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Abstract

We study a multilayer SIR model with two levels of mixing, namely a global level which
is uniformly mixing, and a local level with two layers distinguishing household and workplace
contacts, respectively. We establish the large population convergence of the corresponding
stochastic process. For this purpose, we use an individual-based model whose state space
explicitly takes into account the duration of infectious periods. This allows to deal with
the natural correlation of the epidemic states of individuals whose household and workplace
share a common infected. In a general setting where a non-exponential distribution of in-
fectious periods may be considered, convergence to the unique deterministic solution of a
measure-valued equation is obtained. In the particular case of exponentially distributed in-
fectious periods, we show that it is possible to further reduce the obtained deterministic limit,
leading to a closed, finite dimensional dynamical system capturing the epidemic dynamics.
This model reduction subsequently is studied from a numerical point of view. We illustrate
that the dynamical system derived from the large population approximation is a pertinent
model reduction when compared to simulations of the stochastic process or to an alternative
edge-based compartmental model, both in terms of accuracy and computational cost.

Keywords. Epidemic process, household-workplace models, two layers of mixing, large
population limit, agent-based model, model reduction.

Code availability. https://github.com/m-kubasch/household-workplace-model

Introduction

Among the possibilities of non-pharmaceutical epidemic control measures, social distancing may
be used to slow down disease propagation. This has been emphasized by the recent COVID-19
epidemic, which lead to wide-spread implementation of non-pharmaceutical interventions. In
particular, both empirical evidence [28] and simulation studies [36] have pointed out that school
closure and teleworking are among the most effective of those measures. These results are not
only limited to COVID-19, as it is equivalently known that particularly school closure mitigates
influenza epidemics [25]. It thus seems relevant to take into account this kind of control measure
in epidemic models, in order to study their impact on epidemic spread. A difficulty then arises
from the fact that social distancing often disrupts particular contacts, such as workplace contacts
only in the case of teleworking, while leaving intact other types of contact, for instance within
households. Di Lauro et al. [11] have shown through the example of lockdowns that in order to
model control measures impacting preferably specific types of contact, it is advantageous for the
model to explicitly distinguish these contact structures. In addition, even though it is well known
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that clustered contact patterns influence epidemic spread [13, 41], precisely understanding the
impact on disease propagation of the way individuals are organized in households and workplaces
is not straightforward [26, 5].

This motivates the study of models which explicitly distinguish different levels of contact,
which as we shall see lead to interesting mathematical issues due to their multiscale population
structure. A minimal model taking into account households and workplaces has been proposed
by Pellis et al. [32], referred to as the household-workplace model. This model consists in a
stochastic SIR model with two levels of mixing [8], a global and a local one, the latter being
characterized by the presence of small contact structures. More precisely, contacts may take place
within three different layers: households, workplaces and the general population. Households
and workplaces correspond to the local level of mixing, while the general population constitutes
the global one. In particular, it is possible to distinguish different rates at which acquaintances
encounter one another within each of these three layers. This model has already been studied to
some extent, establishing for instance different reproduction numbers, see e.g. Ball et al. [3] for
an extensive overview. In particular, the reproduction number RI proposed by Pellis et al. [32]
is interesting, as it is intimately connected to the proportion of infections taking place within
each layer of the contact network [5]. The R0 used throughout this paper will thus refer to this
particular reproduction number, and computations of R0 and proportions of infections per layer
will make use of the working package associated to [5].

One drawback of this model is its complexity, both mathematically and numerically. Indeed,
it is not simple to analyse due to correlations arising as soon as an individual may belong
to several small contact structures at once. Also, simulations require a significant amount of
computation time, especially when considering larger population sizes. As a consequence, it is
of interest to develop reduced models, which may be more prone to theoretical studies and/or
numerical exploration. In particular, large population approximations of stochastic models have
proven fruitful to achieve such model reductions in many contexts, among which epidemics on
random graphs.

Historically, the standard SIR model developed by Kermack and McKendrick itself corre-
sponds to the large population limit of the uniformly mixing stochastic SIR model. In the
Markovian setting, the convergence of the stochastic model to its deterministic limit can be
established using classical results on the convergence of finite type density-dependent Markov
jump processes, e.g. [2]. In a more general setting, where infectious periods are not restricted
to being exponentially distributed, the large population convergence of the stochastic model to
the unique deterministic solution of a system of integral equations can also be obtained (see for
instance [23] and references therein).

From the contact network point of view, uniform mixing is represented by complete graphs.
One may notice that in order to describe an epidemic spreading on a graph, it is key to get a
good understanding of the neighbourhoods of susceptible nodes, as they can only be infected
through one of their neighbours. The complete graph hence is a favourable setting, as the
neighbourhood of each node corresponds to the total population: the amount of information
necessary to describe the infectious pressure on each susceptible thus reduces to the proportion of
infected in the general population. For more general contact networks however, getting a picture
of the neighbourhood of susceptible nodes over time is often difficult. As a consequence, it can be
challenging to propose closed systems of equations correctly describing the epidemic dynamics.
Several families of reduced models thus have evolved, including pairwise models (see [21] for a
review), message passing [20], effective degree models [24] and edge-based compartmental models
(EBCM) [40].

The latter have originally been developed in the particular case of an SIR model on con-
figuration graphs, which have the property of being locally tree-like when the number of nodes
grows to infinity. In other words, in the large population limit, there are no finite loops, and thus
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the epidemic states of the neighbours of a susceptible node can be thought of as independent
from one another. This is the key ingredient to the original EBCM which was first proposed
by [40], and refined by [30]. Notice that this model reduction is especially parsimonious, as a
handful of equations are enough to entirely describe the epidemic dynamics. Also, this model
has been proven to be the large population limit of the underlying stochastic model [9, 17].
Since then, the equivalence with other reduced models has been established under appropriate
assumptions [15, 42, 16, 22], which are thus equally exact in the large population limit thanks to
the aforementioned convergence result. Note that the EBCM formalism has also been extended
to include pertinent variations of the original model, such as non-Markovian settings [35], or an
epidemic spreading on a dynamic multi-layer configuration model [16].

While the case of classical configuration models is thus well understood, taking into account
the presence of clusters within the contact network raises a new challenge. In particular, some
attention has been drawn to the case of small, highly connected groups referred to as cliques,
which are well suited to represent structures such as households or workplaces. Several models
have been proposed in the case where each individual belongs to a certain (random) number
of such cliques which can be of random size. Such a network can for instance be obtained by
extending the configuration model to include cliques, and an EBCM has been developed in this
setting [41]. Alternative models are presented in [37], where contact rates are allowed to differ
between cliques as random functions of their size, as well as [13], where cliques are not necessarily
fully connected. Let us emphasize that these models share three major common points: they
focus on the epidemic at the level of structures, as they keep track of the proportions of cliques
containing a certain number of susceptibles and infected; the proposed reduced systems are
high-dimensional for larger clique sizes; and for none of them, the convergence of the underlying
stochastic model to the proposed reduced model has been established.

As already motivated in the case of our model, it further is of interest to distinguish several
types of contacts, giving rise to multi-layer contact networks. Layers differ in terms of contact
rates, and potentially also in terms of contact networks. To our knowledge, when considering
small complete structures, this has first been achieved for household models. These models
consist in distinguishing household contacts from contacts within the general population, each
individual belonging to exactly one household. Such a model was proposed in [14], with a
uniformly mixing general population, in which case the reduced model naturally appears to
be the large population limit of its stochastic counterpart, which can again be formalized as
a finite type density-dependent Markov jump process. Other possibilities include considering
that general contacts form a configuration network [11, 26], or allowing individuals to belong to
several cliques of the same type instead of only one household [6].

However, one may notice that the particular case of the household-workplace model is not
covered by the previously introduced models, as it is necessary here to consider two layers of
cliques. In this setting, the only reduced models proposed so far approach the epidemic dynamics
using well calibrated uniformly mixing models [5, 10]. While these are capable of capturing some
key characteristics of the epidemic, such as the epidemic peak size and final size, they do not
allow for an accurate prediction of the epidemic dynamic over time.

As a consequence, in this paper, we will study the large population limit of the model with
two levels of mixing which explicitly distinguishes households and workplaces. In order to do
so, we will formalize the model in a finite population as an individual-based stochastic process,
and establish that this sequence of processes converges in law when the size of the population
grows to infinity. This allows, on the one hand, to identify our model reduction, and on the
other hand establishes that this model reduction is legitimate since it is asymptotically exact.
Besides, it paves the way for more quantitative estimates on this approximation. Notice here
that each infected individual correlates the epidemic spread in his household and workplace,
being infectious for exactly the same period of time in both structures. In order to deal with
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this dependence, the duration of infectious periods will explicitly be taken into account in the
model structure. This difficulty actually arises as soon as one considers the possibility of an
individual belonging to several cliques at once, whether they are of different types or not, and
we refer to [4] where a similar approach has been developed for branching approximations. This
model formulation amounts to studying a measure-valued process mixing discrete and continuous
components. More precisely, we establish the convergence of the individual-based process to
the unique solution of an explicit measure-valued equation. In the particular case where this
distribution is exponential, it is possible to go one step further and reduce the epidemic dynamics
to a closed, finite dimensional dynamical system which is similar in spirit to reductions proposed
in related settings [14, 37].

The present paper is structured as follows. Section 1 introduces the individual-based model,
and Section 2.1 subsequently presents the convergence results in detail. Section 2.2 is devoted to
numerical aspects. We first illustrate that the obtained dynamical system is in good accordance
with stochastic simulations, discuss its implementation and examine its computational cost in
terms of computation time compared to stochastic simulations. Next, we confront our reduced
model to an alternative model reduction which we obtain using the EBCM formalism. Finally,
Section 3 contains the proofs of our results.

Before proceeding, let us introduce some notations that will be used throughout the paper.
For any integers n ď m, we write Jn,mK “ tn, ¨ ¨ ¨ ,mu. For a measurable space pE, Eq, let
MP pEq be the set of point measures, MF pEq the set of finite measures and M1pEq the set
of probability measures on E. We define MP,1pEq “ MP pEq XM1pEq the set of punctual
probability measures on E. For a measure µ on E and a suitable function f (either non-negative
or belonging to L1pµq), let xµ, fy “

ş

E fdµ. Also, for x P E, δx designates the Dirac measure
at point x. Further, for any metric space E and any integer m, let CpE,Rmq be the set of
continuous functions f : E Ñ Rm. Similarly, CbpE,Rmq is defined as the subset of bounded
functions f P CpE,Rmq. Finally, the space C1

b pE,Rmq designates the set of bounded functions
f : E Ñ Rm such that f is differentiable and its differential is continuous and bounded.

1 Presentation of the model

Let us begin by introducing the epidemic model of interest, in two successive steps. At first,
a general model description is yielded, which corresponds to a more intuitive presentation of
the model, before stating the mathematical model in detail using a measure-valued stochastic
differential equation.

1.1 General presentation of the model

Let us start by describing the population structure of interest. Consider a population of K
individuals. Each individual is part of exactly one household and one workplace, which are
chosen independently from one another, and independently for each individual.

More precisely, such a population structure can be obtained as described in [5]. Suppose that
households and workplaces are of size at least one and at most nmax. Consider distributions pπHj q

and pπWj q on J1, nmaxK. These distributions correspond to the large population limit of household

and workplace size distributions, in the sense that in an infinite population, a proportion πHj of

households would be of size j, while πW would play a similar role for workplaces. In such an
infinite population, the average household and workplace sizes, respectively mH and mW , would
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be given for X P tH,W u by

mX “

nmax
ÿ

j“0

jπXj .

In order to assign each individual of the finite-size population a household, we proceed as
follows. Let k P J0,KK be the number of individuals who are not yet member of a household.
While k ą 0, choose a size ñ according to πH , independently from the household sizes that were
chosen during previous steps. The newly uncovered household is then of size n “ minpñ, kq, and
n individuals out of the k remaining ones are picked uniformly at random to assemble this new
household. Consequently, it remains to update k to k ´ n. The process stops as soon as k “ 0,
as all individuals then belong to a household. Finally, this process is repeated independently
for workplaces, using πW instead of πH . Throughout the paper, let us consider one particular
sequence pGKqKě1 of realisations of this random population structure. The choice of this
sequence being arbitrary among all sequences of such population structures, this does not lessen
the generality of our results.

It remains to describe the way the disease spreads in the population. The epidemic model
considered here is an extension of the standard SIR model. At each time, each individual is
either susceptible if he has never encountered the disease and may be contaminated; infected
if the individual is currently infectious, in which case he may transmit the disease to other
susceptibles; or recovered, once the infectious period is over, in which case the individual has
become immune against the disease.

The disease is transmitted among individuals as follows. Any contact between a susceptible
and an infected individual within either level of mixing amounts in the contamination of the
susceptible individual. Such an event is called an infectious contact. Within each household,
each workplace and the general population, uniform mixing is assumed, but the parameterization
differs slightly between the layers. Indeed, for households, we consider a one-to-one contact rate
λH , meaning that whenever there are s susceptibles and i infected within a household, the
next infectious contact occurs at rate λHsi. Similarly, another one-to-one contact rate λW is
associated to workplace contacts. Within the general population, on the other hand, a one-
to-all contact rate βG is considered: when there are s susceptibles and i infected within a
population of size K, infectious contacts occur at rate βG

K si. Here, contrary to the local level,
frequency-dependence is considered for the global contact rate, as each given encounter between
two individuals chosen at random within the general population becomes less likely when the
population size K grows large.

Finally, infected individuals remain infectious for a period of time distributed according to
a probability distribution ν on R`, which we assume to be absolutely continuous with regard
to the Lebesgue measure. Once they recover, they are supposed to be immune against the
disease from there on. In particular, if ν is an exponential distribution, this corresponds to the
Markovian SIR model.

1.2 The epidemic model at the level of households and workplaces

As we aim at investigating the large population limit of this model, we choose to enrich the
population description as to obtain a closed Markov process. This corresponds to a favourable
mathematical setting, as it allows us to use the associated martingale problem. In order to do
so, we will represent the population in terms of particles which are described by a type. It
seems natural to consider particles which correspond to entire structures, i.e. households and
workplaces, which are characterized by their size and the number of susceptible and infected
individuals they contain. Indeed, this point of view has already proven useful for deriving
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reproduction numbers for related models [3], as well as the epidemic growth rate of the household-
workplace model [33]. However, this is not enough to obtain a closed system of Markovian
dynamics. The problem is that each infected individual correlates the spread of the epidemic
within his household and his workplace, leading to an intricate correlation network. In order to
circumvent this difficulty, similarly to [4], we will thus further characterize each structure by the
infectious periods of its infected members.

More precisely, for a population of size K ě 1, let KH be the number of households and KW

the number of workplaces in GK . Label the KH households in an arbitrary fashion 1, . . . ,KH .
Consider the set

E “ tpn, s, τq P J1, nmaxKˆ J0, nmaxKˆ Rnmax : s ď n; @j ą n´ s, τj “ 0u .

Then for k P J1,KHK, the k-th household is characterized at time t ě 0 by its type

xHk ptq “ pn
H
k , s

H
k ptq, τ

H
k ptqq P E.

The first two components of xHk correspond respectively to the size of the household (which
is constant over time), and the number of susceptible members of the household at time t. The
third component τHk is a vector containing the remaining infectious periods of the members of
the household and keeps track of infected and removed individuals. Indeed, at time t, there are
nHk ´s

H
k ptq infected or removed individuals within the household. For j P J1, nHk ´s

H
k ptqK, τ

H
k,jptq

corresponds to the remaining duration of the infectious period at time t of the j-th member of
the household who has contracted the disease. If τHk,jptq ą 0, the individual is still infectious and

will remain so for τHk,jptq units of time. Otherwise, if τHk,jptq ď 0, the individual has recovered,

and the recovery has occurred at time t ´ |τHk,jptq|. For j ą nHk ´ sHk ptq, τ
H
k,jptq is set to zero

and can be neglected for interpretation. Notice that, in principle, it would have been possible
to define τHk ptq P Rn

H
k ´s

H
k ptq, but letting τHk P Rnmax is convenient for computations.

Similarly, label the KW workplaces in an arbitrary order 1, . . . ,KW . For ` P J1,KW K, the `-th
workplace is characterized by its type xW` ptq “ pn

W
` , s

W
` ptq, τ

W
` ptqq, which is defined analogously

to household types.

By definition, these types evolve over time. On the one hand, for any X P tH,W u, for any
k P J1,KXK and j P J1, nmaxK, the j-th component of τXk decreases linearly at unitary rate if it
describes the remaining infectious period of an individual having contracted the disease at some
previous time, and stays constant otherwise:

@j P J1, nmaxK,
d

dt
τXk,jptq “ ´1tjďnXk ´s

X
k ptqu

.

Let pejq1ďjďnmax denote the canonical basis of Rnmax . Then for any 0 ď t ď T , and x “ pn, s, τq P
E, we may define Ψpx, T, tq as the type of a structure at time T given that it was in state x at
time t, supposing that no infections occurred in the meantime:

Ψpx, T, tq “

˜

n, s, τ ´
n´s
ÿ

j“1

pT ´ tqej

¸

.

On the other hand, infections within each level of mixing also cause the modification of the
types of the household and the workplace of newly contaminated individuals. More precisely,
consider a contamination occurring at time t. Suppose that the newly infected belongs to the
k-th household and `-th workplace. Let σ be the realisation of a random variable of distribution

6



ν, which is drawn independently for each new infected. Then xHk and xW` jump from xHk pt´q
and xW` pt´q to jpxHk pt´q, σq and jpxW` pt´q, σq respectively, where for any x “ pn, s, τq P E,

jpx, σq “ pn, s´ 1, τ ` σen´s`1q .

It remains to describe how one identifies the household k and workplace ` the newly infected
belongs to. Let Spt´q be the number of susceptibles in the population previously to the infection
event. If it takes place within the general population, any susceptible individual is chosen with
uniform probability to be contaminated. The newly infected thus belongs to the k-th house-
hold with probability sHk pt´q{Spt´q, and independently to the `-th workplace with probability
sW` pt´q{Spt´q. Similarly, if the infection occurs within a household, only the workplace of the
newly infected needs to be uncovered, and corresponds to the `-th workplace with the same
probability as previously. Within-workplace infections are treated analogously.

We are now ready to properly introduce the stochastic process which represents the previ-

ously described dynamics. We are interested in the stochastic process pζKt “ pζ
H|K
t , ζ

W |K
t qqtě0

taking values in MP,1 “MP,1pEq ˆMP,1pEq, whose definition will be detailed hereafter. Here,

ζ
H|K
t and ζ

W |K
t correspond respectively to the normalized counting measures associated to the

distributions of household and workplace types at time t, i.e. for any time t ě 0 and X P tH,W u,

ζ
X|K
t “

1

KX

KX
ÿ

k“1

δxXk ptq
.

Start by noticing that, as both household and workplace sizes are bounded, for X P tH,W u,
the following inequality holds:

K

nmax
ď KX ď K.

Thus, studying the asymptotic K Ñ8 amounts to pKH ,KW q Ñ p8,8q.
Recall that in the case of infections occurring within the general population, the rate of infec-

tions depends on the number of susceptibles Sptq and infected Iptq within the whole population
at time t ě 0. It is easy to compute these quantities using ζK as follows. For any τ P Rnmax , let
ipτq “

řnmax
k“1 1tτką0u. Then for any t ě 0,

IHptq “
1

KH

KH
ÿ

k“1

ipτHk ptqq

corresponds to the average number of infected individuals per household at time t. Similarly,
one may define SHptq as the average number of susceptibles per household at time t. Then

@X P tH,W u, Sptq “ KXS
Xptq and Iptq “ KXI

Xptq. (1)

Further, let NH be the average household size, which is constant over time and always equal to
K{KH . This leads to Iptq{K “ IXptq{NX , which will be of use in computations. Notice that we
will need to check that Equation (1) is well posed, as equalities of the typeKHS

Hptq “ KWSW ptq
technically need to be proven for the stochastic process formalizing the model.

Finally, let us briefly emphasize that the partition of the population in households and
workplaces is entirely conveyed by ζK0 P MP,1, as it does not vary over time. In particular,
the proportions of households and workplaces of each size are supposed to correspond to those
observed in GK . Similarly, there are some natural constraints on ζK0 , as ζH|K and ζW |K describe
the same population, once dispatched into households, and once dispatched into workplaces.
As these assumptions are intuitive, they will not all be detailed here, and they will only be
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emphasized when necessary. For instance, the total number of members in some epidemic state
(susceptible, infected or recovered) within all households is equal to the total number of members
in this state within all workplaces. Hence KHS

Hp0q “ KWS
W p0q and KHI

Hp0q “ KW I
W p0q

almost surely. Further, at time 0, each infected needs to have the same remaining infectious
period in both his household and workplace. In other words, almost surely,

tτHk,jp0q : 1 ď k ď KH , 1 ď j ď nHk ´ s
H
k p0qu “ tτ

W
`,j p0q : 1 ď ` ď KW , 1 ď j ď nW` ´ sW` p0qu. (2)

Forthcoming Lemma 1.2 shows that these conditions are enough to ensure that the previous
characterization of Sptq and Iptq in terms of SXptq and IXptq is legitimate.

