]. However, to be fully conclusive, the analysis should be done by solving the coupled kinetic
equations for interacting quasiparticles and phonons [45] which is beyond the scope of our work.
In conclusion, we have developed a powerful new tool for studying local quasiparticle dynam-
ics in superconducting nanostructures, in which we can independently tune tunnelling rate and
quasiparticle energy. We have used this tool to show that the critical current of a nanowire is
significantly reduced by a quasiparticle injection current several orders of magnitude lower. We
show that this reduction is mainly due to thermal heating by quasiparticles, but that the details
can only be understood by taking into account the rapid relaxation dynamics after each tunnelling

of individual electron. These results have an immediate impact on the understanding of supercon-
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ducting nanodevices such as JFETs and photon detectors. In addition, because of its versatility,
our set-up can help designing future superconducting quantum circuit in order to strengthen them
against quasiparticle poisoning.

Methods The substrate is made of Silicon On Insulator (SOI), with 250 nm of Si over 2 pm of
Si03. A 360 nm layer of resist (ZEP520A) is deposited by spin coating. Then, the pattern is realized
by e-beam lithography in a JEOLG6300FS. Firstly, Reactive Ion Etching is carried out, resulting
in an efficient anisotropic etching of the Si. Then the resist is removed by Oy plasma cleaning
before a chemical etching of the sample with HF vapor. The HF etching creates an undercut on
the sidewall which garantees the electrical insulation of the nanowire after evaporation of the Nb
and Au thin films in an Plassys electron gun evaporator (MEB550).
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SUPPLEMENTARY NOTE 1: EQUILIBRIUM PROPERTIES OF THE
SUPERCONDUCTING SAMPLES

The samples presented in the main text are made of a thin layer of niobium capped with gold

to prevent surface oxidation. Their main equilibrium properties are summarized in Table S1.

Sample Nb Au 7T, 10 PN D Ao Ao/(kpT,)
(nm) (nm) (K) (pA) (pQ.cm) (em?s™") (neV')
NO03 ) 5 243 96.3 184 6.8 370 1.77
NO04 ) 5 254 103 18.4 6.9 380 1.74
NO05 3 3 1.20 157 248 5.1 220 2.13
N06 3 3 139 185 247 5.1 235 1.96
NO7 3 3 172 - 31.3 4.0 290 1.95
NO8 4 4 214 570 22.7 5.6 355 1.92

TABLE S1. Parameters of the samples: Nb (nm) and Au (nm) are the nominal niobium and gold thickness,
T. is the critical temperature, I? is the zero temperature critical current, py is the normal state resistivity,

D is the diffusion coefficient and A the superconducting gap measured by tunneling spectroscopy.

The tunneling conductance between the metallic STM tip and the sample is proportional to the
local density of states [46]:

Loy [ Z dE N5y ET ) gf;b)m (s4)

where N,(E) is the density of states in the sample and f the Fermi-Dirac distribution function
at temperature T.;s. A typical spectrum is shown on Figure S6. It displays a superconducting
spectroscopy measurement that can be fitted with BCS theory [47] in order to extract the low
temperature superconducting gap. We use the following formula for the superconducting density

of states [48]:

if |e] > A

Re E-‘r’L‘Fin
(€+iF¢n)2 —A2

0 if [e] < A

(S5)

where Ny is the density of states at Fermi level, A the superconducting gap and I';, the inelastic
scattering term introduced by Dynes [48] to account for the finite lifetime of quasiparticle excita-
tions.

Because our samples are capped with a thin layer of gold, the STM measurements probe the

superconducting properties induced by proximity effect in the gold layer by the niobium layer
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FIG. S6. Determination of the superconducting gap by tunneling spectroscopy. Dots: Differential
conductance as a function of bias voltage V; normalized to its large bias value at T = 100 mK. Red solid

line corresponds to BCS fit (see text) with Tesr = 556 mK, A = 370 peV and I';,, = 0.02A. Sample NO3.

