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Choquard equation involving mixed local and nonlocal operators

G.C. Anthal*, J. Giacomoni! and K. Sreenadh!

Abstract

In this article, we study an elliptic problem involving an operator of mixed order with both
local and nonlocal aspects and in the presence of critical nonlinearity of Hartree type. To this
end, we first investigate the corresponding Hardy-Littlewood-Sobolev inequality and detect the
optimal constant. Using variational methods and a Pohozaev identity we then show the exis-
tence and nonexistence results for the corresponding subcritical perturbation problem.

Key words: Local-nonlocal operators, critical Choquard nonlinearity, Hardy-Littlewood-Sobolev

inequality, existence reusults, variational methods, Pohozaev identity.
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1 Introduction

The aim of the present article is to study the following problem consisting of combination of local

and nonlocal operators along with critical Choquard nonlinearity

2*
Lu = fuy)* [ul> 20 + P in Q,

) |z — y|# (1.1)

u=0in R"\ 2, v >0in Q,

where  is a bounded domain of R™ with C'*! boundary 09, A is a real parameter, p € [1,2* — 1),
n>30<pu<n, 2= (2n—p)/(n—2)and 2* = 2n/(n — 2). The mixed operator £ in (L) is
given by

L=—-A+(—A)° for some s € (0,1). (1.2)

The word "mixed” refers to the type of the operator combining both local and nonlocal features
and to the differential order of the operator. The operator £ is obtained by the superposition

of the classical Laplacian (—A) and the fractional Laplacian (—A)®, which for a fixed parameter
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€ (0,1), is defined by

u(z) — u(y)
RTL
The term ”P.V” stands for the Cauchy’s principal value and C(n,s) is a normalizing constant,

whose explicit expression is given by

—1

C(n, s) = /L()S('Zl)dz

| Z|n+2s
The study of the mixed operators of the form £ in (L2) is motivated by the wide range of ap-
plications. Indeed these operators arise naturally in the applied sciences, to study the role of the
impact caused by a local and a nonlocal change in a physical phenomenon. These operators model
diffusion patterns with different time scales (loosely speaking, the higher order operator leading the
diffusion for small scales times and the lower order operator becoming predominant for large times)
and they arise for instance in bi-modal power law distribution processes, see [27]. Further applica-
tions arise in the theory of optimal searching, biomathematics and animal forging, see [14], 15] and

the references therein. See also [23| [24], 28] and the references therein for further applications.

Due to these applications and mathematical interest, the study of elliptic problems involving mixed
type of operators having both local and nonlocal features is attracting a lot of attention. The current
research has specifically focused on several problems in the existence and regularity theory. In the
following, we present a short literature review regarding existence and regularity of solutions of the
problem of the type

—Agu+ (—A)u= fin Q,

where Q C R" is some domain, ¢ € (1,00), s € (0,1), —=A, and (—A); are the usual g—Laplacian

and fractional g—Laplacian operators.

In the linear case ¢ = 2, to study the structural results like existence of weak solutions, strong
maximum principle, local boundedness, interior Sobolev and Lipschitz regularity, along with various
other qualitative properties of solutions we refer to [IL [3, [7]. We also refer to [6l 9] 14l 15] and
references therein for other issues as symmetry and properties associated to the first eigenvalue. In
the nonlinear setting ¢ # 2, for f = 0, Garain and Kinnunen [19] obtained the regularity results
for weak solutions in terms of local boundedness, Harnack estimates, local Holder continuity and
semicontinuity. For the inhomogenous case, boundedness and strong maximum principle has been
established in [I0] (see also [§]). The question of Holder regularity was investigated by De Filipps-
Mingione in [12] for a large class of mixed local and nonlocal operators. Under some suitable
assumptions, the authors prove almost Lipschitz local continuity and local Hoder regularity of
the gradient (see Theorem 3, 6 and 7 respectively there). We would also like to mention the
work [20] where the case of singular nonlinearity is studied. Also to study regularity theory for

nonhomogenous growth fractional problems, we refer to the work of Giacomoni-Kumar-Sreenadh

2.



The stirring motivation for the present paper comes from the study of nonlinear problems with

critical exponents. These problems are usually modelled as
Ju=W(u) + AY(u) € Q, (1.3)

with some appropriate conditions on u. Here Q@ C R"™ is a domain, J is some operator (lo-
cal/nonlocal/mixed), W is a critical nonlinearity (notion of criticality changes from problem to
problem and relies on the limit of compactness inherited by the problem), ) is subcritical nonlin-
earity and A € R is a parameter. In these problems mostly we address the issue of existence and
multiplicity of the solutions with respect to the parameter A. In the following, we present a brief

literature survey of the problems of the type (L3]).

e Local case i.e. when J = —/A: The seminal breakthrough in this case was the work of Brezis
and Nirenberg [I1]. Here the authors studied the problem of the type

{—Au = Ju)* 2u+ Ml in Q, u=0o0nd0, u>0inQ (1.4)

where 2 C R" is a bounded domain and 2* = 2n/(n — 2) is the critical exponent for the
embedding of H}(£2) to LP(2). When A = 0 and {2 is starshaped with respect to some point
x € , nonexistence of weak solutions holds. For some suitable range of A, the authors inves-
tigate the existence of weak solutions. By developing some skill full techniques in estimating
the minimax level, the authors were able to prove the existence of nontrivial solutions for the
problem (4] under a linear and subcritical superlinear perturbation. Later in [2] Ambrosetti
et. al. investigated the problem (L.4]) with the sublinear perturbation and established the
existence and multiplicity results depending on the parameter A. We also refer to [21] to
study the critical exponent problem for the p-Laplacian operator.

Ju(y)[*

lu|?»~2u with linear
[z —yl

The case of critical Choquard nonlinearity namely W =

and sublinear or superlinear perturbations were studied by Gao and Yang in their works [18]
and [I7] respectively and obtain the existence and multiplicity of solutions depending on some
range of A. Here the critical exponent 27, is in accordance with well known Hardy-Littlewood-

Sobolev inequality which states as under:

Proposition 1.1 Hardy-Littlewood-Sobolev inequality Let r,q > 1 and 0 < p < n with
1/r4+1/qg+p/n=2,g¢€ L"(R"),h € LY(R™). Then, there exist a sharp constant C(r,q,n, 1)
independent of g and h such that

9(x)h(y)
< . .
RZRZ Py dzdy < C(r,q,n,p)|g|r|hlq (1.5)

In particular, let g = h = |u|’ then by Hardy-Littlewood-Sobolev inequality we see that,

[ [ et

|z — yl|~
R R



is well defined if |u|' € L”(R") with v = 22

we must have

MM T
n - 7 n—2
From this, for u € H*(R") we have
L
A

W@ PP o) < oo,
‘x_y‘u zdy ()% u

We denote Sy 1. to denote the best constant associated to

IVl 72 gy

Cooirl}&f 3
ueCye (R™)\{0} <Rf I (@) Ju(y) [ d:pdy) K
nR’!L

Surc=

[z —y[+

e Nonlocal case i.e., when J = (—A)*%, for some s € (0,1): Servadei and Valdinoci studied
in [31] the critical problems in the case of linear perturbation with W(u) = |u|* ~2u and
2% = 2n/(n — 2s), the critical exponent in the fractional Sobolev inequality. The cases of
sublinear and superlinear perturbations were handled by Barrios et. al. in their work [4]. In
both of these works the authors showed the existence and multiplicity of solutions for some
range of A. Also the critical problem with fractional p-Laplacian was studied in [25].

[uly) [ . =2

|u| %~ with
|z =yl

The case of critical Choquard nonlinearity i.e., when W =

linear perturbation was handled by Mukherjee and Sreenadh [26]. Here the authors proved

the following existence results depending up on different values of n and A:

1. For n > 4s, s € (0,1), the problem (L3]) has a nontrivial solution for every A\ > 0 such

that A is not an eigenvalue of (—A)® with homogenous Dirichlet boundary condition on
R™\ €.