Before giving the proper definition of ζK , let us introduce some necessary notations. Let
UGK “ pR`q3 ˆ J1,KHKˆ J1,KW Kˆ R`, and consider the following measure on UGK :

µGKpduq “ µGKpdθ, dk, d`, dσq “ dθ b µ#pdkq b µ#pd`q b νpdσq,

where dθ and µ# denote the Lebesgue measure on R3 and the standard counting measure,
respectively. For t ě 0 and u “ pθ, k, `, σq P UGK where θ “ pθ1, θ2, θ3q, let us define

IGpt, uq “ 1"

θ1ď
βG
K
SptqIptq, θ2ď

sH
k
ptq

Sptq
, θ3ď

sW
`
ptq

Sptq

*.

The idea is that IG will yield the correct rate for infection events in the general population.
More precisely, the constraint on θ1 corresponds to the rate of infectious contacts at that level of
mixing, while the constraints on θ2 and θ3 are related to the probability that the newly infected
belongs to the k-th household and `-th workplace.

Similarly, let UK “ pR`q2 ˆ J1,KHKˆ J1,KW Kˆ R`, endowed with the measure

µKpduq “ µKpdθ, dk, d`, dσq “ dθ b µ#pdkq b µ#pd`q b νpdσq,

where with slight abuse of notation, dθ designates the Lebesgue measure on R2. Then for t ě 0
and u “ pθ, k, `, σq P UK where θ “ pθ1, θ2q, we further introduce

IHpt, uq “ 1"

θ1ďλHs
H
k ptqipτ

H
k ptqq, θ2ď

sW
`
ptq

Sptq

*.

This time, the constraints on θ1 and θ2 correspond respectively to the rate of infection within
the k-th household and the probability of the newly infected belonging to the `-th workplace.
Also, for any T ě t ě 0 and u “ pθ, k, `, σq P UGK Y UK , consider the following quantity, which
will allow to keep track of the change in the household population due to an infection within
the k-th household:

∆Hpu, T, tq “ δpΨpjpxHk pt´q,σq,T,tqqq
´ δpΨpxHk pt´q,T,tqqq

.

Finally, define IW pt, uq and ∆W pu, T, tq analogously, by interchanging H and W as well as k
and `:

IW pt, uq “ 1"

θ1ďλW sW` ptqipτ
W
` ptqq, θ2ď

sH
k
ptq

Sptq

* and ∆W pu, T, tq “ δpΨpjpxW` pt´q,σq,T,tqqq
´δpΨpxW` pt´q,T,tqqq

.

In order to simplify notations in the following, for Y P tH,W u, we let UYK “ UK and
µYK “ µK . We are now ready to yield the main characterization of ζKt , as inspired by [38].
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Proposition 1.1. Define on the same probability space as ζK0 , and independently from ζK0 ,
three independent Poisson point measures QY |K on R` ˆ UYK with intensity dtµYKpduq, for Y P
tH,W,Gu.

Then ζK “ pζH|K , ζW |Kq is defined as the unique strong solution taking values in DpR`,MP,1q

of the following equation. For X P tH,W u,

ζ
X|K
T “

1

KX

¨

˝

KX
ÿ

j“1

δΨpxXj p0q,T,0q
`

ÿ

Y PtH,W,Gu

ż T

0

ż

UYK

IY pt´, uq∆Xpu, T, tqQ
Y |Kpdt, duq

˛

‚. (3)

The idea behind Equation (3) goes as follows. Let us focus for example on the distribution

ζ
H|K
T of household types at time T . Each individual household’s type contributes to the distribu-

tion at uniform weight 1{KX . If no infection event occurs between times 0 and T , then the state
of the k-th household at time T is given by ΨpxHk p0q, T, 0q. However, suppose now that before
time T , at least one initially susceptible member of the k-th household is infected, and let t be
the first time at which such an event occurs. Then xHk ptq “ jpxHk pt´q, σq where σ is distributed
according to ν. If no other infections affect this household up to time T , it will be in state
ΨpjpxHk pt´q, σq, T, tq instead of ΨpxHk p0q, T, 0q “ ΨpxHk pt´q, T, tq. This reasoning is reflected in
∆H , and can be iterated over the whole of r0, T s. Finally, the terms IY for Y P tG,H,W u assure
that all infection events occur at the corresponding rates.

Proof. The proof uses classical arguments, which will only be outlined here. Start by establishing
existence of ζK . Consider the sequence pTnqně0 of successive jump times of ζK , where we define
T0 “ 0. Then using a method similar to rejection sampling , pTnqně0 can be obtained as a
subsequence of the jump times of a Poisson process with intensity nmaxpλHnmax ` λWnmax `

βGqK, whose only limiting value is `8. Thus limnÑ`8 Tn “ `8 almost surely, ensuring that
ζK takes values in DpR`,MP,1pEqq.

Finally, uniqueness is obtained by an induction argument which proves that for any n ě 0,
pTn, ζ

K
Tn
q is uniquely determined by pζK0 , pQ

Y |KqY PSq where S “ tG,H,W u. This obviously is
true for n “ 0. The induction step relies on the observation that Tn`1 is uniquely determined by
pTn, ζ

K
Tn
, pQY |KqY PSq and ζKTn`1

by pTn`1, Tn, ζ
K
Tn
, pQY |KqY PSq. The induction hypothesis allows

to conclude.

Let us briefly show here that it follows directly from Proposition 1.1 that Equation (1) is
well posed.

Lemma 1.2. Suppose that almost surely, KHS
Hp0q “ KWS

W p0q and Equation (2) holds. Then
for any t ě 0, KHS

Hptq “ KWS
W ptq and KHI

Hptq “ KW I
W ptq, almost surely.

Proof. Let T ě 0, and for any x “ pn, s, τq P E, let npxq “ n, spxq “ s and ipxq “ ipτq. Start

by focusing on SXpT q “ xζ
X|K
T , sy for X P tH,W u. It follows from Equation (3) that

KXS
XpT q “

KX
ÿ

j“1

spΨpxXj p0q, T, 0qq `
ÿ

Y PtH,W,Gu

ż T

0

ż

UYK

IY pt´, uqx∆Xpu, T, tq, syQ
Y |Kpdt, duq.

Notice that on the one hand, for any x P E and 0 ď t ď T , spΨpx, T, tqq “ spxq. Hence the first
term of the right-hand side equals KXS

Xp0q, and for any u “ pθ, k, `, σq,

x∆Hpu, T, tq, sy “ spΨpjpxHk pt´q, σq, T, tqq ´ spΨpxHk pt´q, T, tqq “ ´1.

The analogous computation yields x∆W pu, T, tq, sy “ ´1. Thus KHS
HpT q “ KWS

W pT q almost
surely.
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Let us now turn to IXpT q “ xζ
X|K
T , iy. This time, for any u “ pθ, k, `, σq and 0 ď t ď T , it

holds that x∆Xpu, T, tq, iy “ 1tσąpT´tqu. Finally, Equation (2) ensures that

KH
ÿ

k“1

ipΨpxHk p0q, T, 0qq “
KH
ÿ

k“1

nHk ´s
K
k p0q

ÿ

j“1

1tτHk,jp0qąTu
“

KW
ÿ

`“1

ipΨpxW` p0q, T, 0qq.

The conclusion follows as previously from Equation (3).

2 Main results

In this section, we are going to present our main results on the convergence of pζKqKě1 in the
Skorokhod space D pR`,M1pEqq

2. For X P tH,W u, let X be the complementary structure
type, i.e. X “W if X “ H and vice-versa.

The following assumption on the sequence of initial conditions pζK0 qKě1 will be required from
now on.

Assumption 2.1. For any X P tH,W u and T ě 0, suppose that:

(i)

lim
NÑ8

sup
Kě1

E

«

sup
0ďtďT

1

KX

KX
ÿ

k“1

nmax
ÿ

i“1

1tnXk ´s
X
k p0qěi, |τ

X
k,ip0q´t|ěNu

ff

“ 0.

(ii) For any c P R, for any i P J1, nmaxK,

lim
εÑ0

sup
Kě1

E

«

1

KX

KX
ÿ

k“1

1tnXk ´s
X
k p0qěi, |pτ

X
k,ip0q´T q´c|ďεu

ff

“ 0.

Briefly, the first assumption allows to control the impact of the initial condition on the queues
of the distribution of remaining infectious periods at each time, while the second condition is
related to aspects of absolute continuity. These conditions are for instance satisfied if for any
K ě 1, at time 0, the remaining infectious periods of infected individuals are i.i.d. of law ν,
while those of recovered individuals are set to be equal to zero. Notice that this choice for
recovered individuals does not represent a loss of generality, as it does not affect the epidemic
spread and initially recovered individuals will remain recognizable at any time T as the only
ones whose remaining infectious periods equal ´T .

2.1 Large population approximation of pζKqKě1

For any f P C1
b pR`ˆE,Rq, let ftpxq “ fpt, xq and fIt pxq “ xν, ftpjpx, ¨qqy for every pt, xq P R`ˆE.

Consider the differential operator A defined as follows. For any x “ pn, s, τq P E,

Aftpxq “ Btfpt, xq ´
n´s
ÿ

k“1

Bτkfpt, xq.

Also, for any x “ pn, s, τq P E, let npxq “ n, spxq “ s and ipxq “ ipτq be the functions which
to a structure in state x associate the corresponding structure size, number of susceptible and
number of infected members, respectively. For instance, for any X P tH,W u the average rage
of within-structure infections at time t is given by

λXxζ
X|K
t , siy “

λX
KX

KX
ÿ

k“1

spxXk ptqqipx
X
k ptqq.

10



Notice also that as mentioned previously, the average size of structures is constant over time,

hence xζ
X|K
t ,ny “ xζ

X|K
0 ,ny for all t ě 0. Finally, let M1 “ M1pEq

2. We are now ready to
state our first result, whose proof is postponed to Section 3.1.

Theorem 2.2. Suppose that
`

ζK0
˘

Kě1
satisfies Assumption 2.1 and converges in law to η0 PM1.

Then pζKqKě1 converges in D pR`,M1pEqq
2 to η “ pηH , ηW q defined as the unique solution of

the following system of Equations (4). For any f P C1
b pR` ˆ E,Rq, for any T ě 0,

xηXT , fT y “ xη
X
0 , f0y `

ż T

0
xηXt ,Aftydt` λX

ż T

0
xηXt , sipf

I
t ´ ftqydt

` λX

ż T

0

xηXt , siy

xηXt , sy
xηXt , spf

I
t ´ ftqydt` βG

ż T

0

xηHt , iy

xηH0 ,ny
xηXt , spf

I
t ´ ftqydt.

(4)

From now on, let us assume that ν is the exponential distribution of parameter γ. As we
shall see, it then is possible to deduce from Theorem 2.2 that the proportion of susceptible and
infected individuals in the population converges to the solution of a dynamical system, when
the size of the population grows large.

Let sptq and iptq be the proportions of susceptible and infectious individuals, respectively, in
the population at time t according to distribution ηt. Further introduce the set

S “ tpn´ i, iq : 2 ď n ď nmax, 0 ď i ď n´ 1u .

For pS, Iq P S, let nH
pS,Iqptq be the proportion of households containing S susceptible and I

infected individuals at time t, according to distribution ηHt . Define nW
pS,Iqptq analogously for

workplaces. Finally, consider

τGptq “ βGiptq, and τXptq “
λX
mX

ÿ

pS,IqPS
SI nXpS,Iqptq for X P tH,W u.

We assume that at time 0, a fraction ε of uniformly chosen individuals are infected amidst
an otherwise susceptible population. Furthermore, at time 0, the remaining infectious period
of each infected individual is supposed to be distributed according to ν, independently from
one another. Let us emphasize here that actually, only this second assumption is crucial for
the results to hold, while the original distribution of infected individuals does not need to be
uniform (in which case forthcoming Equations (5) and (7) need to be adapted). We have chosen
this particular initial condition as it has been previously considered in the literature, and refer
to the Discussion for further comments.

In practice, this setting corresponds to the following probability distribution η0,ε “ pη
H
0,ε, η

W
0,εq P

M1 characterized for X P tH,W u as follows. For any n P J1, nmaxK and s P J0, nK:

ηX0,εpn, s, dτq “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
´

νbpn´sq b δ
bpnmax´n`sqq
0

¯

pdτq. (5)

It then is possible to describe the epidemic dynamics by a finite, closed set of ordinary differential
equations, as shown in the following result whose proof is postponed to Section 3.2.

Theorem 2.3. Let ε ą 0. Suppose that ν is the exponential distribution of parameter γ,
and that

`

ζK0
˘

Kě1
satisfies Assumption 2.1 and converges in law to η0,ε. Then the functions
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ps, i, nX
pS,Iq : X P tH,W u, pS, Iq P Sq are characterized as being the unique solution of the

following dynamical system: for any t ě 0, for any X P tH,W u, pS, Iq P S,

d
dtsptq “ ´pτHptq ` τW ptq ` τGptqsptqq, (6a)

d
dt iptq “ ´

d
dtsptq ´ γiptq, (6b)

d

dt
nXpS,Iqptq “ ´

ˆ

λXSI ` τXptq
S

sptq
` τGptqS ` γI

˙

nXpS,Iqptq

` γpI ` 1qnXpS,I`1qptq1tS`Iănmaxu

`

ˆ

λXpS ` 1qpI ´ 1q ` τXptq
S ` 1

sptq
` τGptqpS ` 1q

˙

nXpS`1,I´1qptq1tIě1u,

(6c)

with initial conditions given by

sp0q “ 1´ ε; ip0q “ ε; nXpS,Iqp0q “

ˆ

S ` I

I

˙

πXS`Ip1´ εq
SεI . (7)

This dynamical system may be understood as follows. Equation (6a) corresponds to the fact
that the proportion of susceptibles decreases whenever a new infection occurs within the general
population, or within a household or workplace. Similarly, Equation (6b) stems from the fact
that newly contaminated individuals move from the susceptible to the infected state, which they
in turn leave at rate γ since the infectious period is exponentially distributed. It remains to
take an interest in Equation (6c). The first line indicates that a structure of type pS, Iq P S
changes its composition upon either the infection of one of its susceptible members, be it an
infection within the structure itself or outside of it (within a structure of the opposite type or in
the general population), or upon the removal of one of its infected members. Simultaneously, a
structure of type pS, I`1q transforms into a structure of type pS, Iq whenever one of its infected
members recovers, while a structure of type pS`1, I´1q becomes of type pS, Iq upon infection of
a susceptible member. In particular, this result shows that under the assumptions of Theorem
2.3, in the large population limit, we may neglect the natural correlation between structures
caused by the fact that infected individuals belong to two structures at once. This allows to
obtain a stronger model reduction than in Theorem 2.2, in the sense that the model reduces to
a finite-dimensional ODE-system instead of a measure-valued equation.

Before detailing the proofs of Theorems 2.2 and 2.3, let us examine the latter from a numerical
point of view.

2.2 Numerical assessment of the limiting dynamical system

The aim of this section is first to portray that the proposed large population limit, under the
form of dynamical system (6a–c), is in good accordance with the original stochastic model for
large population sizes. This secondarily leads to some practical comments on the implementation
of the dynamical system. Finally, a comparison with another reduced model for epidemics with
two layers of mixing will be established, namely with an Edge-Based Compartmental Model
(EBCM) in the line of work of Volz et al. [41].

2.2.1 Implementation of the dynamical system and illustration of Theorem 2.3

Let us start by illustrating the result of Theorem 2.3 through numerical simulations. Using
Gillespie’s algorithm, we have performed fifty simulations of the epidemic within a population
of K “ 10000 individuals, where πH and πW are roughly inspired by the French household and
workplace distributions as observed in 2018 by Insee [5]. These distributions are represented in
Figure 1. Two sets of epidemic parameters have been considered, leading to either R0 “ 2.5 or

12



Figure 1: Household and workplace size distributions πH (left) and πW (right) used in simulations.

R0 “ 1.2. In both cases, the majority of contaminations take place at the local level. Indeed,
for the first scenario with R0 “ 2.5, 42% and 18% of infections occur within households and
workplaces, respectively. For the second scenario, mean-field infections are even less common,
with 40% of within-household and 40% of within-workplace infections. Further, the epidemic is
started by infecting either 10 or 100 individuals chosen uniformly at random at time 0 (ε “ 0.001
or ε “ 0.01, respectively). For each simulation, we have followed the evolution of the proportion
of susceptible and infected individuals within the population over time. When ε “ 0.001, time
subsequently is shifted so that time 0 corresponds to the first moment when at least 5‰ of the
population are infectious.

The simulation outcomes are presented in Figure 2. For each choice of parameters, the
solutions s and i of dynamical system (6a–c) with initial condition given by (7) are plotted on the
same graph. As previously for ε “ 0.001, time is subsequently shifted to ensure that ip0q “ 0.005,
in order to synchronize the simulations among themselves and with their deterministic limit.
As expected, one observes good accordance of the stochastic simulations and the deterministic
functions ps, iq.

Before proceeding further, let us briefly emphasize a few aspects of the implementation of
the proposed deterministic model. A potential drawback of dynamical system (6a–c) consists in
its large dimension. Indeed, it holds that #S “ nmaxpnmax` 1q{2´ 1. The number of equations
of dynamical system (6a–c) is hence given by 2 ` 2#S, and of order Opn2

maxq. However, this
fast-growing number of equations actually is manageable, as it is possible to implement the
dynamical system in an automated way, in the sense that each equation does not need to be
written one-by-one by the programmer. We refer to Appendix A.1 for details.

Nevertheless, the large dimension of the dynamical system of interest raises the question
whether it is numerically speaking interesting to actually use it for numerical explorations when
compared to stochastic simulations using Gillespie’s algorithm. Indeed, if the computation
time needed to solve the dynamical system is not advantageous when compared to stochastic
simulations, one may prefer to use the latter as it contains more information, such as the
fluctuations around the large population limit. In order to address this question, we have
compared the average time needed to either solve once dynamical system (6a–c), or to simulate
one trajectory of the stochastic model using Gillespie’s algorithm, for different choices of epidemic
parameters. Notice here that in practice, for stochastic simulations, it is often necessary to
compute several individual trajectories in order to obtain the general behavior of the epidemic.
However, as it is possible to execute these simulations in parallel, comparison to one individual
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Figure 2: Comparison of the stochastic model with its large population approximation given by dynamical
system (6a–c). Household and workplace distributions are those of Figure 1. Two sets of epidemic
parameters were considered, namely pβG, λH , λW , γq “ p0.125, 1.5, 0.00115, 0.125q and pβG, λH , λW , γq “
p0.03, 0.05, 0.0015, 0.125q for the left and right column respectively (R0 “ 2.5 and R0 “ 1.2). The initial
conditions are either ε “ 0.001 in Panels (a) and (b), or ε “ 0.01 in (c) and (d). For each of these scenarios,
Gillespie’s algorithm was used to simulate 50 trajectories of the stochastic model defined in Proposition
1.1 in a population of K “ 10000 individuals (faint lines). For Panels (a) and (b), only trajectories
reaching a threshold of 0.005 infected were kept, and time was shifted so that time 0 corresponds to the
moment when this threshold is reached. Finally, the deterministic solution ps, iq of (6a–c) is represented
for each scenario (thick lines). For Panels (a) and (b), the same time shifting procedure as for simulations
is applied.
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simulation seemed the most pertinent.
One hundred independent runs of each script were performed and their computation time as-
sessed. For each run, the runtime of a reference function was also measured, in order to take
into account fluctuations of computation time which occur among runs of the same script. The
procedure and results are detailed in Appendix A.2. In summary, solving the reduced model
is up to one order of magnitude faster than performing one stochastic simulation for values of
R0 ą 1 that are not too close to the critical case R0 “ 1. This shows that the reduced model is
pertinent for numerical exploration.

2.2.2 Comparison to Edge-Based Compartmental Models

One may notice that the population structure, as described in Section 1.1, can be regarded
as a modification of the well-studied configuration model. Indeed, our network of household-
and workplace-contacts may be seen as a two-layer graph, where each layer corresponds to a
random graph generated as described in [29, 31], that we shall call clique configuration model
(CCM) hereafter. This random graph model generalizes configuration models to include small,
totally connected sub-graphs referred to as cliques. It then is possible to derive an EBCM for
our household-workplace model by reasoning as in [41]. Details are provided in Appendix S1.1.

Edge-based compartmental models on CCM variants have been known to be in good accor-
dance with simulations of the corresponding stochastic epidemic models in terms of proportions
of susceptible and infected individuals within the population, under the assumption of a very
small initial proportion of infected. In our case, we have confronted the EBCM with dynamical
system (6a–c), as well as simulated trajectories of our stochastic model. Results are reported on
Figure S1. The parameters considered are the same as for Panel (a) of Figure 2, except that sev-
eral values of the initial proportion of infected ε have been explored. As expected, for very small
values of ε, the EBCM and dynamical system (6a–c) both yield the correct epidemic dynamics,
whereas for larger values of ε, the EBCM does not fit the simulated epidemic trajectories. We
refer to Supplementary Material S1.1 for details.

