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APPROXIMATION OF THE CENTRE OF UNSTABLE
ALGEBRAS USING THE NILPOTENT FILTRATION

OURIEL BLOEDE

Abstract

In [Blo22], we computed the set C(K) of central elements of an unstable algebra K over the
Steenrod algebra, in the sense of Dwyer and Wilkerson, when K is noetherian and nil;-closed.

For K noetherian and k a positive integer, we define Cy(K), the set of so-called central
elements of K away from ANil;, in such a way that, for K nilx-closed, C(K) = Ci(K).

The sets C(K) are a decreasing filtration, and we describe the obstruction for an element
in Cr(K) to be in Cr41(K). Since, for K noetherian, K is always nili-closed for k big enough,
this gives us a way to compute the set of central elements of K.

1 Introduction

For A the Steenrod algebra modulo 2, &/ and K denote the categories of unstable modules and
unstable algebras over A.

In [DW92b], Dwyer and Wilkerson defined the centre of an unstable algebra over the Steenrod
algebra. In the case where K is noetherian and connected, the set of central elements of K coincides
with the set of pairs (V, ¢) such that

1. ¢ € Homg (K, H*(V)),

2. K admits a structure x of H*(V)-comodule in K, such that the following diagram commutes:

K— " s K®H"(V)

x JGK ®id

H*(V),

where ex denotes the augmentation of K (which is uniquely defined because of the connect-
edness of K).

For X a topological space they used the centre of H*(X) (the mod 2 singular cohomology of X)
to prove an analogue of Sullivan’s conjecture, proved by Miller in [Mil84]. Namely, they proved
that, for V' an elementary abelian 2-group, BV its classifying space, X 1-connected and 2-complete
and « a continuous map from BV to X, the connected component of v in the mapping space
Map, (BV, X) is weakly contractible if and only if (V,~*) is a central element of H*(X), for v* the



morphism induced by v from H*(X) to H*(V) := H*(BV).

In [Kuh07] (for the cohomology of groups) and in [Hea20] (for any unstable algebra), Kuhn and
Heard used central elements of an unstable algebra to find bounds to their depth.

In a similar way, for K an unstable algebra, one can define M-central elements for M in K —U
the category of modules over K in U (see [Hea2(]). We will denote by C(K), respectively C(M; K),
the set of pairs (V, ¢) with V' a finite dimensional Fy-vector space and ¢ : K — H*(V) a morphism
of unstable algebras, such that (V, ¢) is a central element, respectively a M-central element.

The category U of unstable algebras over the Steenrod algebra admits a filtration by localiz-
ing subcategories U = Nilp D Nily D ... D Nily D ... (see [Sch94]). In [HLS93] and [HLS95],
Henn, Lannes and Schwartz constructed category equivalences between the categories U /Nilj, and
categories of functors denoted by F5*. In [Blo22], we used the equivalence between the category
U/Nil; and the category F5! to compute the set of central elements of nili-closed, noetherian,
integral, unstable algebras. In this article we want to show how to approximate the sets of central
elements C(K) and C(M; K), for K non nil;-closed, using the nilpotent filtration.

We define a notion of central elements away from Nil; and denote by Cy(K) and Ck(M; K)
the sets of central elements and M-central elements away from Nil,. For K an unstable algebra
and M € K — U, we prove that [;,(K) (the nili-closure of K) and I (M) (the nilj-closure of M)
are respectively an unstable algebra and an object of {;(K) — U (see Theorem and Proposition
. Since for all finite dimensional vector space V, H*(V) is both injective and nil;-closed, every
morphism of unstable algebras K — H*(V) factorises uniquely through [;(K). Under this identi-
fication we find that the sets of central and M-central elements away from Nl are C(Ix(K)) and

C(lx(M);1;(K)) (Propositions and [5.5).

By construction, we have, for all k¥ € N, the inclusions Cj41(K) C Cr(K) and Cy11(M; K) C
Cr(M; K). This filtration gives us a good way to approximate C(K) and C(M; K).
Proposition Let Ke K and M € K —U, then

C(K)= (] Ci(K)
keN*

and
C(M;K) = () Cu(M;K).
keN*
The main theorems of this article describe the obstruction for an element in Cg(K) (respectively

in C,(M; K)) to be in Cpy1(K) (respectively in Cpy1(M; K)). We consider the following exact
sequence, which is an exact sequence in K — U.

0 —— ker(Ap) —2 Ly () — Ly (K) —— coker(A) —— 0.

Theorem Let K be an unstable algebra and let ¢ € Homyc(K,H*(W)). Then, the two
following conditions are equivalent:



1. (W,9) € Cry1(K),
2. (W, ¢) € Cp(K), (W,9) € Cryi(ker(Ag); K) and (W, ¢) € Cry1(coker(\y); K).
We have a similar statement for M € K —U.

The interest of this characterisation depends on the fact that ker(\;) and coker(\g) are both
objects of NVilg. In the fifth section, we explain using the category equivalences of Henn, Lannes
and Schwartz, how to compute C;(K) (this was already studied extensively in [Blo22]) as well as
Cri1(M; K) for M a k-nilpotent object in K — . For K noetherian, using that there is some
integer t such that K is nil;-closed, Theorem gives us an algorithm that computes C(K).

In the last section, we give various example of computations of C(K) using Theorem [5.6

Acknowledgements: I want to thank Geoffrey Powell for his careful proofreading. This work
was partially supported by the ANR Project ChroK, ANR-16-CE40-0003.

2 Unstable modules over the Steenrod algebra and the Nilpo-
tent filtration

In this section, we recall some known facts about Lannes’ T' functor as well as results from [HLS95]
about the localization of the category of unstable modules away from k-nilpotent objects. Recollec-
tions about unstable algebras, unstable modules and k-nilpotent objects can be found in [Sch94].
In the following, A denotes the Steenrod algebra over Fao, U and K denote the category of unstable
modules and unstable algebras over A and Ail;, denotes the class of k-nilpotent objects in U.

2.1 Standard Projective objects in U/
We recall the definition of F(n) from [Sch94].

Proposition 2.1. [Sch9j, Proposition 1.6.1] There is, up to isomorphism, a unique unstable mod-
ule F(n) with a class x(n) of degree n such that the natural transformation f — f(z(n)) from
Homy ((F(n), M) to M™ is a natural isomorphism.

F(n) is projective, since the functor which maps M to M™ is exact. Furthermore, F(n) is
generated by x(n) as a A-module.

Definition 2.2. Fornand i < nin N, and for § € A, let vy : F(n+|0]) = F(n) be the morphism
which maps z(n + |0|) to 0z(n).
We introduce a graded unstable module F'(x), which will be of great use later.

Definition 2.3. Let F(x) be the graded unstable module whose component of degree n is F(n).

~

From Proposition we get the following isomorphism of graded vector spaces Homy (F(x), M) =
M, where the graduation of Homy,(F'(x), M) comes from the one of F(x). The maps ug defined
in Definition induce a structure of left .A-module on F(x). Therefore, Homy, (F(x), M) gets a
structure of right A-module. The following Proposition follows directly from Definition [2.2

Proposition 2.4. The isomorphism Homy (F(x), M) = M is an isomorphism of right A-modules.



2.2 Injective objects in U
We recall the description of injective objects in U from [LZ86]. The proofs can be found in [Sch94].

Proposition 2.5. [Sch94], Part 2.2] The functor from U to the category of vector spaces defined by
M s (M™% := Homys (M™,Fy) is representable.

Definition 2.6. For n € N let J(n) € U be the unstable module satisfying that Homy, (-, J(n))

((™)*.

Remark 2.7. By definition, Homy (-, J(n)) is right-exact, hence J(n) is injective.
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Proposition 2.8. [Sch9j, Theorem 3.1.1] For every V € V/ and every n € N, H*(V) ® J(n) is
injective in U.

Remark 2.9. In particular, since J(0) is isomorphic as an unstable module to Fo concentrated in
degree 0, the latter proposition implies that H*(V') is injective.

Theorem 2.10. [Sch9j, Théoréme 3.11.1] Let L be a set containing exactly one element in each
isomorphism class of indecomposable factor of H*(FY) as an object of U, with n running through
N. Then, for all injective object I in U, there is a unique family of cardinals (ar ;) (r.s)ecxn such
that I = @ (L ® J(i))®zi,
(L)
Since the category U has enough injective objects, we have the following corollary.

Corollary 2.11. Ewvery object M in U admits an injective resolution
0O—-M—Iy—5LHL — ..,

such that, for each k, I}, is a direct sum of modules of the form H*(V) ® J(i) with V € VI and
1€ N.

2.3 The T functor

Let us recall the definition of Lannes’ T' functor.

Theorem 2.12. [Lan87, Proposition 2.1] For V a finite dimensional vector space, the functor
—® H*(V) has a left adjoint Ty .