2. For s € (0,1) and 2s < n < 4s, then there exist A > 0 such that for any A > \ different
from the eigenvalues of (—A)*® with homogenous Dirichlet boundary condition on R™\ €,

([L3) has a nontrivial weak solution.

o Mixed operator case i.e., when J = L: The critical problems involving operators of mixed
type are very little explored. In this regard we can quote [0, Biagi et al]. Here the authors first
investigated the mixed Sobolev inequality and showed that the Sobolev constant in the mixed
case is actually equal to the classical Sobolev constant. They then used this information to

obtain the existence results both for linear and superlinear subcritical perturbation.

Motivated by the above discussion, in the present work we considered the problem (LI]). As far as
we know there is no result involving the mixed local and nonlocal operator with a critical nonlocal
term as the Choquard nonlinearity. We aim to bridge this gap in the present paper. As we know the
study of problems with Choquard nonlinearity is linked to the Hardy-Littlewood-Sobolev inequality,

we first investigated the inequality for the mixed operator case. More precisely, we consider a



fractional exponent s € (0,1), an open set 2 C R™, not necessarily bounded or connected, and all
functions v : R™ — R which vanish outside €2, accounting for a mixed Hardy-Littlewood-Sobolev

inequality of the type

u\xr 2;1 u 2
st | [
Q Q

Here above, the constant Sg r a(§2) is taken to be the largest possible one for which such an

; C(n,s) Ju(z) — u(y)|”
dxdy < HVU|]2LQ(Rn) +—3 / o — g dxdy.
R” Rn

inequality holds true. Using (I.6]) it is easy to see that

Sua,rm(2) > SuLc-

In principle, one may suspect in fact a strict inequality occurs (because, for instance, Sy 1 ¢ is
independent of €2, as well as of s), but this is not the case according to the following result we

prove:

Theorem 1.2 Let s € (0,1) and Q@ C R™ be an arbitrary open set. Then we have S am(S2) =

SH.L.C-

Our next result answers the question whether or not the optimal constant Sy 1, 1/(€2) is achieved.

It states as under:

Theorem 1.3 Let Q C R" be an arbitrary open set. Then the optimal constant Sg r, p(S2) is never

achieved.
Next we address the problem (L.IJ). We start with the notion of weak solution for (LII).

Definition 1.4 We say that a function u € II(2) (definition of II(?) is given in Section[3) is a
solution of (L)) if for all v € TI(2), we have

2*

// !w = y(!i(gs_ - // = \fc = y!“2 A

—I—/)\upgpdx. (1.7)
Q

/ VuVedx +

According to remark 1] we state our first regularity result below:

Theorem 1.5 Let u € 1I(Q) be a weak solution of (LI). Then u € L®(R™) N W?24(Q) for any

€ (1,00) if s € (0,1/2] and q € (0,%) if s € (1/2,1). Therefore u € CY(Q) for every
ve (0,1) if s € (0,1/2] and for v € (0,2 — 2s) if s € (1/2,1). Further if we suppose that Q is of
class C>%, o € (0,1), then v € C*B(Q) for any B such that 0 < f < min{s,a,n — u}.

With the help of the regularity result, we immediately obtain the following maximum principle:

Proposition 1.6 Let o € (0,1) be as in Theorem[I.3 and suppose that OS) is of class C*>*. Assume
that w € CH*(Q) N CE.(Q) be a nontrivial nonnegative solution of (LI). Then u > 0 in €.

Our next result is the following extension of Pohozaev identity:



Proposition 1.7 Let s € (0,1), Q be a C>* domain with o as in Theorem [LA and u € T1(Q)
solves (1)), then

w2 [ [l / -
72 // |x—y|l‘ dxdy |ulP™ dx

/ (—A) udx (1.8)

__aé <gz> y(m).xda—r(lT—i_s)z/(%)2(1/(:1:).:1:)610.

o0

Based on the above Pohozaev identity, we have the following nonexistence result of nonnegative

and nontrivial solutions on bounded and strictly star-shaped domains:

Theorem 1.8 Suppose that Q is a strictly star shaped domain with C*® boundary with o as in
Theorem [LA. Then (1)) cannot have a nontrivial solution provided the following holds

(-2 1) 20 0s)

The following Corollary is immediate:
Corollary 1.9 Let Q be a strictly star shaped domain (with respect to the origin) with C*' bound-
ary. Then (1)) cannot have a nontrivial solution provided the following holds

2
nt and)\zOorp<n
2 n

2
D= —_annd)\gO.

n—
We want to remark that if we drop C> regularity of 9, it is still possible to get 012000‘ regularity

of u but for restricted range of s as it is stated in the result below:

Theorem 1.10 Let s € (0,3/4) and Q C R™ be a bounded domain with C*' boundary. Then any
nontrivial solution w of (L) is in 01203( ) for any a € (0,1) if s < & and for any a € (0,3 — 4s)

if s > % Furthermore, the PohoZaev identity (L8]) and Theorem [I.4 hold.

Finally, we study the existence theory for the problem (LI]) with respect to the parameter A. Let
us briefly recall the main strategy used in [18] in the case p = 1.

Due to lack of compactness caused by the critical exponent, an idea borrowed from [I8] consists in
. . . n+2-— 2

proving that the Palais Smale level lies in the range ¢ € <0, 472N5 o > In order to do so,

n — M b b

the crucial step is to show that
S(A) = inf {||ull3 — Alul3 : uw € Hy(Q) and |[ullpr =1} < Sp,r.c.

Now, the strict inequality S(\) < Sy 1,c is obtained in [I§] via the following approach:
First, taking into account that the minimizers in the Hardy-Littlewood-Sobolev inequality are given

by Aubin-Talenti functions, one consider the function

Y

, €>0.
(@ + a7 ©

Ue =



where ¢ € C2°(€2). Then, using u, as a competitor function, one gets (at least for n > 5) that

2 Aul?
w = SH,L,C — d)\€2 + O(En_z) as € — 0+7
lull

where d > 0 is a suitable constant. From this, choosing e sufficiently small, one immediately
conclude that S(A\) < Sy r,c. A similar approach works for 1 < p < 2* —1 as well, and it has also

been used in the nonlocal framework [26].

In our mixed setting the situation is quite different. In fact, in trying to repeat the above argument

as it obtained in [31], one is led to consider the following minimization problem
Su,r(A) :=inf {g(u)2 —Mul3 :u € H}(Q) and ||ul|gr = 1}

and to prove that
SH,L()\) < SH,L,C’- (1.10)

Now since, we know from Theorem that Sy rv(2) = Su,r,c, in order to prove (LI0), it is
natural to consider the test function u. defined above. However, the presence of the nonlocal term

[uc]? gives in this case

g(u5)2 - )\]u‘%

5 =Syrc+ 0(62_25) —d)\e® + O(e"_2) as e — 0T,
HU”HL

[ad]

and the term O(¢2729) is not negligible when € — 0F. In order to get the existence of solutions we

borrowed ideas from [5] and study the properties of the map A — Sp 1,(A) to obtain the inequality
(CI0).

All that being said, in the linear case p = 1 we obtain that the problem (I does not admit
solution both in the range of "small” and ”large” values of A, but it does possess solutions for
an ”intermediate” regime values of X\. More precisely, denoting by A;, the smallest Dirichlet
eigenvalues of (—A)® in a bounded open set €2, and by A\; be the smallest Dirichlet eigenvalue of £

in 0, we have the following result:

Theorem 1.11 Let Q@ C R"™ be an open and bounded set and p = 1. There exists \* € [A1 s, A1)

such that the problem (I1I) possesses at least one solution if
Ak <A< Aq.

