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Abstract

We study a multilayer SIR model with two levels of mixing, namely a global level which
is uniformly mixing, and a local level with two layers distinguishing household and workplace
contacts, respectively. We establish the large population convergence of the corresponding
stochastic process. For this purpose, we use an individual-based model whose state space
explicitly takes into account the duration of infectious periods. This allows to deal with the
natural correlation of the epidemic states of individuals whose household and workplace share
a common infected. In a general setting where a non-exponential distribution of infectious
periods may be considered, convergence to the unique deterministic solution of a measure-
valued equation is obtained. In the particular case of exponentially distributed infectious
periods, we show that it is possible to further reduce the obtained deterministic limit, leading
to a closed, finite dimensional dynamical system capturing the epidemic dynamics. This
model reduction subsequently is studied from a numerical point of view. We illustrate that
the dynamical system derived from the large population approximation is a pertinent model
reduction when compared to simulations of the stochastic process or to an alternative edge-
based compartmental model, both in terms of accuracy and computational cost.

Introduction

Among the possibilities of non-pharmaceutical epidemic control measures, social distancing may
be used to slow down disease propagation. This has been emphasized by the recent COVID-
19 epidemic, which lead to wide-spread implementation of non-pharmaceutical interventions.
In particular, both empirical evidence [18] and simulation studies [25] have pointed out that
school closure and teleworking are among the most effective of those measures. These results
are not only limited to COVID-19, as it is equivalently known that particularly school closure
mitigates influenza epidemics [15]. It thus seems relevant to take into account this kind of
control measure in epidemic models, in order to study their impact on epidemic spread. A
difficulty then arises from the fact that social distancing often disrupts particular contacts,
such as workplace contacts only in the case of teleworking, while leaving intact other types of
contact, for instance within households. Di Lauro et al. [9] have shown through the example
of lockdowns that in order to correctly model control measures impacting preferably specific
types of contact, it is necessary for the model to explicitly distinguish these contact structures.
In addition, even though it is well known that clustered contact patterns influence epidemic
spread [29], precisely understanding the impact on disease propagation of the way individuals
are organized in households and workplaces is not straightforward [4].

This motivates the study of models which explicitly distinguish different levels of contact,
which as we shall see lead to interesting mathematical issues due to their multiscale population
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structure. A minimal model taking into account households and workplaces has been proposed
by Pellis et al. [22], referred to as the household-workplace model. This model consists in
a stochastic SIR model with two levels of mixing [7], the global and the local one, the latter
being characterized by the presence of small contact structures. More precisely, contacts may
take place within three different layers: households, workplaces and the general population.
Households and workplaces correspond to the local level of mixing, while the general population
constitutes the global one. In particular, it is possible to distinguish different rates at which
acquaintances encounter one another within each of these three layers. This model has already
been studied to some extent, establishing for instance different reproduction numbers, see e.g.
Ball et al. [2] for an extensive overview. In particular, the reproduction number R; proposed
by Pellis et al. [22] is interesting, as it is intimately connected to the proportion of infections
taking place within each layer of the contact network [1]. The Ry used throughout this paper
will thus refer to this particular reproduction number, and computations of Ry and proportions
of infections per layer will make use of the working package associated to [1].

One drawback of this model is its complexity, both mathematically and numerically. Indeed,
it is not simple to analyse due to correlations arising as soon as an individual may belong
to several small contact structures at once. Also, simulations require a significant amount of
computation time, especially when considering larger population sizes. As a consequence, it is
of interest to develop reduced models, which may be more prone to theoretical studies and/or
numerical exploration. In a previous work, numerical evidence indicates that this epidemic model
is rather well approached by a deterministic, uniformly mixing SIR model whose parameters
have been calibrated using the epidemic growth rate of the household-workplace model [1].
However, even though it captures some key characteristics of the epidemic, this reduction has
the disadvantage of not closely fitting the epidemic trajectories over time. This paper thus
aims at proposing another reduced model, which more finely captures the epidemic dynamics of
the household-workplace model, and which will arise from the stochastic model as a rigorously
established large population limit.

Indeed, large population approximations of stochastic models have proven fruitful to achieve
such model reductions in many contexts, among which epidemics on random graphs.

A well-known results of this kind concerns the large graph limit of the SIR model spreading
on a configuration graph. The corresponding large population dynamics have been derived
heuristically by Volz [28] and refined by Miller [20], and convergence of the stochastic model to
this limit has since been established [8, 13]. This model reduction has the particularity of being
especially parsimonious, being a system of very few equations. As we will see, the heuristic
reasoning developed by Volz has given rise to a family of model reductions in different settings,
that are referred to as edge-based compartmental models (EBCM).

A new difficulty arises as soon as one wants to take into account clustered networks, containing
entirely connected sub-graphs, also called cliques. There exists a variant of the configuration
model which allows to take into account such cliques [21, 19], and Volz et al. [29] have proposed
an EBCM of an SIR model spreading on such graphs. Using a different approach, St-Onge et al.
[26] propose an approximate master equation for a similar model. In both cases, the obtained dy-
namical systems are high-dimensional, contrary to the case of the classical configuration model.
Further, epidemic parameters may differ between cliques, for instance as (random) functions of
clique size, but these models are not enough to distinguish different levels of contacts.

This has been taken into consideration by models with two levels of mixing. Originally, the
local level would contain only one layer of cliques, often interpreted as households. For instance,
House and Keeling [11] have proposed a deterministic model where each individual belongs to
exactly one household, and where the global level further is uniformly mixing. Since then, more
general models have been considered, taking into account a general population represented by
a configuration model, using either the EBCM formalism [9], or the effective degree model [16].
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However, in both cases, the local level contains only one layer, and further within this layer,
each individual belongs to one clique only. Alternatively, Jacobsen et al. [12] have developed
an EBCM with an arbitrary number of layers of contacts, but as each layer corresponds to a
dynamic configuration model, cliques are not taken into account. Finally, Barnard et al. [5]
have developed an EBCM in the case of a model with two levels of mixing, where the global
level corresponds to a dynamic configuration model, while at the local level, each individual may
belong to several cliques at once, but without distinguishing different kinds of cliques.