Proposition 2.13. [Sch94, Theorems 3.2.2 and 3.5.1]

1. The functor Ty is exact.

2. For M and N inU, Ty (M ® N) is naturally isomorphic to Ty (M) @ Ty (N).
Proposition 2.14. [Sch9/], Proposition 3.8.4]

1. Let K be an unstable algebra, then Ty (K) has a natural unstable algebra structure.

2. Then, Ty defines a functor from KC to K which is left adjoint to the tensor product with H*(V')
in IC.



Example 2.15. [Sch94 Proposition 3.3.6] For M € U bounded in degree, Ty, (M) = M, in partic-
ular, for all n € N, Ty, (J(n)) = J(n).

Example 2.16. [Sch94] 3.9.1] For V and W two finite-dimensional Fa-vector spaces, there is an
isomorphism of unstable algebras, natural in both V and W, Ty (H*(W)) 2 H*(W) ® Fglom(v’w).
By the adjunction property, we get that (IE*’;IOm(V’W))ji =~ Homy (H*(W), H*(V)). In other words,
Fy [Hom(V, W)| = Homy (H* (W), H*(V)), which is a theorem first proved by Adams, Gunawardena
and Miller.

Since H*(V') is functorial in V and H*(VeV) =2 H*(V)®@H*(V), the codiagonal V : VeV — V
induces a natural coalgebra structure V* : H*(V) — H*(V) @ H*(V) on H*(V).

Definition 2.17. For M € U and V € V/ (the category of finite-dimensional Fo-vector spaces),
let kprv @ Ty (M) — Ty(M) @ H*(V) be the adjoint of the composition:

idTV(M)®V*
M—Ty(M) H (V) —————— Ty (M) H*(V) @ H*(V),

where the first map is the adjoint of the identity of Ty (M).
Proposition 2.18. [HLS95, 1.13]
1. kum,v endows Ty (M) with a H*(V)-comodule structure which is natural with respect to M.

2. For every a.: V. — W in VI, the following diagram commutes:

Ty (M) ——" H*(V) @ Ty (M)

W

Qe H*(V)®TW(M)

%

H*(W) @ Tw (M)

TW (M) KM,W

2.4 MNil;-localisation of unstable modules

The class Nily, of k-nilpotent modules is a Serre class in U, we recall from [HLS95] the existence of

an equivalence of categories between U /Nilj, (defined as in [Gab62]) and a category of functors.
The following is essentially due to Gabriel in [Gab62].

Theorem 2.19. [HLS95, Part I.1] There is an adjunction:

T U === U/Nily : s,

where 1y, is exact and such that, for ¢ a morphism of unstable modules, () is an isomorphism if
and only if ker(¢p) and coker(¢) are objects in Nil.

Then, U/Nily, satisfies the following universal property: for A an abelian category and F
U — A an exact functor such that for all M € Nily, F(M) = 0, there exists a unique exact functor
G : U/Nily, — A such that F = G ory,.



Definition 2.20. For M an unstable module,
1. I (M) := sy o, (M) is the nilg-localisation of M,
2. M is nilg-closed if the unit of the adjunction A\, : M — (M) is an isomorphism,
3. M is nilg-reduced if the unit of the adjunction A\, : M — (M) is injective,
4. nilp(M) is the kernel of A.
Remark 2.21. nil, (M) is the largest k-nilpotent sub-module of M.

Definition 2.22. 1. Let U<* be the full subcategory of U of unstable modules concentrated in
degrees less than k.

2. Let (0)<F : U — U<* be the functor which maps an unstable module M, to M<F which is
the quotient of M by its elements of degree greater than or equal to k.

Remark 2.23. (1)< is left adjoint to the forgetful functor from U<* to U.

Proposition 2.24. For M and N inU<*, M@y <x N := (M@ N)<* endows U<F with a symmetric
monoidal structure.

Corollary 2.25. (rkar,y)<F is a H*(V)<F-comodule structure in U<F on Ty (M)<F.

Let us recall the definition of the categories F<F from [HLS95]. In the following we will use the
notation H*<*(V) := (H*(V))<k.

Definition 2.26. Let F<* be the category whose objects are functors F' from V/ to U<F, such
that for all V € Y/, F(V) is provided with a H*<*(V)-comodule structure satisfying that for all
a: V. — W the following diagram commutes:

RF,V

F(V) _— H*<k(V) <k F(V)

W

F(a) H*<k(V) ®1/{<"' F(W)

%
KF,W

FW) —————— H*F(W) @y<r F(W),

and whose morphisms are natural transformations ¢ : F' — G, such that for all V € Vf, ¢y is a
morphism of H*<*(V)-comodules.

Example 2.27. By Proposition and Corollary for M € U, V + Ty(M)<* defines an
object in F<Fk,

Definition 2.28. Let f<* : U — F<F be the functor which maps the unstable module M to the
functor V s Ty (M)<F in F<k.

Lemma 2.29. 1. The category F<* is abelian.



2. Furthermore, since the functor Ty is exact for every V. € VI, the functor f<F is exact.
Lemma 2.30. 1. The structure of symmetric monoidal category on U< induces one on F<F.

2. Furthermore, since the functor Ty, commutes with tensor products, the functor f<* is a strong
monoidal functor.

_ The class Nilj, satisfies that f<*(M) = 0 if and only if M € Nil;. Thus, f<* induces a functor
f<F from U /Nl to F<* such that f<F = f<kory.
We will denote by F5* the essential image of f<* in F<F.

Theorem 2.31. [HLS95, Theorem 2.1] The functor f<* induces an equivalence of categories:
f<kU/Nily == FF <.

Definition 2.32. Let m<* : F35* — U be the composition of m<F with sj.
Remark 2.33. By construction, m<¥ is right adjoint to f<*.

Remark 2.34. For k = 1, H*<Y(V) = F, for all V € V/. Therefore, the category F := F<! is
easier to describe, it is the category of functors between the category Vf and the category V of
[Fo-vector spaces (not necessarily of finite dimension). In this case, F, := F5! is the category of
analytic functors from Y/ to V and f<! is the functor which maps M € U to the functor which
sends V € Vf to Ty (M)° € V.

For k € N* and M € Nily, f<F+1(M) is concentrated in degree k (since Ty (M)<F is trivial for
any V € V). Therefore, for V € V/, the H*<F*1(V)-comodule structure on f<*¥+1(M)(V) needs
to be trivial, hence f<F*1(M) can be reduced to the functor f*(M) which maps V to Ty (M)F
which is an object of F,,. This gives rise to the following.

Theorem 2.35. [Sch9j] The functor f* induces an equivalence of categories:
f* o Nily /Nl oy = F,, =k .
Remark 2.36. f* has a right adjoint m* and we have, for F € F,,, m*(F) = S*¥m<1(F).

We conclude this subsection, by computing some useful Ail-localisation.

Lemma 2.37. For V. € V/ and M € U<*, H*(V) ® M is nil-closed. Furthermore, if M is
bounded in degree (with the bound possibly greater than k) the nily-localisation of H*(V) @ M is
H*(V) @ M<F,

Proof. For M bounded in degree, we have
Ty (H*(V) @ M) = Ty (H*(V)) @ Tw (M) = H*(V) e F """ @ M1,

and it’s H*(W)-comodule structure is the one of Ty (H*(V)) tensor the identity of Ty (M) = M.
Therefore, the projection from H*(V) ® M to H*(V) ® M<* becomes an isomorphism when we
apply f<F. So, we only have to prove the first part of the Lemma.



For M € U<F, let’s prove that H*(V) ® M is nilg-closed. H*(V) ® M admits an injective
resolution
O—-H V)M =1y =1 — ..

with Ip and I; which are tensor products of H*(V') with some direct sum of J(i) with 4 < k. Since,
f<F is exact and m<F is left exact we have an exact sequence

0= lk(H* (V)@ M) = li(ly) = lx(I1) — ...
But Iy and I; are injectives and nilg-reduced, they are therefore nilg-closed. By the five lemma,

we get that H*(V) @ M is also nilg-closed. O

2.5 Nili-localisation of Ty (K)

In this subsection, we define a shift functor on F<* and prove that it is the “Nil,-localisation of
the T functor”.

Definition 2.38. For V and W in V/ let Ay : F<F — F<F be the functor such that Ay F(W) :=
F(V@®W) and such that ka, (pyw @ Av(F)(W) = Ay (F)(W)®y<x H*<¥(W) is the composition
of kpvew with idpvew) @y<r (L’{jV)<k, where tyy is the canonical injection from W to V & W.

Proposition 2.39. The functor Ay is exact.

Proposition 2.40. Let M be an unstable module and V a finite dimensional vector space. There
is a natural isomorphism Ay (f<F(M)) = f<F(Ty (M)).

Proof. We have f<(Ty (M))(W) = [T (Ty (M)~ = Tyaw (M)<F = Ay (f<(M))(W). Also,
this isomorphism is compatible with the H*<*(WW)-comodule structures involved. This is because,
by construction, the following diagram commutes:

Tvow (M) —" s Tyow (M) ® H*(V & W)
l& lid@b?ﬁv
Ty (Ty (M) —2 s Ty (Ty (M) @ H*(W).

Lemma 2.41. For M € U<F, Ty, (H*(W) @ M) is nily-closed.

Proof. Since the functor Ty, commutes with the tensor product,
Tv(H*(W)® M) = Ty (H*(W)) @ Ty (M).