Moreover the following nonexistence results also hold:
1. there do no exist solutions to problem ([LI)) if A > A\q;

2. if 0 < X < Ays, then there do not exist solutions to (L)) in B, where

n—2

B:={ueL*R"): |jul|lgr < Sﬂ,()}-

Regarding the case of superlinear subcritical perturbation, we can follow the variational argument

in [I§] to prove finally the following existence result:



Theorem 1.12 Assume that 1 < p <2* —1, n >3 and 0 < pu < n. Then problem (LI]) has at

least one nontrivial solution provided that either
2(p+3) 2 (1 + = 28)} —2(p+1)} and A > 0, or
) P )

p+1 72+

1. n>max{mln{ s

2. n < max {min { 2(;:13) ,2+ erl,2 (1 + 2= 23)} , @} and X is sufficiently large.

Plan of the paper: The rest of the paper is organized as follows. In Section 2] we collect the
preliminary material needed to setup the appropriate functional space. In Section Bl we focused on
the mixed order Hardy-Littlewood-Sobolev inequality and prove Theorems and Finally in
Section [, we present the analysis of critical problem. This section is divided into three subsections.
In Subsection [ we first focus on regularity of solutions and prove Theorem Then with the
help of regularity result, we establish the maximum principle and prove Proposition We
conclude this subsection by first developing the Pohozaev identity for (LIl (see Proposition [LT)
and then use this identity to prove Theorem [[.8 Next in Subsection 4.2] we consider the case p =1
and complete the proof of Theorem [[LTIl Finally, in Subsection 3] we consider the superlinear
and subcritical case and prove Theorem

Notations: Throughout the paper, we will use the following notations:
e We denote positive constants by M, My, M, ---.
e We denote the standard norm on LP(R"™) by |- |,.

e Let V be a real Hilbert space and ® : V — R a functional of class C'. We say that
{ug }ren C V is a Palais-Smale sequence at level ¢, usually denoted by (PS)., for @ if {ug }ren
satisfies

®(uy) — ¢ and ®'(uy) — 0, as k — oo.

Moreover, ® satisfies the (P.S). condition at ¢, if any (P.S) sequence at ¢ possesses a convergent

subsequence.

e We shall also use the following notation

u o\
ulx
lullz = / / ‘x - y,ﬂ dedy | e TI(R),

The definition of II(2) is given in Section 21

2 Preliminaries

In this section we shall give the functional settings required to study the problem (LI]) and also
collect the notations and preliminary results required in the rest of the paper.

Let s € (0,1). For a measurable function u : R™ — R, we define

2
n S u\xr
fu], = / / i |n+2s| drdy |

R™ R™




the so-called Gagliardo seminorm of u of order s.
Let Q C R™ be an arbitrary non-empty open set, not necessarily bounded. We define the space
I1(Q2) as the completion of C5°(€2) with respect to the global norm

Gu) = (Jul? + [2)?, ue CEQ),

where we denote |u||? = / |Vul?.
R”

Remark 2.1 A few remarks are in order:

1. The norm G(-) is induced by the scalar product

o= [ o+ 022 [ [ 60 ) ot
/

T — y|n+2s
R" R?
where - denotes the usual scalar product in the Euclidean space R™, and 11(Q2) is a Hilbert

space.

2. Note that in the definition of G(-) the L?>-norm of Vu is considered on the whole of R™ in
spite of u € C3°(RY) (identically vanishes outside ). This is to point out that the elements
in II(Q) are functions defined on the entire space and not only on Q. The benefit of having
this global functional setting is that these functions can be globally approrimated on R™ with
respect to the norm G(-) by smooth functions with support in .

In particular, when Q # R™, we will see that this global definition of G(-) implies that the
functions in TI(QY) naturally satisfy the nonlocal Dirichlet condition prescribed in problem

(T3, that is,
u=0 a.e. inR"\ Q for every u € II(Q). (2.1)

In order to verify 21)), we distinguish between two cases.
Case A: When Q is bounded. In this case, we know (see [13, Proposition 2.2]) H*(R™) is

continuously embedded into H%(R™) (with s € (0,1)) i.e. there exists a constant k = k(s) > 0
such that, for every u € C§°(Q2) one has

[l < () [ull3gs ey = k() (ll3a ey + [Vl 2 o)) (2.2)

This, together with the classical Poincaré inequality, implies that G(-) and the full H' —norm

in R™ are actually equivalent in the space C§°(S2), and hence
Q) = Coo () 1 e = fy e HYR™) < ulg € HAQ) and u =0 a.e. in R"\ Q).

Case B: When Q is unbounded. In this case, even if the embedding inequality ([22) holds,
the Poincaré inequality does not hold in general. Hence, the norm G(-) is no more equivalent
to the full norm H'-norm in R™, and I1(Q) is not a subspace of H'(R™).

On the other hand, by the classical Sobolev inequality we infer the existence of a constant
S > 0, independent of the set ), such that

Slull22: gy < IVl 2aggny < G()? for every u € C(9). (2.3)
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where 2 = 2n/(n — 2) is the critical Sobolev exponent. Now ([23)) implies that every Cauchy
sequence in CG°(Q) with respect to the norm G(-) is also a Cauchy sequence in the space
L¥ (R™). As a consequence, since the functions in CS°(Q) identically vanish out of 0, we

obtain

Q) ={uec L> (R") :u=0 a.e. inR"\Q, Vue L*(R") and [u], < co}.

3 Mixed Hardy-Littlewood- Sobolev inequality

Here we are interested to find the sharp constant in the Hardy-Littlewood-Sobolev inequality defined
by

G(u)?

S Q) = inf . 3.1
0,0 (S2) uecgy(lﬂ)\{o} e ﬁ (3.1)
[ [ B Py R da:dy)
n R?’L
Recall that for any 2 C R"™, the best constant in the classical Hardy-Littlewood-Sobolev inequality
is given as
IVul?
Sprc(@) = inf L) . (3.2)

weCe (Q)\{0} o
0 <f f |u T |m,u \;(y dxdy) 2/14

Let us first recall properties of Sg, 1. (€2). For a proof of these properties we refer to [I§]
Remark 3.1 1. For N > 3 and for every open set Q@ of R", we have Sg,1,c(2) = Su,r.C-
2. Su,r,c(2) is never achieved except when £ = R".
3. If Q =R", then Su,r,c s achieved by the family of functions
A={Vigo =t 2 U((x —0)/t) : t >0, 29 € R"},
where U(y); = c(1+ [y|?) ="
We are now ready to prove Theorem

Proof of Theorem From the definition of G(u), the inequality Sp 1 3 (€2) > Sw ¢ is clear.
Next we prove the reverse inequality. First note that Sy, a7(€2) is translation invariant and so we
can assume without loss of generality that 0 € Q. Now let > 0 be such that B,(0) C Q. Then for
any u € C3°(Q), there exists ko(u) € N such that

supp(u) C By, (0), for any k > k.
Now setting uy := k%u(k$), for k > ko we see that
supp(ug) C B-(0) C Q.
Now by definition of S, 1,1/(€2) we have for every k > ko that

2
Glup)®  IVulliz@ny oy [u)?
Su,rm(2) < = s l
lluell? llull3 llull?
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Let k£ — 0o and using 0 < s < 1, we obtain

IVl 2 g
Supar(Q) < w
HUHHL

By the arbitrariness of u € C§°(€2) and the fact that Sy 1 ¢ is independent of the set €2, we finally
infer that

Sarm(2) < Su.Lc-

Hence we have proved the required equality. O

We are now in the position of proving Theorem
Proof of Theorem [1.3t Suppose on the contrary that there exists a nonzero function v € II(2)
such that ||v||gr =1 and

G(v) = SuLm(Q) = SurLc.
Noting that Vu € L?(Q) , we infer that

Su,r.c < v < lvl? + [v]* = Su.r.c,

which implies that [v]s = 0. As a consequence, the function uy must be constant in €, which
contradicts the fact that ||v||gr = 1. O

Remark 3.2 Even if Theorem show that the constant Sg,rv(2) = SH,1,c is never achieved
in the space II(QY) (independently of the set Q). In the particular case @ = R™ we can prove that
SH,L,c is achieved “in the limit’: more precisely, if A= {Vi,} is as in Remark [B.1))-3, we have

g(‘/t,:co)z — SH,L,c ast — oo.