In this paper, we will establish the large population approximation of the model with two
levels of mixing which explicitly distinguishes households and workplaces. In order to do so, we
will formalize the model in a finite population as an individual-based stochastic process, and
establish that this process converges when the size of the population grows to infinity. This
allows, on the one hand, to identify our model reduction, and on the other hand establishes
that this model reduction is legitimate since it is asymptotically exact. Notice here that it is
not at all obvious that our model of interest may be reduced to a closed, finite-dimensional
dynamical system, as each infected individual correlates the epidemic spread in his household
and workplace, being infectious for exactly the same period of time in both structures. In order to
deal with this dependence, the duration of infectious periods will explicitly be taken into account
in the model structure. This difficulty actually arises as soon as one considers the possibility
of an individual belonging to several cliques at once, whether they are of different types or not,
and we refer to [3] where a similar approach has been developed for branching approximations.
This model formulation amounts to studying a measure-valued process mixing discrete and
continuous components. More precisely, we establish the convergence of the individual-based
process to the unique solution of an explicit measure-valued equation. This convergence result
is not limited to the case of the Markovian SIR model as the duration of infectious periods may
follow an arbitrary distribution. In the particular case where this distribution is exponential, it is
possible to go one step further and reduce the epidemic dynamics to a closed, finite dimensional
dynamical system which is similar in spirit to reductions proposed in related settings [11, 26].

The present paper is structured as follows. Section 1 introduces the individual-based model,
and Section 2.1 subsequently presents the convergence results in detail. Section 2.2 is devoted to
numerical aspects. We first illustrate that the obtained dynamical system is in good accordance
with stochastic simulations, discuss its implementation and examine its computational cost in
terms of computation time compared to stochastic simulations. Next, we confront our reduced
model to an alternative model reduction which we obtain using the EBCM formalism. Finally,
Section 3 contains the proofs of our results.

Before proceeding, let us introduce some notations that will be used throughout the paper.
For any integers n < m, we write [n,m] = {n,---,m}. For a measurable space (F,&), let
Mp(E) be the set of point measures, Mp(E) the set of finite measures and M;j(E) the set of
probability measures on E. We define Mp(E) = Mp(E) M (E) and Mpp(E) = Mp(E)n
Mp(E). For a measure 1 on E and a suitable function f (either non-negative or belonging
to L'(p)), let {u, fy = § fdu. Also, for z € E, §, designates the Dirac measure at point
x. Further, for any metric space E' and any integer m, let C(E,R™) be the set of continuous
functions f : E — R™. Similarly, C;(E,R™) is defined as the subset of bounded functions
f € C(E,R™). Finally, the space C} (E,R™) designates the set of bounded functions f : E — R™
such that f is differentiable and its differential is continuous and bounded.



1 Presentation of the model

Let us begin by introducing the epidemic model of interest, in two successive steps. At first, a
general model description is yielded, which corresponds to a more intuitive presentation of the
model, before stating the mathematical model in detail as measure-valued stochastic differential
equation.

1.1 General presentation of the model

Let us start by describing the population structure of interest. Consider a population of K
individuals. Each individual is part of exactly one household and one workplace, which are
chosen independently from one another, and independently for each individual.

More precisely, such a population structure can be obtained as described in [1]. Suppose
that households and workplaces are of size at least one and at most ny.x. Consider distributions
(ﬂf ) and (71’;/[/) on [1,nmax]. Conceptually, these distributions will correspond to asymptotic
household and workplace size distributions, in the sense that in an infinite population, a pro-
portion 7er of households would be of size j, while 7% would play a similar role for workplaces.
In such an infinite population, the average household and workplace sizes, respectively my and
my, would be given for X € {H, W} by

Mmax

D¢
7=0

In order to assign each individual of the finite-size population a household, we proceed as
follows. Let k € [0, K] be the number of individuals who are not yet member of a household.
While k£ > 0, choose a size 71 according to 7!, independently from the household sizes that were
chosen during previous steps. The newly uncovered household is then of size n = min(n, k), and
n individuals out of the k£ remaining ones are picked uniformly at random to assemble this new
household. Consequently, it remains to update k to k — n. The process stops as soon as k = 0,
as all individuals then belong to a household. Finally, this process is repeated independently
for workplaces, using 7" instead of 7. Throughout the paper, let us consider one particular
sequence (GF)g~; of realisations of this random population structure. The choice of this
sequence being arbitrary among all sequences of such population structures, this does not lessen
the generality of our results.

It remains to describe the way the disease spreads in the population. The epidemic model
considered here is an extension of the standard SIR model. At each time, each individual is
either susceptible if he has never encountered the disease and may be contaminated; infected
if the individual is currently infectious, in which case he may transmit the disease to other
susceptibles; or recovered, once the infectious period is over, in which case the individual has
become immune against the disease.

The disease is transmitted among individuals as follows. Any contact between a susceptible
and an infected individual within either level of mixing amounts in the contamination of the
susceptible individual. Such an event is called an infectious contact. Within each household,
each workplace and the general population, uniform mixing is assumed, but the parameterization
differs slightly between the layers. Indeed, for households, we consider a one-to-one contact rate
A, meaning that whenever there are s susceptibles and i infected within a household, the
next infectious contact occurs at rate Apsi. Similarly, another one-to-one contact rate Ay is
associated to workplace contacts. Within the general population, on the other hand, a one-
to-all contact rate B¢ is considered: when there are s susceptibles and ¢ infected within a

population of size K, infectious contacts occur at rate %si. Here, contrary to the local level,

4



frequency-dependence is considered for the global contact rate, as each given encounter between
two individuals chosen at random within the general population is less likely then within small
structures.