underneath. The Ag/kpT, ratio obtained from our measurements on the gold-niobium bilayer is
close to the one of niobium (Ag/kpT. = 1.83 in niobium [49]). This indicates a strong proximity
effect between gold and niobium [50] which can therefore be considered as a single superconducting
layer. Moreover, Figure S7 shows that the superconducting gap follows a BCS-evolution with

temperature and vanishes at the critical temperature.
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FIG. S7. Temperature dependence of the density of states. Sample N06. Left : normalized differential
conductance as a function of bias voltage V; for different temperatures. Each spectrum is normalized to
its large bias value. Black solid line corresponds to the critical temperature T, = 1.39 K. Right : thermal

evolution of the superconducting gap. Red solid line corresponds to a BCS fit.
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SUPPLEMENTARY NOTE 2: MONITORING THE CURRENT-VOLTAGE
CHARACTERISTICS UNDER QUASIPARTICLE INJECTION

Iwz‘re (;—"’A)

FIG. S8. Current-voltage characteristics for different injection currents. The wire current is raised
and decreased in order to show the hysteretic loop and determine the critical current I. and the retrapping
current I,.. Dashed line corresponds to the situation where the STM tip is withdrawn (no tunneling current),
and solid lines to I; = 100 pA, 500 pA and 2000 pA from right to left. All curves are recorded for a constant
temperature 7' = 1.60 K and bias voltage V}, = 200 mV. Sample NO7.

Figure S8 presents current-voltage characteristics of a nanowire for different injection currents.
The temperature and STM bias voltage were kept constant. The wire current ;.. is successively
ramped up and down while the wire voltage Vire is monitored. For no injection or low injec-
tion currents, i.e I; < 100 pA, the current-voltage characteristic displays a clear superconducting
behavior and a voltage jump occurs at the nanowire critical current I. when ramping up and at
the retrapping current I, < I. when ramping down. In the normal state, a resitive behavior is
observed: Viyire &~ RNIyire where Ry is the nanowire normal state resistance. For high injected
power, i.e for I; = 2000 pA, the current-voltage characteristic is almost purely resistive, suggesting
that the power injected by the STM tip maintains the whole nanowire in the normal state. The
actual injected power, P ~ IV}, /2 = 200 pW is indeed close to the minimum Joule heating required

to keep the nanowire in the normal state: RyI2(I; = 0) = 190 pW.
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SUPPLEMENTARY NOTE 3: SCANNING CRITICAL CURRENT MICROSCOPY
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FIG. S9. Influence of the injection position. (a) Nanowire shape. (b) Critical current as a function
of the STM tip position along the nanowire for different tunneling conditions at 7' = 180 mK. (¢) Map of
the critical current as a function of the injection position at a fixed tunneling setpoint: I; = 500 pA and

Vi, = 40 mV. Without injection current, I? = 18.5 uA. Sample N06.

In contrast to lithographically defined tunnel junctions, scanning critical current microscopy
allows to control the injection position of the quasiparticles with high spatial resolution. The STM
tip scans the surface of the nanowire with a fixed tunneling setpoint, and stops at different positions
to allow measuring the critical current. The scanning direction is parallel to the wire x-axis, see
Figure S9a. Several lines are scanned from one side of the nanowire to the other. Figure S9b
displays the z-scans performed at various y-positions for several tunnelling conditions (blue, green
and red curves). Figure S9c shows a map of the critical current for the red tunneling setpoint, i.e
It = 500 pA and Vb = 40 mV. The critical current depends mainly on the z-distance between the
injection position and the leads, whereas the y-position has only a small influence. The scanning
critical current microscopy results presented in Figure 3 of the main text are an average of these

data along the y-direction.
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SUPPLEMENTARY NOTE 4: THE PHONON TEMPERATURE

In the analysis of the main text, the substrate plays the role of a reservoir at the bath temper-

ature of the fridge T. We discuss here the validity of this hypothesis.

0-9 T T Ty I I\IIIII! U IIIIIII! U II\IIII! U IIIIIII! UL
08_-L:5n.4 5 5 E : ]
’ B l=1nA

0.7He f,=500pa| B & F
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FIG. S10. Effect of the injected power on the electronic temperature for injection of quasipar-
ticles in the dead-end strip and in the ground plane. (a) Schematics of the sample with indicated
injection positions. (b) Electronic temperature at the crossing point between the nanowire and the dead-end
strip as a function of I}V, for injection in the dead-end strip (circles) and in the ground plane (crosses) at

T =70 mK.

In this section, measurements are performed with a device constituted of a nanowire connected
in its center to a dead-end strip as pictured on Figure S10a. The film consists of a 3 nm layer of
gold on top of a 3 nm layer of niobium so that its properties are comparable to the one of the
samples presented in the main text: 7. = 960 mK and I? = 10.2 pA.