Indeed,
U(y)| < Mmin{1, |y|* "} and [VU(y)| < M min{|y|, [y|'""},

for some M > 0. Therefore (up to renaming M line after line),

/ Uz + 2) —U(z)? dd

|n+2s
R™ R”
2

dzdz 9 oy dxdz
// / l‘ + tZ) - zdt W + 2/ / (|Z/[($ + z)| + |U(l‘)| ) |z|n+2s
R" By R™ R™\ By

—n)y dadzdt dydz
Rn Bl ]Rn Rn\Bl

), dydzdt ), dzdy
<uff / wmin{ly 2 20T 0 [ [ minfn ey S

R™ By R” Rn\ B,
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which is finite.
Hence, U € II(R™) and consequently V; ,,, € II(R") for every ¢t > 0 and xg € R". Moreover, recalling
that

T — X0

2-n
Vigo(z) =t U and [|Vizollur = [U||nL =1,

and by arguing as in the proof of Theorem we have
G(Viwo)? = G(Vi)? = [U|* + 27> U3

From this, since U = V;  is an optimal function in the classical Hardy-Littlewood- Sobolev inequal-
ity, by letting ¢ — 0 we obtain
G(Viao)? = U = Su,r.c-

4 Study of Critical problems

In this section, we will study the problem () and focus on the existence and nonexistence of
solutions. Throughout this section, we assume that 2 C R™ is a bounded open set. We inherit all
the definitions and notations of Sections 2l and [

Remark 4.1 Some remarks are in order.
1. Firstly, since 2 C R"™ is bounded, we have
Q) = {uc H'(R") : ulg € H}(Q) and u =0 a.e. in R™\ Q}.

As a consequence, the assumption u € I1(2) contains the Dirichlet condition u = 0 a.e. in
R™\ Q.

2. We also observe that Definition is well-posed, in the sense that all the integrals in (7))
are finite. Indeed, if u, ¢ € I1(2), we have

) | [ (o) =S — o),

R” Rn

<Jlullllell + [ulslels < 2G(u)G(¢) < oo.

/ VuVpdx —|—

Moreover, since TI(Q) < L?> (R™) and p < 2* — 1, using classical Hardy-Littlewood-Sobolev
and Hélder’s inequality (and taking into account that u,v =0 a.e. in R™\ Q) we also have

2* 2* 2
// lu(x |x_y|u (y)so(y)dxderA/up@dx

Q
<O(N, p)|ul3: |

2r +|Allp| 22 < oo
2% —p

Before proceeding, we want to introduce the energy functional associated to equation (ILI]) defined
for any u € II(2) by

_ 1 |u |2* A p+1
Iy(u) —§g(u 77 // |x—y|“ dx dy—m/u dx.

Q
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Then using Mixed Hardy-Littewood-Sobolev inequality [5] and assumptions on u, n and p, we
observe that Jy € C'(II(R2),R) and for any u, ¢ € II(Q2) one has

/v“ Vodz + Z009) C(n,s // (so(x)—so(y))d$dy

Iw —y[r
R™ R™

//|u |2*|u|x_y|u u(y)y ()dl’dy—)\/upcpdg;,

Q

This shows that u is a weak solution of (L)) if and only if u is a critical point of the functional Jj.

With Definition [[.4lin hand, we first establish regularity and nonexistence results of the nonnegative
solution of ([LIJ).

4.1 Regularity of solutions and Pohozaev identity

We begin this subsection by establishing the

Proof of Theorem We start by proving the L™ estimate. Here we closely follow the proof
of [26l Theorem 6.2]. We choose a constant m > 1 and p > 0 small (an appropriate choice of p is
given later in the proof) so that for any x € R", w(a;) = u(a;)/m € I1(2) satisfies the following:

[ramm i | [

R R” Rn
()] 2w(@) ()

2*

// [wiy) \x—y!“ Y dydz (4.1)

+)\/wpcpda;, (4.2)
Q

for every 0 < ¢ € II(Q2) and |w(5, = p. Next, for every k € N, we set

D =1-—2"% w, :=w— Dy, v := w,i’ := max{v, 0} and V}, :=

Note that using Dominated Convergence theorem, we have

M)
*"“

lim V, = / [(w—1) ) de | . (4.3)
k—o0
Q
We claim that
lim Vj = 0. (4.4)
k—oo

Then combining (3] and (£4]), we will obtain that u € L>*(£). Now to prove ([@4]), will show
that V}, satisfy the following inequality for some M > 0

Vi, < MO with 6 € (0,1). (4.5)

To obtain (EH), we first observe that since u € II(2) and € is bounded, wy, € HL (R™). Further-

more, since v = 0 a.e. in R™\ €, we also have

wp =w— D =—D <0onR"\ Q
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and thus v, = w;" € II(2). It is a simple observation that v, satisfies

[on(2) = ok (Y)* < (wr() — wi(y)) (or(2) = ve(y)) (4.6)
and
/VwVvk = /Vkavk: / |V |2 :/\Vvk\zdx. (4.7)
RN RN R7N{u>Dy} R"

Now for any k € N, D1 > Dy and so wg1 < wy a.e. in R™. Also let
Ck := Dgy1/(Dgy1 — Dy) = 2k _ 1 for any k € N.
We claim that for any k € N
w < Crog on {vk1 > 0}. (4.8)
To see this, let « € {vg41 > 0}. Then w(x) > Dyy1 > Dy, so vg(z) = w(z) — Dy and

Dy,
D1 — Dg

Notice also that w41(x) — wg41(y) = w(x) —w(y), for any =,y € R™. From this, ([@0), (£71), [EI)
and testing (@1l with ¢ = vg11, we get

)2 2
G(vpsr) _//|w y)|7 |w(x ’x| w(z )Uk+1(x)dydx+)\/wpvk+ldx

Crop(z) = w(z) + (w(z) = Dyy1) > w(z).

—ylr
Q
2 2% —2
) P ) g [ g
|z — y|
{vk+1(:v)>0} Q {Uk+1(fﬂ)>0}
. )% 2
] [ ]
{vrg1(2)>0} Q {vk+1(z)>0}
. 1k
<C2H 1 / /|w |Uk? | ‘Ldydflf
|z —yl"
{vrg1(2)>0} Q
+ 2P| B (o1 () > O}]Frn, (4.9)

where k), , = (1 —p)n+2(p+ 1)) /(n—2). Let us consider the first integral on the right hand side

above inequality and we see that

[ rxjv;w e < / [+ /

{vr41(z)>0} Q (Vkt+1(2)>0} {w(y)>Dry1}  {vks1(2)>0} {w(y)<Dry1}
w(y) | vy, ()%
dydx =T, + T 4.1
P x 1+ T (say). (4.10)

Now using (48]) and classical Hardy-Littlewood-Sobolev inequality, we have

() (),

T, —
! |z — yl~

{vk41(2)>0} {w(y)>Dy 41}

v () 1 oy, () P
|z —yl#

(4.11)

SC,?Z dydz < C;ZC(n,u)

{vk41(2)>0} {w(y)>Dy 41}



Next, again using Hélder’s inequality we obtain

2 2%
T, — / / [w(y)|“ vy ()] " dyda
|z —y|»
{vkt1(2)>0} {w(y)<Dy41}
2*/
|z —

<MDy [ @) Pide < MDE, o > 0}l

{vrt1(2)>0}
Using (£I0)), (AI1), (II2) and Mixed Sobolev inequality in (£9), we get

Slvks1]3e <G(vt1)?