Finally, one may notice that the EBCM is of higher dimension than dynamical system (6a–c).
Proceeding like before, we obtain that the number of equations of the EBCM is of order Opn3

maxq.
This has a strong negative impact on computation time, as briefly illustrated in Supplementary
Material S1.2, arguing against the applicability of this EBCM for numerical explorations.

To conclude, in the particular case of the household-workplace model studied in this article,
the EBCM seems to be equivalent to the large population approximation described by dynamical
system (6a–c), under the condition that the initial proportion of infected is very small. However,
considering both the computational cost of its higher dimension and the loss of accuracy for more
general initial conditions of the EBCM, the large population approximation given by dynamical
system (6a–c) seems more pertinent in the case of the epidemic model under consideration.

3 Proofs

This section is devoted to establishing Theorems 2.2 and 2.3. As we will see, the proof of
Theorem 2.2 naturally has the intrinsic difficulty of all convergence results for measure-valued
processes, but it allows us to obtain a deterministic prediction of the dynamics of the structure
type distributions during the course of an epidemic. At this level, the limiting object is rich,
allowing it to convey detailed information on the distribution of remaining infectious periods
within structures. This however comes at the cost of an infinite-dimensional limiting object,
which motivates the interest in trying to further reduce its dimension by adopting a coarser
population description. In the case where ν is the exponential distribution, Theorem 2.3 shows
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that this actually is possible, the final reduced model taking the form of dynamical system (6a–
c). As mentioned previously, the existence of an asymptotically exact, closed, finite-dimensional
ODE-system capturing the epidemic dynamics was not obvious from the beginning. Indeed,
in order to obtain this result, we need to eliminate from the state space E the continuous
component τ , which needs to be transformed back into the simpler distinction between infected
and removed states for each member of the structure. As we shall see in Subsection 3.2, this
will demand some effort as removal events are not explicit in the model formalism adopted in
Section 1.2. This difficulty will become apparent in the proof of forthcoming Proposition 3.15.

3.1 Proof of Theorem 2.2

Let us start with the proof of Theorem 2.2. It follows a classical scheme, establishing tightness of
pζKqKě1, whose limiting values are shown to satisfy Equation (4). Uniqueness of the solutions
of this equation given the initial condition then ensures the desired convergence result. In
particular, the proof is inspired by [12] and [38].

3.1.1 Uniqueness and continuity of the solution of Equation (4).

We are first going to establish a uniqueness result for the solutions of Equation (4). Notice that
we do not need to prove existence of solutions in this section, as forthcoming Proposition 3.8
constructs such solutions as limiting values of pζKqKě1.

Let us start with a technical lemma, whose proof we present for sake of completeness.

Lemma 3.1. Let f P CbpE,Rq. There exists a sequence pfkqkě1 taking values in C1
b pE,Rq such

that fk converges simply to f and supkě1 ‖fk‖8 ď ‖f‖8.

Proof. Consider a mollifier ψ, i.e. ψ P C8pRnmaxq is compactly supported, its mass
ş

Rnmax ψpxqdx
equals 1, and for k ě 1, the function ψk : x ÞÑ knmaxψpkxq satisfies limkÑ8 ψk “ δ0 in the sense
of distributions.

Consider f P CbpE,Rq. Define the sequence pfkqkě1 as follows:

fk : pn, s, τq P E ÞÑ fpn, s, ¨q ˚ ψkpτq.

Then, for any x P E, by definition of pψkqkě1 it holds that limkÑ8 fkpxq “ fpxq. Further,
as ψk is of integral 1 for any k, it is obvious that for any k, ‖fk‖8 ď ‖f‖8. Finally, it also
follows from the usual properties of convolution that for any k ě 1, fk is smooth with respect
to its last variable and all the corresponding partial derivatives are compactly supported, hence
fk P C1

b pE,Rq for any k ě 1.

We may now turn to the main result of this paragraph. With slight abuse of notation, for
an element η “ pη1, η2q PM1, we define its total variation norm by }η}TV “ }η1}TV _ }η2}TV .

Proposition 3.2. Let η‹ PM1. Then Equation (4) admits at most one measure-valued solution
η which belongs to CpR`, pM1, } ¨ }TV qq, such that η0 “ η‹.

From now on, define nH “ xηH0 ,ny, s
H
t “ xη

H
t , sy, i

H
t “ xη

H
t , iy, and sWt “ xηWt , sy. Let us

establish the proposition.

Proof. First, notice that it follows immediately from Equation (4) that xηXT , 1y “ xηX0 , 1y for
X P tH,W u, thus η0 PM1 implies that for any T ě 0, ηT PM1.

Let us show that any solution η of Equation (4) belongs to CpR`, pM1, } ¨ }TV qq. In order
to do so, it is enough to show that ηX P CpR`, pM1pEq, } ¨ }TV qq for any X P tH,W u. We are
going to detail the proof for ηH only, as ηW can be handled in the same way.
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Let T ě 0 and g P C1
b pE,Rq such that ‖g‖8 ď 1. Consider the function defined by

@pt, xq P Rˆ E, ftpxq “ gpΨpx, T, tqq

and recall that fIt pxq “ xν, ftpjpx, ¨qqy. Then by definition, fT pxq “ gpxq. It follows from the
assumption g P C1

b pE,Rq that f P C1
b pR` ˆ E,Rq. The advantage of this construction is that

t ÞÑ Ψpx, T, tq corresponds to a reversal of time, which cancels out the deterministic dynamics
described by the differential operator A. Indeed, letting x “ pn, s, τq, a brief computation shows
that

Btftpxq “
n´s
ÿ

k“1

δτkgpΨpx, T, tqq and Bτkftpxq “ δτkgpΨpx, T, tqq,

which yields that Aftpxq “ 0 for all pt, xq P R ˆ E. Using the fact that xηHT , gy “ xη
H
T , fT y, it

follows from Equation (4) that

xηHT , gy “ xη
H
0 , f0y ` λH

ż T

0
xηHt , si

`

fIt ´ ft
˘

ydt

` λW

ż T

0

1

sWt
xηWt , siyxη

H
t , s

`

fIt ´ ft
˘

ydt` βG

ż T

0

iHt
nH
xηHt , s

`

fIt ´ ft
˘

ydt.

Recall that iHt ď nmax and
iHt
nH

ď 1 since for any x P E, ipxq ď npxq. We may notice that
the following inequalities hold, as for any t, ‖ft‖8 ď 1:

xηHt , si
`

fIt ´ ft
˘

y ď 2pnmaxq
2,

1

sWt
xηWt , siy ď nmax,

xηHt , s
`

fIt ´ ft
˘

y ď 2nmax,

iHt
nH
xηHt , s

`

fIt ´ ft
˘

y ď 2nmax.
(8)

Let C “ 2nmax pλHnmax ` λWnmax ` βGq and let ε P R. It then follows from inequalities (8)
that

|xηHT ´ η
H
T`ε, gy| ď C|T ´ pT ` εq| “ C|ε|. (9)

Consider now h P CbpE,Rq such that ‖h‖8 ď 1. Lemma 3.1 ensures that there exists a sequence
pgkqkě1 taking values in C1

b pE,Rq which converges simply to h and such that ‖gk‖8 ď 1. By
dominated convergence, this implies that

|xηHT ´ η
H
T`ε, hy| ď C|T ´ pT ` εq| “ C|ε|.

As E is a Polish space, it follows from Proposition A.6.1 of [38] that

||ηHT ´ η
H
T`ε||TV “ sup

hPCbpE,Rq:‖h‖8ď1
|xηHT ´ η

H
T`ε, hy| ď C|ε|. (10)

As this holds for any ε and any T ě 0, the strong continuity of ηH is established.
It remains to establish uniqueness of the solution η of Equation (4) with initial condition

η0 “ η‹. We will once more establish uniqueness component-wise, and focus on ηH as ηW is
treated in a similar fashion.

Let η, η be two solutions of Equation (4) with initial condition η‹. Let i
H
t “ xηHt , iy and

define sWt in analogous manner. As before, let T ě 0. Consider again g P C1
b pE,Rq such that

‖g‖8 ď 1, and define ft and fIt as previously. Then

|xηHT ´ η
H
T , gy| ď λH

ż T

0

ˇ

ˇxηHt ´ η
H
t , si

`

fIt ´ ft
˘

y
ˇ

ˇ dt

` λW

ż T

0

ˇ

ˇ

ˇ

ˇ

1

sWt
xηWt , siyxη

H
t , spf

I
t ´ ftqy ´

1

sWt
xηWt , siyxη

H
t , spf

I
t ´ ftqy

ˇ

ˇ

ˇ

ˇ

dt

`
βG
mH

ż T

0

ˇ

ˇ

ˇ
iHt xη

H
t , spf

I
t ´ ftqy ´ i

H
t xη

H
t , spf

I
t ´ ftqy

ˇ

ˇ

ˇ
dt.
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Proceeding similarly as in Inequalities (8), we obtain that

|xηHT ´ η
H
T , gy| ď

C

2

ż T

0

ˇ

ˇxηHt ´ η
H
t , f

I
t ´ fty

ˇ

ˇ dt ď
C

2

˜

ż T

0

ˇ

ˇxηHt ´ η
H
t , f

I
t y

ˇ

ˇ dt`

ż T

0

ˇ

ˇxηHt ´ η
H
t , fty

ˇ

ˇ dt

¸

.

On the one hand, by definition, ft P CbpE,Rq and ‖ft‖8 ď 1. Thus, it is obvious that
ˇ

ˇxηHt ´ η
H
t , fty

ˇ

ˇ ď ||ηHt ´ ηHt ||TV . On the other hand, it follows from the usual criterion of
continuity for parametric integrals that fIt is continuous on E and

∥∥fIt ∥∥8 ď ‖ft‖8 ď 1. As a

consequence,
ˇ

ˇxηHt ´ η
H
t , f

I
t y
ˇ

ˇ ď ||ηHt ´ η
H
t ||TV . Hence

|xηHT ´ η
H
T , gy| ď C

ż T

0
||ηHt ´ η

H
t ||TV dt.

We then may follow the same steps that allowed to establish Equation (10) from Equation
(9), and obtain that

||ηHT ´ η
H
T ||TV ď C

ż T

0
||ηHt ´ η

H
t ||TV dt.

Gronwall’s lemma then assures that

@t P r0, T s, ||ηHt ´ η
H
t ||TV “ 0.

Obviously, one obtains the analogous result for ηW in the same manner. As T ě 0 is arbitrary,
this concludes the proof.

3.1.2 Tightness of pζKqKě1 in D pR`, pMF pEq, wqq
2

Let us now turn to the tightness of pζKqKě1 in D pR`, pMF pEq, wqq
2, where w designates the

weak topology on MF pEq. We start by establishing the following preliminary result, whose
proof simply relies on the chain rule.

Lemma 3.3. Let f P C1
b pR` ˆ E,Rq. Then for any T ě t0 ě 0, for any x P E,

f pT,Ψpx, T, t0qq “ f pt0, xq `

ż T

t0

Af pt,Ψpx, t, t0qq dt.

Proof. For x P E and t0 P R`, define gt0,x : rt0,`8q Ñ R, T ÞÑ f pT,Ψpx, T, t0qq. Let us start
by noticing that for any pt0, xq P R` ˆ E, gt0,x P C1pR`q. Indeed, gt0,x “ fn,s ˝ ht0,x, where

fn,s : R` ˆ Rnmax Ñ R, pu,vq ÞÑ f pu, pn, s,vqq

and ht0,x : R` Ñ R1`nmax , t ÞÑ

˜

t, τ ´
n´s
ÿ

k“1

pt´ t0qek

¸

.

The chain rule and a quick computation of the differentiable of ht0,x yields that for every
t ě t0,

g1t0,xptq “ B1fn,spht0,xptqq ´
n´s
ÿ

k“1

Bk`1fn,spht0,xptqq.

Notice that B1fn,spu,vq “ Btfpu, pn, s,vqq and for k ě 2, Bkfn,spu,vq “ Bτk´1
fpu, pn, s,vqq. As a

consequence, we have shown that for any pt0, xq P R`ˆE, for every t ě t0, gt0,x is differentiable
at t and satisfies

g1t0,xptq “ Af pt,Ψpx, t, t0qq .

This concludes the proof.
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Throughout the section, we use the notation S “ tH,W,Gu. Also, for any f P C1
b pR`ˆE,Rq,

let ftpxq “ fpt, xq for any pt, xq P R`ˆE. Finally, we define for any continuous bounded function
g : R` ˆ E Ñ R, for any t ě 0 and u “ pθ, k, `, σq P

Ť

Y PS U
Y
K :

gHt,u “ gpt, jpxHk ptq, σqq ´ gpt, x
H
k ptqq and gWt,u “ gpt, jpxW` ptq, σqq ´ gpt, x

W
` ptqq.

Proposition 3.4. Consider ζK as introduced in Proposition 1.1. For any f P C1
b pR` ˆ E,Rq,

T ě 0 and X P tH,W u,

xζ
X|K
T , fT y “ xζ

X|K
0 , f0y `

ż T

0
xζ
X|K
t ,Aftydt`

1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt´, uqfXt´,uQY |Kpdt, duq.

Proof. Let f P C1
b pR` ˆ E,Rq and X P tH,W u. Recall that, by definition, for any bounded

function g : E Ñ R, for any T ě t ě 0 and u “ pθ, k, `, σq P
Ť

Y PS U
Y
K :

x∆Hpu, T, tq, gy “ gpΨpjpxHk pt´q, σq, T, tqq ´ gpΨpx
H
k pt´q, T, tqq,

and x∆W pu, T, tq, gy is defined analogously, by replacing H by W and k by `.
From Equation (3), it follows that

xζ
X|K
T , fT y “

1

KX

KX
ÿ

j“1

fT
`

ΨpxXj p0q, T, 0q
˘

`
1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt´, uqx∆Xpu, T, tq, fT yQ
Y |Kpdt, duq.

Using the result from Lemma 3.3, this becomes:

xζ
X|K
T , fT y “

1

KX

KX
ÿ

j“1

ˆ

f0px
X
j p0qq `

ż T

0
AftpΨpxXj p0q, t, 0qqdt

˙

`
1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt´, uq
ˆ
ż T

t
x∆Xpu, z, tq,Afzydz

˙

QY |Kpdt, duq

`
1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt´, uqfXt´,uQY |Kpdt, duq.

It follows from the definition of C1
b pR`ˆE,Rq that both f and Af are bounded, hence we may

apply Fubini’s theorem to obtain that

xζ
X|K
T , fT y “

1

KX

KX
ÿ

j“1

f0px
X
j p0qq `

1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt´, uqfXt´,uQY |Kpdt, duq

`
1

KX

ż T

0

˜

KX
ÿ

j“1

AfzpΨpxXj p0q, z, 0qq `
ÿ

Y PS

ż z

0

ż

UYK

IY pt´, uqx∆Xpu, z, tq,AfzyQY |Kpdt, duq

¸

dz.

The first sum on the right-hand side equals xζ
X|K
0 , f0y. From the second line, one recognizes in

the integrand the definition of xζ
X|K
z ,Afzy from Equation (3). This yields the desired result.

For Y P S, let
rQY |Kpdt, duq “ QY |Kpdt, duq ´ dtµYKpduq

be the compensated martingale-measure associated to QY |K .
It follows that, for f P C1

b pR` ˆ E,Rq and X P tH,W u,

xζ
X|K
T , fT y “M

X|K
T pfq ` V

X|K
T pfq,
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where we define

M
X|K
T pfq “

1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt´, uqfXt´,u rQY |Kpdt, duq

and

V
X|K
T pfq “ xζ

X|K
0 , f0y `

ż T

0
xζ
X|K
t ,Aftydt`

1

KX

ÿ

Y PS

ż T

0

ż

UYK

IY pt, uqfXt,uµYKpduqdt.

Proposition 3.5. Let f P C1
b pR` ˆ E,Rq and X P tH,W u. Then pM

X|K
T pfqqTě0 is a square

integrable martingale. Using the same notations as in Theorem 2.2, its quadratic variation is
given by

xMX|KpfqyT “
1

KX

ż T

0
xζ
X|K
t ,HX

t ppf
2
t q

I ´ 2fIt ft ` f
2
t qydt,

where for any t ě 0 and x P E,

HX
t pxq “ βG

IHptq

NH
spxq ` λXspxqipxq ` λX

xζ
X|K
t , siy

SXt
spxq.

Proof. Let f P C1
b pE,Rq and X P tH,W u. Consider M

X|K
T pfq, which can be written as

M
X|K
T pfq “M

X|K
X,T pfq `M

X|K

X,T
pfq `M

X|K
G,T pfq,

where, for Y P S and T ě 0,

M
X|K
Y,T pfq “

ż T

0

ż

UYK

1

KX
IY pt´, uqfXt,u rQY |Kpdt, duq.

Suppose that for any Y P S,

E

«

ż T

0

ż

UYK

ˆ

1

KX
IY pt, uqfXt,u

˙2

µYKpduqdt

ff

ă 8,

then for all Y P S, pM
X|K
Y,T pfqqTě0 is as square integrable martingale [27], implying that

pM
X|K
T pfqqTě0 also is a square integrable martingale. As QH|K , QW |K and QG|K are inde-

pendent, it follows that

xMX|KpfqyT “
ÿ

Y PS
xM

X|K
Y pfqyT .

It thus is enough to study pM
X|K
Y,T pfqqTě0 for all Y P S. In the following, we will detail the

necessary computations in the case X “ H, the case X “W being similar.
Consider the case Y “ H. Start by noticing that

řKW
`“1 s

W
` ptq “ KWS

W ptq, and that for
any k P J1,KHK and t P r0, T s, sHk ptq and iHk ptq are less then nmax. Hence, replacing Sptq by
KWS

W ptq in IH ,

E
”

xM
H|K
H pfqyT

ı

“ E

«

ż T

0

ż

UHK

ˆ

1

KH
IHpt, uqfHt,u

˙2

µHKpduqdt

ff

“ E

«

ż T

0

1

K2
H

KH
ÿ

k“1

λHs
H
k ptqipτ

H
k ptqqxν,

`

ftpjpx
H
k ptq, ¨qq ´ ftpx

H
k ptqq

˘2
ydt

ff

ď
1

KH
λHpnmaxq

24 ‖f‖2
8 T.
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Since further KH ě K{nmax and ‖f‖2
8 ă 8, we obtain that

E
”

xM
H|K
H pfqyT

ı

ď
4

K
λXpnmaxq

3 ‖f‖2
8 T ă 8. (11)

Thus pM
H|K
H,t pfqqtě0 is a square integrable martingale whose quadratic variations is given by

xM
H|K
H pfqyT “

ż T

0

ż

UHK

ˆ

1

KH
IHpt, uqfHt,u

˙2

µHKpduqdt “
λH
KH

ż T

0
xζ
H|K
t , sippf2

t q
I´2fIt ft`f

2
t qydt,

using the computations from Equation (3.1.2).

Similarly, pM
H|K
W,T pfqqTě0 is a square integrable martingale of quadratic variation

xM
H|K
W pfqyT “ λW

ż T

0

xζ
W |K
t , siy

SW ptq
xζ
H|K
t , sppf2

t q
I ´ 2fIt ft ` f

2
t qydt.

Further, for the case Y “ G, let us use the equalities Sptq “ KHS
Hptq and Iptq “ KHI

Hptq.
As Iptq{K “ IHptq{NH ď 1 almost surely, we obtain that

E
”

xM
H|K
G pfqyT

ı

“ E

«

ż T

0

ż

UGK

ˆ

1

KH
IGpt, uqfHt,u

˙2

µGKpduqdt

ff

ď
4

K
βGpnmaxq

2 ‖f‖2
8 T.

As before, pM
H|K
G,T pfqqTě0 thus is a square integrable martingale of quadratic variation given by

xM
H|K
G pfqyT “

1

KH
βG

ż T

0

IHptq

NH
xζ
H|K
t , sppf2

t q
I ´ 2fIt ft ` f

2
t qydt.

This yields the desired result for pM
H|K
T pfqqTě0, and proceeding similarly for pM

W |K
T pfqqTě0

concludes the proof.

We are now ready to focus on the tightness of pζKqKě1, endowing MF pEq with the vague
topology v as a first step.

Proposition 3.6. Under the assumptions of Theorem 2.2, the sequence pζKqKě1 is tight in
D pR`, pMF pEq, vqq

2.

The proof relies on the fact that in order to establish tightness of pζKqKě1, it is enough to
show that for any X P tH,W u,

`

xζX|K , fy
˘

Kě1
is tight for a large enough set of test functions f

[34]. This in turn is ensured using the Aldous [1] and Rebolledo [18] criteria, whose application
is straightforward thanks to the upper bounds established in the previous proof.

Proof. Once more, we will proceed component-wise and show that
`

ζH|K
˘

Kě1
and

`

ζW |K
˘

Kě1
are both tight in D pR`, pMF pEq, vqq.