We probed the limits of the reservoir approximation by comparing the effect of quasiparticle
injection in the nanowire and in the ground plane surrounding it. In Figure S10, panel (a) pictures
the injection positions. When quasiparticle injection is performed in the surrounding ground plane
(colored crosses in Figure S10b), which is electrically insulated from the nanowire, the electronic
temperature of the nanowire is nevertheless affected. In this configuration, the entire heat flow
between the ground plane and the nanowire is exclusively mediated through phonon conduction
in the insulating substrate. Therefore, the latter necessarily holds a phonon temperature gradient
and we have to drop the assumption T}, = T}, everywhere in the sample. Furthermore, as shown

in Figure S10b, the critical current is not unequivocally determined by the injected power since T,



20

850 ‘ T —T—TT . T

800 |- { :
750} } |

700 } E

450 e N P
10t 102 103 10*

I (pA)

FIG. S11. Phonon contribution to the heat flow. Voltage threshold at different tunneling currents

above which the assumption of a well thermalized phonon bath breaks down.

can take different values for a given I}V, depending on the tunneling current I;. In contrast, when
injection is performed in the dead-end strip (colored disks), one recovers the thermal behavior
presented in the main text, where the electronic temperature depends linearly on the logarithm
of IV, up to very large voltages where it starts to deviate. Strikingly, this deviation occurs
approximately when curves of crosses and dots intersect, i.e. when the electronic temperature
elevation in the nanowire due to electron conduction and to phonon conduction in the substrate
are comparable. For each tunneling current, the voltage threshold Vi above which deviations to
the thermal behavior are observed is shown in Figure S11. Below this threshold, the main thermal
conduction between the injection point and the nanowire is insured by the electrons and the phonon
bath can be considered as a reservoir. In the main text, V} never exceeds 400 mV which is lower
than Vbc”t for any tunnel current. Our assumption that the substrate acts as a thermal reservoir

for phonons (T, = Tp) is therefore valid.
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SUPPLEMENTARY NOTE 5: ELECTRONIC THERMAL CONDUCTIVITY IN THE
SUPERCONDUCTING STATE WITHIN USADEL FRAMEWORK

The development of the quasi-classical theory of superconductivity starting from non equilib-
rium Green functions in the Keldysh formalism is presented in [51]. The diffusive limit leads to the
Usadel equations which merge in an unified formalism for both equilibrium and out of equilibrium
properties. The physical quantities of interest can be computed from retarded and advanced Green
functions R and A (which are 2 x 2 matrices depending on position and energy) and filling factor
h. However, the parameterized expression of the thermal conductivity is not available in [51] and

is therefore derived here.

The filling factor can be decomposed in an odd h,q and an even h,, functions of the energy, and
is related to the distribution function of electrons f through h = 1—2f. The retarded and advanced
Green functions R and A must obey some normalization conditions and can be parameterized as

follows [51, 52]:

cosf  sinfei®

sinfe~® — cosf

A=—13RIy (S7)

where t denotes the Hermitian conjugate, and the 7 matrices are equal to the identity and Pauli

matrices:
10 01
T0 = y, T1 = )
01 10
(S8)
0 —2 1 0
T2 = y, T3 =
i 0 0 —1
so that:

. y *
—cosf* sinf*et®

. —ah*
sin f*e cos 0*
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Defining the quantities
0= %Tr {73 (R?R - A?A)} (S10)

and

1
M;; = ZTr {0ij70 — RT; AT;} (S11)

where 6;; is the Kronecker delta, the thermal current can be written as:

J_th> = O-éV/ de € (MOOQhod + ahev + M30€h’81}> (812)

with oy the normal state conductivity.
When the system is at local thermal equilibrium, hoq(x, €) = tanh(e/2kpT(z)) and hey(z, €) = 0.
Then:

_dhod
Vhog = pe VT

(S13)
=€ 9 €
_72]{3 5 <1—tanh <2/€B >> sT

For a bulk superconductor for which ¢ is real, Moz = M3y = 0, M3z = coshg(lm[ﬂ]) and
Moo = cos?(Re[d)]).