Finally, infected individuals remain infectious for a period of time distributed according to
a probability distribution v on Ry. Once they recover, they are supposed to be immune against
the disease from there on. In particular, if v is an exponential distribution, this corresponds to
the Markovian SIR model.

1.2 The epidemic model at the level of households and workplaces

As we alm at investigating the large population limit of this model, we choose to enrich the
population description as to obtain a closed Markov process. This corresponds to a favourable
mathematical setting, as it allows us to use the associated martingale problem. In order to do
so, we will represent the population in terms of particles which are described by a type. It
seems natural to consider particles which correspond to entire structures, i.e. households and
workplaces, which are characterized by their size and the number of susceptible and infected
individuals they contain. Indeed, this point of view has already proven useful for deriving
reproduction numbers for related models [2]. However, this is not enough to obtain a closed
system of Markovian dynamics. The problem is that each infected individual correlates the
spread of the epidemic within his household and his workplace, leading to an intricate correlation
network. In order to circumvent this difficulty, similarly to [3], we will thus further characterize
each structure by the infectious periods of its infected members.

More precisely, for a population of size K > 1, let K be the number of households and Ky
the number of workplaces in GX. Label the Ky households in an arbitrary fashion 1,..., Kp.
Consider the set

E = {(n,s,7) € [1,nmax] X [0, nmax] x R™"™ s <n; Vj >n—s,7 =0},
Then for k € [1, Ky, the k-th household is characterized at time ¢ > 0 by its type
aif (8) = (] st (1), 7 () € E.

The first two components of xf simply correspond respectively to the size of the household
(which is constant over time), and the number of susceptible members of the household at time .
The third component T,f is a vector containing the remaining infectious periods of the members
of the household and keeps track of infected and removed individuals. Indeed, at time ¢, there are
nil — s (t) infected or removed individuals within the household. For j € [1,nf —sH (#)], T,gj (t)
corresponds to the remaining duration of the infectious period at time ¢ of the j-th member of

the household who has contracted the disease. If T,fj(t) > 0, the individual is still infectious and

will remain so for T,fj(t) units of time. Otherwise, if T,fj(t) < 0, the individual has recovered,

and the recovery has occurred at time ¢t — ]T,fj(tﬂ For j > nif — s (¢), T,flj(t) is set to zero

and can be neglected for interpretation. Notice that, in principle, it would have been possible
to define T,fl (t) e R”kH*SkH(t), but letting T]fl € R™max ig convenient for computations.

Similarly, label the Ky workplaces in an arbitrary order 1, ..., Ky . For £ € [1, Ky], the ¢-th
workplace is characterized by its type x}V (t) = (n}", s}V (t), 7)Y (t)), which is defined analogously

to household types.

By definition, these types evolve over time. On the one hand, for any X € {H, W}, for any
ke [1,Kx] and j € [1, nmax], the j-th component of 77¥ decreases linearly at unitary rate if it



describes the remaining infectious period of an individual having contracted the disease at some
previous time, and stays constant otherwise:

) d
Vje [[anax]]a aTlfj(t) = 71{j<nffskx(t)}‘

Let (€5)1<j<nma. denote the canonical basis of R™»2x. Then for any 0 <t < T, and z = (n,s,7) €
E, we may define ¥(x,T,t) as the type of a structure at time 7' given that it was in state = at
time ¢, supposing that no infections occurred in the meantime:

U(x,T,t) = (n,s,T - Z_l(T - t)ej) :

J=1

On the other hand, infections within each level of mixing also cause the modification of the
types of the household and the workplace of newly contaminated individuals. More precisely,
consider a contamination occurring at time ¢. Suppose that the newly infected belongs to the
k-th household and /-th workplace. Let o be the realisation of a random variable of distribution
v, which is drawn independently for each new infected. Then ka and th jump from a:kH (t—)
and z}V (t—) to j(xf(t—),0) and j(x}¥ (t—), o) respectively, where for any = = (n,s, 1) € E,

j(.ﬁL’,O‘) = (nvs - L7+ O-enferl) .

It remains to describe how one identifies the household k£ and workplace ¢ the newly infected
belongs to. Let S(t—) be the number of susceptibles in the population previously to the infection
event. If it takes place within the general population, any susceptible individual is chosen with
uniform probability to be contaminated. The newly infected thus belongs to the k-th house-
hold with probability s (t—)/S(t—), and independently to the ¢-th workplace with probability
s}V (t—)/S(t—). Similarly, if the infection occurs within a household, only the workplace of the
newly infected needs to be uncovered, and corresponds to the ¢-th workplace with the same
probability as previously. Within-workplace infections are treated analogously.

We are now ready to properly introduce the stochastic process which represents the previ-
ously described dynamics. We are interested in the stochastic process (¢X = ( tH |K, tW ‘K))tzo
taking values in Mp; = Mp1(E) x Mp;(E), whose definition will be detailed hereafter. Here,

tH K and CZV K correspond respectively to the normalized counting measures associated to the

distributions of household and workplace types at time ¢, i.e. for any time ¢t > 0 and X € {H, W},

X|K 1Y
= — 1) .
t Kx l;l T (1)

Start by noticing that, as both household and workplace sizes are bounded, for X € {H, W},

the following inequality holds:
K

T'max

< Ky < K.

Thus, studying the asymptotic K — o0 amounts to (Kpg, Ky) — (00,00). It actually holds
that for any Borel set A c F, if one were to count at time ¢ > 0 the number of households or
workplaces of type z € A in an infinite population, then either there are none, or there are O(K)
of them. The model thus is well suited for studying the large population limit.