Let us focus on
`

ζH|K
˘

Kě1
. According to Theorem 2.1 of [34], it is sufficient to show that

for any function f belonging to a dense subset of

C0pE,Rq “
"

f : E Ñ R continuous s.t. lim
‖x‖8Ñ8

|fpxq| “ 0

*

,

the sequence
`

xζH|K , fy
˘

Kě1
is tight in DpR`,Rq. Notice that by density of C8K pRnmaxq in

C0pRnmaxq endowed with the uniform norm, it follows that C0pE,Rq X C1
b pE,Rq is also dense in

C0pE,Rq endowed with the uniform norm. Thus, let us consider f P C0pE,Rq X C1
b pE,Rq.

According to the Aldous [1] and Rebolledo [18] criteria, in order to prove the tightness of
pxζH|K , fyqKě1, it is enough to show that:
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(i) For any t belonging to a dense subset T of R`, both
`

xMH|Kpfqyt
˘

Kě0
and pV

H|K
t pfqqKě0

are tight in R.

(ii) For any T ě 0, for any ε, α ą 0, there exist δ ą 0 and K0 P N such that for any
two sequences of stopping times pSKqKě1 and pTKqKě1 satisfying SK ď TK ď T for all
integers K,

sup
KěK0

P
´

|xMH|KpfqySK ´ xM
H|KpfqyTK | ě α, TK ď SK ` δ

¯

ď ε

and sup
KěK0

P
´

|V
H|K
SK

pfq ´ V
H|K
TK

pfq| ě α, TK ď SK ` δ
¯

ď ε.

Notice that, in order to establish (i), it is enough to show that for any t ě 0,

sup
Kě1

E
”

|xMH|Kpfqyt|
ı

ă 8 and sup
Kě1

E
”
ˇ

ˇ

ˇ
V
H|K
t pfq

ˇ

ˇ

ˇ

ı

ă 8.

Recalling that C “ 2nmax pλHnmax ` λWnmax ` βGq, it follows from Equation (11) that

Er|xMH|Kpfqyt|s ď
1

K
2nmaxC ‖f‖2

8 t.

Similar computations yield that

Er|V H|K
t pfq|s ď ‖f‖8 ` ‖Af‖8 ` C ‖f‖8 t.

As f P C1
b pE,Rq, this implies that (i) holds.

It remains to check (ii). Let ε, α ą 0, and consider two sequences of stopping times pSKqKě1

and pTKqKě1 satisfying SK ď TK ď T for all integers K. As previously, using Equation (11),
we obtain the following upper bound:

E
”

|xMH|KpfqySK
´ xMH|KpfqyTK

|

ˇ

ˇ

ˇ
TK ď SK ` δ

ı

ď E

«

ż TK

SK

dt
ˇ

ˇ

ˇ
TK ď SK ` δ

ff

1

K
2nmaxC ‖f‖28

ď
δ

K
2nmaxC ‖f‖28 .

Hence, using conditional Markov’s inequality,

P
´

|xMH|KpfqySK ´ xM
H|KpfqyTK | ě α, TK ď SK ` δ

¯

ď
δ

αK
2nmaxC ‖f‖2

8 . (12)

Proceeding similarly, we also obtain that

P
´

|V
H|K
SK

pfq ´ V
H|K
TK

pfq| ě α, TK ď SK ` δ
¯

ď
δ

α
p‖Af‖8 ` C ‖f‖8q . (13)

Equations (12) and (13) imply the existence of δ and K0 such that (ii) is satisfied. Naturally,
ζW |K can be handled analogously. This concludes the proof.

Finally, this result on the tightness of pζKqKě1 in DpR`, pMF pEq, wqq
2 lets us establish the

main result of this subsection.

Proposition 3.7. Under the assumptions of Theorem 2.2, the sequence pζKqKě1 is tight in
DpR`, pMF pEq, wqq

2.
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Proof. Let X P tH,W u. Tightness in DpR`, pMF pEq, wqq of pζX|KqKě1 will be shown using
Theorem 1.1.8 from [39], which we state in our setting for the sake of completeness. Let Φ : z P
R ÞÑ 6z2 ´ 15z4 ` 10z3 and for N ě 1, define smooth approximations of x P E ÞÑ 1t‖τpxq‖8ěNu
by:

@x P E,@N ě 1, φN pxq “ Φp0_ p‖τpxq‖8 ´ pN ´ 1qq ^ 1q.

Then in order to ensure the tightness of pζX|KqKě1 in DpR`, pMF pEq, wqq, it is sufficient to
show that for any T ě 0, the following conditions hold:

(i) There exists a family of functions F which is dense in C0pE,Rq and stable under addition,
such that for any f P F Y tx P E ÞÑ 1u, the sequence pxζX|K , fyqKě1 is tight in DpR`,Rq.

(ii)

lim
NÑ8

lim sup
KÑ8

Ersup
tďT

xζ
X|K
t , φNys “ 0.

(iii) Any limiting value of pζX|KqKě1, if it exists, belongs to Cpr0, T s, pMF pEq, wqq.

The proof hence consists in checking those assumptions. Let T ě 0, and consider X “ H, as
the case X “W can be treated similarly. We may see that (i) is satisfied, as we have shown in
the proof of Proposition 3.6 that for any f P C0pE,Rq X C1

b pE,Rq, pxζH|K , fyqKě1 is tight, and

further for any K ě 1, for any T ě 0, xζ
H|K
T , 1y “ 1 almost surely.

Let us now turn our attention to (ii). Start by noticing that for any N ě 1 and x P E,

φN pxq ď 1t‖τpxq‖8ěN´1u ď fN´1pxq :“
nmax
ÿ

i“1

fN´1,ipxq

where fN´1,ipxq “ 1tnpxq´spxqěi, |τipxq|ěN´1u.
Let t P r0, T s. For any N ě t, x P E, z P r0, ts and σ ě 0, it holds by definition that

fN´1,ipΨpjpx
K
k pz´q, σq, t, zq´fN´1,ipΨpx

H
k pz´q, t, zq “ 1tnpxq´spxq“i´1, |σ´pt´zq|ąN´1u ď 1tσąN´1u.

Hence, using Proposition 1.1 and the above upper bounds, it follows that almost surely,

xζ
H|K
t , φNy ď

1

KH

KH
ÿ

k“1

fN´1pΨpx
H
k p0q, t, 0qq `

nmax

KH

ÿ

Y PS

ż t

0

ż

UYK

IY pz´, uq1tσąNuQKY pdz, duq.

Defining as previously C “ 2nmax pλHnmax ` λWnmax ` βGq, this leads to the following upper
bound:

Ersup
tďT
xζ
H|K
t , φNys ď Ersup

tďT

1

KH

KH
ÿ

k“1

fN´1pΨpx
H
k p0q, t, 0qqs `

CT

2
nmaxνppN ´ 1,`8qq.

As a consequence, Assumption 2.1 (i) ensures that (ii) is satisfied. Notice that this assumption
could actually be a little bit relaxed here, as it would be enough if the supremum over K were
replaced by the limit superior over K Ñ8.

In order to check that condition (iii) holds, we will follow the arguments presented in [19].
Suppose that ηH is a limiting value of pζH|KqKě1. By definition,

sup
tPr0,T s

sup
fPL8,‖f‖8ď1

|xζ
H|K
t , fy ´ xζ

H|K
t´ , fy| ď

1

KH
.

As the application µ ÞÑ suptPr0,T s |xµt, fy ´ xµt´, fy| is continuous on Dpr0, T s, pMF pEq, vqq for

any f in a measure-determining countable set, it follows that ηH belongs to Cpr0, T s, pMF pEq, vqq.
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Let us now introduce φN,M “ φN p1 ´ φM q, which serves as a smooth and compactly sup-
ported approximation of x P E ÞÑ 1tNď‖τpxq‖8ďMu

, for N ď M . As, on the one hand,

µ ÞÑ suptPr0,T sxµt, φN,My is continuous on Dpr0, T s, pMF pEq, vqq, and on the other hand, for

any K ě 1, suptPr0,T sxζ
X|K
t , φN,My ď 1, it follows that:

Er sup
tPr0,T s

xηHt , φN,Mys “ lim
KÑ8

Er sup
tPr0,T s

xζ
X|K
t , φN,Mys ď lim sup

KÑ8
Er sup
tPr0,T s

xζ
X|K
t , φNys.

Letting M go to infinity in the left hand side, dominated convergence ensures that

Er sup
tPr0,T s

xηHt , φNys ď lim sup
KÑ8

Er sup
tPr0,T s

xζ
X|K
t , φNys ÝÝÝÝÑ

NÑ8
0,

where the convergence of the right hand side is achieved as in the proof of (ii). In particular,
it thus is possible to extract a subsequence from psuptPr0,T sxη

H
t , φNyqN which converges almost

surely to zero. This implies that for any ε, there exists N such that almost surely,

1´ sup
tPr0,T s

xηHt ,1t‖τp¨q‖8ďNu
y ď sup

tPr0,T s
xηHt , φNy ă ε

Thus pηHt qtPr0,T s is almost surely tight.
Let g P CbpEq, and let gN “ gp1´ fN q. It then holds that for h small so that t` h P r0, T s,

|xηHt`h, gy ´ xη
H
t , gy| ď |xη

H
t`h, g ´ gNy| ` |xη

H
t`h, gNy ´ xη

H
t , gNy| ` |xη

H
t , g ´ g

Ny|.

Let ε ą 0. As |g ´ gN | ď ‖g‖8 fN , there exists N0 such that suptPr0,T sxη
H
t , g ´ gN0y ă ε{3.

Further, as ηH P Cpr0, T s, pMF pEq, vqq, for h small enough, |xηHt`h, gN0y´xη
H
t , gN0y| ă ε{3. This

allows to conclude that ηH P Cpr0, T s, pMF pEq, wqq, establishing (iii) and finally tightness of ηH

in DpR`, pMF pEq, wqq.

3.1.3 Identification of the limiting values of pζKqKě1

The tightness of pζKqKě1 in the space DpR`,MF pEq, wqq
2 ensures that from any subsequence

of pζKqKě1, one may extract a subsubsequence which converges in this space. The limits of
these subsubsequences may be characterized as follows.

Proposition 3.8. Under the assumptions of Theorem 2.2, all limiting values of pζKqKě1 in
D pR`, pMF pEq, wqq

2 are continuous with regard to the total variation norm, and solutions of
Equation (4).

Proof. Consider a subsequence pζϕpKqqKě1 of pζKqKě1 which converges in law in D pR`, pMF pEq, wqq
2,

and let η be its limit.
Notice that it follows from the Proof of Proposition 3.7 that η P CpR`, pMF pEq, wqq

2 almost
surely. Hence, following Proposition A.6.1 of [38], for any X P tH,W u,

||ηXT ´ η
X
T´||TV “ sup

fPCbpE,Rq:‖f‖8ď1

ˇ

ˇxηXT , fy ´ xη
X
T´, fy

ˇ

ˇ “ 0 almost surely.

It remains to show that η satisfies Equation (4). Let T ě 0 and f P C1
b pR` ˆ E,Rq, and

consider the application ψHT defined by

ψHT pηq “ xη
H
T , fT y ´ xη

H
0 , f0y ´

ż T

0
xηHt ,Aftydt´

ż T

0
xηHt , λHsipfIt ´ ftqydt

´

ż T

0

1

xηWt , sy
xηWt , λW siyxηHt , spf

I
t ´ ftqydt´ βG

ż T

0

xηHt , iy

xηH0 ,ny
xηHt , spf

I
t ´ ftqydt.

(14)
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Start by noticing that ψHT pζ
ϕpKqq “ M

H|ϕpKq
T pfq, as KHS

Hptq “ KWS
W ptq. Using Jensen’s

inequality, it follows from Equation (11) that

Er|ψHT pζϕpKqq|s2 ď Er|ψHT pζϕpKqq|2s “ ErxMH|Kpfqyts ď
1

K
2nmaxC ‖f‖2

8 T ÝÝÝÝÑ
KÑ8

0.

Suppose that pψHT pζ
ϕpKqqqKě1 converges in law to ψHT pζq. According to Theorem 3.5 of

[7], it then is enough to proof that pψHT pζ
ϕpKqqqKě1 is uniformly integrable to obtain that its

expectation converges to the expectation of ψHT pζq. In our case, uniform integrability is easily
assured as the sequence pψHT pζ

ϕpKqqqKě1 is bounded. Indeed, using the fact that for all T ě 0,

ζ
ϕpKq
T PM1, we obtain from Equation (14) that

ˇ

ˇ

ˇ
ψHT pζ

ϕpKqq

ˇ

ˇ

ˇ
ď pp2` Cq ‖f‖8 ` ‖Af‖8qT.

We may now conclude that

Er|ψHT pζq|s “ lim
KÑ8

Er|ψHT pζϕpKqq|s “ 0,

which yields the desired result.
It thus suffices to show that pψHT pζ

ϕpKqqqKě1 converges in law to ψHT pζq. According to
Skorokhod’s representation theorem, there exists a probability space Ω on which one may define
pζ̃KqKě1 and η̃ equal in law to pζϕpKqqKě1 and η, respectively, such that pζ̃KqKě1 converges
almost surely in DpR`, pMF pEq, wqq to η̃ on Ω. In particular, it holds that

@T ě 0,@X P tH,W u,@g P CbpEq, xζ̃
X|K
T , gy ÝÝÝÝÑ

KÑ8
xη̃XT , gy almost surely.

It follows immediately that for any t P r0, T s and X P tH,W u, almost surely,

pxζ̃
X|K
t , fty, xζ̃

X|K
t ,Aftyq ÝÝÝÝÑ

KÑ8
pxη̃Xt , fty, xη̃

X
t ,Aftyq. (15)

Since |xζ̃
X|K
t ,Afty| ď 2 ‖Df‖8, where Df designates the differential of f , dominated conver-

gence ensures that

ż T

0
xζ̃
X|K
t ,Aftydt ÝÝÝÝÑ

KÑ8

ż T

0
xη̃Xt ,Aftydt almost surely. (16)

In order to establish the desired convergence of the last three terms of ψHT pζ̃q, we will make
use of the following proposition, whose proof is postponed. In this context, a d-dimensional
rectangle is a set A defined as the product of d intervals of RY t´8,`8u.

Proposition 3.9. For any n P J1, nmaxK, for any s P J0, nK, consider m “ mpn, sq ă 8, a
set pAn,sk qkďm of pn ´ sq-dimensional rectangles and a set pϕn,sk qkďm of functions belonging to
C1
b pRn´sq. For any τ P Rnmax, let τ1,n´s “ pτ1, . . . , τn´sq. Define the function φ : E Ñ R by

@x “ pn, s, τq P E, φpxq “

mpn,sq
ÿ

k“1

1An,sk
pτ1,n´sqϕ

n´s
k pτ1,n´sq.

Then for any X P tH,W u and T ě 0, it holds that

xζ̃
X|K
T , φy ÝÝÝÝÑ

KÑ8
xη̃XT , φy in L1.
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Let us focus on the second-to-last term, representing infection events occurring within work-
places, as the other two can be treated similarly.

The application φpxq “ λW spxqipxq is of the form described in Proposition 3.9, hence for any

t P r0, T s, xζ̃
W |K
t , λW siy converges in L1 to xη̃

W |K
t , λW siy as K tends to infinity. Also, notice

that as f P C1
b pR` ˆ E,Rq, it follows that for any t P r0, T s, fIt P C1

b pEq. Thus Proposition 3.9

ensures that for any t P r0, T s, xζ̃
H|K
t , spfIt ´ ftqy converges in L1 to xη̃

H|K
t , spfIt ´ ftqy as K

tends to infinity.
In particular, the following convergence holds in probability:

XK
t :“ xζ̃

W |K
t , λW siyxζ̃

H|K
t , spfIt ´ ftqy ÝÝÝÝÑ

KÑ8
Xt :“ xη̃

W |K
t , λW siyxη̃

H|K
t , spfIt ´ ftqy.

Letting c “ 2λWn
2
max ‖f‖8 and D “ tpx, yq : |x| ď cy2u, then for any K ě 1, pXK

t , xζ̃
W |K
t , syq P

D and pXt, xη̃
W
t , syq P D, almost surely. As xζ̃

W |K
t , sy converges almost surely to xη̃Wt , sy, and

the application px, yq ÞÑ px{yq1ty‰0u is continuous on D, we deduce the following convergence
in probability:

Y K
t :“

xζ̃
W |K
t , λW siy

xζ̃
W |K
t , sy

xζ̃
H|K
t , spfIt ´ ftqy ÝÝÝÝÑ

KÑ8
Yt :“

xη̃
W |K
t , λW siy

xη̃Wt , sy
xη̃
H|K
t , spfIt ´ ftqy.

In addition, for any K ě 1 and any t P r0, T s, |Y K
t | ď 2λWnmax ‖f‖8. Thus using twice

dominated convergence, we first obtain that the above convergence of pY K
t qKě1 to Yt also holds

in L1, and subsequently the following L1-convergence:

ż T

0

xζ̃
W |K
t , λW siy

xζ̃
W |K
t , sy

xζ̃
H|K
t , spfIt ´ ftqydt ÝÝÝÝÑ

KÑ8

ż T

0

xη̃
W |K
t , λW siy

xη̃Wt , sy
xη̃
H|K
t , spfIt ´ ftqydt. (17)

Reasoning in a similar manner, one also obtains:

ż T

0
xζ̃Ht , λHsipfIt ´ ftqydt ÝÝÝÝÑ

KÑ8

ż T

0
xη̃Ht , λHsipfIt ´ ftqydt in L1,

ż T

0

xζ̃Ht , iy

xζ̃H0 ,ny
xζ̃Ht , spf

I
t ´ ftqydt ÝÝÝÝÑ

KÑ8

ż T

0

xη̃Ht , iy

xη̃H0 ,ny
xη̃Ht , spf

I
t ´ ftqydt in L1.

(18)

Thus, Equations (15-18) imply that all the terms on the right hand side of the definition of
ψHT pζ̃

Kq as stated in Equation (14) converge in probability, and thus their linear combination
converges in probability to the linear combination of their limits. In other words, ψHT pζ̃

Kq

converges in probability to ψHT pη̃q, which ensures as desired that ψHT pζ
Kq converges in law to

ψHT pηq. This concludes the proof.

In order to conclude, we only need to show that Proposition 3.9 holds.

Proof of Proposition 3.9. Step 1. Recall that a d-dimensional rectangle is a set A defined as
the product of d intervals of R Y t´8,`8u. If all d intervals are included in R, the rectangle
will further be said finite.

Let X P tH,W u, n P J1, nmaxK and s P J0, nK. We start by showing that for any T ě 0 and
any finite pn´ sq-dimensional rectangle B,

xζ̃
X|K
T ,1tpn,squˆBy ÝÝÝÝÑ

KÑ8
xη̃
X|K
T ,1tpn,squˆBy almost surely. (19)
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As η̃X P CpR`, pMF pEq, wqq, it follows that for any T , ζ̃
X|K
T converges in law to η̃XT in

DpR`, pMF pEq, wqq. Thus, in order to establish the desired result, it is sufficient to show
that B “ tpn, squ ˆB is a η̃XT -continuity set, in which case the Portmanteau theorem allows to
conclude.

For any set A, let BA be the boundary of A. Then BB “ tpn, squ ˆ BB. As B is a pn ´ sq-
dimensional rectangle, there exist ai ă bi P R for i P J1, n´ sK such that B can be written as the
product of intervals (potentially open, closed or half-open) delimited by ai ă bi, for i P J1, n´sK.
Thus

BB “
n´s
ď

i“1

ď

cPtai,biu

˜

i´1
ź

j“1

raj , bjs ˆ tcu ˆ
n´s
ź

k“i`1

rak, bks

¸

.

Consider any c P R. We are going to prove that

xη̃XT ,1tpn,squˆp
śi´1
j“1raj ,bjsˆtcuˆ

śn´s
k“i`1rak,bksq

y “ 0, (20)

which will be enough to conclude. In order to achieve this, let us introduce a mollifier ψ P C8pRq
in the same sense as in the proof of Lemma 3.1, with compact support in r´1, 1s. For ε ą 0,
define the function ϕε : x ÞÑ ε´1ψpx{εq, whose support lies in r´ε, εs and which converges to δ0

in the sense of distributions, when ε goes to zero. For any x “ pn, s, τq P E, let

φεpxq “ 1tnpxq“n,spxq“su

´

n´s
ź

j“1
j‰i

1raj ,bjs ˚ ϕεpτjq
¯

1c ˚ ϕεpτiq.

As φε P C1
b pEq and ζ̃

X|K
T converges almost surely to η̃XT in DpR`, pMF pEq, wqq, dominated

convergence implies that

Erxη̃XT , φεys “ lim
KÑ8

Erxζ̃X|KT , φεys.

Notice that
φεpxq ď 1tnpxq´spxqąiu1c ˚ ϕεpτipxqq.

Hence proceeding as in the Proof of Proposition 3.7, it follows that

Erxζ̃X|KT , φεys ď E

«

1

KX

KX
ÿ

k“1

1tnXk ´s
X
k p0qěi, |pτ

X
k,ip0q´T q´c|ďεu

ff

`
C

2

ż T

0
νprc`pT´tq´ε, c`pT´tq`εsqdt.