Then, since M is bounded in degree Ty (M) = M, and therefore Ty (H*(W) @ M) = H*(W) ®
FHomvf (V,W) . Hom,,; (V,W) <k . . «

5 ® M. Thus, since F, ®M € U<F, Lemma implies that Ty (H* (W)@ M)
is nil-closed.

Proposition 2.42. If M is nily-closed, Ty (M) is also nily-closed.



Proof. Let M be a nili-closed unstable module, and let Iy and I; be direct sums in U/ of objects
H*(W) ® J(i), such that 0 = M — Iy — I is exact. (I and I; exist because of Corollary [2.11])
Since f<¥ is exact, 0 — f<F(M) — Fy — Fy is exact for Fy := f<¥(Iy) and F; := f<F(I;).

Since m<* is left exact, since M is nilj-closed and since, by Lemma the nili-localisation
of H*(W) ® J(i) is H*(W) ® J(i)<F, we have an exact sequence 0 — M — I}, — I] where I/, is
obtained from I,, by replacing each H*(W) ® J(n) by H*(W) ® J(n)<*. Since Ty is exact, the
following is also exact:

0— Ty (M) = Ty (L) = Tv(I}).

By applying the nilg-localisation, we get the following commutative diagram:

0 ——— Ty (M) ——— Ty (I})) ——— Tv(I})

PR
0 ——1Uk(Tv(M)) —— lk(Tv (1y)) —— Le(Tv (17)),

where mg, m; and f are the nili-localisations. By Lemma [2:41] mo and m; are isomorphisms.
Hence, by the five lemma, f is also an isomorphism which implies that Ty (M) is nilg-closed. O

Corollary 2.43. Let F € F3*, m<F(Ay(F)) 2 Ty (m<F(F)).

Proof. We have m<*(Ay (F)) = m<F(Ay((f<* o m<F)(F))) = (m<* o f<F)(Ty,(m<F(F)). The
result follows from the fact that Ty (m<F(F)) is nilj-closed by Proposition O

3 MNil,-localisation of objects from K and K — U

In this section, we prove that for K € K and for M € K — U, [;;(K) is an unstable algebra and
I;(M) is an object in Ix(K) — U. We start by proving that m<* is lax-monoidal.

3.1 The functor m<* is lax-monoidal

Definition 3.1. Let x : F (%) — F (%) ® F(x) be the morphism of graded unstable algebras defined
by p(z(k)) = @ =(i) ® x(i — k).

i<k

From the coalgebra structure on A, F(x) ® F(x) gets a structure of left .A-module, and p is then
a morphism of left A-modules.

Proposition 3.2. The functor m<* is laz-monoidal.

Proof. Let F and G be objects in F<*. From Proposition we get that m<*(F) = Homy, (F (), m<F(F)),
which is isomorphic to Hom <k (f<*(F (%)), F) by adjunction between m<F and f<*. We define
pra @ m<F(F)em<F(G) - m<F(F®QG) in the following way. For o € Hom g« (f<¥(F(x)), F) and
B € Homz<x (f<K(F(%)),R), prcla ® B) € Homz<x (f<F(F(x)), F ® G) is the map which maps
z € f[FFEH)V)to @ aly) ®B(z) for A a part of f<F(F(x))(V)? such that f<F(u)(z) =
(y,2)€A
@D vy ® z. This map is a morphism of right .A-module, since p is a morphism of left A-module.
(y,2)€A
The unitality, associativity and commutativity are straightforward. 0



3.2 Recollection about the functor ®

In this subsection, we recall the definition of the functor ® and recall it’s connection to the definition
of unstable algebras.

Definition 3.3. [Sch94, 1.7.2]
Let @ be the functor from U to itself defined by

0 for n odd
n __ b
(@M)" = { M?3=  for n even,
and
Sqidr — 0 for 4 odd,
4= ®(Sq2z) for i even,
for all x € M.

Definition 3.4. 1. For M € U, let A\ps from @M to M defined by ®z — Sqyz.
2. For K an algebra in U, let ox from ®K to K defined by &z s x2.
The following lemma follows directly from the definition of ® and Ay;.
Lemma 3.5. For M € U, A\ is A-linear.

We were interested in recalling the definition of ® because we can characterise the fact that
a A-algebra is an unstable algebra in terms of A\ and og. Indeed, an A-algebra is an unstable
algebra if and only if Ay = 0.

3.3 MNili-localisation of K and K — U

Since f<* is a strong monoidal functor and since m<F is lax-monoidal, I3, is a lax-monoidal functor

from U to itself. Therefore, for K € K, I;,(K) gets a structure of A-algebra. We want to show that
this is a structure of unstable algebra.

Lemma 3.6. For K € K, the Nily-localisation is a morphism of A-algebras.

Proof. For K € K, the algebra structure of K = Homy(F (%), K) is the morphism which sends

a® B € Homy(F(x), K)®2, with a and 8 of respective degrees n and k, to the only element of

degree n + k of Homy (F (%), K) that send z(n + k) to @ «a(x(i)).8(x(n+ k —14)). Indeed, since
1<n+k

a(z(i)) = 0 and B(z(j)) = 0 for i # n and j # k, this is the morphism which sends z(n + k) to

a(z(n)).B(x(k)). But a(x(n)).B8(x(k)) € K is precisely the product of the elements a and b in K

represented by « and § in Homy, (F(x), K).

Therefore, we have the following commutative diagram:
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Homy (F (%), K)®? ———— Homz< (f<F(F(x)), f<F(K))®?

| |

Homy (F(x) ® F(%), K @ K) —— Homz<« (f<F(F(x) @ F(x)), f~"(K ® K))

| |

K) Homz<i (f<H(F(+)), f<F(K)),

Homy, (
in which
1. the horizontal maps are induced by f<*,

2. the bottom vertical ones are induced by the multiplication of K and the morphism p from
F (%) to F(x)®?

3. the first quadrant is commutative because f<* is a strong monoidal functor.

Since the composition of the maps on the left is the multiplication of K 2 Homy, (F'(*
composition of the maps on the right is the multiplication of I (K) = Hom z<x (f<F(F(
this proves the result.

), K) and the
*)), f<H (K

), fR(K)),
O
Theorem 3.7. [ induces a functor from K to itself.

Proof. We already stated that [ (K) is an algebra in ¢. Let us prove the unstability condition.

We have to prove that A, (k) = 0y, (k). Since K is an unstable algebra, we already know that
Ax = ok . We have the two following commutative diagrams:

DK — ®ly(K) DK — Dl (K)
AK‘L ALy (K) O'KJ J/Ulk(K)
K — ,(K) K — Iy (K),

where the second one is commutative because of Lemma Applying the functor f<*, we get two
commutative diagrams whose horizontal maps are isomorphisms since we are applying f<* to some
Nilj-localisation. Therefore, since Ax = ok, we get that f<F(\, (k) — 01, (x)) = 0. This implies
that for any = € Im(oy, (k) — A, (k)), the sub-module generated by z, < x > is k-nilpotent. But

It (K) contains no non trivial k-nilpotent sub-modules so 2 = 0, hence AL (K) = O1,(K)-
O

Proposition 3.8. For K € K, lj, induces a functor from K —U to l;,(K) —U.

Proof. Tt is a direct consequence of the fact that [j; is a lax-monoidal functor. O
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4 Central elements of an unstable algebra

In this section, we recall the definition of central elements of an unstable algebra first introduced
by Dwyer and Wilkerson in [DW92h]. We start by recalling the equivalence of categories between
K/Nily and some category of functors constructed in [HLS93], which will play an important role
in the definition of central elements.

4.1 Nil;-localisation of unstable algebras

Since K is not abelian, one cannot define a localized category of K in the sense of [Gab62]. In
[HLS95], Henn, Lannes and Schwartz constructed a localized category K/Nil; with respect to the
morphisms whose kernels and cokernels are in Al;, in the sense of [KS06]. Then, the functor
f == f<! restricted to K factorises through a functor from K/Nil; to F<!. The authors of [HLS95]
identified the essential image of f restricted to I and they deduced an equivalence of category be-
tween K /Ail; and some category of contravariant functors from V7 to the category of profinite sets.

Definition 4.1. A 2-boolean algebra, is an algebra B over Fy, such that, for all € B, 22 = z.

For any algebra A € K, A” is a 2-boolean algebra. Therefore, for K € K, Ty (K) is an unstable
algebra, hence Ty (K)" is a 2-boolean algebra. We can then use standard results on 2-boolean
algebras to study f(K).

For B the category of 2-boolean algebras and B a 2-boolean algebra, we consider Hompg(B, Fs)
the set of morphisms of Fs-algebras from B to Fy. Since B is the direct limit of its finite dimen-
sional subalgebras By, Homp(B,F3) is the inverse limit of the Hompg(B,, F2) which are finite sets.
Homp(B,F3) inherits a structure of profinite set.

Proposition 4.2. [HLS93] For P fin the category of profinite sets, the functor spec : B°? — P fin,
where spec(B) := Homp(B,F2), is an equivalence of categories whose inverse is the functor which
sends S to the algebra of continuous maps from S to Fy, F5.