Recall that in the case of infections occurring within the general population, the rate of infec-
tions depends on the number of susceptibles S(¢) and infected I(t) within the whole population



at time ¢ > 0. It is easy to compute these quantities using ¢(¥ as follows. For any 7 € R™max, et
i(T) = Dy 1¢7,~0;- Then for any ¢ > 0,

corresponds to the average number of infected individuals per household at time ¢. Similarly,
one may define S¥(t) as the average number of susceptibles per household at time ¢. Then

VX e {H,W}, S(t) = KxS¥(t) and I(t) = KxI*(t). (1)

Further, let N¥ be the average household size, which is constant over time and always equal to
K /K. This leads to I(t)/K = IX(t)/NX, which will be of use in computations. Notice that we
will need to check that Equation (1) is well posed, as equalities of the type K S (t) = KW SW(t)
technically need to be proven for the stochastic process formalizing the model.

Finally, let us briefly emphasize that the partition of the population in households and
workplaces is entirely conveyed by Cé( € Mp, as it does not vary over time. In particular,
the proportions of households and workplaces of each size are supposed to correspond to those
observed in GX. Similarly, there are some natural constraints on Qg( ,as CHIK and ¢WIK describe
the same population, once dispatched into households, and once dispatched into workplaces.
As these assumptions are intuitive, they will not all be detailed here, and they will only be
emphasized when necessary. For instance, the total number of members in some epidemic state
(susceptible, infected or recovered) within all households is equal to the total number of members
in this state within all workplaces. Hence KySH(0) = Ky S" (0) and KyI"(0) = Ky I (0)
almost surely. Further, at time 0, each infected needs to have the same remaining infectious
period in both his household and workplace. In other words, almost surely,

{0 1<k <Kg,1<j<nf —sff (0} ={r(0): 1<t< Kw,1<j<n) —s/(0)}. (2)

Forthcoming Lemma 1.2 shows that these conditions are enough to ensure that the previous
characterization of S(¢) and I(t) in terms of S (¢) and IX(t) is legitimate.

Before giving the proper definition of (¥, let us introduce some necessary notations. Let
UG = (Ry)? x [1, K] x [1, Kw] x Ry, and consider the following measure on U§:

p% (du) = p%(de, dk, dt, do) = d ® iy (dk) ® py(dl) ® v(do),
where d@ and py denote the Lebesgue measure on R3 and the standard counting measure,
respectively. For ¢t > 0 and u = (0, k,¢,0) € Uﬁ where 8 = (01, 02,03), let us define
Za(t,u) =1

{91<57@S(t)1(t),@g%ﬁsg%}.
The idea is that Zg will yield the correct rate for infection events in the general population.
More precisely, the constraint on 6 corresponds to the rate of infectious contacts at that level of
mixing, while the constraints on #, and 63 are related to the probability that the newly infected
belongs to the k-th household and ¢-th workplace.

Similarly, let Ux = (Ry)? x [1, Kg] x [1, K] x Ry, endowed with the measure

px (du) = pr(d0,dk, dl, do) = db @ py(dk) @ py (dl) @ v(do),

where with slight abuse of notation, d@ designates the Lebesgue measure on R?. Then for t > 0
and u = (0,k,¢,0) € Ugx where 6 = (01, 02), we further introduce

Iyt u) =1 MON
) {or<xust @it 0).6< % |
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This time, the constraints on #; and 0y correspond respectively to the rate of infection within
the k-th household and the probability of the newly infected belonging to the ¢-th workplace.
Also, for any T'>t > 0 and u = (0,k,¢,0) € UIC(" v Uk, consider the following quantity, which
will allow to keep track of the change in the household population due to an infection within
the k-th household:
A Tot) = Oy aft (t-).0) 7)) ~ O (wiafl 1-)7.0))"

Finally, define Zyy (¢t,u) and Ay (u,T,t) analogously, by interchanging H and W as well as k
and /¢:

Iw(t,u

)= Hoowaronero.nsde) Ay (1, T 8) = 80t (1), 7,0)) O (Wl (0 7:0)°

In order to simplify notations in the following, for Y € {H,W}, we let UY = Uk and
pl = pr. We are now ready to state the main definition of (/.

Proposition 1.1. Define on the same probability space as §§, and independently from C({(, three
independent Poisson point measures Q¥ X of intensity dt ,u}/((du) taking values in R, x U}g, for
Y e {H,W,G}.

Then (K = (¢CHIK ¢WIK) s defined as the unique strong solution taking values in D(R.., Mp1)
of the following equation. For X € {H, W},

pid 25 orot D f f Ty (t—,u)Ax (u, T,)QY X (dt, du) | . (3)

Ye{H,W,G}

The idea behind Equation (3) goes as follows. Let us focus for example on the distribution
1{[ K of household types at time 7T'. Each individual household’s type contributes to the distri-
bution at uniform weight 1/Kx. If no infection event occurs between times 0 and 7', then the
state of the k-th household at time 7' is given by ¥(z(0),T,0). However, suppose now that
before time T, at least one initially susceptible member of the k-th household is infected, and
let ¢ be the first time at which such an event occurs. Then zf(t) = j(z(t—),0) where o is
distributed according to v. If no other infections affect this household up to time T, it will be
in state U(j(zf (t—), o), T,t) instead of ¥(z} (0),T,0) = ¥ (2 (t—), T, t). This reasoning can be
iterated over the whole of [0, 7] and is reflected in Ap. Finally, the terms Zy for Y € {G, H,W}
assure that all infection events occur at the corresponding rates.