Absolute continuity of ν with regard to the Lebesgue measure and Assumption 2.1 ensure that
the right hand side is dominated by a function cpεq which does not depend on K, and which
goes to zero with ε. Thus Erxη̃XT , φεys ď cpεq. In particular, one may construct a sequence
pεnqně1 which converges to 0 and satisfies

ř

ně0 cpεnq ă 8. Then on the one hand, the Borel-
Cantelli lemma ensures that xη̃XT , φεy converges almost surely to 0 as n tends to infinity. On the
other hand, by dominated convergence, xη̃XT , φεy converges almost surely to the left-hand side
of Equation (20) as n tends to infinity, hence Equation (20) is proven to be true.

As a consequence, we conclude that xη̃XT , BBy “ 0, and thus Equation (19) holds.
Step 2. Consider now a function φ as described in the proposition. For any N , let us

introduce a partition of Rn´s whose elements consist in (partially open) hypercubes of side
length 2´N . For every k ď mpn, sq, a partition pBN

k,jqjě1 of An,sk is obtained by taking the

intersection of An,sk with those hypercubes. As An,sk is a rectangle itself, the family pBN
k,jqjě1

consists of rectangles of side length at most 2´N . For every j, consider a point zNk,j belonging to
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BN
k,j . Finally, define the set JN pkq “ tj ě 0 : supt‖x‖8 : x P BN

k,ju ď Nu, which contains only a
finite number of elements. Then we can define the following approximation of φ:

@x P E, φN pxq “
ÿ

1ďnďnmax
0ďsďn

1tnpxq“n, spxq“su

mpn,sq
ÿ

k“1

JN pkq
ÿ

j“1

ϕn´sk pzNk,jq1BNk,j
pτ1,n´spxqq.

Using our result from the first step, for every pn, sq such that 1 ď n ď nmax and 0 ď s ď n,
for every k ď mpn, sq and j ď JN pkq, we obtain that

lim
KÑ8

xζ̃
X|K
T , φNy “ xη̃

X
T , φNy almost surely. (21)

On the one hand, notice that for any x P E such that ‖τpxq‖8 ą N , φN pxq “ 0. Hence for
any x “ pn, s, τq, one obtains the following inequality:

|φN pxq ´ φpxq| ď |φpxq|1t‖τ‖8ąNu
`

mpn,sq
ÿ

k“1

JN pkq
ÿ

j“1

|ϕn´sk pzNk,jq ´ ϕ
n´s
k pτ1,n´sq|1BNk,j

pτ1,n´sq. (22)

On the one hand, for any such x, it is clear that limNÑ8 |φpxq|1t‖τ‖8ąNu
“ 0. On the other

hand, as ϕn,sk P C1
b pRn´sq, the mean value inequality implies that

@k ď mpn, sq,@j ď JN pkq,@x P B
N
k,j , |ϕn´sk pzNk,jq ´ ϕ

n´s
k pτ1,n´sq| ď ‖Dφ‖8 dN ,

where dN denotes the maximum of the diameters of d-dimensional hypercubes of side length
2´N , for d ď nmax. In particular, this ensures that for any x P E, limNÑ8 |φN pxq ´ φpxq| “ 0.
Thus, by dominated convergence,

xη̃XT , φNy ÝÝÝÝÑ
NÑ8

xη̃XT , φy. (23)

Furthermore, it follows from Equation (22) that for any K ě 1,

Er|xζ̃X|KT , φNy ´ xζ̃
X|K
T , φy|s ď ‖φ‖8 sup

Kě1
ErxζX|KT ,1t‖τp¨q‖8ąNu

ys ` ‖Dφ‖8 dN .

Reasoning as in the proof of Proposition 3.7, and using Assumption 2.1, we obtain that

lim
NÑ8

sup
Kě1

ErxζX|KT ,1t‖τp¨q‖8ąNu
ys “ 0,

and as a consequence,

lim
NÑ8

sup
Kě1

Er|xζ̃X|KT , φNy ´ xζ̃
X|K
T , φy|s “ 0. (24)

Noticing that

Er|xζ̃X|KT , φy´xη̃
X|K
T , φy|s ď Er|xζ̃X|KT , φ´φNy|s`Er|xζ̃

X|K
T , φNy´xη̃

X|K
T , φNy|s`Er|xη̃

X|K
T , φN´φy|s

and using Equation (24), as well as dominated convergence applied to Equations (21) and (23),
finally yields that

lim
KÑ8

Er|xζ̃X|KT , φy ´ xη̃
X|K
T , φy|s “ 0.

This concludes the proof.
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3.1.4 Proof of Theorem 2.2

The previous results are sufficient to establish Theorem 2.2. Indeed, it follows from Propositions
3.7 and 3.8 that from every subsequence of pζKqKě1, one may extract a subsubsequence con-
verging in DpR`, pMF pEq, wqq

2 to a solution of Equation (4) which is continuous with respect
to the total variation norm. As by assumption, ζK0 converges in law to η0 P M1, Proposition
3.2 implies that all of these subsubsequences converge to the same limit η, which is the unique
solution of Equation (4) with initial condition η0. As η0 PM1, Proposition 3.2 further ensures
that η P DpR`,M1q. This establishes the convergence of pζKqKě1 to η in DpR`,M1q, as desired.

3.2 Proof of Theorem 2.3

This section is devoted to extracting dynamical system (6a–c) from the measure-valued integral
equation (4), under the assumption that ν is the exponential distribution of parameter γ. From
now on, we suppose that this assumption is satisfied, and further that η0 “ η0,ε as given by (5).

3.2.1 Preliminary study of the dynamical system

Before establishing Theorem 2.3 itself, let us start by showing that the solution of dynamical
system (6a–c) endowed with initial condition (7) admits at most a unique solution. Existence
will follow from the proofs of the forthcoming subsections, since they construct a solution to the
dynamical system.

For this section, let us rewrite dynamical system (6a–c) as follows, in order to emphasize the
associated Cauchy problem. Recall that the dynamical system is of dimension d “ 2 ` 2#S “
nmaxpnmax ` 1q.

Let y P C1pR`,Rdq and f : Rd Ñ Rd be defined such that dynamical system (6a–c) amounts
to

y1ptq “ fpyptqq @t ě 0. (25)

The components of y (and resp. f) will be called s, i and nX
pS,Iq (resp. fs, fi and fX;pS,Iq) for

X P tH,W u and pS, Iq P S, in order to simplify their identification with the unknowns of the
corresponding dynamical system. More precisely, consider the applications

τXpyq “ ´
λX
mX

ÿ

pS,IqPS
SI nXpS,Iq for X P tH,W u, and τGpyq “ βGi.

Then f : Rd Ñ Rd is defined as follows, for any y “ ps, i, nX
pS,Iq : X P tH,W u, pS, Iq P Sq P Rd:

fspyq “ ´pτHpyq ` τW pyq ` τGpyqsq and fipyq “ ´fspyq ´ γi,

while for all X P tH,W u and pS, Iq P S

fX;pS,Iqpyq “ ´

„ˆ

λXI `
τXpyq

s
` τGpyq

˙

S ´ γI



nXpS,Iq ` γpI ` 1qnXpS,I`1q1tS`Iănmaxu

`

ˆ

λXpI ´ 1q `
τXpyq

s
` τGpyq

˙

pS ` 1qnXpS`1,I´1q1tIě1u.

Also, notice that there are some natural constraints that we expect the solution of dynamical
system (6a–c) to satisfy. Clearly, s, i and nX

pS,Iq should belong to r0, 1s. Also, as the population is
partitioned into susceptible, infected and removed individuals, it follows that s`i ď 1. Similarly,
as all individuals belong to exactly one household and one workplace, and as nX

pS,Iq corresponds
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to the proportion of structures of type X which contain S susceptible and I infected individuals,
we expect that for X P tH,W u,

ÿ

pS,IqPS
nXpS,Iq ď 1, and

ÿ

pS,IqPS
SnXpS,Iq ď mXs. (26)

We thus define the following set V Ă Rd, which formalizes these constraints:

V “

$

&

%

y P r0, 1sd : s` i ď 1,
ÿ

pS,IqPS
nXpS,Iq ď 1 and mXs´

ÿ

pS,IqPS
SnXpS,Iq ě 0 @X P tH,W u

,

.

-

.

Proposition 3.10. Let y˚ P V . Then the following assertions hold:

(i) Suppose that there exists a solution y of the Cauchy problem (25) with initial condition
yp0q “ y˚. Then yptq P V for any t ě 0 for which y is well defined.

(ii) At most, there exists a unique such solution y.

(iii) In particular, for any ε ą 0, the dynamical system (6a–c) endowed with initial condition
(7) admits at most a unique solution.

The proof of this proposition is available in Supplementary Material S2. It relies on estab-
lishing the Lipschitz continuity of f on V , from which uniqueness is deduced using Gronwall’s
lemma.

3.2.2 Absolute continuity

Consider any n P J1, nmaxK and s P J0, nK. The aim of this section is to establish that condition-
ally on a structure being of size n and containing s susceptibles, the distribution of the remaining
infectious periods of its n´ s members who have contracted the disease at some previous time,
is absolutely continuous with respect to the Lebesgue measure on Rn´s. More precisely, we
will see that at any time t ě 0, there exists a function ρX,n,st : Rn´s Ñ R` such that for any
non-negative measurable function f : E Ñ R, for any X P tH,W u and t ě 0,

xηXt ,1
"

np‚q“n
sp‚q“s

*fp‚qy “

ż

Rn´s
fpn, s, τqρX,n,spτqdτ.

In the following, for any n ě 1, let 0n be the zero of Rn. Further, for k P J1, nK and τ P Rn,
let τ “ pτ1, . . . , τnq and τ1,k “ pτ1, . . . , τkq. Finally, pekq1ďkďnmax is the canonical basis of Rnmax .

Lemma 3.11. For each X P tH,W u, there exists a family of measurable functions indexed by
n P J1, nmaxK and s P J0, nK such that

@s P J0, n´ 1K, ρX,n,s : R` ˆ Rn´s Ñ R`
pt, τq ÞÑ ρX,n,st pτq,

which verifies that for any f : E Ñ R non-negative measurable function,

xηXt , fy “
nmax
ÿ

n“1

˜

fpn, n, 0nmaxqρ
X,n,n
t `

n´1
ÿ

s“0

ż

Rn´s
fpn, s,

n´s
ÿ

k“1

τkekqρ
X,n,s
t pτqdτ

¸

.
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The proof relies on studying the distribution ηX conditionally on structures being of given
size and number of susceptibles. Absolute continuity with regard to the Lebesgue measure
is then established by domination with another, absolutely continuous measure. We refer to
Supplementary Material S2 for details.

Notice that in the case n “ s, ρX,n,n depends on t alone, whereas for s ă n, ρX,n,s depends
both on t and on τ P Rn´s. Throughout the following, with some abuse of notation, this
distinction will mostly be implicit. The adaptation to the case s “ n is generally straightforward.
For instance, forthcoming Equation (27) reduces to

d

dt
ρX,n,nt “ ´ΛXt nρ

X,n,n
t ,

where

ΛXt “ λX
1

sXt
xηXt , siy ` βG

iHt
nH

.

When integrating over τ , the case n “ s becomes
ż

R0

ρX,n,nt pτqdτ “ ρX,n,nt .

Similarly, symbolically, for any τ P Rn´s, ipτq “ 0 whenever n´ s “ 0. This makes sense, as in
a structure of size n containing n susceptibles, there are no infected. This leads for example to

ż

R0

1tipτq“0uρ
X,n,n
t pτqdτ “ ρX,n,nt .

When the adaptation is less clear, the case n “ s will be treated separately.

Proposition 3.12. The family pρX,n,sq1ďnďnmax,0ďsďn is a weak solution to the following system
of partial differential equations: for any pn, sq P J1, nmaxKˆ J0, nK, for any τ P Rn´s and t ě 0,

Btρ
X,n,s
t pτq´

n´s
ÿ

k“1

Bτkρ
X,n,s
t pτq “ ´spλXipτq ` ΛXt qρ

X,n,s
t pτq

` 1ts`1ďnuλXps` 1qipτ1,n´s´1qρ
X,n,s`1
t pτ1,n´s´1q1tτn´są0uγe´γτn´s

` 1ts`1ďnuΛ
X
t ps` 1qρX,n,s`1

t pτ1,n´s´1q1tτn´są0uγe´γτn´s ,

(27)

with initial condition given by

ρX,n,n0 “ πXn ε
n and @s ă n, τ P Rn´s, ρX,n,s0 pτq “ πXn

ˆ

n

s

˙

εsp1´ εqn´s1tτPpR˚`qn´su
e´γ

řn´s
k“1 τk .

Proof. Let pn, sq P J1, nmaxK ˆ J0, nK. In the case s “ n, Equation (27) follows directly from
Equation (4) applied to fpxq “ 1tnpxq“n,spxq“su for all x P E as Af “ fI “ 0.

Suppose now that s ă n. Consider f measurable on E such that fpxq “ 0 if pnpxq, spxqq ‰
pn, sq and fpxq “ fn,spτ1,n´spxqq otherwise, where fn,s P C8pRn´sq is compactly supported. In
particular, for any σ ą 0 and x P E such that spxq ě 1, notice that fpjpx, σqq is zero, unless
s ` 1 ď n and pnpxq, spxqq “ pn, s ` 1q in which case it is equal to fn,spτ1,n´s´1pxq ` σen´sq.
Recalling that fIpxq “ xν, fpjpx, ¨qy, injecting f into Equation (4) and differentiating with regard
to t thus yields

d

dt

ż

Rn´s
fn,spτqρ

X,n,s
t pτqdτ “ ´

n´s
ÿ

k“1

ż

Rn´s
Bτkfn,spτqρ

X,n,s
t pτqdτ

´

ż

Rn´s
pλXsipτq ` ΛXt sqfn,spτqρ

X,n,s
t pτqdτ ` 1ts“n´1uΛ

X
t n

ˆ
ż `8

0
fn,n´1pσe1qγe´γσdσ

˙

ρX,n,nt

` 1ts`1ănu

ż

Rn´s´1

pλXipuq ` ΛXt qps` 1q

ˆ
ż `8

0
fn,spu` σen´sqγe´γσdσ

˙

ρX,n,s`1
t puqdu.
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An integration by parts leads to the following equality, as fn,s is of compact support which
implies that the boundary terms of the integration by parts vanish:

´

n´s
ÿ

k“1

ż

Rn´s
Bτkfn,spτqρ

X,n,s
t pτqdτ “

n´s
ÿ

k“1

ż

Rn´s
fn,spτqBτkρ

X,n,s
t pτqdτ.

Injecting this into the previous computation yields that ρX,n,s is a weak solution to Equation
(27).

Finally, initial conditions ρX,n,s0 for n P J1, nmaxK and s P J0, nK follow directly from (5).

3.2.3 Proof of Theorem 2.3

Before proceeding, let us introduce the following notation. For f P C1
b pR`ˆE,Rq and T ě t ě 0,

define
fT,t : x P E ÞÑ fpT,Ψpx, T, tqq and fIT,t : x P E ÞÑ xν, fT,tpjpx, ¨qqy. (28)

We can now state an intermediate result, which is similar in spirit to Proposition 3.4.

Proposition 3.13. Let η be the unique solution in CpR`,M1q of Equation (4). Then for any
f P C1

b pR` ˆ E,Rq, for X P tH,W u,

xηXT , fT y “ xη
X
0 , fT,0y ` λX

ż T

0
xηXt , sipf

I
T,t ´ fT,tqydt

` λX

ż T

0

1

sXt
xηXt , siyxη

X
t , spf

I
T,t ´ fT,tqydt` βG

ż T

0

iHt
nH
xηXt , spf

I
T,t ´ fT,tqydt.

(29)

Proof. The proof follows the exact same lines as the proof of Proposition 3.4, showing that for
any f P C1

b pR` ˆ Eq, Equation (29) leads to Equation (4) using Lemma 3.3.

Throughout this section, let h be the Heaviside step function, i.e. hpzq “ 1tzą0u for any real
number z. Also, consider a mollifier ψ on R in the same sense as in the Proof of Lemma 3.1. For
α ą 0, define ψαpzq “ α´1ψpz{αq for all z P R. Let us introduce, for any α ą 0, the function
hα : RÑ r0, 1s defined by

@z P R, hαpzq “ h ˚ ψαpzq.

As ψα converges to δ0 in the sense of distributions when α tends to zero, the families of functions
phαqαą0 and pψαqαą0 serve as smooth approximations of h and δ0 respectively. This will be useful
in the proofs of this section.

This allows us to establish the following proposition, which serves as a starting point of the
proof of Theorem 2.3.

Proposition 3.14. Under the assumptions of Theorem 2.3, it holds that for any X P tH,W u,
psXt qtě0 and piXt qtě0 satisfy

d

dt
sXt “ ´n

X

ˆ

λX
nX
xηXt , siy `

λX
nX
xηXt , siy ` βG

iHt
nH

sXt
nX

˙

,

d

dt
iXt “ ´

d

dt
sXt ` γi

X
t .

(30)

Further,
sX0 “ p1´ εqn

X and iX0 “ εnX . (31)
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Proof. Notice that s P C1
b pE,Rq is such that As “ 0 and sIpxq´ spxq “ ´1 for all x P E. It thus

follows immediately from Equation (4) that, for any X P tH,W u,

sXT “ sX0 ´

ż T

0

˜

λXxη
X
t , siy ` λX

sXt

sXt
xηXt , siy ` βG

iHt
nH

sXt

¸

dt.

Further, since η P CpR`, pM1, } ¨ }TV qq, it follows that for any t ě 0, pζKt qKě1 converges in law to

ηt. As s is continuous and bounded on E, this implies that xζ
X|K
t , sy Ñ xηXt , sy when K tends

to infinity. The analogous result holds for n. Hence Lemma 1.2 ensures that, for any t ě 0,
sXt {s

X
t “ nX{nX . In other words,

sXT “ sX0 ´ n
X

ż T

0

ˆ

λX
nX
xηXt , siy `

λX
nX
xηXt , siy ` βG

iHt
nH

sXt
nX

˙

dt.

As η P CpR`, pM1, } ¨ }TV qq, and s and i are bounded measurable functions, it follows that the
integrand is continuous with regard to t. Thus, the first line of Equation (30) comes from the
fundamental theorem of calculus.

Recall that η0 “ η0,ε as defined in Equation (5). In particular, we now have nX “ mX , hence

sX0 “ xη
X
0,ε, sy “

nmax
ÿ

n“1

πXn

n
ÿ

s“0

s

ˆ

n

s

˙

p1´ εqsεn´s “ p1´ εq
nmax
ÿ

n“1

nπXn “ p1´ εqn
X . (32)

This yields the first part of Equation (31).
It remains to take an interest in iXt . As i does not belong to C1

b pE,Rq we cannot proceed in
the same way. Remember that ipxq “

řnmax
j“1 hpτjq for x “ pn, s, τq P E. Let us introduce, for

any α ą 0, the function iα : E Ñ J1, nmaxK defined by

@x “ pn, s, τq P E, iαpxq “
nmax
ÿ

j“1

hαpτjq.

Fix α ą 0. As ψ1α is bounded, it follows from the usual properties of convolution that
hα P C1

b pRq and hence iα P C1
b pE,Rq. Thus, we may apply Proposition 3.13 and obtain that

xηXT , iαy “ xη
X
0 , piαqT,0y ` λX

ż T

0
xηXt , sippiαq

I
T,t ´ piαqT,tqydt

` λX

ż T

0

1

sXt
xηXt , siyxη

X
t , sppiαq

I
T,t ´ piαqT,tqydt` βG

ż T

0

iHt
nH
xηXt , sppiαq

I
T,t ´ piαqT,tqydt.

Notice that ‖iα‖8 “ nmax for any α ą 0, as well as ‖s‖8 “ nmax, ‖i‖8 “ nmax, ‖si‖8 ď n2
max

and xηX , siy{sXt ď nmax for any t ě 0. As further ηt P M1 for any t ě 0, we may let α go to
zero and use dominated convergence to obtain that

xηXT , iy “ xη
X
0 , iT,0y ` λX

ż T

0
xηXt , sipi

I
T,t ´ iT,tqydt

` λX

ż T

0

1

sXt
xηXt , siyxη

X
t , spi

I
T,t ´ iT,tqydt` βG

ż T

0

iHt
nH
xηXt , spi

I
T,t ´ iT,tqydt.

(33)

Further, for any σ ě 0, T ě t ě 0 and x P E,

ipΨpjpx, σq, T, tqq ´ ipΨpx, T, tqq “ 1tσąpT´tqu,
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hence
iIT,tpxq ´ iT,tpxq “ νprT ´ t,8qq “ e´γpT´tq.

Injecting this into Equation (33) and using as before that sXt {s
X
t “ nX{nX yields

iXT “ xη
X
0 , iT,0y ` n

Xe´γT
ż T

0
eγt

ˆ

λX
nX
xηXt , siy `

λX
nX
xηXt , siy ` βG

iHt
nH

sXt
nX

˙

dt. (34)

As η0 “ η0,ε, we may compute the first term of the right-hand side of this equation and obtain
that

xηX0 , iT,0y “ xη
X
0,ε, iT,0y “ e´γT

nmax
ÿ

n“1

πXn

n
ÿ

s“0

ˆ

n

s

˙

p1´ εqsεn´spn´ sq “ e´γT εnX . (35)

Using the continuity of the integrand in Equation (34), we may now differentiate it with regard
to T :

d

dT
iXT “ nX

ˆ

λX
nX
xηXT , siy `

λX
nX
xηXT , siy ` βG

iHT
nH

sXT
nX

˙

´ γiXT “ ´
d

dT
sXT ´ γi

X
T .