In particular, for K € K, by adjunction Homg(Ty (K)°,F2) = Homy (K, H*(V)) and this iso-
morphism is an isomorphism of profinite sets, where the structure of profinite set on Homy (K, H*(V))

comes from the fact that K is the direct limit of the unstable sub-algebras of K which are finitely-

generated as A-algebras. Then, Ty (K)° is isomorphic as a 2-boolean algebra to Fgom’C(K’H*(V».

Definition 4.3. 1. Let Pfin®™")” be the category of functors from (V/)°P to P fin,
2. let £ be Lannes’ linearization functor from (Pﬁn(vf)op)of’ to F defined by L(F)(V) := Fg(v),

3. let g : K°P — Pfin®™)” be the functor which sends K to the functor gK) : Ve~
Homy (K, H*(V)).

We have a commutative diagram of functors:

K22 (Phin)")or

|

U—->="r—=r
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where the functor from K to U is the forgetful functor. We denote by ’Pﬁn((uvf)op the full subcategory

of Pﬁn(vf)op, whose objects are those whose image under £ are in F,,.
The functor g has a unique factorisation of the following form:

K = (K/Nil)P — PAnY D™ = Phin¥D™.

Theorem 4.4. [HLS93, Theorem 1.5 of Part II] The functor from KC/Nil to Pﬁngf)op induced by
g°P is an equivalence of categories.

The following lemma will be of importance in the following.

(Vf)vp

Lemma 4.5. The functor g turns injections in K into surjections in Pfin and finite inverse

limits in KC into direct limits in Pﬁn(vf)op.

Proof. Since f is exact, f sends injections into injections and commutes with finite inverse limits.
The result is then a consequence of the isomorphism f(K) & ]Fg(K). O

Definition 4.6. For K € K, let S(K) be the category whose objects are pairs (V, ¢) with V € Vf
and ¢ € Homg (K, H*(V)), and whose morphisms between (V,¢) and (W) are linear maps «
from V to W such that a*y = ¢.

Let also (W/)SU)™ denote the category of contravariant functor from (V/)SU)™ o V7.

4.2 Connected components of Ty (K)

For K an unstable algebra and M a K-module in U, we recall the definition of the connected
components of Ty (K) and Ty (M) over Ty (K)?, which is reviewed in [Hea20] and [Hea21]. Such a
decomposition exists for any graded module or algebra over a 2-boolean algebra.

Lemma 4.7. For K an unstable algebra which is finitely-generated as an algebra over A,
Homy (K, H*(V)) is finite.

Let us first notice that, for K € K and M € K — U the category of K-modules in U, Ty (K) is
in K and Ty (M) in Ty (K) —U. This is because the functor Ty commutes with tensor products
(Proposition [2.13). In particular, Ty (K) is a Ty (K)%-algebra and Ty (M) is a Ty (K )°-module.

Definition 4.8. 1. For V € V/ and ¢ € Homy (K, H*(V)), let

Tv,e)(K) := Ty (K) @1, ()0 F2(9),

where the structure of Ty (K)°-module on Fy(¢) is induced by the morphism from Ty (K )° to
Fy adjoint to ¢.

2. Let also T(V,d))(M) = Tv(M) Ty (K)© Fg((b)

Notation 4.9. We denote respectively by (g (v,¢) and (ur(v,4) the canonical projections from
Ty (K) and T\/(M) to T(V7¢) (K) and T(V@)(M)-

Proposition 4.10. [Hea20, Equation (2.6)]

13



1. For K an unstable algebra and V € VI, with Homy (K, H*(V)) finite, we have the following
natural isomorphism of unstable algebras

Tv(K)

1

11 Tiv,¢)(K).

$€Homyc (K,H*(V))
2. Also, for M € K — U, we have the following natural isomorphism of unstable modules

Ty (M) = @ Tiv,g)(M).
¢e Homp (K, H*(V))

Lemma 4.11. For K an unstable algebra, V € VI such that Homy (K, H*(V)) is finite, M € KU,
and ¢ € Homy (K, H*(V)),

1. if K is nily-closed, T(y,4)(K) is nily-closed,

2. if M is nily-closed, T(y,q4) (M) is nily-closed.
Proof. By Proposition m Tv,¢)(K) is a direct summand of Ty (K). Also, by Proposition
Ty (K) is nilj-closed. Since [ is additive, this implies that T(y,4)(K) is nilg-closed. The proof for
M is similar. O

4.3 Injective objects in K — U

Definition 4.12. [LZ95] For ¢ € Homy(K,H*(V)). Let H*(V)? ® — be the functor from
Tv,4)(K)—U to K —U which maps M € Ty, (K)—U to H*(V)® M with the K-module structure
induced by its H*(V') ® T(v,¢)(K)-module structure and ng (v,¢) : K = H* (V) ® T(y,4)(K).

Proposition 4.13. [LZ95] The functor T(y,g is left adjoint to H*(V)? @ —.
In the article [LZ95], the authors exhibit injective cogenerators of the category K — U.

Definition 4.14. [LZ95] Let Jx(n) be the object of K — U determined up to isomorphism by the
natural isomorphism in M, Homg (M, Jx(n)) = (M™)~.

Theorem 4.15. (Jg(n))nen s a family of injective cogenerators of K —U.
Definition 4.16. [Hen96] Let I (v, (n) := H*(V) @ IT v sy a0 ()

Proposition 4.17. [Hen96] For n € N and ¢ € Homy (K, H*(V)), I(v,4)(n) is injective and we
have the following natural isomorphism in M € K —U, Homg (M, Iiv,4 (n)) = (Tiy,g) (M)™)*.

Proof. This is a direct consequence of Definition and Proposition O

Proposition 4.18. [Hen96, 1.8] For K a noetherian unstable algebra, ¢ € Homyc (K, H*(V)) and
n €N, Iy,4)(n) is finitely-generated as a K-module.

Corollary 4.19. For K a noetherian unstable algebra and M € K — U finitely-generated as a
K-module, Homp _1(M, I(v,4)(n)) is finite, therefore

Tv.s)(M)" = Homg_y (M, Iy,4)(n))".
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Example 4.20. For K € K, M € K —U, V € V/ and ¢ € Homg (K, H*(V)), T(v,4)(M)° =
Hompg (M, H*(V, ¢))* where H*(V, ¢) is the algebra H* (V') with the K-algebra structure induced
by ¢.

Definition 4.21. For M € K —U finitely-generated, let Homg (M, I__y(n)) be the contravariant
functor from S(K) to V¥ which maps (V, ) to Homg (M, Iy, (n)).

Notation 4.22. For n = 0, since Iy 4)(0) = H*(V,¢) we will denote Homg (M, I_(0)) by
HOHlK_Z/((]\47 H*(,, ,))
Proposition 4.23. For K a noetherian unstable algebra and M finitely-generated as a K-module,
fE(M) (V) is naturally isomorphic to &P Hompg (M, Iy, 4 (k))*.

pEHomp (K,H*(V))

Proof. This is a direct consequence of Corollary [£.19) and Proposition O

4.4 Definition and first properties of central elements

The notion of a central element of an unstable algebra K was defined by Dwyer and Wilkerson in
[IDW92D]; they used it in [DW92al to exhibit the only exotic finite loop space at the prime 2. The
centre of K has been studied in detail in [Hea20] and [Hea21].

The aim of this subsection is to recall some known facts about central elements of an unstable
algebra.

Notation 4.24. Let N be an unstable module, V' a finite dimensional vector space, K an unstable
algebra, ¢ € Homy (K, H*(V)) and M € K —U. Denote by:

e nyyv : N —=Ty(N)® H*(V) the unit of the adjunction between Ty and — @ H*(V);

e pn,v the following composition

pry = N Ty(N) @ HY(V) "5 Ty (N),
where ey denote the augmentation of H*(V);
® Pk (v,e) the composition of px y with the projection onto T{v,q)(K);

® P, (v,e) the composition of pasy with the projection onto Ty,4)(M).

Remark 4.25. The morphism py,v identifies with T,y (N) : N = To(N) — Ty (NV), the morphism
induced by naturality of Ty (N) with respect to V by +, the injection from 0 to V.

Definition 4.26. 1. For K an unstable algebra and ¢ € Homg (K, H*(V)), the pair (V,¢) is
said to be central if pg (v4) : K — T(v,4)(K) is an isomorphism.

2. For M € K-U, (V, ¢) is said to be M-central if pps (v,¢) : M — T(v,4)(M) is an isomorphism.
3. Let C(K) be the set of central elements of K and let Cx (M) be the set of M-central elements.

The classical example and first motivation for studying the centre of an unstable algebra is the
example of H*(G), the cohomology of a group G. The details can be found in [Hen0O1].

15



Example 4.27. For G a discrete group or a compact Lie group, Homy (H*(G), H*(V)) = Fs [Rep(V, G)],
where Rep(V, G) denote the conjugacy classes of morphisms from V to G.