<c! (0 “C(n, 1)

<Dki1 / vk (2

{vk41(z)>0}

B MDY oy > 0|3

+A%““mh%§fﬂﬁ%+mx>>0}WW?-
Now it is easy to see that
{vps1(z) > 0} C {vp, > 27+
Thus
ViZ = [l > / vp > 277 W {u > 0}
{vp>2- (41D}

Now if A > 0, using ([£I4]), we conclude from (T3] that

Slopg 2 <C+ ! <0 “C(n, ) oo + MDp: 2 5 oy 2
Lak+1)( N 5:)
<9 —1)(k+1) (22;;(k+1)0(n ) +M2u2 Q(ZH) |vk|§z
Azl 2)

u2* (k+1)

§2(2;—1)(k+1) max {2227(’”1)0(71,#), M2 on

+)\2(k+1)(P+2*'€p,n)} < "t ok 2*) :

Otherwise if A <0, then using (@I3) and ([@I4) we have

* n )
S|vn1]3s <! <C "C(N, ,u)]vnb*“ —i—MDnJrl S U |3 )

52(2;1—1)(714-1) <22Z(n+1)C(N N) + M2,u2 (n+1) ’vn’ )

§2(2:‘_1)(n+1) max {223("“)0(]\7, ), MZ% } <

2 ol )

15

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Therefore using definition of V;, in ([@I5) and {@I0), we get
_ _ 9% _ 2%
Vi1 < RFH (V,f“ + V2 ) , (4.17)

where

1+ < S (2(2 D max {2220(n,u),M22un,2(p+“9'7l)}>1/2> if A >0,
R—
L4 ¢ (2(2 Y max {2220(n,u), szz“n})m) if A < 0.

Note that R > 1 and also 2; > 1.

Now we assume 6 > 0 is so small that
* 1
527_1 < —F. (4.18)
(2% R) =701

1

We also fix 0 € 6%_1, —_—
(2% R) =791

. Since R > 1 and 22" /2 > 1, we get 6 € (0,1). Moreover,

5% 1 <@ and 2% RO 1 < 1. (4.19)

Now we give our choice of p, namely we choose p = d0. We show that Vj, satisfies [@5]) with
M = 2. We shall apply mathematical induction to prove our claim. First note that

which is (@3] with & = 1. Let us now suppose that (4.5 is true for k£ and let us prove it for k + 1.

Using (£I7) and (£19), we have
* _ ﬁ « *
Vk—i—l SR’C—H (V;u + sz > < 22“+1Rk+1(59k+1)27
k+1  o*
<26 (22;1R9*_1) 627—19]6-‘,-1 S 260k+2,

This completes the induction and so our claim (£4]) holds and thus v € L*°(Q). Further since
u=0onR"\Q, uec L®R"). Next we show that u € C1*(Q) for some o € (0,1). For this, noting
that since 0 < p < n and €2 is bounded, we have

2% d d
[Rlpe | [ e [ g
|z y! |z — vy |z — vy

QN {|z—y|<1} QN{|z—y|>1}

<l | [ el <.

2N {r<1}

Hence the right hand side of (1)) is in L*>°(Q2). Now if s € (0,1/2] we use [34, Theorem 1.4] and
conclude that u € W2P(Q) for every p € (1,00) and so u € C1¥(Q) for any v € (0,1). On the other
hand if s € (1/2,1) using [9, Theorem 2.7] we conclude that u € W2P(Q) for every p € (1, %)
and so u € C*(Q) for v € (0,2 — 25). Next according to Riesz potential regularity we show that
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/ 7 — d e C%P(Q) with 8 < min{s,n — u}. Let v € (0,n) such that u = n — ~. Note

that since u € LOO(IR") and v = 0 in R™\ Q, we have |u|?,v € L>(Q). Using [30, Proposition 1.4
(iil)] (see also [33]), we get v € C%#(Q) with B < min{s,v}. Thus we see that right hand side of
@) is in C%P(Q). Now using C%“ regularity of 99 and applying [9, Theorem 2.8], we conclude
thatuGC’zB( ) for B < min{, a}. O

Now we will make use of Theorem and complete the

Proof of Proposition Suppose that there exists zp € Q such that u(xg) = 0. Then since
u>0in Q, u = inf g u(x). Then since u € C*%(Q), —Au(xg) < 0. Again since u is nontrivial
and continuous, u > 0 on B,.(yg) for some yy € R™ and r > 0. From here, it is easy to conclude that
(—A)*u(xg) < 0 and hence left hand side of (L)) is strictly negative at zp. This is a contradiction
since the right hand side of (LI)) evaluated at x¢ is zero. (]

Next we prove the Pohozaev identity (L8] and give the

Proof of Proposition [I.7t Since u is a solution it satisfies (L.I) and from Theorem [[.3] u €
C?2(Q) for some a € (0,1). Multiplying (II)) by (z - Vu) and integrating, we get

u(y)| .
Q QO Q

+A /(:17 -Vu)uPdx. (4.20)

Since u € C%(Q) N CH*(Q) for a € (0, 1) we have

__/ <@> v(z) - ado. (4.21)

Now for x € Q, define §(z) = dist(z,09). Then we see that u/§ € C%*(Q) for some a € (0,1).

Indeed, the regularity of u/¢ is the same as that of 8_Z Now since u € C1%(Q) for some a € (0,1)

/Au(Vu x)d
Q

0 _
and Q is C'b1, 8_u e C%¥(Q) for some o € (0,1) and so is u/d. Thus we are entitled to use Theorems
v
1.4 and 1.6 of [29] and get

/ (2 Vu)(—A)u = 232_” / (A Youde — DTS / (;)2 (v(z).2)do. (4.22)

Q Q o0

Using [18] Proposition 6.2], we also have

- Vu(z u(y) w(z) % e = p=2n Ju(y) | [u(z)| >
Q/(a: Vu( >>Q/|$_y|ﬂdy\ @it = Q/Q/ e . (429)

1
/(:17 -Vu)uPdr = /m \% ( " 1up+1> dx = —]% /up+1d:17. (4.24)
Q Q Q

Substituting (@.21)), (£22), (£23]) and [@.24) in (@20) we obtain (L.J]). O

Lastly,
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Now we can prove Theorem [[.8]
Proof of Theorem [I.8 Let u be a nonnegative weak solution of (LIJ). Then u satisfies

2*
lull? + //'“ |x_ |u D™ 4 dy+>\/|u|p+1dx.
Q

Using this in (L8, we have

(5 — 1)[ul? — %/ (%)2 v(z).ado — F(lT”):é (53)2 (v(z).2)do

” D) fi

Now using the facts that Q is strictly star shaped and (L.9)), we have v = 0. This is a contradiction

to the fact that w is nontrivial. O

Finally we complete this subsection by giving the

Proof of Theorem Let s € (0,3/4). We will show that (—A)*u € C%#(Q) for some
B € (0,1). Firstly, if s € (0, %], using that u € CH*(Q) and u = 0 in R™ \ Q, we have that
u € COLR™). Let K C Q be a compact set and let i be a cut-off function, that is, n € C§°(Q)
such that n(x) € [0,1] for every = € Q, suppn C Q, and n(z) = 1 for every € K and suppose
v = un. Since u = 0 in R™\ ©, we conclude that v € C1*(R"), with any v € (0,1) if s < 1 and any

€ (0,2 — 2s) if s > 1. Then using [32, Proposition 2.6-(ii)], we obtain (—A)*v € C%#(R") with
Be(0,1)if s <iandpe(0,3—4s)if s> 5. Also for any z € K we have

(-8 ula) = (~8y0(w) + [ HPE T g
4

and since the integral on the right hand side of above equation is smooth in K, we conclude that
u € C%3(K) and since the choice of K is arbitral u € C’loo’f (Q) with § as above. Finally by elliptic
regularity theory, we get u € Clzof (Q).

