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Introduction

Networks are an adequate representation for modeling and analyzing a great variety of complex systems. However, understanding networks with millions of nodes and billions of connections can be pretty challenging due to memory and time constraints. Therefore, selecting the relevant nodes and edges of these large-scale networks while preserving their core information is a major issue. In most cases, the so-called backbone extraction methods are based either on coarse-graining or filtering approaches. Coarse-graining techniques reduce the network size by gathering similar nodes into super-nodes, while filter-based methods eliminate nodes or edges according to a statistical property. In this work, a filter-based method is proposed and investigated. It uses the overlapping community structure to build the backbone in weighted networks. While most filtering techniques rely on link features to extract the backbone, the proposed method exploits both nodes and links. It takes advantage of the network communities through their main features (overlapping nodes, hubs, and bridging connections) to select influential edges and nodes while preserving the ability of the information dissemination of the original network. The so-called "Modular filtering backbone" combines two components. The first one is the network connecting the overlapping nodes and the top connected nodes (also called the hubs). One discards the edges with the lowest weights as long as connected components are maintained. The second component uses the network of the inter-community links with the nodes at their extremities. The disparity filter algorithm allows preserving only its most crucial connections. An extensive investigation is performed on a set of real-world weighted networks of various sizes and a wide range of origin. Results show the advantage of the proposed method over alternative filtering-based methods used for comparative purposes. Furthermore, this sheds new light on the most relevant parts of empirical networks hidden by their complexity. The Modular filtering backbone extraction process relies on the idea that overlapping nodes, hubs, and link bridges (inter-community links) are the most influential elements in a network. Figure 1 represents the methodology used to extract it in weighted networks with an overlapping community structure. At first, one needs to know the overlapping community structure. Thus, the first step consists of uncovering it if the ground truth is not available. Then, one can extract the Modular filtering backbone.
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It combines two components. The first subnetwork, called the local component, contains the overlapping nodes and hubs and their stronger interactions. Indeed, one removes the edges with the lowest weights as long as components stay connected. It allows retaining only the most important links of this network. The second sub-network is called the global component. It regroups all the inter-community links of the network and their attached nodes. Its extraction from the original network consists of removing all the intra-community links and the remaining isolated nodes. Note that the intra-community links connect nodes in the same community while the inter-community links play the role of bridges between the communities. Then, the disparity filter algorithm [START_REF] Serrano | Extracting the multiscale backbone of complex weighted networks[END_REF] is used to keep only the most pertinent bridge connections of the global component. Preserving the most critical inter-community links in this component allows keeping the largest information flow exchange between the different communities in the network. Finally, those two components are combined. The parameter s controls the size of the Modular filtering backbone. It represents the proportion of nodes extracted from the original network. The ratio of the local and global components retained in the Modular filtering backbone is related to the strength of the community structure. In networks with a well-defined community structure, the local component retains a higher proportion of nodes and links. Indeed, the global component size is small due to the limited amount of inter-community links. In networks with a loose community structure, the global component selects a higher proportion of nodes and links because of its bigger size and importance.

Results

This section reports and analyzes the comparative evaluation results of the proposed Modular filtering backbone extractor with five alternative methods under test. The same methodology is followed for measuring the effectiveness of the proposed method. First, we compare it to the overlapping nodes and hub method. Indeed, the proposed technique is an extension of the former one. Next, the Modular Filtering method is compared to the other alternative methods (disparity filter [START_REF] Serrano | Extracting the multiscale backbone of complex weighted networks[END_REF], Motif-GT, Motif-DF [START_REF] Cao | Motif-based functional backbone extraction of complex networks[END_REF], and h-backbone [START_REF] Zhang | Extracting h-Backbone as a Core Structure in Weighted Networks[END_REF]). Parameters are set such that the size of the resulting backbones is identical (30% of the original network size). Indeed, it allows a fair comparison.

We investigate the effectiveness of the proposed backbone and its alternatives using the average link betweenness, the average link weight, and the entropy. Here, we report only the results of the average link betweenness in Table 1 for all the networks under test. The results of the other measures are reported in [START_REF] Ghalmane | Extracting modular-based backbones in weighted networks[END_REF]. This table represent the relative difference ∆ r of the evaluation measure computed between the Modular filtering backbone and the alternatives. Note that a positive value of ∆ r means that the proposed backbone is more effective than the alternative. Results show that the Modular filtering backbone is the most effective in terms of average link betweenness and entropy. Motif-GT exhibits the best performance only in terms of average link weights. Note, however, that Motif-GT has a very high computational complexity. It is around O(n k ) (n is the size of the network and k is the size of the motif). It is one of its main drawbacks. In contrast, the proposed method uses only local information at the level of the overlapping nodes. Therefore, it depends only on the complexity of the used community detection algorithm. That is what makes Modular Filtering a very efficient method also in terms of computational complexity.
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 1 Fig. 1. The main steps to extract the Modular filtering backbone.

Table 1 .

 1 The relative difference of the average link betweenness ∆ r <β > between the Modular filtering backbone and the alternative ones. MF stands for the Modular filtering backbone. OH stands for the Overlapping nodes and Hubs backbone. DF stands for the Disparity Filter backbone. Motif-GT refers to the motif-based global threshold method. Motif-DF refers to the motif-based disparity filter.

	2*Networks			∆ r <β >		
		MF-OH	MF-DF	MF -Motif-GT	MF -Motif-DF	MF -h-backbone
	US Airoport	16.50	87.85	17.24	73.09	8.51
	Openflights	14.29	78.57	60.00	61.65	12.04
	Facebook-like Forum	16.72	78.67	52.27	59.71	12.79
	Facebook-like Social	15.71	90.07	41.85	67.98	9.43
	US Power Grid	3.13	98.00	23.75	60.71	1.33
	Scientific Collaboration	8.79	88.57	45.05	82.44	4.32