Let p represent a conjugacy class in Rep(V, G). We consider the morphism V' x Cg(p) — G,
where Cg(p) denote the centraliser in G of the image of p, which sends (v,g) to p(v) - g. It
induces a morphism from H*(G) — H*(V) ® H*(Ca(p)). By adjunction, it gives us a morphism
Ty (H*(G)) — H*(Ca(p)) which depends only on the conjugacy class of p. This morphism induces
an isomorphism between T(y, ) (H*(G)) and H*(Cg(p)), and

pr= ), (vp) + H(G) = Ty, (H(G)) = H*(Ca(p))

is the morphism induced by the injection Cg(p) — G.

Hence, (V,p) is central if and only if the injection Cg(p) < G induces an isomorphism in
cohomology.

Definition 4.28. Let K be an unstable algebra, K is connected if the unit n : Fy — K is an
isomorphism. If K is connected, K admit a unique augmentation ex : K — Fs.

Remark 4.29. The components T(y,4) (/) are connected by construction. Hence, if K is not
connected, C(K) = 0.

Example 4.30. The functor Tj is the identity, hence, if K is connected, T(g .\ (K) = K, for
ex : K — Ty the unique non-trivial morphism of unstable algebras from K to Fy. Hence (0, ex)
is central.

Notation 4.31. Let ex v, be the composition of €x with the injection from Fo to H*(V).

For K a connected unstable algebra, I(K) denotes the augmentation ideal of K; the module
of indecomposable elements of K is the unstable module defined by Q(K) := I(K)/I(K)?. An
unstable module M is said to be locally finite if, for all x € M, Ax is finite.

In [DW90], Dwyer and Wilkerson give several criterion to determine central elements of an
unstable algebra K, in the case where Q(K) is locally finite.

Proposition 4.32. [DW90, Proof of Theorem 3.2]
Let K be a connected unstable algebra such that Q(K) is locally finite as an unstable module,
then (V,ex v) is central for all V € V7.

In particular, if K is a connected, noetherian, unstable algebra, then (V, ek ) is central for all
vector spaces V.

Proposition 4.33. [DW92l, Proposition 3.4]
Let K be a connected unstable algebra such that Q(K) is locally finite. Then, for
¢ € Homic (K, H*(V)), (V, ¢) is central if and only if there exists a morphism from K to K@ H*(V)
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such that the following diagram commutes:

K

/ Tid@EH* %)

K s K®H(V)

ex®id
¢

H* (V).

Corollary 4.34. [DW92l] Let K be a connected unstable algebra such that Q(K) is locally finite.
For ¢ € Homic (K, H*(V)), (V, ) is central if and only if K has a structure of H*(V')-comodule x
in IC, such that the following diagram commutes:

K" K H V)

\) ng(@id

H*(V).
In particular, this implies:

Corollary 4.35. Let K be an unstable algebra such that Q(K) is locally finite, then for ¢ € C(K)
and o : V — E a morphism in VI, (V,a* 0 ¢) € C(K).

Proposition 4.36. For any morphism of unstable algebra ¢ : H*(W) — H*(V), (V,¢) €
C(H*(W)).

Proof. We consider V7, the coalgebra structure on H*(W) induced by Vi : W e W — W.
Then, the composition (id ® ¢) o V3§, is a H*(V)-comodule structure satisfying the hypothesis of
Corollary Therefore (V, ¢) is central. O

4.5 Centrality for K-algebras

Let K’ be an object in K | K, in this subsection we study K’-central elements in S(K). This will
give us some first examples of M-centrality, for M € K — U, the case of algebras being a lot easier
than the case where M is just an object in K — U.

For v : K — K’ a morphism in K, K’ inherits a structure of unstable K-module. Let’s assume
that K and K’ are both finitely-generated as algebras over A. From Proposition Ty (K') admit

two decompositions Ty (K') = 11 Ty, (K') and Ty (K') = I Tv,p) (K').
YeHomy (K,H*(V)) ¢EHomy (K',H*(V))
Both are isomorphisms of unstable Ty (K )-algebras. We get an isomorphism of unstable Ty (K)-
algebras
H T(V,w) (K’) = H T(V,(b) (K’)
peHom (K,H*(V)) ¢€Hom (K',H*(V))
Lemma 4.37. Under this isomorphism, T(y,(K') = I1 Ty, (K').
<¢>6Hom,§)(K’,Iz}*(v)) ;
oy=
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Proposition 4.38. For K' a connected unstable algebra, finitely-generated as an algebra over
A, forv : K — K' a morphism in K with K also finitely-generated as a A-algebra and for
¥ € Homyc (K, H*(V)), (V,4) is K'-central if and only if ¥ has a unique element ¢ in it’s preimage
under v* in Homy (K', H*(V)) and if (V,¢) € C(K").

Proof. K' being connected, the morphism

prr vy @ K= Ty (K') = II Tiv.g)(K')
¢EHomc (K/ ,H*(V)) ;
v o=y
may be an isomorphism, only if T{y, ) (K’) = I T(v,4)(K') is connected. This is the
¢€Hom,c(g’,H*(V)) ;
Vo=
case if and only if {¢ € Homy (K’, H*(V)) ; v*¢ = ¢} is a singleton. In this case, by definition,
PK’ (Vb)) = PK’,(V,¢) is an isomorphism if and only if (V, ¢) is central. O

As a trivial special case, we get that, for K € K and (V, %) in S(K), (V, ) is central if and only
if it is K-central.

Corollary 4.39. For K € K, K is an object in K —U and as such, C(K) = C(K; K).

Example 4.40. Let K be an algebra, finitely-generated as an A-algebra, and let v : K —
H*(W). Then, ¢ € Homy (K, H*(V)) is H*(W)-central if and only if ¢ has a unique element in it’s
preimage under v* in Homg, (V, W). In particular, if K = H*(W)% for G a subgroup of GI(W),
[¢] € Homp, (V,W)/G is H*(W)-central if and only if [¢] is a singleton. This is the case if and only
if for all € Im(¢) and for all g € G, gz = z.

5 Central elements and the nilpotent filtration

In this section we are interested in the relationship between C(K) and the nilpotent filtration, for
K € K noetherian.

More precisely, for ¢ € Homy (K, H*(W)), we say that (W, ¢) is central away from Nl if
F<Fpr,w,e) + FHEK) = f<¥(T(w,4)(K)) is an isomorphism. If (W, ¢) is central, px (w,¢) is an
isomorphism, hence it is central away from Al for all k.

Since f<F(K)(W) identifies with (f<F+1(K)(W))<F, if (W, ¢) is central away from Nily 1 it is
also central away from Aily,.

In this section, we will give a strategy to determine C(K) by studying obstructions, for a pair
(W, ¢) central away from Nily, to be also central away from Nilg,q.

5.1 Centrality away from Nl
Definition 5.1. For ke N*, K e Kand M € K — U,
1. let Ck(K) be the following set:

Ci(K) := {(W, ¢) with W € V/ and ¢ € Homy (K, H*(W)) | f<*(px,(w,s)) is an isomorphism},
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2. and let Ci(M; K) be:
Ci(M; K) := {(W,¢) with W € V/ and ¢ € Homg (K, H*(W)) | f~"(par,(w,¢)) is an isomorphism}.

Remark 5.2. For V in V/, as a morphism of Fo-vector spaces, the natural transformation f<k(pK7(W,¢))V
and f<k(pM7(W7¢))V are the restrictions to degrees lower than k of the maps Ty (pk, (w,s)) and
Tv (par,(w,s)- Therefore, we have the following towers of inclusions:

C(K) C..CCk(K)C..CCyK)CCyK)
and
C(M;K)C..CCy(M;K) C..CCy(M;K) C Ci(M;K).
Proposition 5.3. Let K € K and M € K — U, then
C(K) = [ Cu(K)
keN*

and
C(M;K) = [ Cu(M;K).
keN*
Proof. Since the functor Ty is exact, and since Ty (K) = 0 if and only if K = 0, Tv(px,(w,))
is an isomorphism if and only if pg (w,¢) is. Furthermore, if f<k(pK,(W,¢))v = TV(pK7(W7¢))<k
is an isomorphism for all k& € N, Ty (px (w,¢)) is an isomorphism in all degrees therefore it is an
isomorphism. The proof for M is similar. O

For K € K, let us give an alternative description of Cy(K). Any morphism ¢ from K to H*(W)

factorises uniquely as K — [ (K) lkg)) H*(W), where the first morphism is the localisation away
from Nil,. We get from this the following proposition.

Proposition 5.4. For K € K and (W,¢) € S(K), (W,¢) € Cx(K), if and only if (W,lk(¢)) €
C(lk(K))-
Proof. It ¢ € C(K), then f<k(pK’(W’¢)) D fRK) — f<k(T(W’¢)K) is an isomorphism. Then, ap-

plying the functor m=* to f<*(px w,g)) : [HK) = [ (Tw,g)K), we get that py, (k) (wii ()
I(K) = Tiw,,(¢))(Ik(K)) is an isomorphism in U/Nily,. Since I (K) is nilg-closed by definition,
and since T(yw,, (¢))([x(K)) is nilp-closed by Lemma this is an isomorphism in K. Thus,
(W, 1(¢)) is central.