Proof. The proof uses classical arguments, which will only be outlined here. Start by establishing
existence of ¢(&. Consider the sequence (T},),=0 of successive jump times of ¢¥, where we
define Ty = 0. Then using a method similar to rejection sampling (e.g. [27, Section 2.3.1]),
(T )n>0 can be obtained as a subsequence of the jump times of a Poisson process with intensity
Nmax(AHMmax + AWwnmax + Ba) K, whose only limiting value is +00. Thus lim, o 1), = +00
almost surely, ensuring that (¥ takes values in D(R;, Mp1(E) x Mp1(E)).

Finally, uniqueness is obtained by an induction argument (e.g. [27, Proposition 2.2.6]) which
proves that for any n > 0, (T, Cﬁ) is uniquely determined by (&, QK QWIK QCIK). This
obviously is true for n = 0. The induction step relies on the observation that T, is uniquely
determined by (T, (7 , QI QWIK, QCIK) and (f by (Thy1, Tn, G, QTIK, QWIE, QUK.
The induction hypothesis allows to conclude. O

Let us briefly show here that it follows directly from Proposition 1.1 that Equation (1) is
well posed.



Lemma 1.2. Suppose that almost surely, HxS™ (0) = Hy SY (0) and Equation (2) holds. Then
for any t >0, HgS™(t) = HySW (t) and Hx I (t) = Hyw I (t), almost surely.

Proof. Let T > 0, and for any = = (n,s,7) € E, let n(z) = n, s(z) = s and i(z) = i(7). Start

by focusing on SX(T) = ({7 XK ,s) for X € {H,W}. It follows from Equation (3) that

Kx
KxSX(T) = Z 27 (0),T,0)) + f f Ty (t—, u){Ax (u, T, t), sYQY K (dt, du).
j=1 YG{H W,G}

t)) = s(x). Hence the first

Notice that on the one hand, for any x € F and 0 <t < T, s(V(z, T,
k.l o),

term of the right-hand side equals K xS (0), and for any u = (8, k,
Ap(u,T,t),s) =s(U(i(ay (t-),0), T, ) = s(W(af (t-), T, 1)) = 1.

The analogous computation yields (Ay (u, T, t),s) = —1. Thus Kz S (T) = KwS" (T) almost
surely.
Let us now turn to IX(T) = <C7)5|K,i>. This time, for any v = (6,k,¢,0) and 0 <t < T, it

holds that (Ax(u,T,t),i) = 1{;>(r—s)y- Finally, Equation (2) ensures that

Ky Ky TLkH*Sf'(O) Ky
. H : W
2 A@EEO,T,0) =3 > L gury = D i (0),T,0).
k=1 k=1  j=1 =1
The conclusion follows as previously from Equation (3). O

2 Main results

Let M = My (E) x M (E). In this section, we are going to present our main results on the
convergence of ((¥)g=1 in the Skorokhod space D (R4, M). From now on, for X € {H, W}, let
X be the complementary structure type, i.e. X = W if X = H and vice-versa.

2.1 Large population approximation of ({¥)x~,

For any f € C}(Ry x E,R), let fy(z) = f(t,z) for every (t,z) € Ry x E, and consider the
differential operator A defined as follows. For any x = (n,s,7) € E,

Afy(w) = auf(t,7) - Z(?kativ

Also, for any z = (n,s,7) € E, let n(z) = n, s(x) = s and i(z) = i(7) be the functions which
to a structure in state x associate the corresponding structure size, number of susceptible and
number of infected members, respectively. For instance, for any X € {H, W} the average rage
of within-structure infections at time t is given by

Kx

MG sy = 25 3 sl ()i (1),

Notice also that as mentioned previously, the average size of structures is constant over time,
hence (¢;¥,n) = (¢, n) for all t = 0. We are now ready to state our first result, whose proof is
postponed to Section 3.1.



Theorem 2.1. Suppose that (Q{()KN converges in law to ny € M. Then ((K) k=1 converges in

D (R, ) ton = (nf,n") defined as the unique solution of the following system of Equations
(4). For any f € C{(Ry x E,R), for any T >0,

T T
it fry =<y, fo) + J (i, Afpdt + Ax f (it si(fE — fo)dt

o @

o <77tﬂ51>
# 3 || ST — e+ G f

where for any (t,x) e Ry x B, fE(x) = (v, fi(i(z,-))).

<t S(ff = o)t

From now on, let us assume that v is the exponential distribution of parameter v. As we
shall see, it then is possible to deduce from Theorem 2.1 that the proportion of susceptible and
infected individuals in the population converges to the solution of a dynamical system, when
the size of the population grows large.

Let s(t) and i(t) be the proportions of susceptible and infectious individuals, respectively, in
the population at time ¢ according to distribution 7. Further, for N € N, introduce the set

S={(n—1i,1):2<n<N,0<i<n-—1}.

For (S,I) € S, let n(S 1)( ) be the proportion of households containing S susceptible and I

infected individuals at time ¢, according to distribution . Define n(WS D (t) analogously for
workplaces. Finally, consider

ra(t) = Bei(t), and 7 (t) = 2;; ST SIn () for X € (H,W}.
(S,1)es

We assume that at time 0, a fraction € of uniformly chosen individuals are infected amidst
an otherwise susceptible population. Furthermore, at time 0, the remaining infectious period
of each infected individual is supposed to be distributed according to v, independently from
one another. In particular, this setting corresponds to the following probability distribution
no.e = (152, my%) € My, where for X e {H,W}:

e (dn, ds, dr) = m¥ (Z) (1= )" 6y (dn, ds) @ (V2= @ o5 "D (ar)) . (5)

It then is possible to describe the epidemic dynamics by a finite, closed set of ordinary differential
equations, as shown in the following result whose proof is postponed to Section 3.2.