Next we prove the Pohozaev identity (L8]). First note that [@22]), (£.23]) and ([@24]) holds in this
case also. Thus we only need to prove (L2I]). For this, let Q cc Qbe relatively compact. Then

since u € 0120?(9) we have Now using by parts, we have

/Au (Vu -z da:—/VuV (Vu-x dx—/aVVu (x) - zdo. (4.25)

L)

Since u € W22(Q) N CL¥(£2), we obtain by taking the limit € — Q in @25) and using Dominated

convergence theorem that

—/Au(Vu-a;)da; = /VuV(Vu-x)dx—/%Vu(a;)-xda. (4.26)
Q
We have

0 " 8u
8$j (Vu-z) <Z axl > Z 8:1136@ "
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so that
"L du "L 9% ou
Vu-V(Vu-x) —j:1 7] <; 92,02 i 8@)
=0 [1 [ 0Ou 9
_Z:1am2 22:1<a > x; + |Vul
= V(VuP) -z + |Vu?
Thus

1
/VuV(Vu-x)dx:/§V(]Vu\2)-a:+]Vu\2
Q

Q
1
:/|Vu|2—g/|Vu|2+§/|Vu|2u(x)-:Eda. (4.27)
Q Q o0

Now we notice that since u = 0 on 052, we have Vu(z) = %(az).y(az) for every x € 012, so that

0
|Vu| = %‘ and Vu -z = 8—zy(az) -z on 0f). Taking this into account and inserting (£27]) in (£26]),
we have (L21]). O

From now on we assume that A > 0. Under this assumption and taking into account all the
discussion carried out so far, we can start our study of the solvability of problem (II)). To this
end, since the linear case p = 1 and the superlinear case p > 1 present some significant differences,

we treat these cases separately.

4.2 The linear case p =1

We begin by studying the solvability of (L) in the linear case, that is, p = 1. As we shall see, the
existence of solutions to problem (LLI]) for a given A > 0 is related to the first Dirichlet eigenvalues

of (—A)*® and of £, which are simple and we recall their characterization below:
Definition 4.2 Let Q be a bounded open set. We define

1. the first Dirichlet eigenvalue of (—A)® in Q as follows

Mg = inf{[u)? 1 u € C5°(Q) and |ulp = 1}; (4.28)

2. the first Dirichlet eigenvalue of L in 2 as

A= inf{G(u)? : u € C§C(Q) and |uly = 1}. (4.29)

Before starting the proof of Theorem [[LII] we recall (for the sake of completeness) the main

properties of A\; s and A;.

Remark 4.3 We recall that since Q is bounded both \i s and Ay are achieved in the space II(2).
This means
there exists vo € TI(R) : |volz = 1 and [vo)? = A5 > 0,
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and there exists wy € I(Q) : |wola = 1 and G(wo)? = A\ > 0.

Also the above functions vy and wg can be chosen to be monnegative and then using regqularity
results and mazximum principle, we have vy, wqy are strictly positive in €). Lastly, since vy and wy
are constrained minimizers of u — [u]? and u +— G(u)? respectively, by the Lagrange Multiplier rule

we easily see that

(vo (@) — vo(y))(¢(x) —

('D(y))dxdy = A5 /vogp for every ¢ € T1(Q),

|z — y|N+2s
R R Q
and /VwOVgod:E—l-// (wo(x) —|1;)o£y;|)1(vsi(2:§) —w(y))dxdy
Q R R™

=)\ /wocpda: for all v € TI(£2).
Q

We now begin the proof of Theorem [LTIl We shall give the proof through several independent
results. To begin with, we prove a lemma linking the existence of solutions to (LI]) with the
existence of constrained minimizer for a suitable functional. To this end, for any u € II({2), we
define

Py(u) == G(u)* — Aul3. (4.30)

We also define the manifold V() := II(2) N H (), where
H(Q) := {ue L¥ R : ||ul|gr = 1}.
Note that the above set is well defined by Hardy-littlewood Inequality (see Proposition [[LT]). Then

we have the following lemma.

Lemma 4.4 For every A > 0, we define

Sur(A\) = uel{)l{ﬂ) Pa(u).

We assume that S, (X\) > 0 and that Sg (\) is achieved, that is, there exists some function
P € V(Q) such that Py(v) = Su,.(N).
Then, there exists a solution to (LI)).

Before giving the proof of Lemma 4] we list in the next remark some properties of the number
S, () which will be used later.

Remark 4.5 From the definition of Sy, r(\) we easily infer that

(1) SuL(A\) < Surc = inf lu]? — for every A > 0;

ueC§e (R™)\{0} w120 1 ()1 20 25
f f | ( )\‘x—L\Ly)‘ dxdy

Rn Rn
(11) S, (AN) < Su,(v) for every 0 <v < A.
Also, owing to the definition of A1 in [L29) (and recalling that A1 is achieved in the space TI(2)),

it is easy to see that
Sur(A) >0 <= 0< A< A
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We are now ready to give the proof of Lemma [£.4]

Proof of Lemma [4.4] From assumptions, we know that there exists ¢ € V() a constrained

minimizer for the functional Py, that is,

PA(¥) = Su,L(A).

Since Pr(|¢]) < Pa(v)), without loss of generality we assume that ) > 0 a.e. in . Now using the
Lagrange Multiplier Rule, there exists v € R such that

/vwvgﬁ// y(|fgz —so(y))dxdy

R® R"™
2*

¥ (y ()% 2(z) ()
// ]a: — dxdy + )\!1/1(,0 for all ¢ € II(2). (4.31)

Using 1 as test function in ([31]), we get

v = vl = G)? — N[¢l2 = Pa(e) = Su.(A) > 0.

(n—2)
As a consequence, setting u = Sy, 1,(A)2F1=21 ), we see that u > 0 a.e. in Q and for every ¢ € I1(Q)
using (A31]) we have

[osmes [

Rn Rn
//|u y)[% |u|x_y|u u(z)p(x )dacdy—i—)\/wp

Q

This completes the proof. O

As we see in Lemma [4.4] sign of the real number Sy 1(\) plays an important role to study the
solvability of problem (LT]). The following result combined with Remark provide further infor-

mations in this regard:

Lemma 4.6 For every 0 < XA < A5, we have

SH,L()\) = SH,L,C > 0.

Proof. Let A € (0,\;5) be given. Using Remark .5, we already know that Sy 1 (\) < S r.c
Now to prove the reverse inequality, using the definition of A 5 in ([Z28]), for any u € C5°(Q)NH(Q2),

we have
Pau) = [lull® + ([u]? = Mul3) > [lull* + Ars = X)|ufd > .
As a consequence, since C§°(2) is dense in II(€2), we obtain

Su,r(A) =inf{Py(u) : u € CFT(Q) NH(Q)}
>inf{|jul|? :u € C§F(Q) NH(Q)} = Sur.c.

Thus we get the desired result. O



22

By combining Lemma and Remark we have the following
1. Su.(A) = Su,Lc for every 0 < A < Ay g;
2. Su,(X) >0 for every 0 < A < Ay;
3. Su,(A) <0 for every A > A;.
Lemma 4.7 The mapping A\ — S, 1()\) is continuous from left on (0, 00).

Proof. To prove the left continuity, let Ay > 0 and € > 0 be given. By definition of Sy 1(Ao)
there exists v = v 5, € V(§2) such that

St (M) < Pxg(v) < Su.n(Xo) +

N ™

From this, using the monotonicity of Sy (-), for every A < Ay we obtain

0 < Su,(A) = Su,z(M) <PA(v) = Su.n(X) = (Pa(v) — Sm.L(Xo)) + (Ao — A)[vl3
<5+ o= Nl

As a consequence, setting d. := ¢/(2|v|3), we conclude that
0< SH,L()\) — SH,L()\O) < € for every A\g — 6. < A < Ag.
This proves that Sg () is continuous from the left at Ag. O

In the light of results obtained so far, we can prove Theorem [[.11]
Proof of Theorem [I.TT} To begin with, we define

A i=sup{A > 0: Sy () = Su,r,c for all 0 < pp < A}

On account of Lemma [L.6] we see that A 3 < A\*. Again since Sg (A1) = 0 (see Remark [3]) and
using Lemma 7], we conclude that A* € [\ 5, A1). We treat the following three cases separately.
Case 1: 0 < A < Ay ,. Arguing by contradiction, let us suppose there exists a solution to problem

u
(L) such that u € B. Now set w = W Then we have
UllHL

1 2% 2
Pa(u) (G(u)?* = Aul3) = [lull ;< Sz.Lc-

Pr(w) = 7—5—"Pa
llull?,

B 1
lJull%,
As a consequence of Lemma [.6] we obtain
Pr(w) < Surc = SuaL(N).
This implies that Sg,7()) is achieved at w. Now using A < A 5, we have
Su,r.c < |lwl]* = Pa(w) — ([w]} = Aw]3) < Pa(w) = Su Lo

which shows that Sp 1 ¢ is achieved.
On the other hand, since (2 is a bounded domain we know that Sy 1, ¢ is never achieved and so we

have a contradiction.