Conversely, we have the following commutative diagram:
FHRE) ————— [ (Tw.e)(K))
FEFU(E)) —— fM(Towa, o) W (K))),

Where the vertical maps are isomorphisms induced by the localisation away from ANilg, and the
horizontal ones are induced pg (w,4) and py, (k),(w,i,(#))- Therefore, if I1.(¢) is central, f<k(PK,(W,¢>))
is an isomorphism so that, ¢ € Ci(K).
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Similarly, we have the following.

Proposition 5.5. For K e K, M € K —U and (W,¢) € S(K), (W,¢) € Cr(M; K), if and only
if W.lk(9)) € C(li(M);1x(K)).

We will now describe the obstruction for an element (W, ¢) € C(K) to be in Cy41(K).

Let K be an unstable algebra and let A\; : 41 (K) = I (K) be the nilg-localisation of Iy 1 (K).
We have an exact sequence in K — U

0 — ker(Ar) = Lot (K) 25 1x(K) — coker(Ay,) — 0.

We notice that ker(Ag) is an ideal of l;11(K), hence ker(A;) is an object in K —U. Also lj41(K)
and [, (K) are K-algebras and therefore K-modules. Finally, A; is a morphism of K-modules (this
is because the localisation away from Nily of K is canonically isomorphic to the localisation away
from Nily, of its localisation away from Nl 1) therefore coker(\y) is also in K —U. By naturality
of par(w,e) With respect to M € K — U (and using that K is an object in K —U), we get the
following commutative diagram in K — U, with exact rows:

00— ker(\y) —— i1 (K) —————— [ (K) ————— coker(\g) ———— 0

J/pker(kk),(w,d)) lﬁlwrl(x),(w,(p) J{plk(K),(W,d)) J/pcoker(kk),(w,d))

0—— T(W7¢) (ker()\k)) —_— T(W,¢)(Zk+1(K)) —_— T(W,qb) (lk (K)) —_— T(W,¢) (coker()\k)) — 0.

By applying the exact functor f<**! we get the following commutative diagram in K — U with
exact rows.

0 FHH (Rer(A) —————— SR (K)o JE () s [ (coker() —— 0
J/f<k+1(pker()\k),("V,zb)) lf<k+l(l’1<v<w,¢)) J/f<’€“(plk(,()y<w_¢)) J/f<k+1(f’coker()\k)v(vv,d'))
0—s f<k+1(T(W’d)) (ker(\))) — f<k+1(T(W’¢)) (lp1(K))) — f<k+1(T(W7(/))(lk(K))) — f<k+1(T(W,(/))(coker()\k))) — 0.

Theorem 5.6. Let K be an unstable algebra and let ¢ € Homy(K,H*(W)). Then, the two
following conditions are equivalent:

1. (W,9) € Cpia1(K),
2. (W,¢) € Cp(K), (W,9) € Ciii(ker(Ag); K) and (W, @) € Cry1(coker(Ag); K).
Proof. We assume that (W, ¢) € C41(K) then, f<k+1(pK7(W7¢)) is an isomorphism. By restricting

to degrees less than k, we get that f<%(p K,(W,¢)) also is an isomorphism. Therefore, by Proposition

T i), owip) = FH (o1 (1), (Wit (9))) 18 also an isomorphism. By the five lemma, we
conclude that f<*™ (prer(n,),(wie)) and f ¥ (peoker(re),(w,¢)) are also isomorphisms.

Conversely, if (W, ¢) is in Ck(K) and if f<F™(prern,),(wie)) and f< 1 (peorer(n),(wi0)) are

isomorphisms, then f< ™ (prerr,),(w,6))s f =" (Peoker(iy (K, (w,¢)) and
F<F L (peoker(rp),(W,¢)) are all isomorphisms. Therefore, by the five lemma, f<*!(px (w4 is
also.
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Since A\ : lp+1(K) — I5(K) is an isomorphism in U /Nilj, both its kernel and cokernel are
in NVilg. In the following section, we will give a way to compute Cy1(M; K) for M a k-nilpotent
object in K —U. Also, the authors of [HLS93| proved that, for K noetherian and t big enough

o K S l;(K). Hence, for K noetherian, Theorem M provides us with an algorithm that
computes C(K), under the condition that we can compute C;(K) as well as Cy1(M; K) for any
k <t —1 and any k-nilpotent object M in K —U.

For M € K — U, we can make a similar construction. We consider the following exact sequence
in K-U:
0 — ker(Ar) = le1 (M) 25 1,(M) — coker(A\g) — 0

and get the following theorem whose proof is a straightforward adaptation of the proof of Theorem
0.0l

Theorem 5.7. Let K be an unstable algebra, ¢ € Homic (K, H*(W)) and M € K —U. Then, the
two following conditions are equivalent:

1. (W, 9) € Cyy1(M; K),
2. (W,¢) € Cr(M;K), (W,¢) € Cri1(ker(Ar); K) and (W, ¢) € Ciy1(coker(A); K).

5.2 Central elements of functors

In order to compute the centre of an unstable algebra using Theorem [5.6] we need to be able to
compute C;(K) as well as Cp1(M; K) for M a k + 1-nilpotent object in K — U. In this section,
we define a notion of central element for objects in two different functor categories. This gives an
efficient way to compute those.

We start by recalling the definition of central elements for objects in Pﬁn(vf)op, already defined
and studied in [Blo22], as well as their relationship (also studied in [Blo22]) with C;(K).

Definition 5.8. For F € Pﬁn(Vf)op and W € V/, let Sy F € Pﬁn(vf)op be the functor which maps
VeV to FW @ V) and a € Homy,s (U, V) to F(idw @ ) from Sy F(V) to Sw F(U).

Remark 5.9. For F € Pﬁn(vf)op and W ¢ V7, ]FQEWF ~ AwFL. In particular, for K € K,
F(Tw (K)) 2 F3" 9% hence g(Tw (K)) = Swg(K).

We will now characterise, in term of the functor g(K), the fact that f<!(px, (w,4)) is an isomor-
phism.

Definition 5.10. For F € Pfin®™)” and W and V € V7, the injection from 0 to V induces a
surjective morphism of profinite sets, natural in W, from Yy F (V) to F(W).

1. For ¢ € F(W), let w,4)F(V) be the fibre of this surjection over {¢}.

2. Let also ppw : ZwF(V) = SoF(V) 2 F(V) be the natural morphism induced by the
injection from 0 to W.

3. Finally, let pp (w,4) be the composition of pgw with the injection from ¥y 4) F to Xy F.
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Definition 5.11. For F € ’Pﬁn(vf)op, define C(F) to be the set of pairs (W, ¢) with ¢ € F(W)
such that pr (w,s) is an isomorphism.

The projection from Ty (K') to T(w,e) (k) induces an injection from Homy (T(w,q) (K), H*(V)) to
Homy (Tw (K), H*(V)) = Sy Homy (K, H*(V)). We identify this injection in terms of the functor
9(K).
Lemma 5.12. 1. ForK € K,V and W in V/ and ¢ € Homyc (K, H*(W)), Homyc(Tiw,g)(K), H*(V))
identifies with Xy, ¢y Homyc (K, H*(V')) as a sub-set of Homy (Tw (K), H*(V')) = Xw Homyc (K, H*(V)).
2. Under this identification, and for F' := Homyc (K, H*(_)),

9(pr,w,g)) = Homic(Tiw,e) (K), H*(-)) — Homy (K, H*(.))
identifies with pp,w,¢)-

Proof. The image of the injection from Hom (T(w,4)(K), H*(V')) to Homg (Tw (K), H*
set of morphisms from Ty (K) to H*(V'), which factorise through Ty (K) — Ty, ¢ (K).
Tw(K) to H*(V), this is the case if and only if the composition

(V) is the
For « from

EH*(V)
—

is the adjoint of ¢. By adjunction, this is the same as asking that, for
& € YwHomg (K, H*(V)) 2 Homg (K, H* (W) @ H*(V))
the adjoint of «, the composition

& id®ep=
K-S B W) e B V) 5% B4 (W) @ F,,
is equal to ¢. Up to the isomorphism Homy (K, H*(W) ® H*(V)) = SywHomg (K, H*(V)), « fac-
torises through Tw (K) — Tiw,¢)(K), if and only if & € Xy, ) Homy (K, H*(V)).

The second point is straightforward.
O

Pe(k).(We) = 9P, w,¢)) : 9(Tw,g)(K)) — g(K) is therefore an isomorphism if and only if
for every v : K — H*(V), there is a unique morphism of unstable algebras o Hv : K —
H*(W)® H*(V), such that the composition of ¢ 81 with id ® eg«(yy (respectively €+ ) ® id)
is equal to ¢ (respectively ). We get the following proposition as a consequence.

Proposition 5.13. For K € K, C1(K) = C(g(K)).

We give a similar description of Cg11(M; K) in terms of the functor Homg 4 (M, I (k)) €
(VH)SE™ "when M is k-nilpotent and when Homy (K, H*(_)) takes values in the category of finite
sets.