Theorem 2.2. Let € > 0. Suppose that v is the exponential distm’bution of parameter vy, and
that () jo=, converges in law to no.. Then the functions (s, i, n(s niXE {H,W},(S,I)€S)
are characterized as being the unique solution of the following dynamical system: for anyt = 0,

for any X e {H, W}, (S,I) €S,

de5(t) = =(Tu(t) + Tw () + 7a(t)s(t), (62)
Li(t) = —£s(t) — yi(t), (6b)
50 = = (AT + ) 55 + 765 421 ) i )

+y( + 1)”(5,1+1)(t)1{s+1<nmax} (6¢)

+ (s + 00 -1+ 02 4705+ 1) 0 O,

10



with initial conditions given by

S0)=1-e i(0) =& n%(0) = <S : I>7r§+1(1 ol ™)

This dynamical system may be understood as follows. Equation (6a) corresponds to the fact
that the proportion of susceptibles decreases whenever a new infection occurs within the general
population, or within a household or workplace. Similarly, Equation (6b) stems from the fact
that newly contaminated individuals move from the susceptible to the infected state, which they
in turn leave at rate v since the infectious period is exponentially distributed. It remains to
take an interest in Equation (6¢). The first line indicates that a structure of type (S,I) € S
changes its composition upon either the infection of one of its susceptible members, be it an
infection within the structure itself or outside of it (within a structure of the opposite type or in
the general population), or upon the removal of one of its infected members. Simultaneously, a
structure of type (S, I 4+ 1) transforms into a structure of type (S, I) whenever one of its infected
members recovers, while a structure of type (S+1,1—1) becomes of type (S, I') upon infection of
a susceptible member. In particular, this result shows that under the assumptions of Theorem
2.2, in the large population limit, we may neglect the natural correlation between structures
caused by the fact that infected individuals belong to two structures at once. This allows to
obtain a stronger model reduction than in Theorem 2.1, in the sense that the model reduces to
a finite-dimensional ODE-system instead of a measure-valued equation.

Before detailing the proofs of Theorems 2.1 and 2.2, let us examine the latter from a numerical
point of view.

2.2 Numerical assessment of the limiting dynamical system

The aim of this section is first to portray that the proposed large population limit, under the
form of dynamical system (6a—c), is in good accordance with the original stochastic model for
large population sizes. This secondarily leads to some practical comments on the implementation
of the dynamical system. Finally, a comparison with another reduced model for epidemics with
two layers of mixing will be established, namely with an Edge-Based Compartmental Model
(EBCM) in the line of work of Volz et al. [29].

2.2.1 Implementation of the dynamical system and illustration of Theorem 2.2

Let us start by illustrating the result of Theorem 2.2 through numerical simulations. Using
Gillespie’s algorithm, we have performed fifty simulations of the epidemic within a population
of K = 10000 individuals, where 71 and 7" are roughly inspired by the French household and
workplace distributions as observed in 2018 by Insee [1]. These distributions are represented in
Figure 1. Two sets of epidemic parameters have been considered, leading to either Ry = 2.5 or
Ry = 1.2. In both cases, the majority of contaminations take place at the local level. Indeed,
for the first scenario with Ry = 2.5, 42% and 18% of infections occur within households and
workplaces, respectively. For the second scenario, mean-field infections are even less common,
with 40% of within-household and 40% of within-workplace infections. Further, the epidemic is
started by infecting either 10 or 100 individuals chosen uniformly at random at time 0 (¢ = 0.001
or ¢ = 0.01, respectively). For each simulation, we have followed the evolution of the proportion
of susceptible and infected individuals within the population over time. When ¢ = 0.001, time
subsequently is shifted so that time 0 corresponds to the first moment when at least 5%o of the
population are infectious.

The simulation outcomes are presented in Figure 2. For each choice of parameters, the
solutions s and 7 of dynamical system (6a—c) with initial condition given by (7) are plotted on the

11
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Figure 1: Household and workplace size distributions 7 (left) and 7" (right) used in simulations.

same graph. As previously for ¢ = 0.001, time is subsequently shifted to ensure that i(0) = 0.005,
in order to synchronize the simulations among themselves and with their deterministic limit.
As expected, one observes good accordance of the stochastic simulations and the deterministic
functions (s, 1).

Before proceeding further, let us briefly emphasize a few aspects of the implementation of
the proposed deterministic model. A potential drawback of dynamical system (6a—c) consists in
its large dimension. Indeed, it holds that #S = nmax(Mmax + 1)/2 — 1. The number of equations
of dynamical system (6a—c) is hence given by 2 + 2#8S, and thus of order O(n?,.). However,
this fast-growing number of equations actually is manageable, as it is possible to implement the
dynamical system in an automated way, in the sense that each equation does not need to be
written one-by-one by the programmer. We refer to Appendix A.1 for details.

Nevertheless, the large dimension of the dynamical system of interest raises the question

whether it is numerically speaking interesting to actually use it for numerical explorations when
compared to stochastic simulations using Gillespie’s algorithm. Indeed, if the computation
time needed to solve the dynamical system is not advantageous when compared to stochastic
simulations, one may prefer to use the latter as it contains more information, such as the
fluctuations around the large population limit. In order to address this question, we have
compared the average time needed to either solve once dynamical system (6a—c), or to simulate
one trajectory of the stochastic model using Gillespie’s algorithm, for different choices of epidemic
parameters. Notice here that in practice, for stochastic simulations, it is often necessary to
compute several individual trajectories in order to obtain the general behavior of the epidemic.
However, as it is possible to execute these simulations in parallel, comparison to one individual
simulation seemed the most pertinent.
One hundred independent runs of each script were performed and their computation time as-
sessed. For each run, the runtime of a reference function was also measured, in order to take
into account fluctuations of computation time which occur among runs of the same script. The
procedure and results are detailed in Appendix A.2. In summary, solving the reduced model
is up to one order of magnitude faster than performing one stochastic simulation for values of
Ry > 1 that are not too close to the critical case Ry = 1. This shows that the reduced model is
pertinent for numerical exploration.