23

Case 2: Ax < A < A;. Then owing to the definition of \*, we can find 0 < p < A such that
Su,r(i) < Su,r,c and so from Remark [L5}H(ii) Sy (A) < Su,,c. Then noting that Brezis Lieb
Lemma type hold for || - ||zz (see [18, Lemma 2.2]) and following proof of [I1l Lemma 1.2] we see
that Sg 1, (\) is achieved. Next we show that Sg, 1, (A) > 0. Now after renormalization of u, we have
Su,r.(A) = Px(u). In particular, since A < A, we obtain

G
2

Jul3

Sur(\) = |ul3 [ — )\] > |ul3(A — ) > 0.

Now we have proved that Sg () is strictly positive and is achieved, we are then entitled to apply
Lemma (4] ensuring there exists a solution to (L).

Case 3: A > \;. Arguing by contradiction, let us assume that there exists a solution to (L.
Then by Maximum principle (see Proposition [[.6]), we have v > 0 a.e. in Q2. By Remark we
know there exists wg € II(€2) such that wy > 0 a.e. in Q and

/ VwoVdz + / / wo(x |$ : )f](vﬁ(zf) = W) 4y

R™ R™

=\ /wocpda: for all ¢ € II(€2).
Q

Taking ¢ = u above, we get

Al/wou —/V’wovtpdaz—i-// wo(® ]a;— )‘)J(Vﬁ(zf) — %))

R™ R™

|wo ()P |wo (@) [+~ *wo (x)u() T uwodzx
// dyd —I-)\Q/ od

|z — y|
>)\/uw0dx

Q

but this is a contradiction to A > A;. This concludes the proof. O

4.3 The superlinear case

In this subsection we study the case 1 < p < 2* — 1 and prove Theorem We will employ
Mountain Pass Theorem to obtain the existence of a solution. As in the purely local case (see [17])
the main difficulty to apply Mountain Pass Theorem consists in proving the validity of a (PS).
condition at a level ¢ € R. Precisely, we have to prove that the Palais Smale condition holds for

any c strictly below the Mountain Pass first critical level (given in Lemma (I0])).

In the next lemma, we show that J) possesses the Mountain Pass geometry.

Lemma 4.8 If1 <p < 2*—1 and XA > 0, then the functional Jy satisfies the following properties:
1. There exists a, ¢ > 0 such that Jy(u) > « for G(u) = o.
2. There exists e € TI(Q) with G(e) > o such that Jy(e) < 0.

Proof. The proof is standard and is thus omitted. O
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Lemma 4.9 Let 1 < p < 2" =1, A > 0. If {ur}ren is a (PS). sequence of Jy, then {uy} is
bounded. Let ug € II(2) be the weak limit of {uy }ren, then ug is a weak solution of problem (I1).
Moreover, Jy(up) > 0.

Proof. First note that Jy(Ju|) < Jx(u), u € TI(2), without loss generality we assume that {uy }ren
is a sequence of nonnegative functions. Since {uy }ren is a (PS). sequence, we can easily find M > 0
such that

[ Ix(u)| < M, [(J (ur), /G (ug))| < M.

From here it is easy standard to show that {ux} is bounded in II(€2) (see for instance [I7, Lemma
2.2]). Since I1(2) is a Hilbert space, we can assume that up to a subsequence, there exists v € TI(2),
v > 0 ae. in Q such up — v weakly in II(Q2) and ur — v a.e. in Q. Rest of the proof follows
similarly as the proof of [I7, Lemma 2.2]. O

In the next lemma, we give the threshold value below which the energy functional J ;r satisfies the

(PS). condition. This will play an important role in applying the critical point theorems.

Lemma 4.10 Assume that 1 < ¢ <2* —1 and A > 0. If {ug}ren is a (PS). sequence of Jy with

n+2_u 2n—p

Sprh 4.32
4n —2u ~HLCY ( )

then {uy }ren has a convergent subsequence.
Proof. The proof is similar as the proof of [17, Lemma 2.4]. O

Lemma 4.11 There exists w, such that

2 _ 2n—p
RS Mg (4.33)

sup Jy(swe) < ———
b alswd) <

provided that either

. [ 2(p+3) 2-2 2(p+1)
1. n>max{mln{ o1 ,2—1—1%,2(14- P—ls>}’T} and X\ > 0, or

2. n < max {min { 2p18) o4 19 (1 + %)} , @} and X is sufficiently large.

p+1l p+1’
[n(n — 2)]"7 . o
Proof. Let V(z) = W Then we know from [I8] that V' is a minimizer of Sy, c.
1+ |z)?) 2

Assume that Bs C 2 C Bgs and let n € C5°(2) be such that 0 < n < 1, n(z) = 1 in Bs and
n(z) =0 in R™\ Q. We define, for € > 0,

Ve(z) == Y% <E> and ve(z) == n(x)Ve(z). (4.34)

€

Then from [Bl p22] and [I7, Lemma 2.5], we know that as ¢ — 0

n—2

vel® = C(n, )25 252 | o+ O("2), (4.35)

(SIS

ve(x) [P v ()| 20 n 2n—p _
/ |ve(@) [ |ve ()] = 0@, (4.36)

w2 Syl e
Q Q
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and defining vy , = min{n — 2,2 — 2s}
[Ve]s = O(e™m™). (4.37)

Now we argue as in [I7] and consider the following two cases:

[ 2(p+3) 2-2 2(p+1)
Case 1. n>max{m1n{ﬁ,2+#,2(1+ﬁ)}71”7}_

First by the proof of [I6, Lemma 4.1], since p > 1 and n > @, we know n < (n—2)(p+1) and
then as € — 0

(n=2)(p+1) (n=2)(p+1) _ (n=2)(p+1)
2 2 2

vt = O(e"~ )+ O(e ) = O(e"

Using the estimates in (4.353), (£36), (£37)) and ([@38]), we have

). (4.38)

2 +1 2
s AsP T
Ix(sve) :—g(ve)2 - —|Ue|pi1 - —*HUEHHL
2 p+1 "7 2.2
2 +1
S n—2 n n )\Sp _(n=2)(p+1)
<3 <C(n, Vi sh —I—O(e”s’")> B tlC
522 n % n
T 5o (C( ,N)25H7L7C_O(E 2))
w

Note that f(s) - —oo as s — oo and f is increasing near 0. Thus there exists s, > 0 such that

sup f(s) is achieved at some s.. Then clearly s, satisfies the following
s>0

and it is easy to see that there exists sy > 0 independent of € such that for all ¢ > 0 small enough
S¢ > so. Notice that the function

2 $225

n—2 n 2n—p n K I
s — % <C(n,u)2n2u'5SH72L7C + O(e””)) ~ 5o <C(n,u)§SH’2L’C — O(e”‘5)>
I

is increasing on [0, Sy 1, c(€)], we have

max Ia(sve) <f(se)

2.2%
=5 (Gl 0 ) = S (Ol 8.0~ O )
e
g% <C(n,u) ﬁii'%sg’w n O(Eus,n))
512&,25,0(6) n 2 _<n72>2<p+1)

R (C(n,u) Shro— O(e"—%)> —O(e" )
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2n—p
n+2—p
n—2 n n
n+2—pu C(n,p)2n—r2 SI?LLC + O(e”m) o( n__(”*Z)z(pH))
_ —Ofe
4n — 2/1/ n 2n—p o 27:1:2#
COMEEmREE)
n+2—p 2k ; (n=2)(p+1)