By adjunction and by Proposition{4.23} f*(T(yy,4)(M)) = &b Hompg (M, Iiwev,e) (k))F.
YEX (w,¢yg(K)(V)

Under this isomorphism, f*(p M,(W,)) is nothing but the dual of the direct sum of the applications

from Homp _1i(M, Itway,y)(k)) to Homg g4 (M, I(V(LW@V)*w)(k)) induced by ¢}y ®V. We get from
this observation, the appropriate notion of central element for an object of (V/ ) K",
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Definition 5.14. For K an unstable algebra such that Homy (K, H*(.)) takes values in finite sets
and F € (W)SUE)™ | we say that an element (W, ¢) € S(K) is F-central if, for any z € F(V,),
there exists a unique family (z;,;)1<i<n such that

L. i € ¥w,e)Hom (K, H*(V)),
2. (0 ®V) s =9,
3. x; € F(W@‘/ﬂbl),

4. x= > (L{//V@V)*Ii.
1<i<n

We denote by C(F; K) the set of central elements of F.

Proposition 5.15. For K noetherian and M € K — Nily finitely-generated as a K-module,
C]H_l(M; K) = C’(f[Oﬂ’LK_M(]\/[7 I(ﬂi)(k));K).

Proof. This is a straightforward consequence of the discussion before Definition[5.14]and Proposition
123 O
For (W, ¢) € C;(K), the centrality condition for F € (V/)SU5)™ becomes much simpler.

Proposition 5.16. For (W,¢) € Cy(K) and F € (V)SUE™ (W, ¢) is central for F, if for
x € F(V,¢) there is a unique & € F(W @V, ¢ B ) such that (1) ®V )& = .

Proof. We recall that ¢4 is the unique element in ¥y, 4y Homy (K, H*(V)) such that (LVVV®V)*¢EE
1 = 1), the proof is then straightforward.
O

For F' = Homp ¢ (M, I_ y(k)), this means that (W, ¢) is F-central if for every morphism of K-
modules o from M to I(y,y)(k), there exists a unique morphism & in K — such that the following
diagram commutes :

Iweov,emy) (k)

[0

M (L ®Yy”

S

Ty, (k).

6 Examples

In this section we give examples of the computation of Cy(M;K) as well as examples of the
computations of C(K) using the nilpotent filtration.
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6.1 Examples of computations of C;(M; K)

In this subsection, we give several examples of computations of C;(M; K) for some choice of K € K
nili-closed and M € K —U. In [Blo22|, we defined the nil;-closed, integral, noetherian, unstable
algebra H*(U)Y, for G an appropriate groupoid with objects the sub-vector spaces of U. This
definition is a generalisation of the algebra of invariant H*(U)%, when G is a group, and we proved
that any nil;-closed, integral, noetherian, unstable algebra is isomorphic to some H*(U)9. Here,
we only give examples where K = H*(U) or K = H*(U)¢.

We start by giving the example of Ci(M;H*(U)) for M a sub-object of H*(V,~*), for v a
morphism from V to U. We will begin by computing Cq(H*(V,~v*); H*(U)) (which is equal to
C(H*(V,~*); H*(U)) since H*(V) is nily-closed) and we follow with its submodules.

Since, C(H*(U)) = S(H*(U)), we can use the criterion for centrality from Proposition

Proposition 6.1. For U, V and W # 0 vector spaces and for v and v linear maps from V and
W to U, (W,y*) € C1(H*(V,~*); H*(U)) if and only if

1. v is injective,
2. Im(y) C Im(v).

Proof. Indeed, since, H*(V,~v*) is an unstable H*(U)-algebra, we can use the criterion from Propo-
sition Since C(H*(V)) = S(H*(V)), (W,%*) is H*(V,~*)-central if and only if there exists
a unique ¢ from W to V such that ¢* o ~v* = ¢*, which is the case if and only if v o ¢ = 1. The
condition that Im(t)) C Im(7) is necessary and sufficient for ¢ to exist; injectivity of + is equivalent
to the unicity of ¢. O

In Proposition we can interpret the two conditions in terms of the functor
Hom g- (ry—e (H*(V, )", H*(_, -)). We consider the identity of H*(V,~*), and (W,4*) € S(U) such
that Tm(¢)) ¢ Im(y). In this case, for u € U*, such that Ultm(y)y = 0 and ulpygy # 0, Y'u = 0
and v* B ¢*u # 0, hence there can be non non-trivial morphism of unstable H*(U)-module from
H(V.y") to HA(V @ W,7* B¢).

Alternatively, if the first condition does not hold, we consider S a sub-vector space of V' such
that V = ker(y) @ S. Then, for any ¢ from W to S such that v o ¢ = ¢ and for any « from W to
ker (), the following diagram of unstable H*(U)-modules commutes:

H* (W, ¢*)
(pB)*
H*(V,v*) 0*
Ny
H*(0,0%)
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Unless W = 0, this negates the unicity of ¢* from H*(V,~*) to H*(0 & W,0* B ¢*) such that the
following diagram commutes:

H*(0® W, 0" 8y~)

/

H*(V, ,y*) (Lg@w)*

T

H*(0,0%).

For M asub-module of H*(V,~*), since H*(W, ¢*) is injective (Proposition, any morphism
in H*(U) —U from M to H*(W,1*) can be extended into a morphism from H*(V,~*) to H*(W,*).
Hence, the existence condition in Proposition is satisfied for Hom g« ¢y (M, H*(-, -)) if and only
if it is satisfied for Hom g« oy (H*(V,~*), H*(-, ). In Proposition we prove that the uniqueness
condition is satisfied, for M C v*(H*(U)).

Conversely, in Proposition we prove that for M ¢ ~*(H*(U)) the different morphisms
(¢ ® a)* of the precedent discussion define different morphisms when restricted to M and that
therefore the uniqueness condition of Proposition [5.16| can never be satisfied.

Proposition 6.2. Let M € H*(U) — U a sub-module of H*(V,~v*), for U, V and W # 0 vector
spaces and vy and ¥ linear maps from V and W to U. Suppose that M C ~*(H*(U)). Then,
(W,0") € Cy(M; H*(U)) if and only if Im(t) C Im(7).

Proof. Since H*(W,vy*) is injective in H*(U) — U, the existence condition from Definition is
true for Hom g+ )¢ (M, H*(_, ) if and only if it is true for Hom g« gy o (H*(V,v*), H*(-, 2)).

Let us show that the unicity is always verified if M C v*(H*(U)). We consider a morphism «
in H*(U) — U from M to some H*(X,£*). If there exists & from M to H*(X @ W, * B *) such
that the following diagram commutes :

H* (X @ W, By7)

H* (X7 5*)5

since the H*(Y,v*) are injective, there exist also 8 and 3 whose restrictions to M are a and & and

25



such that the following diagram commutes :

H*(X @ W, By*)
H*(V,~*) (X

H*(X, 7).

The choice of 3 and § need not be unique, but since M C ~*(H*(U)) by hypothesis, and since the
image of v*(H*(U)) by any morphism in H*(U) —U from H*(V,~*) is determined from the image

of 1+ (v, the restriction to M of any such § will coincide with &. Hence, & is unique. O

Proposition 6.3. Let M € H*(U) — U be a sub-module of H*(V,y)*, U, V and W # 0 vector
spaces and vy and ¥ linear maps fromV and W toU. If M ¢ ~*(H*(U)), (W,v*) & C1(M; H*(U)).

Proof. If Im(v¢)) ¢ Im(y), (W,9*) is not central for the same reason as in Proposition We
consider the inclusion M <— H*(V,~*). Then, for S such that S @ ker(y) = V, we consider
¢ : W — V the unique map such that Im(¢) C S and yo ¢ = 1. Then, for every « : W — V
such that ITm(a) C ker(y), the morphism ¢, : W &V — V which maps © @y € W&V to
y+ ¢(z) + a(x) € V satisfies:

1. ¢* « H*(V,v*) — H*(W @ V,¢* B~*) is a morphism of H*(U)-modules,

2. the following diagram commutes :

H*(W e V,v*Bv%)
b

AN

H*(V,v7).

W@V *
(LV®)

Let us show that no element in H*(V,~v*)\v*(H*(U)) has the same image under each ¢*. We
consider the decomposition

H*(V) = H"(S) @ H" (ker(y)) = H"(S) & H" (ker(y)) @ H*(S),

where H*(_) denote the reduced cohomology over Fy. Any element in z € H*(V) can be written in
a unique way as = s ® (@, @ b) with s € H*(S), B a basis of H*(S) and 7, € H*(ker(y)).
Therefore, for a and # morphisms from W to ker(7y), (¢, — ¢5)(x) = Dyep(Pn — ¢5) (1) ® @50
This is because, the restriction of ¢, to H*(S) does not depend on a. Hence, (¢7, — ¢3)(z) = 0 if
and only if (¢, — ¢3)(rp) = 0 for each b € B. So we only have to prove that there is no element in

x € H*(ker(v)) such that ¢f(x) = ¢} (z) for every a.
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The restriction of ¢§ to H*(ker(y)) is the inclusion of H*(ker(y)) in H*(W & V'), we consider
(v1,...,05) & basis of the dual of ker(y). For a given i, there is a unique way to write z as © = ag +
a1vi+...+apvf withn € N, (a;)ieqr,n € Fa [v1, ..., 0, ey U] and a,, # 0. And for x # L+ (ker(7)) €
H*(ker(v)), we can chose i such that n # 0. Then, for w a non trivial linear form on W, we can
chose a such that ¢ v; = v;+w. Then, (¢ —¢%)(z) = ayw+az (v — (v;+w)?) +...a, (V7 — (v;+w)")
whose degree as a polynomial in w is n, so (¢ — ¢k )(x) # 0. This concludes the proof.