We thus have recovered the second line of Equation (30). Finally, the second half of Equation
(31) is obtained by a computation analogous to (32). This concludes the proof.

For pS, Iq P S, define the function f pS,Iq : E Ñ t0, 1u by

f pS,Iqpxq “ 1tspxq“S, ipxq“Iu.

For t ě 0, let nX
pS,Iqptq “ xηXt , f

pS,Iqy, which defines a continuous function on R` as f pS,Iq

is bounded and measurable and η P CpR`, pM1, } ¨ }TV qq. In words, this corresponds to the
proportion of structures of type X which contain exactly S susceptible and I infected individuals.
Notice that

tx P E : spxqipxq ą 0u “ tx P E : spxqipxq ą 0, pspxq, ipxqq P Su.

We may thus rewrite the first line of Equation (30) as follows:

d

dt
sXt “ ´n

X

¨

˝

λX
nX

ÿ

pS,IqPS
SInXpS,Iqptq `

λX
nX

ÿ

pS,IqPS
SInXpS,Iqptq ` βG

iHt
nH

sXt
nX

˛

‚.

Similarly, it holds that

ΛXt “
λX

sXt
xηXt , siy ` βG

iHt
nH

“
λX

sXt

ÿ

pS,IqPS
SInXpS,Iqptq ` βG

iHt
nH

,

which may also be written in terms of the notations of Equation (6a–c):

ΛXt “

˜

sXt
nX

¸´1

τXptq ` βG
iHt
nH

.

This motivates a closer study of the functions nX
pS,Iq for pS, Iq P S.
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Proposition 3.15. Let X P tH,W u and pS, Iq P S. Under the assumptions of Theorem 2.3, it
holds that

d

dt
nXpS,Iqptq “ γ

´

pI ` 1qnXpS,I`1qptq1tS`Iănmaxu ´ In
X
pS,Iqptq

¯

` λX

´

pS ` 1qpI ´ 1qnXpS`1,I´1qptq1tIě1u ´ SIn
X
pS,Iqptq

¯

` ΛXt

´

pS ` 1qnXpS`1,I´1qptq1tIě1u ´ Sn
X
pS,Iqptq

¯

.

(36)

Further

nXpS,Iqp0q “

ˆ

S ` I

I

˙

πXS`Ip1´ εq
SεI . (37)

Proof. Let X P tH,W u and pS, Iq P S. It follows from Lemma 3.11 that

nXpS,Iqptq “ xη
X
t , f

pS,Iqy “

nmax
ÿ

n“S`I

ż

Rn´S
1tipτq“Iuρ

X,n,S
t pτqdτ,

where in the second equality, the sum over n starts at S ` I as it is impossible to observe S
susceptible and I infected members in a group of size n ă S ` I. Using Proposition 3.12, we
may deduce that

d

dt
nXpS,Iqptq “

nmax
ÿ

n“S`I

ż

Rn´S
1tipτq“IuBtρ

X,n,S
t pτqdτ.

Equation (27) yields that

d

dt
nXpS,Iqptq “

nmax
ÿ

n“S`I

n´S
ÿ

k“1

ż

Rn´S

1tipτq“IuBτkρ
X,n,S
t pτqdτ

´

nmax
ÿ

n“S`I

ż

Rn´S

1tipτq“Iu
`

λXSI ´ ΛXt S
˘

ρX,n,St pτq

`

nmax
ÿ

n“S`I

1tS`1ďnu

ż

Rn´S

1tipτq“IuλXpS ` 1qipτ1,n´S´1qρ
X,n,S`1
t pτ1,n´S´1q1tτn´Są0uγe´γτn´Sdτ

`

nmax
ÿ

n“S`I

1tS`1ďnu

ż

Rn´S

1tipτq“IuΛ
X
t pS ` 1qρX,n,S`1

t pτ1,n´S´1q1tτn´Są0uγe´γτn´Sdτ.

(38)

Let us start by noticing that the second line of Equation (38) may be written as

´
`

λXSI ´ ΛXt S
˘

nmax
ÿ

n“S`I

ż

Rn´S
1tipτq“Iuρ

X,n,S
t pτq “ ´

`

λXSI ´ ΛXt S
˘

nXpS,Iqptq.

Next, let us pay attention to the third and fourth line of Equation (38). For any τ P Rn´S ,
it appears that on the event τn´S ą 0, ipτq “ I if and only if ipτ1,n´S´1q “ I ´ 1. The third line
thus becomes

nmax
ÿ

n“S`I

1tS`1ďnu

ż

Rn´S
1tipτ1,n´S´1q“I´1uλXpS ` 1qpI ´ 1qρX,n,S`1

t pτ1,n´S´1q1tτn´Są0uγe´γτn´Sdτ

“ λXpS ` 1qpI ´ 1q
nmax
ÿ

n“S`I

1tS`1ďnu

ż

Rn´S´1

1tipτ 1q“I´1uρ
X,n,S`1
t pτ 1qdτ 1

“ 1tIě1uλXpS ` 1qpI ´ 1q
nmax
ÿ

n“S`I

ż

Rn´S´1

1tipτ 1q“I´1uρ
X,n,S`1
t pτ 1qdτ 1

“ 1tIě1uλXpS ` 1qpI ´ 1qnXpS`1,I´1qptq.
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In this computation, the indicator function of the event tI ě 1u appears as for any pn, sq, ρX,n,s

never charges the space tipτq ă 0u. As further S ` 1 ď n whenever S ` I ď n and I ě 1, the
indicator function of the set tS ` 1 ď nu can be removed. Similarly, the fourth line of Equation
(38) becomes

1tIě1uΛ
X
t pS ` 1qnXpS`1,I´1qptq.

It remains to focus on the first line of Equation (38). In order to do so, we will use another
expression of f pS,Iq. For two integers j ď n, let Bpn, jq be the set of unordered subsets of j
elements chosen in J1, nK. It then holds that for any pn1, s, τq P E,

f pS,Iqpn1, s, τq “
nmax
ÿ

n“S`I

1!

n1“n
s“S

)

ÿ

vPBpn´S,Iq

ź

jPv

hpτjq
ź

jPJ1,n´SKzv

p1´ hpτjqq,

where h designates as before the Heaviside step function. The idea behind this expression is
that a structure of type pn, s, τq contains S susceptible and I infected members if and only if
s “ S, and further exactly I out of the n´S first components of τ (which describe the states of
members of the structure having contracted the disease at some point, i.e. infected and removed
members) are positive. In other words, there exists at most one element v P Bpn´S, Iq for which
the term in the sum is not equal to zero, in which case the set v corresponds to the indexes of
infectious members, while J1, n´ SKzv is the set of removed members.

In the following, for any integers 1 ď j ď n and any v P Bpn, jq, consider the sets

Av “ tτ P Rn : τk ą 0 @k P v, τk ď 0 @k R vu

and for any k P v,

Av;k “ tpτ1, . . . , τk´1, τk`1, . . . , τnq P Rn´1 : τj ą 0 for j P vztku and τj ď 0 for j R vu.

With these notations, it holds that

Jt :“
nmax
ÿ

n“S`I

n´S
ÿ

k“1

ż

Rn´S
1tipτq“IuBτkρ

X,n,S
t pτqdτ “

nmax
ÿ

n“S`I

n´S
ÿ

k“1

ÿ

vPBpn´S,Iq

ż

Av

Bτkρ
X,n,S
t pτqdτ

“

nmax
ÿ

n“S`I

n´S
ÿ

k“1

ÿ

vPBpn´S,Iq
p´1q1tkPvu

ż

Av;k

ρX,n,St pτ1, . . . , τk´1, 0, τk`1, . . . , τnq
ź

1ďjďn
j‰k

dτj ,

where the second line follows from the first by integrating Bτkρ
X,n,S
t over Av with respect to τk.

The goal is to show that

Jt “ γ
´

pI ` 1qnXpS,I`1qptq1tS`Iănmaxu ´ InpS,Iqptq
¯

, (39)

which will conclude the proof of Equation (36).
In order to do so, let us define the following function for x P E:

F pS,Iqpxq “
nmax
ÿ

n“S`I

1"

npxq“n
spxq“S

*

n´S
ÿ

k“1

ÿ

vPBpn´S,Iq
p´1q1tkPvu1tτkpxq“0uH

pn,Sq,v,kpτpxqq,

where for any v Ď J1, n´ SK, k P J1, n´ SK and τ P Rnmax ,

Hpn,Sq,v,kpτq “
ź

jPv
j‰k

hpτjq
ź

jPJ1,n´SKzv
j‰k

p1´ hpτjqq.
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It then follows that Jt “ xη
X
t , F

pS,Iqy.
Furthermore, distinguishing the cases k P v and k R v yields that

F pS,Iq “ apS,Iq ´ bpS,Iq,

where for any x P E,

apS,Iqpxq “
nmax
ÿ

n“S`I`1

1"

npxq“n
spxq“S

*

n´S
ÿ

k“1

1tτkpxq“0u

ÿ

vPBpn´S,Iq
kRv

Hpn,Sq,v,kpτpxqq,

and

bpS,Iqpxq “
nmax
ÿ

n“S`I

1"

npxq“n
spxq“S

*

n´S
ÿ

k“1

1tτkpxq“0u

ÿ

vPBpn´S,Iq
kPv

Hpn,Sq,v,kpτpxqq.

The heart of the proof then lies in the following result.

Lemma 3.16. Under the assumptions of Theorem 2.3, for any X P tH,W u and pS, Iq P S, for
any t ě 0,

xηXt , a
pS,Iqy “ γpI ` 1qnXpS,I`1qptq1tS`Iănmaxu, (40)

and
xηXt , b

pS,Iqy “ γInXpS,Iqptq. (41)

Before establishing Lemma 3.16, let us finish the proof of Proposition 3.15. It is clear that
this lemma implies Equation (39), and thus Equation (36).

In order to obtain the initial condition of Equation (37), notice that by definition of η0,ε,

xηX0 , f
pS,Iqy “

nmax
ÿ

n“S`I

πXn

ˆ

n

S

˙

p1´ εqSεn´S
ÿ

vPBpn´S,Iq

ż

Rn´S

ź

kPv

hpτkq
ź

kPJ1,n´SKzv

p1´ hpτkqqνpdτ1q . . . νpdτn´Sq

“

nmax
ÿ

n“S`I

πXn

ˆ

n

S

˙

p1´ εqSεn´S
ÿ

vPBpn´S,Iq
xν, hy#vxν, 1´ hypn´Sq´#v.

Obviously, whenever pn´Sq´#v ą 0, the term vanishes as xν, 1´hy “ 0. Hence only the case
v “ J1, n´ SK remains, which in turn corresponds to n “ S ` I. This concludes the proof.

Let us now turn to Lemma 3.16.

Proof of Lemma 3.16. Throughout the proof, we will continue using notations from the proof
of Proposition 3.15. We will detail the arguments leading to Equation (40), as Equation (41) is
obtained analogously.

Let pS, Iq P S. We may start by noticing that in the case S ` I “ nmax, it holds that
apS,Iqpxq “ 0 for all x P E. Indeed, the sum over n reduces to the case n “ nmax, and the set
Bpnmax´S, Iq contains exactly one element, namely J1, IK. Hence for any k P J1, nmax´SK, the
set tv P Bpnmax ´ S, Iq : k R vu is empty, implying that apS,Iq is null on E. From now on, we
will thus assume that S ` I ă nmax.

Define the function gpS,Iq on E as follows. For any x P E,

gpS,Iqpxq “
nmax
ÿ

n“S`I

1"

npxq“n
spxq“S

*

n´S
ÿ

k“1

hpτkpxqq
ÿ

vPBpn´S,I´1q
kRv

Hpn,Sq,v,kpτpxqq.
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In particular, it holds by definition of gpS,Iq that

xηXt , g
pS,Iqy “ InXpS,Iqptq.

Since we assume S ` I ă nmax, the state pS, I ` 1q belongs to S as well. Thus, we actually
aim to show that for GpS,I`1q “ γgpS,I`1q ´ apS,Iq,

@t ě 0, xηXt , G
pS,I`1qy “ 0.

In order to achieve this, we will consider the following smooth approximations of apS,Iq and
gpS,I`1q respectively, defined for α ą 0. For any x P EX ,

apS,Iqα pxq “
nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq“S

*

n´S
ÿ

k“1

ψαpτkpxqqH
n´S,I,k
α pτpxqq,

gpS,I`1q
α pxq “

nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq“S

*

n´S
ÿ

k“1

hαpτkpxqqH
n´S,I,k
α pτpxqq,

where
Hn´S,I,k
α pτq “

ÿ

vPBpn´S,Iq
kRv

ź

jPv

hαpτjq
ź

jPJ1,n´SKzv
j‰k

p1´ hαpτjqq.

Letting G
pS,I`1q
α “ γg

pS,I`1q
α ´ a

pS,Iq
α , dominated convergence ensures that

xηXt , G
pS,I`1q
α y ÝÝÝÑ

αÑ0
xηXt , G

pS,I`1qy.

Classical properties of convolution imply that both a
pS,Iq
α and g

pS,I`1q
α belong to C1

b pE,Rq,
allowing us to apply Proposition 3.13 to G

pS,I`1q
α pxq. In order to do so, some preliminary

computations are necessary. Indeed, we need to compute fT,t and fIT,t as defined in Equation

(28) for f “ a
pS,Iq
α and f “ g

pS,I`1q
α . Let T ą 0, then for any t P r0, T s, writing e1,n´S for the

vector of dimension nmax whose pn´Sq first components are set to 1 and the following all equal
0,

´

apS,Iqα

¯

T,t
pxq “

nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq“S

*

n´S
ÿ

k“1

ψαpτkpxq ´ pT ´ tqqH
n´S,I,k
α pτpxq ´ pT ´ tqe1,n´Sq .

Similarly, for any σ ą 0, distinguishing the cases where either k “ n ´ S, or k ‰ n ´ S and
n´ S P v, or k ‰ n´ S and n´ S R v leads to

´

apS,Iqα

¯

T,t
pjpx, σqq “

nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq´1“S

*

”

ψαpσ ´ pT ´ tqqH
n´S,I,n´S
α pτpxq ´ pT ´ tqe1,n´S´1q

` hαpσ ´ pT ´ tqq
n´S´1
ÿ

k“1

ψαpτk ´ pT ´ tqqH
n´S´1,I´1,k
α pτpxq ´ pT ´ tqe1,n´S´1q

` p1´ hαpσ ´ pT ´ tqqq
n´S´1
ÿ

k“1

ψαpτk ´ pT ´ tqqH
n´S´1,I,k
α pτpxq ´ pT ´ tqe1,n´S´1q

ı

.

Define mh
T,tpαq “ xν, hαp¨ ´ pT ´ tqqy and mψ

T,tpαq “ xν, ψαp¨ ´ pT ´ tqqy. Notice that the second
line is equal to zero if I “ 0, as the set Bpn´ S ´ I,´1q is empty. Similarly, in the case of the
third line, when n “ S ` 1` I the set tv P Bpn´ S ´ 1, Iqu reduces to J1, IK and hence for any
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k P J1, n´SK, the set tv P Bpn´S´1, Iq : k R vu is empty. In particular, the third line vanishes
if S ` I ` 1 “ nmax. We may thus recognize that

´

apS,Iqα

¯I

T,t
pxq “ mψ

T,tpαq
nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq´1“S

*Hn´S,I,n´S
α pτpxq ´ pT ´ tqe1,n´S´1q

`mh
T,tpαqa

pS`1,I´1q
α;T,t 1tIě1u ` p1´m

h
T,tpαqqa

pS`1,Iq
α;T,t 1tS`I`1ănmaxu.

Proceeding in the same way also yields

´

gpS,I`1q
α

¯I

T,t
pxq “ mh

T,tpαq
nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq´1“S

*Hn´S,I,n´S
α pτpxq ´ pT ´ tqe1,n´S´1q

`mh
T,tpαqg

pS`1,Iq
α;T,t 1tIě1u ` p1´m

h
T,tpαqqg

pS`1,I`1q
α;T,t 1tS`I`1ănmaxu.

In particular, we thus obtain that

pGpS,I`1q
α qIT,tpxq “ mh

T,tpαqG
pS`1,Iq
α;T,t 1tIě1u ` p1´m

h
T,tpαqqG

pS`1,I`1q
α;T,t 1tS`I`1ănmaxu

` pγmh
T,tpαq ´m

ψ
T,tpαqq

nmax
ÿ

n“S`I`1

1"

npxq“n,
spxq´1“S

*Hn´S,I,n´S
α pτpxq ´ pT ´ tqe1,n´S´1q.

Notice further that, on the one hand,

mψ
T,tpαq “

ż `8

0
γe´γxψαpx´ pT ´ tqqdx “

ż `8

0
γe´γpx`pT´tqqψαpxqdx ÝÝÝÑ

αÑ0
γe´γpT´tq.

On the other hand,

mh
T,tpαq “

ż `8

0
γe´γx

ż `8

0
ψαpx´ pT ´ tq ´ zqdzdx “

ż

R

ż `8

y
γe´γxdxψαpy ´ pT ´ tqqdy

“

ż

R
e´γpy`pT´tqqψαpyqdy ÝÝÝÑ

αÑ0
e´γpT´tq.

Thus, for any T ą 0, we may apply Proposition 3.13 to G
pS,I`1q
α , and let α go to zero in order

to obtain by dominated convergence that

xηXT , G
pS,I`1qy “ xηX0 , G

pS,I`1q
T,0 y

` λX

ż T

0
xηXt , si

´

e´γpT´tqG
pS`1,Iq
T,t 1tIě1u ` p1´ e´γpT´tqqG

pS`1,I`1q
T,t 1tS`I`1ănmaxu ´G

pS,I`1q
T,t

¯

ydt

`

ż T

0
ΛXt xη

X
t , s

´

e´γpT´tqG
pS`1,Iq
T,t 1tIě1u ` p1´ e´γpT´tqqG

pS`1,I`1q
T,t 1tS`I`1ănmaxu ´G

pS,I`1q
T,t

¯

ydt.

(42)

It is possible to compute xηX0 , G
pS,I`1q
T,0 y. Indeed, by definition of η0 “ η0,ε,

xηX0 , a
pS,Iq
T,0 y “

nmax
ÿ

n“S`I`1

πXn

ˆ

n

S

˙

p1´ εqSεn´S

ˆ

”

n´S
ÿ

k“1

xν, δ0p¨ ´ T qy
ÿ

vPBpn´S,Iq
kRv

ź

jPv

xν, hp¨ ´ T qy
ź

jPJ1,n´SKzv
j‰k

xν, 1´ hp¨ ´ T qy
ı

.

Of course, the computation of xηX0 , g
pS,I`1q
T,0 y is very similar. It suffices to replace the term

xν, δ0p¨ ´ T qy by xν, hp¨ ´ T qy. As xν, δ0p¨ ´ T qy “ γxν, hp¨ ´ T qy, it follows that

xηX0 , G
pS,I`1q
T,0 y “ 0. (43)
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Thus the term xηX0 , G
pS,I`1q
T,0 y of Equation (42) vanishes. Letting C “ nmaxpλXnmax `

λXnmax ` βGq, we obtain that

|xηXT , GpS,I`1qy| ď C

ż T

0

´

|xηXt , G
pS`1,Iq
T,t y|1tIě1u ` |xηXt , G

pS`1,I`1q
T,t y|1tS`I`1ănmaxu ` |xηXt , G

pS,I`1q
T,t y|

¯

dt.

(44)

Notice that if pS, Iq P S is such that S ` I ă nmax, then pS1, I 1q “ pS, I ` 1q is such that
pS1, I 1q P S, S1 ` I 1 ě 3 and I 1 ě 1. Similarly, on the event I ě 1, pS1, I 1q “ pS ` 1, Iq satisfies
the same conditions, as well as pS1, I 1q “ pS`1, I`1q if S` I`1 ă nmax. In order to conclude,
it thus suffices to establish the following lemma.

Lemma 3.17. For any pS, Iq P S such that I ě 1 and S ` I ě 3, for any T ě 0,

@t P r0, T s, xηXt , G
pS,Iq
T,t y “ 0. (45)

The desired result then follows from Equation (44).

Proof of Lemma 3.17. The key argument will be to apply Gronwall’s lemma to t ÞÑ xηXt , G
pS,Iq
T,t y.

We thus need to show that for any pS, Iq P S such that S ` I ě 3 and I ě 1, the function

t ÞÑ xηXt , G
pS,Iq
T,t y is continuous on r0, T s. In order to do so, notice that we may apply Proposition

3.13 to t ÞÑ pG
pS,Iq
α qT,t which belongs to C1

b pR` ˆ Eq. As for any z P R and u P r0, ts it holds
that z ´ pT ´ tq ´ pt´ uq “ z ´ pT ´ uq, it follows that

´

pGpS,Iqα qT,t

¯

t,u
“ pGpS,Iqα qT,u.