12
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Figure 2: Comparison of the stochastic model with its large population approximation given by dynamical
system (6a—c). Household and workplace distributions are those of Figure 1. Two sets of epidemic
parameters were considered, namely (8q, Ag, Aw, ) = (0.125,1.5,0.00115,0.125) and (B, A, Aw,7) =
(0.03,0.05,0.0015,0.125) for the left and right column respectively (Ry = 2.5 and Ry = 1.2). The initial
conditions are either ¢ = 0.001 in Panels (a) and (b), or ¢ = 0.01 in (¢) and (d). For each of these
scenarios, Gillespie’s algorithm was used to simulate 50 trajectories of the stochastic model defined in
Proposition 1.1 in a population of K = 10000 individuals (faint lines; the same 50 realizations of the
population structure were used for each subplot). For Panels (a) and (b), only trajectories reaching a
threshold of 0.005 infected were kept, and time was shifted so that time 0 corresponds to the moment
when this threshold is reached. Finally, the deterministic solution (s,%) of (6a—c) is represented for each
scenario (thick lines). For Panels (a) and (b), the same time shifting procedure as for simulations is
applied.
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2.2.2 Comparison to Edge-Based Compartmental Models

One may notice that the population structure, as described in Section 1.1, can be regarded
as a modification of the well-studied configuration model. Indeed, our network of household-
and workplace-contacts may be seen as a two-layer graph, where each layer corresponds to a
random graph generated as described in [19, 21], that we shall call clique configuration model
(CCM) hereafter. This random graph model generalizes configuration models to include small,
totally connected sub-graphs referred to as cliques. It then is possible to derive an EBCM for
our household-workplace model by reasoning as in [29]. Details are provided in Appendix B.1.

Edge-based compartmental models on CCM variants have been known to be in good accor-
dance with simulations of the corresponding stochastic epidemic models in terms of proportions
of susceptible and infected individuals within the population, under the assumption of a very
small initial proportion of infected. In our case, we have confronted the EBCM with dynamical
system (6a—c), as well as simulated trajectories of our stochastic model. Results are reported on
Figure B1. The parameters considered are the same as for Panel (a) of Figure 2, except that sev-
eral values of the initial proportion of infected € have been explored. As expected, for very small
values of ¢, the EBCM and dynamical system (6a—c) both yield the correct epidemic dynamics,
whereas for larger values of €, the EBCM does not fit the simulated epidemic trajectories. We
refer to Appendix B.1 for details.

Finally, one may notice that the EBCM is of higher dimension than dynamical system (6a—
c¢). Proceeding like before, we obtain that the number of equations of the EBCM is of order
O(n3 ). As expected, this has a negative impact on computation time, as briefly illustrated in
Appendix B.2, arguing against the applicability of this EBCM for numerical explorations.

To conclude, in the particular case of the household-workplace model studied in this article,
the EBCM seems to be equivalent to the large population approximation described by dynamical
system (6a—c), under the condition that the initial proportion of infected is very small. However,
considering both the computational cost of its higher dimension and the loss of accuracy for more
general initial conditions of the EBCM, the large population approximation given by dynamical
system (6a—c) seems more pertinent in the case of the epidemic model under consideration.

3 Proofs

This section is devoted to establishing Theorems 2.1 and 2.2. As we will see, the proof of
Theorem 2.1 naturally has the intrinsic difficulty of all convergence results for measure-valued
processes, but it allows us to obtain a deterministic prediction of the dynamics of the structure
type distributions during the course of an epidemic. At this level, the limiting object is rich,
allowing it to convey detailed information on the distribution of remaining infectious periods
within structures. This however comes at the cost of an infinite-dimensional limiting object,
which motivates the interest in trying to further reduce its dimension by adopting a coarser
population description. In the case where v is the exponential distribution, Theorem 2.2 shows
that this actually is possible, the final reduced model taking the form of dynamical system (6a—
¢). As mentioned previously, the existence of an asymptotically exact, closed, finite-dimensional
ODE-system capturing the epidemic dynamics was not obvious from the beginning. Indeed,
in order to obtain this result, we need to eliminate from the state space E the continuous
component 7, which needs to be transformed back into the simpler distinction between infected
and removed states for each member of the structure. As we shall see in Subsection 3.2, this
will demand some effort as removal events are not explicit in the model formalism adopted in
Section 1.2. This difficulty will become apparent in the proof of forthcoming Proposition 3.13.
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3.1 Proof of Theorem 2.1

Let us start with the proof of Theorem 2.1. In particular, throughout this section, v is an
arbitrary probability distribution on R,. The proof follows a classical scheme, establishing
tightness of ((%)x=1, whose limiting values are shown to satisfy Equation (4). Uniqueness of
the solutions of this equation given the initial condition then ensures the desired convergence
result. In particular, the proof follows [10] and [27].

3.1.1 Uniqueness and continuity of the solution of Equation (4).

We are first going to establish a uniqueness result for the solutions of Equation (4). Notice that
we do not need to prove existence of solutions in this section, as forthcoming Proposition 3.7
constructs such solutions as limiting values of ((¥)x>1.

Let us start with a technical lemma, whose proof we present for sake of completeness.

Lemma 3.1. Let f € C,(E,R). There ezists a sequence (fi)i>1 taking values in C}(E,R) such
that fi, converges simply to f and supg=1 || frlle < ||fllo-

Proof. Consider a mollifier ¢, i.e. 1) € C*(R™x) is compactly supported, its mass §p,., ¥(z)dx
equals 1, and for k > 1, the function ¢y : & — k™maxq)(x/k) satisfies limg_,o, ¥ = Jp in the sense
of distributions.