O

We now give some similar example from H*(U)¢ — U for G some sub-group of GI(U). In
this case, we have that Homy (H*(U)Y, H*(V)) = Hom(V,U)/G, where G acts on Hom(V,U) by
composition. It is worth recalling from Example that for ¢ from W to U, and for [¢}] the class
of ¢ under the action of G, (W, [¢)]) € C(H*(U)®) if and only if for all y € Im(¢)) and for all g € G,
9y =Y.

Proposition 6.4. For U, V and W # 0 some vector spaces and for v and ¢ some morphisms from
V and W to U, (W,[¢]) € CL(H*(V,[3]); H*(U)) if and only if

1. 7y 1is injective,
2. there exists g € G such that Im(g o) C Im(v),
3. for all ¢’ € G such that Im(g’ o)) C Im(y), g oth = go.

Proof. H*(V,[y]) is an unstable H*(U)%-algebra, so we can use the criterion from Proposition m
Since C(H*(V)) = S(H*(V)), (W, [¢]) is H*(V, [7])-central if and only if there exists a unique ¢
from W to V such that ¢* o [y] = [¢], which is the case if and only if v o ¢ = g o) for some g € G.
The condition that Im(y) C Im(y) is necessary and sufficient for ¢ to exist, and the two other
conditions ensure that ¢ is unique. O

Remark 6.5. If (W,¢*) € C1(H*(U)%), then gy = y for all ¢ € G and y € Im(¢)). Hence, the
third condition of Proposition [6.4]is automatically verified.

6.2 Examples of computations of C(K) using the nilpotent filtration

In this subsection, we use Theorem [5.6[to compute C(K) for some examples of non nil;-closed alge-
bras. We will mainly consider algebras that are nilo-closed, since the step from C;(K) = C(I1(K))
to Co(K) = C(l2(K)) is not different from the step from Cy(K) to Cs(K) and so on. Also, we will
relate those examples to the existence of H*(WW)-comodule structure on K from Corollary

In the following, V5 and V3 will denote the vector spaces Fox @ Foy and Fox @ Foy & Foz, w
will denote the canonical projection from V3 onto Vo and By will denote the subgroup of Gl(V53)
generated by the morphism which sends x to itself and y to x + y.

Example 6.6. We consider the unstable algebra K := H*(V5)P2 @ X H*(V3, [r]) where the product
of two elements from Y H*(V3,[r]) is 0 and the product of x € H*(V3)P2 by y € SH*(V3,[n])
is given by the H*(V2)B2-module structure [r] on XH*(V3). Since SH*(V3,[r]) is nilpotent, the
projection from K to H*(V5)B2 (which is nil;-closed, eg [HLS93]) is an isomorphism in U /Nil;.
Hence, this is the nil;-localisation of K. We therefore have that S(K) = S(H*(V2)P2) and for ¢ a
linear map from a vector space W to Va, (W, [¢]) € S(K) is in C;(K) if and only if Im(¢)) C Fazx.
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Then, by Theorem we have that for (W, [¢]) such that Im(y) C Faz, (W,[¢]) is in
Cy(K) if and only if it is in Co(XH*(V3,[r]); K). By Proposition Co(ZH*(Va,[r]); K) =
C(Homg ¢(XH*(V3,[n]), I y(1)); K). But using the adjunction between the functors ¥ and €2,
Homp (XH*(V3,[7]), [ y(1)) = Hom g (yy,y52 _y(H*(V3, [7]), H*(-,-)). Hence, by Proposition
since 7 is not injective, (W, [¢]) € Co(SH*(Vs,[r]); K) = C1(H*(Vs,[r]); H*(V2)B2) if and
only if W = 0. We find that C3(K) = {(0,€ex)}. Since, K is nils-closed, C(K) = Cy(K).

It is worth noticing that, nevertheless, there is a H*(IF3)-comodule structure in K on K, such
that the composition K — K @ H*(F2) — H*(F3) is equal to the morphism which sends ¥H*(V3)
to 0 and whose restriction to H*(VQ)B2 is equal to [t;], with ¢, the inclusion from Fyx to V. For
(u,v,w) the dual basis of (z,y,z), we have K = Fs[v,u(u+ v)] ® XFs [u,v,w]. The comodule
structure is the one that send v to v ® 1, u(v +u) to u(v+u) ® 1 +v@u+ 1 ®@u?, ov to ov ® 1,
ow to ow ® 1 and, finally, ou to cu ® 1 + 01 ® u, where ox € XFs [u, v, w] denotes the suspension
of x € Fy [u,v,w]. There is no contradiction with Corollary since, in this case, Q(K) is not
locally finite, indeed the projection from I(K) to Q(K) induces an injection from Acw to Q(K)
and Aow is not finite.

The two following examples are similar to the first one, when we replace XH*(V3, [7]) by other
modules of the form SH*(V,[7]), in order to illustrate the relevance of the other criteria of Propo-
sition

Example 6.7. This time, we consider the unstable algebra K := H*(V3)P2 @ SH*(Vs, [idy,]).
We again have that the nil;-localisation of K is the projection onto H*(V5)P2. Thus S(K) =
S(H*(Va)P2) and, for ¢ a linear map from a vector space W to Va, (W, [¢]) € S(K) is in Cy(K) i
and only if Im(v)) C Faz.

=

We then compute Cz(K) using Theorem [5.6} as in the previous example, we have that (W, ¢*) €
C;(K) is in Cq(K) if and only if it is in Cy(H™*(Va, [idy,]); K). But this time, the three conditions
of Proposition are always satisfied by pairs (W, [¢]) in Cq(K), therefore, since K is nils-closed,
C(K) = C1(K).

In this case, Q(K) is finite (in particular it is locally finite), and the only non trivial H*(F2)-
comodule structure on H*(V3)P2, which sends v to v®@1 and u(v+u) to u(v+u)@1+v@u-+1@u?,
can be extended to K = Fy [v, u(u + v)|®XF [u, v] by sending ov to cv®1 and ou to cu®1+ol®u.

Example 6.8. Finally, we consider the unstable algebra K := H*(Va)P2@XH*(Fay, [1,]). We again
have that the nil;-localisation of K is the projection onto H*(V2)P2 and S(K) = S(H*(Vz)?52).
For 1 a linear map from a vector space W to Va, (W, [¢]) € S(K) is in C;(K) if and only if
Im(vy) C Fax.

As above, we compute Cs(K) using Theorem and like in the two previous examples, we have
that (W, ¢*) € C1(K) is in Co(K) if and only if it is in C1 (H*(Fay, [t,]); K). This time, the second
condition of Proposition is not satisfied for (W, [¢]) € C1(K) with ¢ non trivial, indeed the
second condition of Proposition would require Im(%)) to be a sub-vector space of Fay, when
(W, [¢]) € C1(K) implies that Im(¢)) C Fox. Hence, C(K) = {(W,ex.w) ; W € V/}.

In this case, Q(K) is locally finite, and the non trivial H*(F;)-comodule structure on H* (V)52

cannot be extended to K 2 Fy [v, u(u 4 v)] ® EF2 [v]. Indeed, ov would need to be sent to ov ® 1,
hence u(v + u)ov = 0 would require to be sent to ov? @ u + ov @ u? # 0.
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In the above three example, we computed Cy(K) from C;(K) and Csq(nily (K)/nila(K); K).
Let us give an example when the obstruction to centrality comes from coker(\;).

Example 6.9. We consider K = F3 [v,w] ® u?F3 [u,v,w]. The injection from K to H*(V3) =
Fy [u, v, w] has cokernel Xy [v, w] which is nilpotent. Therefore, the former injection is the nil;-
localisation of K. We therefore have that S(K) =2 S(H*(V3)) and that, under this identification,
C,(K) =S(H*(V3)). So, for any linear map ¢ from a vector space W to Vs, (W,9)* o A1) € C1(K).

As before, (W,9* o \1) € Co(K) if and only if it is in Co(XF; [v, w]; K), which is the case if and
only if it is in Cy (F2 [v,w]; H*(V3)). By proposition[6.1] this is the case if and only if Im(1)) C Foy&
Fyz. Since K is nila-closed, by Theorem [5.6|we get that C(K) = {(W,¥*oA1) ; Im(¢)) C Foy®Faz}.

We can again interpret this result in terms of Corollary We consider the Fy [u]-comodule
structure on H*(V3) in K that send v to v® 1, w to w ® 1 and w to u ® 1 + 1 ® u, and which is
associated to (Fax, t) € C(H*(V3)). This comodule structure does not induce a comodule structure
on K, since the image of u?, which is in K, is v> ® 1 + v®> ® u + v ® v + 1 ® v> which is not in
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