Sy, Shnd + 0@ Tih) —o(eTTE

2n—
<n + 2 - lu’ 7L+27plu
H,L.C>

T 4dn —2u

since sg < se < Su,r,c(€e), @38) and n > min{%ﬂ + #,2 (1 + M)

[ 2(p+3) 2-2 2p+1)
Case 2. ngmax{mln{ FES] 72+p+1’2(1+p—18)}’ }

Again since for any fixed e in (£34) Jy(sv.) — —oc0 as s — 400, we have that max Ja(sve) is
§2

achieved at some sy . and s, . satisfies

.G (ve)? = AS’i,J’Us!iii +s ,\ € ”UGHHL ;

which implies
-1
g(”6)2 = /\Si,e |U6|p+1 +s )\5 ||Ue||HL

Thus sy — 0 as A — oo. Then

s3 A p+1 2 2
_ e 2 p+1
ma a(sv) = 5600 = TRy - el 0
as A — 0o, which easily yields the desired conclusion for this case. O

Proof of Theorem Combining Lemmata 8] 9] .10, 1T and using Mountain Pass Theo-
n+2—p s
dn — 2,& H,L.C

and thus the problem (L)) has a nontrivial solution. O

rem without the (PS) condition, we conclude that J;r has a critical value c € <O,

Acknowledgement: The first author thanks the CSIR(India) for financial support in the form
of a Senior Research Fellowship, Grant Number 09/086(1406)/2019-EMR-I. The second author is
partially funded by IFCAM (Indo-French Centre for Applied Mathematics) IRL CNRS 3494.

References

[1] N. Abatangelo, M. Cozzi, An elliptic boundary value problem with fractional nonlinearity,
STAM J. Math. Anal. 53 (3) (2021), 3577-3601.

[2] A. Ambrosetti, H. Brezis, G. Cerami, Combined effects of concave and convex nonlinearities
in some elliptic problems, J. Funct. Anal. 122 (1994), 519-543.

[3] G. Barles, E. Chasseigne, A. Ciomaga, C. Imbert, Lipschitz reqularity of solutions for mized
integro-differential equations, J. Differential Equations 252 (11) (2012), 6012-6060.

[4] B. Barrios, E. Colorado, R. Servadei, F. Soria, A critical fractional equation with con-

cave—convex power nonlinearities, Ann. Inst. H. Poincaré 32 (2016), 875-900.



[5]

[13]

[14]

[15]

[19]

[20]

[21]

27

S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, A Brezis-Nirenberg type result for mixzed local
and nonlocal operators, preprint, arXiv: 2209.07502v1.

S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, Semilinear elliptic equations involving mized
local and nonlocal operators, Proc. Roy. Soc. Edinburgh Sect. A 151 (5) (2021), 1611-1641.

S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, Mized local and nonlocal elliptic operators: regu-
larity and maximum principles, Comm. Partial Differential Equations 47 (3) (2022), 585-629.

S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, A Hong-Krahn-Szegé inequality for mized local
and nonlocal operators, Math. Eng. 5 (1) (2023), Paper No. 014, 25 pp.

S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, A Faber-Krahn inequality for mixzed local and

nonlocal operators, J. Anal. Math. (to appear).

S. Biagi, D. Mugnai, E. Vecchi, Brezis-Oswald approach to mized local and nonlocal operators,
Commun. Contemp. Math., DOI: 10.1142/S0219199722500572.

H. Brézis, L. Nirenberg, Positive solutions of monlinear elliptic equations involving critical
Sobolev exponents, Comm. Pure Appl. Math. 36 (1983), no. 4, 437-477.

C. De Filippis, G. Mingione, Gradient reqularity in mized local and nonlocal problems, Math.
Ann. (2022), https://doi.org/10.1007/s00208-022-02512-7.

E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s Guide to the fractional Sobolev spaces,
Bull. Sci. Math. 136 (2012), 521-573.

S. Dipierro, E. Proietti Lippi, E. Valdinoci, (Non)local logistic equations with Neumann con-

ditions, Ann. Inst. H. Poincaré Anal. Non Linéaire.

S. Dipierro, E. Valdinoci, Description of an ecological niche for a mized local/nonlocal disper-
sal: an evolution equation and a mew Neumann condition arising from the superposition of
Brownian and Lévy processes, Phys. A 575 (2021).

P. Drébek, Y. Huang, Multiplicity of positive solutions for some quasilinear elliptic equation
in R™ with critical Sobolev exponent, J. Differential Equations 140 (1997), 106-132.

F. Gao, M. Yang, On nonlocal Choquard equations with Hardy—Littlewood—Sobolev critical
exponents, J. Math. Anal. Appl. 448 (2017), 1006-1041.

F. Gao, M. Yang, On the Brezis-Niremberg type critical problem for nonlinear Choquard equa-
tion, Sci. China Math. 61 (2018), 1219-1242.

P. Garain, J. Kinnunen, On the reqularity theory for mized local and monlocal quasilinear

elliptic equations, Trans. Amer. Math. Soc. (to appear).

P. Garain, A. Ukhlov, Mized local and nonlocal Sobolev inequalities with extremal and associated

quasilinear singular elliptic problems, Nonlinear Anal. 223, (2022), 113022.

J. Garcia Azorero and 1. Peral, Multiplicity of solutions for elliptic problems with critical expo-
nent or with a nonsymmetric term., Trans. Am. Math. Soc. 323 (1991), 877-895.



[22]

[23]

[24]

[25]

28

J. Giacomoni, D. Kumar, K. Sreenadh, Global regularity results for non-homogenous growth
fractional problems, J. Geom. Anal. 32 (2022), 41 pp.

C. Y. Kao, Y. Lou, W. Shen, Fvolution of mized dispersal in periodic environments, Discrete
Contin. Dyn. Syst. Ser.B 17 (2012), no. 6, 2047-2072.

A. Massaccesi, E. Valdinoci, Is a nonlocal diffusion strategy convenient for biological popula-
tions in competition 7, J.Math. Biol. 74 (2017), no. 1-2, 113-147.

S. Mosconi, K. Perera, M. Squassina, Y. Yang, The Brezis-Nirenberg problem for the fractional
p-Laplacian, Calc. Var. Partial Differ. Equ. 55 (2016), 25 pp.

T. Mukherjee, K. Sreenadh, Fractional Choquard equation with critical nonlinearities, Nonlin-
ear Differ. Equ. Appl. 24 (2017), 24-63.

G. Pagnini, S.Vitali, Should I stay or should I go 7 zero-size jumps in random walks for Lévy
flights. Fract. Calc. Appl. Anal. 21(1) (2021), 137-167.

B. Pellacci, G. Verzini, Best dispersal strategies in spatially heterogeneous environments: op-
timization of the principal eigenvalue for indefinite fractional Neumann problems, J. Math.
Biol. 76 (6) (2018), 1357-1386.

X. Ros-Oton, J. Serra, The PohoZaev identity for the fractional Laplacian, Arch. Ration. Mech.
Anal. 213 (2014), 587-628.

X. Ros-Oton, J. Serra, The extremal solution for the fractional laplacian, Cal. Var., 50 (2014),
723-750

R. Servadei, E. Valdinoci, The Brezis-Nirenberg result for the fractional Laplacian, Trans.
Amer. Math. Soc. 367(1) (2015), 67-102.

L. Silvestre, Regularity of the obstacle problem for a fractional power of the Laplace operator,
Comm. Pure Appl. Math. 60 (2007), 67-112.

E. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathe-

matical Series, vol. 30. Princeton University Press, Princeton (1970).

X. Su, E. Valdinoci, Y. Wei, J. Zhang, Regularity results for solutions of mized local and
nonlocal elliptic equations, Math. Z. 302 (2022), 1855-1878.



	1 Introduction
	2 Preliminaries
	3 Mixed Hardy-Littlewood- Sobolev inequality
	4 Study of Critical problems
	4.1 Regularity of solutions and Pohožaev identity
	4.2 The linear case p=1
	4.3  The superlinear case