Thus, proceeding like before and letting α go to zero, dominated convergence allows to conclude
that for any t P r0, T s,

xηXt , G
pS,Iq
T,t y “ xη

X
0 , G

pS,Iq
T,0 y

`

ż t

0
λXxη

X
u , si

´

eγpT´uqG
pS`1,I´1q
T,u 1tI´1ě1u ` p1´ eγpT´uqqG

pS`1,Iq
T,u 1tS`Iănmaxu ´G

pS,Iq
T,u

¯

ydu

`

ż t

0
ΛXu xη

X
u , s

´

eγpT´uqG
pS`1,I´1q
T,u 1tI´1ě1u ` p1´ eγpT´uqqG

pS`1,Iq
T,u 1tS`Iănmaxu ´G

pS,Iq
T,u

¯

ydu.

The initial condition t “ 0 vanishes according to Equation (43) as it holds for any pS, Iq P S
satisfying S ` I ă nmax, and indeed

tpS, I ` 1q : pS, Iq P S, S ` I ă nmaxu “ tpS, Iq P S : S ` I ě 3, I ě 1u.

Further, both integrands are bounded by a constant which does not depend on t. The continuity

of t ÞÑ xηXt , G
pS,Iq
T,t y on r0, T s follows.

We are now ready to reason by induction. Notice that

tpS, Iq P S : S ` I ě 3, I ě 1u “
nmax
ď

k“3

k´1
ď

`“1

tpk ´ `, `qu.

For any k P J3, nmaxK, for any ` P J1, k ´ 1K, Equation (44) becomes

|xηXT , Gpk´`,`qy| ď C

ż T

0

´

|xηXt , G
pk´``1,`´1q
T,t y|1t`´1ě1u ` |xηXt , G

pk´``1,`q
T,t y|1tkănmaxu ` |xηXt , G

pk´`,`q
T,t y|

¯

dt.

(46)
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Let us start with the case k “ nmax. If further ` “ 1, Equation (46) reduces to

|xηXT , Gpnmax´1,1qy| ď C

ż T

0
|xηXt , G

pnmax´1,1q
T,t y|dt.

As Gpnmax´1,1q “ G
pnmax´1,1q
T,T , the desired conclusion follows from Gronwall’s lemma. Suppose

now that Equation (45) holds for pS, Iq “ pnmax´ `` 1, `´ 1q with ` P J1, nmax´ 1K. As further
k “ nmax, we may notice that Equation (46) simplifies to

|xηXT , Gpnmax´`,`qy| ď C

ż T

0
|xηXt , G

pnmax´`,`q
T,t y|dt.

Again, Gronwall’s lemma implies that Equation (45) holds for pS, Iq “ pnmax ´ `, `q. We thus
have established that Equation (45) is true for pS, Iq “ pnmax ´ `, `q for all ` P J0, nmax ´ 1K.

Les us now assume that Equation (45) is satisfied for pS, Iq “ pk ` 1 ´ `1, `1q for some

k P J3, nmax ´ 1K and for all `1 P J1, k ´ 1K. Then in particular, xηXt , G
pk,1q
T,t y “ 0 for all t P r0, T s.

Hence proceeding like before leads to the conclusion that xηXt , G
pk´1,1q
T,t y “ 0 for all t P r0, T s as

the first two terms of the integrand of the associated inequality derived from Equation (46) are
null. The same procedure allows to show that if Equation (45) holds for pS, Iq “ pk´``1, `´1q
for some ` P J2, k ´ 1K, then using the induction hypothesis, it also holds for pS, Iq “ pk ´ `, `q.

This concludes the proof.

We may finally focus on the main result of this section, namely Theorem 2.3.

Proof of Theorem 2.3. Before concluding, we need to emphasize that it would have been possible
to chose X “ W when replacing S and I by KXS

X and KXI
X for IG in Proposition 3.5. All

of the subsequent results still hold, simply replacing the household-related quantities in the
definition of the rate for mean-field infections by their workplace-related counterparts.

As a consequence, Propositions 3.14 and 3.15 show that for any X P tH,W u,

yX “

ˆ

sX

mX
,
iX

mX
, nXpS,Iq : pS, Iq P S, nXpS,Iq : pS, Iq P S

˙

satisfies the Cauchy problem (25) with initial condition (7). However, Proposition 3.10 ensures
uniqueness of the solutions to this Cauchy problem. It hence is sensible to define, for t ě 0,

sptq “
sHptq

mH
“
sW ptq

mW
and iptq “

iHptq

mH
“
iW ptq

mW
.

This leads to dynamical system (6a–c) with initial conditions (7), and concludes the proof.

Discussion

This paper has focused on proposing a new reduction for an SIR model with two levels of mixing,
which explicitly includes households and workplaces. This reduced model was obtained as its
large population limit, and the associated convergence of the stochastic model was established.
In the general case of an arbitrary distribution ν of the length of infectious periods, the stochastic
model converges under the large graph limit to the unique solution of a measure-valued equation.
In the particular case where ν is an exponential distribution, we have shown that the epidemic
dynamics can actually be reduced to a closed, finite-dimensional dynamical system. These
results further are of interest since, to our knowledge, none of the previously proposed model
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Figure 3: Comparison of the stochastic model starting from a single infected, with its large population
approximation for two different choices of initial condition. The first initial condition is given by Equation
(7) for ε “ 0.01. The second initial condition is obtained by simulating a large number (ą 2000) of
stochastic epidemic trajectories, starting from a single infected until the proportion of infected reaches
one percent. The initial condition corresponds to the average of the initial conditions observed in each
simulation. Regarding the stochastic model, for this figure, 100 epidemics starting from a single infected
were simulated. Similarly to Figure 2, only those reaching a threshold of 3% of infected are represented,
and a time shift is applied to ease comparison between model outputs. Structure size distributions are
those of Figure 1. Epidemic parameters: pβG, λH , λW , γq “ p0.085, 0.1, 0.001, 0.125q, R0 “ 1.7.

reductions for epidemic models on networks whose nodes may belong to multiple cliques have
been proven to coincide with the large graph limit of their stochastic counterparts.

Regarding the implementation of the reduced model, we have focused on the case where ν is
the exponential distribution. Comparing the solution to the dynamical system with stochastic
simulations of epidemic trajectories shows good accordance in practice, as expected. We also
have emphasized that the dynamical system can be implemented in an automatic way, which
implies that despite its high number of equations, it can be used even for larger structure sizes.
Finally, some numerical evidence points to the reduced model being significantly less demanding
than stochastic simulations in terms of computational cost for sufficiently large values of the
reproduction number, which means that it is of interest for numerical explorations. A broader
study of computational cost would be pertinent to refine these results.

Notice here that a possible model extension would be to consider a local level of mixing
containing an arbitrary, yet finite, number of layers. As long as within each layer, each node
is part of exactly one clique, and as long as cliques within each layer are constituted indepen-
dently from one another as in the case for households and workplaces, the adaptation of the
aforementioned results is expected to be straightforward. In particular, the dimension of the cor-
responding dynamical system should still be of order Opn2

maxq, implying that the model should
remain tractable.

Furthermore, we have compared the reduced model obtained in this work with the corre-
sponding EBCM in the line of [41]. In the case of our household-workplace model with two levels
of mixing, the EBCM seems the less appropriate choice, as it is less parsimonious and only ap-
proaches the epidemic well if the initial proportion of infected is very small. However, this may
change if a more general contact structure within layers is considered, such as a configuration
model for the global level, in which case it seems sensible to assume that EBCM-like equations
will appear.
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Finally, let us emphasize that by essence, the large population limit obtained here corresponds
to a situation where the number of infected individuals is of the same order as the population
size. In a realistic scenario, however, an epidemic is initiated by very few infected individuals.
In the case of a large epidemic outbreak, the number of infected subsequently grows until it no
longer is negligible when compared to the population size, at which point the large population
limit correctly captures the dynamics of the outbreak. This raises the question: which initial
condition is pertinent for the large population approximation? For uniformly mixing population,
this is rather straightforward, for two main reasons. On the one hand, at each time, infected
individuals are interchangeable in terms of infectious pressure exerted on susceptibles. On the
other hand, the presence of recovered individuals at time t can be neglected in the study of
the epidemic dynamics over the time interval rt,8q, simply by restricting the study to all other
individuals, which still constitute a uniformly mixing population. As a consequence, in such
a setting, it makes sense to suppose that at time zero, there are only infected and susceptible
individuals, and that infected individuals are chosen uniformly at random in the population,
with independent and identically distributed infectious period lengths.

This idea can of course be extended to our setting, and corresponds to the initial condition
proposed in Theorem 2.3, while similar initial conditions have also been used in the literature in
related settings [41, 11]. In our model however, one actually needs to know how infected and re-
covered individuals are distributed among households and workplaces, meaning that neither can
recovered be ignored, nor is there any reason to believe that infected individuals are distributed
uniformly at random in the population. Indeed, Figure 3 illustrates that when compared to
stochastic simulations starting from a single infected, the large population approximation with
initial condition given by Equation (7) fails to reproduce the epidemic dynamics, while they are
correctly captured when using an initial condition which is inferred from stochastic simulations.
As a consequence, it seems of interest to get a better understanding of this realistic initial con-
dition, which arises from an epidemic started by a single infected. This may be achieved using
a branching process approximation of the epidemic, which is designed to approach the initial,
stochastic phase of the epidemic, and hence would represent a reduced model which complements
the large population limit obtained in the present work.
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Louis J. Dubé. Propagation dynamics on networks featuring complex topologies. Phys-
ical Review E, 82(3):036115, September 2010.

[14] Thomas House and Matt J. Keeling. Deterministic epidemic models with explicit household
structure. Mathematical Biosciences, 213(1):29–39, May 2008.

[15] Thomas House and Matt J. Keeling. Insights from unifying modern approximations to
infections on networks. Journal of the Royal Society Interface, 8(54):67–73, January 2011.

[16] Karly A. Jacobsen, Mark G. Burch, Joseph H. Tien, and Grzegorz A. Rempa la. The large
graph limit of a stochastic epidemic model on a dynamic multilayer network. Journal of
Biological Dynamics, 12(1):746–788, January 2018.

[17] Svante Janson, Malwina Luczak, and Peter Windridge. Law of large numbers for the
SIR epidemic on a random graph with given degrees. Random Structures & Algorithms,
45(4):726–763, 2014.

[18] Anatole Joffe and Michel Metivier. Weak convergence of sequences of semimartingales with
applications to multitype branching processes. Advances in Applied Probability, 18(1):20–
65, March 1986.

44
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Appendix A Implementation of the large population limit

A.1 Automatic implementation of the dynamical system

It is possible to implement dynamical system (6a–c) in an automated way, in the sense that
equations do not need to be written individually. The key lies in the fact that the set S can
be constructed automatically, with an intrinsic organization of the states pS, Iq it contains. For
example, one may arrange them by growing number n of susceptible and infected members of
the structure, and for each n, by growing number i of infected, leading to

S “ tp2, 0q, p1, 1q, . . . , pnmax, 0q, pnmax ´ 1, 1q, . . . , p1, nmax ´ 1qu.

This in turn allows to make an explicit correspondence between any state pS, Iq P S and e.g.
some position in a vector containing all functions of our dynamical system of interest. A similar
idea was already employed in [33], for another purpose. With the previous structure of S, one
may for instance notice that for any n P J2, nmaxK and i P J0, n ´ 1K, the state pn ´ i, iq is the
cpn ´ i, iq-th state enumerated in S, where cpn ´ i, iq “ pn ´ 1qn{2 ` i. As a consequence, the
general expression of Equation (6c) may be used to handle all the dynamics of the functions
nX
pS,Iq, for pS, Iq P S and X P tH,W u.

Also, notice that in practice, household sizes tend not to be as big as workplace sizes. It
thus makes sense to distinguish explicitly a maximal size for each type of structure. This allows
to avoid implementing unnecessary equations corresponding e.g. to household sizes that are not
actually observed, and which thus artificially increase the dimension of the system.

A.2 Computational performance

The aim of this section is to numerically assess the computational cost associated to solving
the large dimensional dynamic system (6a–c) in comparison to stochastic simulations using
Gillespie’s algorithm, also referred to as SSA (stochastic simulation algorithm). In order to
do so, the average execution times of one stochastic simulation (SSA) and of one resolution of
the associated dynamic system using the ODE solver odeint from the scipy.integrate library are
compared.

Let us start by describing the general procedure. Each of the two scripts (stochastic simu-
lation or reduced model) is executed one hundred times, all runs being independent from one
another. For each run and each script, the computation time of the script of interest is mea-
sured, as well as the computation time of a reference function (summing all integers up to one
billion with a simple for-loop). The ratios of the runtimes of both the script of interest and the
reference function are computed. Comparison of the computation times for the stochastic and
the reduced model is then based on the comparison of the averages of those normalised runtimes.

It remains to take an interest in the choice of the model parameters, namely the structure
size distributions, the epidemic parameters i.e. the contact rates βG, λH , λW and the removal
rate γ, as well as the initial proportion of infected ε and the time interval r0, T s on which the
epidemic is simulated. For the stochastic model, the population size K will be fixed to ten
thousand individuals. For all scenarios considered here, the structure size distributions will be
those of Figure 1. Further, the initial proportion of individuals will be set to ε “ 0.005, as
Figure 2 indicates that for the stochastic model, the risk of extinction at the beginning of the
epidemic due to stochastic fluctuations is small when starting from 50 infected at time 0, even
for low values of R0. However, different values of the epidemic parameters will be considered, as
to obtain scenarios that differ both in terms of R0 and in terms of the proportions of infections
occurring within the general population, within households or within workplaces, respectively
referred to as pG, pH and pW . The removal rate γ will be fixed at 0.125, and only the contact
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rates will effectively vary. In total, ten different scenarios will be used, characterized by their
values of R0 P t1.2, 1.4, 1.7, 2.0, 2.5u and ppG, pH , pW q P tp0.2, 0.4, 0.4q, p0.4, 0.4, 0.2qu.

Finally, parameter T will be chosen as follows. For each set of epidemic parameters detailed
above, the reduced model is used to compute the time T˚ at which the epidemic falls below one
percent of infected individuals in the population, after the epidemic peak. T then is determined
by rounding down T˚ to the closest multiple of five.
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Figure A1: Proportion of susceptible (S) and infected (I) in the population, for each scenario detailed
in Table A1, as given by dynamical system (6a–c). Scenarios are separated by values of ppG, pH , pW q of
infections per layer, namely p0.2, 0.4, 0.4q and p0.4, 0.4, 0.2q for the top and bottom panels, respectively.
The corresponding values of R0 are indicated by the color shades, as shown in the legend. The black
crosses indicate for each curve that the proportion of infected falls below the threshold of one percent.

Figure A1 uses the reduced model to plot the trajectories of the proportion of susceptible
and infected individuals in the population, for each scenario. The corresponding parameters are
summarized in Table A1. Notice that in particular, this includes the parameters of Figure 2.

Let us now turn to the results. For each scenario of Table A1, measurement of average
normalised computation times was repeated three times. The results are shown in Figure A2,
which indicates for each scenario the ratio of the average normalised runtime for one resolution of
dynamical system (6a–c) over the average normalised runtime of one stochastic simulation. Let
us first take an interest in the datasets labeled ppG, pH , pW q “ p0.2, 0.4, 0.4q and ppG, pH , pW q “
p0.4, 0.4, 0.2q. One may notice first that for each scenario, the results of all three repeats are
close to one another, indicating that the results are reproducible. Further, for both possible
values of ppG, pH , pW q, the results indicate a shared general trend. Indeed, for values of R0

close to the critical case R0 “ 1, the ratio exceeds one, and diminishes subsequently, falling
below one between R0 “ 1.4 and R0 “ 1.7 and attaining values of order 10´1. This behavior
suggests that solving dynamic system (6a–c) is advantageous in terms of computation time for
intermediate or high values of R0, being up to one order of magnitude faster than one stochastic
simulation. As the time interval r0, T s on which the epidemic is studied originally depends on
the scenario and is significantly shorter for larger values of R0, one may wonder whether this
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R0 “ 1.2 R0 “ 1.4 R0 “ 1.7 R0 “ 2.0 R0 “ 2.5 ppG, pH , pW q

βG 0.03 0.035 0.045 0.05 0.06

(0.2, 0.4, 0.4)
λH 0.05 0.07 0.09 0.15 0.2
λW 0.0015 0.0016 0.0018 0.002 0.0022
T 130 130 105 85 75

βG 0.06 0.07 0.085 0.1 0.125

(0.4, 0.4, 0.2)
λH 0.06 0.07 0.1 0.15 1.5
λW 0.00075 0.0008 0.001 0.0011 0.00115
T 145 130 95 80 55

Table A1: Values of the contact rates βG, λH and λW considered, grouped by value of R0 and
proportions of infections per layer ppG, pH , pW q characterizing the scenarios.

difference influences the results. As a consequence, we have repeated the same procedure for all
of the scenarios characterised by ppG, pH , pW q “ p0.2, 0.4, 0.4q, with fixed T “ 75. Figure A2
shows that the associated results are very similar to those obtained previously, pleading against
this hypothesis.
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Figure A2: Ratio of the average normalised computation time for solving once dynamic system (6a–
c) over the average normalised computation time for one stochastic simulation (SSA). This ratio was
computed three times for each scenario of Table A1. The results are presented as a function of R0, while
colors indicate the value of ppG, pH , pW q. Unless stated otherwise, the parameter T from Table A1 was
used. The dotted line indicates the threshold of one.

Of course, this comparison could be pushed further. For instance, the most basic version of
the SSA algorithm was used, and more advanced methods such as τ -leaping are expected to
accelerate stochastic simulations. Also, a more thorough exploration of the parameter space
would be pertinent, assessing for instance the influence of the structure size distributions.
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Supplementary Material

S1 Edge-based compartmental model

S1.1 Presentation of the EBCM

Let us start by describing how to obtain the population structure of the local level of mixture
described in Section 1.1 using a clique configuration model (CCM). In our case, each node
belongs to exactly one clique within each layer (one household and one workplace, respectively).
Let us briefly notice that whenever a node is picked uniformly at random, the probability of it
belonging to a structure of type X and size n is given by π̂Xn “ nπXn {n

X , for any n P J1, nmaxK
and X P tH,W u. As a consequence, the layer corresponding to structures of type X P tH,W u
is obtained by the following two steps. First, associate to each node a structure size distributed
according to the size-biased law π̂X . This is done independently for each node. Second, for
k P J1, nmaxK, form cliques of size k by drawing uniformly without replacement k-tuples in the
set of nodes of associated structure size k. This step stops when all nodes of associated clique
size k belong to a clique. This procedure is repeated independently for each layer, allowing to
assemble households and workplaces.

Let us now turn to deriving the EBCM. Consider s and i the proportions of susceptible and
infected individuals in the population, respectively. Let θXn ptq for X P tH,W u and n P J1, nmaxK
be the chance of a susceptible belonging to a structure of type X and size n to escape infection
within this structure, and θGptq the chance of escaping infection through the mean-field level,
up to time t ě 0. The key idea is that a node is susceptible at time t if and only if it has escaped
infection up to time t, and the risks of infection within each layer are independent from one
another. This makes use of properties of the CCM, which heuristically explain the decoupling of
the risk of infection in the two local layers from one another. Further, the fact that in an infinite
population, each individual structure has a negligible impact on the proportion of infected yields
the intuition behind the decorrelation of the risks of infection at the local and global level. This
leads to

s “ θG
ź

XPtH,W u

˜

nmax
ÿ

n“1

π̂Xn θ
X
n

¸

.

As we are considering an SIR model, it follows that i1ptq “ ´s1ptq ` γiptq, so that the difficulty
resides in understanding the dynamics of θG and θXn ptq, for X P tH,W u and n P J1, nmaxK.

Define for X P tH,W u and n P J2, nmaxK:

mX
n “ θGπ̂Xn θ

X
n

nmax
ÿ

k“1

π̂Xk θ
X
k ,

which corresponds to the proportion of individuals who are susceptible and belong to a structure
of type X and size n. Also, let nX

pS,I,Rq be the proportion of susceptibles belonging to a structure
of type X containing exactly S susceptibles, I infected and R removed individuals. This allows
us to introduce the following quantities, which participate in the rates at which a member of a
structure of type X and size n is infected, either within the considered structure or outside of
it, respectively:

TXn “ λX
ÿ

pS,I,RqPN3

S`I`R“n

SI nXpS,I,Rq and τXn “

˜

βGi`
nmax
ÿ

k“1

TXk

¸

π̂Xn θ
X
n

řnmax
k“1 π̂Xk θ

X
k

.