__>
Finally, in the quasi-equilibrium limit one obtains Jy, = —k:e?T with the electronic thermal

conductivity equals to :

oo 2
ON € 2 € 2
N (11— 14
ke 262/ de ST T2 ( tanh (Qk: >> x cos”(Rel#)]) (S14)

which value at critical temperature (6 = 0) corresponds to Wiedemann-Franz law:

he _ 1 (kB>2 (S15)

UNT: 3 e

From the above equation, the electronic thermal conductivity can be computed for any value of
the temperature and of the supercurrent flow since the pairing angle 8 is given by Usadel equations

with an homogeneous current distribution [39, 53]:

0
€+ ilyn + iycosd = iACOS

(S16a)

sin @

hwp
AZN()Veff/ detanh(
0

€ .
2kBT> Im(sin 6] (S16b)
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with Ng the density of states at Fermi level, Ve sy the BCS pairing potential, wp the Debye frequency,

T';, the inelastic scattering term and ~ the depairing energy given by:

Js v Us

Js _ J2Us 1

7, A (S17a)
U, = /0 de tanh ( 5 k;T> Im|[sin2 6] (S17b)

where Ay is the zero temperature superconducting gap (which is equal to the order parameter in
the absence of depairing), Js is the supercurrent density and J, = ﬂAg/ QW is a material
dependent parameter directly related to the zero temperature critical current.

The homogeneous current distribution approximation is valid when the London penetration
depth is large compared to the transverse dimensions of the nanowire. In a thin film, the effective
London penetration depth is [54] A2 /d with Af, = \/m and d the thickness of the film.
In our samples, this leads to an effective penetration depth of about 1 to 10 um, whereas our
nanowires are 300 nm wide and about 10 nm thick, so that the hypothesis of homogeneous current

distribution is valid.

SUPPLEMENTARY NOTE 6: SIMULATION OF THE INJECTED QUASIPARTICLES
DYNAMICS

In order to have a quantitative analysis of the quasiparticles dynamics we performed numerical
simulations according to the hotspot model of Semenov and co-workers [42]. The critical current

of the nanowire is given by :

(1— et ) emric

N(]Agwd\/ﬂ'Dt

The total number of quasiparticles in excess results from the addition of several tunneling

L(t) = I3 (1 —

[

(S18)

events which occur at random times obeying a Poisson distribution where on average one electron
is tunneling every 7;,; = I% The energy of the tunnelling electron is also random and uniformly
distributed between 0 and eVj. For each series of N = 107 tunnelling events, we found that the
minimum critical current corresponds to a burst of seven or eight tunneling events similar to what
is shown in Figure S12. The time between each of them is short enough so that all the generated
quasiparticles do not have enough time to diffuse out of the critical volume. This leads to an
important accumulation of quasiparticles and therefore a minimum of the critical current.

The recombination time scale ;... acts as a time cutoff, avoiding quasiparticles accumulation in

the nanowire for long computation times. The results shown in the main text have been computed
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FIG. S12. Time evolution I.(t). Example of a burst of injected quasiparticles, each of them occurring at

a time pointed out by a vertical dashed line.

with 7. = 500 ps which is a typical recombination time [55]. We checked that the fitting value of

Trer 18 only slightly dependent on the choice of 7,e.. This is illustrated in Figure S13 which shows

the critical current as a function of I;V}, computed with 7,..; = 40 ps and 7. = 250 ps. The results

are very similar to those shown in the main text with 7,; = 40 ps and 7,.¢c = 500 ps.
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FIG. S13. Relaxation dynamics of the injected quasiparticles for a different recombination time.

Points are the same data as in Figure 5 of the main text and solid lines are numerical fits with 7,; = 40 ps

and T, = 250 ps. The dashed line is the stationary critical current I5***. The inset is a zoom at low power.
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In order to estimate the accuracy of our fit in the determination of 7,..;, we varied its value.
Figure S14 displays two simulations with 7.; = 20 ps and 7, = 60 ps. For 7., = 20 ps the
computed critical current is much lower than the experimental values at low tunnelling current,
whereas for 7,..; = 60 ps the discrepancy between experiment and computation is more pronounced
at higher I;. We therefore concluded that the best trade off is about 7,; = 40 4+ 10 ps. This rather
large uncertainty may come from the assumption that 7,..; does not depend on the energy of the
injected quasiparticles in the theoretical model and all the data are therefore fitted with the same

relaxation time.
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FIG. S14. Relaxation dynamics of the injected quasiparticles for different relaxation times.
Points are the same data as in Figure 5 of the main text and solid lines are numerical fits with 7,; = 20 ps
(top) and T,.; = 60 ps (down). The dashed line is the stationary critical current I5'**. The inset is a zoom

at low power.
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