One obtains the following dynamics:

d

dt
θG “ ´βGiθ

G, and @X P tH,W u,@n P J2, nmaxK,
d

dt
θXn “ ´

TXn
mX
n

θXn .
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Figure S1: Comparison of the stochastic model with the large population approximation given by dy-
namical system (6a–c) and the corresponding EBCM. Household and workplace distributions are those
of Figure 1. Epidemic parameters were set to pβG, λH , λW , γq “ p0.125, 1.5, 0.00115, 0.125q. Initial con-
ditions correspond to ε P t0.001, 0.01, 0.05u as indicated for each panel. For each of these scenarios,
Gillespie’s algorithm was used to simulate 50 trajectories of the stochastic model defined in Proposition
1.1 in a population of K “ 10000 individuals (faint lines). For Panel (a), only trajectories reaching a
threshold of 0.005 infected were kept, and time was shifted so that time 0 corresponds to the moment
when this threshold is reached. Finally, the deterministic solution ps, iq of both dynamical system (6a–c)
(thick lines) and the EBCM (dashed lines) are represented for each scenario. For Panel (a), the same
time shifting procedure as for simulations is applied.
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Further, for any X P tH,W u, n P J2, nmaxK and pS, I,Rq P N3 such that S ` I ` R “ n and
either S ě 2 or SI ě 1:

d

dt
nXpS,I,Rq “ ´

ˆ

λXSI `
τXn
mX
n

S ` γI

˙

nXpS,I,Rq

` γpI ` 1qnXpS,I`1,R´1q1tRě1u

`

ˆ

λXpS ` 1qpI ´ 1q `
τXn
mX
n

pS ` 1q

˙

nXpS`1,I´1,Rq1tIą1u.

Additionally, as in a structure of size one, no infection may occur within the structure itself, θH1
and θW1 are constant over time. Finally, it remains to define the initial conditions. Following
Volz et al. [41], we consider the case ε ! 1. Then the only quantities which are not null at time
zero are: for any X P tH,W u, n P J1, nmaxK and I P J1, n´ 1K,

ip0q “ ε,

θGp0q “ θXn p0q “ 1´ ε,

nXpn,0,0q “
1

n
π̂Xn p1´ εq

n,

nXpn´I,I,0q “ π̂Xn p1´ εq
n´IεI .

(S1)

The proportions of susceptible and infected as predicted by both the EBCM and dynamical
system (6a–c) are shown in Figure S1, for different values of ε. Let us first notice that in the
case ε “ 0.001, corresponding to Panel (a) of Figure S1, the solutions ps, iq of both the EBCM
and dynamical system (6a–c) are in perfect accordance, emphasizing the fact that for very small
values of ε, the EBCM seems to yield the correct asymptotic population dynamics. However, for
larger values of ε, the EBCM struggles to reproduce these dynamics. At first, as for ε “ 0.01 in
Panel (b) of Figure S1, the difference is mainly visible at the beginning of the epidemic and seems
to dampen afterwards. For even larger values of ε, the solution to the EBCM does not succeed
in reproducing the dynamics over time, as shown in Panel (c) of Figure S1. The problem for
capturing the epidemic dynamics for higher values of ε lies in the fact that defining the proper
initial condition for the EBCM is not straightforward, leading to initial conditions consisting in
an approximation which is only sensible whenever ε is very small.

S1.2 Computational performance

In order to compare the computation times needed to solve either dynamical system (6a–c) or the
dynamical system associated to the EBCM which has been introduced above, we will proceed
similarly as in Appendix A.2, making use of the ODE solver odeint from the scipy.integrate
library in both cases. However, this time, only one parameter set will be used, corresponding to
the parameters chosen for Panel (a) of Figure 2. Further, the average normalised computation
time is only computed once, instead of having three repeats as in Appendix A.2. Considering the
relatively small fluctuations between repeats for all scenarios in Figure A2, this is not expected
to significantly affect the qualitative result.

The model parameters and the associated average runtimes are shown in Table S1. Due to
the excessive computation needed to solve the EBCM, only 10 runs of this script were performed.
However, considering that the average normalised runtime for solving the EBCM is several orders
of magnitude higher than the average normalised runtime for solving dynamical system (6a–c),
this again is not expected to significantly alter the results. Finally, the computation times
necessary for solving the EBCM are relatively homogeneous over all runs, indicating that the
average computation time is not biased by an outlier.
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Runs Normalised runtimes
Average Minimum Maximum

Dynamical system (6a–c) 50 0.15 0.14 0.17
EBCM 10 2076 1887 2254

Table S1: Numerical assessment of the computation time needed to solve either dynamical
system (6a–c) or the EBCM introduced in Appendix S1.1. Model parameters: household and
workplace size distribution from Figure 1; pβG, λH , λW , γq “ p0.125, 1.5, 0.00115, 0.125q; initial
proportion of infected ε “ 0.005; resolution of the numerical system over the time interval r0, 30s.

S2 Proofs

S2.1 Proof of Proposition 3.10

Let us start with the following lemma, which will be needed afterwards.

Lemma A.1. Consider a solution y of the dynamical system (6a–c) and let ∆ptq “ mXsptq ´
ř

pS,IqPS Sn
X
pS,Iqptq. Then

d

dt
∆ptq “ γnXp1,1qptq ´

´

τGptq `
1

sptq
τXptq

¯

∆ptq.

Proof of Lemma A.1. Let X P tH,W u. First, notice that

tpS ` 1, I ´ 1q : pS, Iq P S, I ě 1u “ tpS, Iq P S : S ą 1u.

As S ´ 1 “ 0 whenever S “ 1, we thus obtain that

ÿ

pS,IqPS
S2InXpS,Iq ´

ÿ

pS,IqPS
SpS ` 1qpI ´ 1qnXpS`1,I´1q1tIě1u

“
ÿ

pS,IqPS
S2InXpS,Iq ´

ÿ

pS,IqPS
pS ´ 1qSInXpS,Iq “

ÿ

pS,IqPS
SInXpS,Iq.

(S2)

Similarly, tpS, I ` 1q : pS, Iq P S, S ` I ă nmaxu “ Sz ttpS, Iq P S : I “ 0u Y tp1, 1quu. As SI “ 0
whenever I “ 0, it follows that

ÿ

pS,IqPS
γSInXpS,Iq ´

ÿ

pS,IqPS
γSpI ` 1qnXpS,I`1q1tS`Iănmaxu “ γnXp1,1q. (S3)

The desired conclusion then results directly from Equations (6a–c), regrouping the terms of the
form of Equations (S2) and (S3) in order to simplify the expression.

We are now ready to focus on the desired result.

Proof of proposition 3.10. (i) By assumption, yp0q P V . Let us start by checking that all com-
ponents of y, as well as ∆, stay non-negative over time.

Let t0 ě 0 be such that ypt0q P V . If ipt0q “ 0, then i1pt0q “ ´s
1pt0q ě 0 by assumption,

which ensures that i will not become negative on a neighbourhood of t0. Similar arguments hold
for the lower bounds of ∆ and s, using Lemma A.1 and inequality (26), respectively.

Let us now turn our attention to nX
pS,Iq for X P tH,W u and pS, Iq P S. Recall from Equation

(6c) that its derivative may be ill defined, due to the division by sptq. However, inequality
(26) ensures that the ratios τXn

X
pS,Iq{s are well defined at all time, for any pS, Iq P S. As a
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consequence, we may now notice as previously that, if nX
pS,Iqpt0q “ 0, Equation (6c) ensures that

d
dtn

X
pS,Iqpt0q ě 0.
The desired conclusion follows: whenever either of the quantities of interest reach zero, their

derivatives are non-negative which ensures that they do not become negative shortly thereafter.
Next, let us have a look at the upper bounds. For X P tH,W u, a brief computation yields

d

dt

ÿ

pS,IqPS
nXpS,Iqptq “ ´γn

X
p1,1qptq ď 0.

This assures that starting from y˚ P V , the inequality
ř

pS,IqPS n
X
pS,Iqptq ď 1 holds. For X P

tH,W u and pS, Iq P S, it follows that if nX
pS,Iqpt0q “ 1, then for any pS1, I 1q P SzpS, Iq,

nX
pS1,I 1qpt0q “ 0. Thus

d

dt
nXpS,Iqpt0q “ ´

ˆ

λXSI ` τXpt0q
S

spt0q
` τGpt0qS ` γI

˙

ď 0,

from which one may deduce that nX
pS,Iq remains less than or equal to one. The remaining upper

bounds on s, i and s` i may be obtained using similar arguments.
We thus have established that if y˚ P V , then yptq P V for all t such that y is well defined.

(ii) In order to prove that there exists at most a unique solution y for any initial condition
y˚ P V , let us start by showing that f is Lipschitz continuous on V .

First, consider fs. Let y “ ps, i, nX
pS,Iq : X P tH,W u, pS, Iq P Sq and ŷ “ pŝ, î, n̂X

pS,Iq : X P

tH,W u, pS, Iq P Sq be two elements of V , and let X P tH,W u. Letting cX “ λX#Spnmaxq
2{mX ,

we obtain that

|τXpyq ´ τXpŷq| ď
λX
mX

ÿ

pS,IqPS
SI|nXpS,Iq ´ n̂

X
pS,Iq| ď cX ‖y ´ ŷ‖8 .

Further, recall that 0 ď τGpyq ď βG for any y P V .
Letting cs “ cH ` cW ` βG, it follows that

|fspyq ´ fspŷq| ď |τHpyq ´ τHpŷq|` |τW pyq ´ τW pŷq|` |τGpyqs´ τGpŷqŝ| ď cs ‖y ´ ŷ‖8 .

Similarly, letting ci “ cs ` γ,

|fipyq ´ fipŷq| ď |fspyq ´ fspŷq|` γ|i´ î| ď ci ‖y ´ ŷ‖8 .

Finally, notice that inequality (26) implies that maxpSnX
pS,Iq{s, Sn̂

X
pS,Iq{ŝq ď mX for any

X P tH,W u and pS, Iq P S. As a consequence, we obtain that

|τXpyq
SnX

pS,Iq

s
´ τXpyq

Sn̂X
pS,Iq

ŝ
| ď mX |τXpyq ´ τXpŷq| ď mXcX ‖y ´ ŷ‖8 ,

from which we may deduce, letting CX “ 2pλXpnmaxq
2 `mXcX ` βG ` γq, that

|fX;pS,Iqpyq ´ fX;pS,Iqpŷq| ď CX ‖y ´ ŷ‖8 .

This establishes the desired Lipschitz continuity of f on V , with associated Lipschitz constant
cL “ maxpCH , CW q.

Suppose now that there are two solutions y and ȳ of Equations (6a–c) and such that yp0q “
ȳp0q. It then holds that for any T ě 0,

‖ypT q ´ ȳpT q‖8 ď
ż T

0
‖fpyptqq ´ fpȳptqq‖8 dt ď cL

ż T

0
‖yptq ´ ȳptq‖8 , .
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Thus Gronwall’s lemma ensures that ‖yptq ´ ȳptq‖8 “ 0 for any t ď T . T being arbitrary, the
desired conclusion on uniqueness follows.

(iii) In order to establish (iii), it simply remains to show that the initial condition y˚ defined
by Equation (7) belongs to V . Let us start by noticing that, following Equation (7), for any
X P tH,W u,

ÿ

pS,IqPS
nXpS,Iqp0q “

nmax
ÿ

n“2

πXn

n´1
ÿ

I“0

ˆ

n

I

˙

εIp1´ εqn´I “
nmax
ÿ

n“2

πXn p1´ ε
nq ď 1.

Similarly,

ÿ

pS,IqPS
SnXpS,Iqp0q “

nmax
ÿ

n“2

πXn

n´1
ÿ

I“0

pn´ Iq

ˆ

n

I

˙

εIp1´ εqn´I “
nmax
ÿ

n“2

πXn np1´ εq

“ pmX ´ π
X
1 qp1´ εq ď mXsp0q,

where we have used the fact that sp0q “ 1 ´ ε, and recognizing Ern ´ Bs for B „ Bpn, εq to
deduce the second equality. The other conditions following immediately from (7), we conclude
that y˚ P V .

S2.2 Proof of Lemma 3.11

Let X P tH,W u. To begin with, let us introduce the family of sets

Epn,sq “ tx P E : npxq “ n, spxq “ su, @pn, sq P J1, nmaxKˆ J0, nK

which constitutes a partition of E. In the following, let pnt, st, τtq be distributed according to
ηXt , for any t ě 0. Let f be a non-negative measurable function on E. Then

xηXt , fy “ E rfpnt, st, τtqs

“

nmax
ÿ

n“1

n
ÿ

s“0

Erfpnt, st, τtq|nt “ n, st “ ssPpnt “ n, st “ sq.

Conditionally on tnt “ n, st “ su, almost surely pnt, st, τtq P Epn,sq and pτtqk “ 0 for any
k ą n´ s. Thus

xηXt , fy “
nmax
ÿ

n“1

fpn, n, 0nmaxqPpnt “ n, st “ sq

`

nmax
ÿ

n“1

n´1
ÿ

s“0

E

«

f

˜

n, s,
n´s
ÿ

k“1

pτtqkek

¸

ˇ

ˇ

ˇ
nt “ n, st “ s

ff

Ppnt “ n, st “ sq.

(S4)

Let pXt pn, sq “ Ppnt “ n, st “ sq. Then on the one hand, define for any n P J1, nmaxK,

ρX,n,nt “ pXt pn, nq.

On the other hand, for s ă n, let η̃X,n,st be the distribution of ppτtq1, . . . , pτtqn´sq conditionally

on tnt “ n, st “ su. If we manage to show that η̃X,n,st is absolutely continuous with regard to

the Lebesgue measure on Rn´s, then letting ρ̃X,n,st be its density, the result follows with

@τ P Rn´s, ρX,n,st pτq “ pXt pn, sqρ̃
X,n,s
t pτq.
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In order to show that for any n P J1, nmaxK and s P J1, n´ 1K, η̃X,n,st is absolutely continuous
with regard to the Lebesgue measure on Rn´s, we will proceed by induction.

Let us first consider the case s “ n ´ 1. We want to apply Equation (4) to test functions
ϕ˚ P C1

b pE,R`q which are equal to zero outside of the set tx P E : npxq “ n, spxq “ n ´ 1u.
Hence, let ϕ P C1

b pRq be non-negative, and define ϕ˚ P C1
b pE,R`q by

@x P E, ϕ˚pxq “ ϕpτ1pxqq1tpnpxq,spxqq“pn,squ.

Let T ą 0 and for t P r0, T s, define ftpxq “ ϕ˚pΨpx, T, tqq for x P E. Using Equation (S4) and
applying Equation (4) to ft after noticing that Aftpxq “ 0 for any pt, xq P R` ˆ E, we obtain
that

pXt pn, n´ 1qxη̃X,n,n´1
T , ϕy “ xηXT , ϕ

˚y “ xηXT , fT y

“ xηX0 , f0y ` λH

ż T

0
xηXt , sipf

I
t ´ ftqydt`

ż T

0
ΛXt xη

X
t , spf

I
t ´ ftqydt.

As ϕ ě 0 and letting C “ nmaxpλHnmax ` λWnmax ` βGq, it follows that

pXt pn, n´ 1qxη̃X,n,n´1
T , ϕy ď xηX0 , f0y ` C

ż T

0
xηXt , f

I
t ydt. (S5)

Notice that Equation (5) with a change of variables z “ σ ´ T implies that

xηX0 , f0y “ nπXn p1´ εq
n´1ε

ż

R
ϕpzq1tzą´T uγe´γpz`T qdz.

Furthermore, by definition, for any x P E,

fIt pxq “ 1tnpxq“n,spxq“nu

ż `8

0
ϕpσ ´ pT ´ tqqγe´γσdσ.

Thus Equation (S4), Fubini’s theorem and a change of variables z “ σ ´ pT ´ tq lead to

ż T

0
xηXt , f

I
t ydt “

ż

R
ϕpzq

ż T

0
pXt pn, nqγe´γpz`pT´tqqdtdz.

Let
HX,n,n´1
T : z P R ÞÑ

´

nπXn p1´ εq
n´1ε1tzą´T uγe´γpz`T q

¯

`

ż T

0
pXt pn, nqγe´γpz`pT´tqqdt.

Then HX,n,n´1
T is integrable on R with respect to the Lebesgue measure, as its integral is equal

to the right-hand side of Equation (S5) which is finite. It further satisfies

pXt pn, sqxη̃
X,n,n´1
T , ϕy ď

ż

R
HX,n,n´1
T pzqϕpzqdz.

In particular, let B be a Borel set which is null for the Lebesgue measure. Consider a mollifier
ψ on R in the same sense as for the Proof of Lemma 3.1. For α ą 0, let ψα : z P R ÞÑ α´1ψpz{αq.
Then for any α ą 0, we may define ϕα “ 1B ˚ ψα, which is an element of C1pRq with compact
support. Thus for every α ą 0,

pXT pn, sqxη̃
X,n,n´1
T , ϕαy ď

ż

R
HX,n,n´1
T pzqϕαpzqdz. (S6)
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As ϕα further is bounded by 1 for every α ą 0, and as η̃X,n,n´1
T is a finite measure and HX,n,n´1

T

is integrable on R with respect to the Lebesgue measure, dominated convergence allows to let
α go to 0 on both sides of inequality (S6). As B is a null set for the Lebesgue measure, the
right-hand side goes to 0. This demonstrates that η̃X,n,n´1

T is absolutely continuous with respect
to the Lebesgue measure on R.

Let us now suppose that η̃X,n,s`1
T is absolutely continuous with respect to the Lebesgue

measure on Rn´s´1 for some n1 P J1, nmaxK and some s P J0, n´ 2K. This time, let ϕ P C1
b pRn´sq

be non-negative and define ϕ˚ P C1
b pE,R`q by

@x P E, ϕ˚pxq “ 1tnpxq“n,spxq“suϕpτ1pxq, . . . , τn´spxqq.

For any T ě 0 and t P r0, T s, let ft : x P E Ñ ϕ˚pΨpx, T, tqq. Proceeding like before, we obtain
that

pXT pn, sqxη̃
X,n,s
T , ϕy ď xηX0 , f0y ` C

ż T

0
xηXt , f

I
t ydt. (S7)

In order to simplify notations in the following, define for T ě t ě 0 and pτ1, . . . , τn´sq P Rn´s
the function

ϕT,tpτ1, . . . , τn´sq “ ϕpτ1 ´ pT ´ tq, . . . , τn´s ´ pT, tqq.

Then similarly to the case pn, n´ 1q, Equation (5) leads to

xηX0 , f0y “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
ż

Rn´s
ϕT,0pσ1, . . . , σn´sq

n´s
ź

j“1

p1tσją0uγe´γσj qdσ1 . . . dσn´s. (S8)

Notice here that for any T ą 0 and t P r0, T s, the application z P Rn´s ÞÑ z ´
řn´s
k“1pT ´ tqek,

where ek is the k-th vector of the canonical basis of Rn´s, defines a C1-diffeomorphism from
Rn´s into itself, whose Jacobian matrix is the identity matrix of dimension n ´ s. Using the
case t “ 0, Equation (S8) becomes by change of variables:

xηX0 , f0y “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
ż

Rn´s
ϕpz1, . . . , zn´sq

n´s
ź

j“1

p1tzją´T uγe´γpzj`T qqdz1 . . . dzn´s.

Moreover, notice that this time, for any x P E and σ ą 0,

fIt pxq “ 1tnpxq“n,spxq´1“suϕT,tpτ1pxq, . . . , τn´s´1pxq, σq.

Thus, for t P r0, T s,

xηXt , f
I
t y “

ż

Rn´s´1

˜

ż `8

0

ϕT,tpτ1, . . . , τn´s´1, σqγe´γσdσ

¸

pXt pn, s` 1qη̃X,n,s`1
t pdτ1, . . . , dτn´s´1q.

Fubini’s theorem together with the induction hypothesis yield

xηXt , f
I
t y “

ż

R`

ż

Rn´s´1

ϕT,tpτ1, . . . , τn´s´1, σqp
X
t pn, s` 1qρ̃

X,pn,s`1q
t pτ1, . . . , τn´s´1qdτ1 . . . dτn´s´1γe´γσdσ.

The previously introduced family of C1-diffeomorphisms may serve again for a change of vari-
ables, allowing to obtain that

xηXt , f
I
t y “ pXt pn, s` 1q

ż

Rn´s

˜

ϕpz1, . . . , zn´s´1, zn´sq1tzn´są´pT´tquγe´γpzn´s`pT´tqq

ˆ ρX,n,s`1
t pz1 ` pT ´ tq, . . . , zn´s´1 ` pT ´ tqq

¸

dz1 . . . dzn´s.

57



For z “ pz1, . . . , zn´sq P Rn´s, define

HX,n,s
T pzq “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
n´s
ź

j“1

p1tzją´T uγe´γpzj`T qq

`

ż T

0
ρX,n,s`1
t pz1 ` pT ´ tq, . . . , zn´s´1 ` pT ´ tqq1tzn´są´pT´tquγe´γpzn´s`pT´tqqdt.

It then follows like before from Equation (S7) that HX,n,s
T is integrable on Rn´s with respect to

the Lebesgue measure, and

pXT pn, sqxη̃
X,n,s
T , ϕy ď

ż

Rn´s
HX,n,s
T pz1, . . . , zn´sqdz1 . . . dzn´s.

The absolute continuity of η̃X,n,sT with respect to the Lebesgue measure on Rn´s follows using
the same arguments as previously. This concludes the proof.
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