Consider f € Cp(E,R). Define the sequence (fx)r>1: F — R as follows:

fk : (na 877—) = f(n787 ) * ¢k(7)

Then, for any x € E, by definition of (¢;)r>1 it holds that limy_4 fx(z) = f(x). Further,
as 1y is of integral 1 for any k, it is obvious that for any k, ||fx||, < ||fll,- Finally, it also
follows from the usual properties of convolution that for any k > 1, fi is smooth with respect
to its last variable and all the corresponding partial derivatives are compactly supported, hence
fx € CL(E,R) for any k > 1. O

We may now turn to the main result of this paragraph.

Proposition 3.2. Let n. € M. Then Equation (4) admits at most one measure-valued solution
n which belongs to C(R4, M), such that ny = n..

From now on, define n! = (nfl n), sl = (nH s), il = (n1|i), and s}V = (n}V,s). Let us
establish the proposition.

Proof. First, notice that it follows immediately from Equation (4) that (n¥,1) = {(ni‘,1) for
X € {H,W}, thus ng € MM; implies that for any 7' = 0, np € M;.

Let us show that any solution 7 of Equation (4) belongs to C(Ry,9). In order to do so,
it is enough to show that both nf € C(Ry, M;(E)) and n"V € C(R;, M;(FE)). We are going to
detail the proof for n only, as n"V can be handled in the same way.

Let T > 0 and g € C}(E,R) such that ||g||,, < 1. Consider the function defined by

fi(x) = g(¥(x,T,t)) Y(t,z) e R x E,

and recall from Proposition 1.1 that fZ(z) = (v, fi(i(z,-))). Then by definition, fr(x) = g(z).
It follows from the assumption g € C}(E,R) that f € C}(Ry x E,R). The advantage of this
construction is that ¢ — W(x,T,t) corresponds to a reversal of time, which cancels out the
deterministic dynamics described by the differential operator A. Indeed, letting = = (n,s,7), a
brief computation shows that

5tft(x) = 2 6Tkg<\:[l(x7T7t)) and 5kat(x) = 6Tkg(q/(‘r7T7t))a
k=1
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which yields that Afi(x) = 0 for all (t,x) € R x E. Using the fact that (nf, g) = (nH, fr), it
follows from Equation (4) that

T
it gy =l foy + )\HJ (nft st (fF = fi))t

H
+AWJ W<77t ’Sl><nt’ (ft ft)>dt+ﬂGj LH<77t7 ( ft)>dt

H
Recall that i/ < npax and “r < 1 since for any = € E, i(z) < n(z). We may notice that
the following inequalities hold, as for any t, || fill,, < 1:

<77tHvSi (ftI - ft)> < 2(nmax)27 <771{{,S (ftl— - ft)> < 2nmax,

1 W . z'H (8)
7 (50 < s, Lt s (fF = £)) < 2nimax.
Let C' = 2nmax (AHmax + Awnmax + Bg) and let € € R. Tt then follows from inequalities (8)
that

[0t — i e, 9| < O|IT — (T + €)| = Cle]. (9)

Consider now h € Cy(E, R) such that ||h||,, < 1. Lemma 3.1 ensures that there exists a sequence
(9k)k>1 taking values in C}(FE,R) which converges simply to h and such that [|gx||,, < 1. By
dominated convergence, this implies that

(07 = nfve | < CIT — (T + €)] = Cle|.

As E is a Polish space, it follows from Proposition A.6.1 of [27] that

Inf —nfellrv = sup [nf = ni e, )] < Clel. (10)
heCy(E.R):|[h]|, <1

As this holds for any € and any T > 0, the strong continuity of n? is established.

It remains to establish uniqueness of the solution 7 of Equation (4) with initial condition
no = Nx. We will once more establish uniqueness component-wise, and focus on n* as n"
treated in a similar fashion.

Let 1,7 be two solutions of Equation (4) with initial condition 7,.. Let if{ = (nH,i) and
define 5}V in analogous manner. As before, let 7' > 0. Consider again g € C{(F,R) such that

lgll, <1, and define f; and f7 as previously. Then

T
(off =) < [ [olt s (T = ]

T
)\ J‘
0

T
26l eaft (47 — ) — i alt s(7F — i)
H Jo

LW sttt s(fE — ) — (il st s(fF — ft>>\ dt
St St

Proceeding similarly as in inequalities (8), we obtain that
c (T T
(off =70 < 5 | Nt = SE — polae < ( [ tent it gplas [ et 7t 0] dt) .

On the one hand, by definition, f; € Cy(E,R) and ||f¢||,, < 1. Thus, it is obvious that
‘<77{{ -7 7ft>‘ < |Inff — 7||7v. On the other hand, it follows from the usual criterion of
16



continuity for parametric integrals that f7 is continuous on E and ||fZ| < Ifill, < 1. Asa
consequence, [(nf? — 7t f5| < |lnf" — 7|y Hence

T
oyl < C fo 0 — v dt.

We then may follow the same steps that allowed to establish Equation (10) from Equation
(9), and obtain that

T
I — 7|y < cf [t — |yt
0

Gronwall’s lemma then assures that
vie [0,7], |nf" —nf'|lrv = 0.

Obviously, one obtains the analogous result for "V in the same manner. As T' > 0 is arbitrary,
this concludes the proof. O

3.1.2 Tightness of ((¥)k>1 in D (Ry, ( Mp(E) x Mp(E),v®v))

Let us now turn to the tightness of ((¥)g=1 in D (R, (Mp(E) x Mp(E),v®wv)), where v
designates the vague topology on Mp(E). We start by establishing the following preliminary
result, whose proof simply relies on the chain rule.

Lemma 3.3. Let f € Cl}(RJr x E,R). Then for any T =ty =0, for any x € E,

T
f(T,\I/(.%',T,t())) = f(t(),x) + .Af (t,\I/(CL',t,to)) dt.

to

Proof. For z € E and tg € Ry, define g, » : [to, +0) > R, T — f(T,¥(z,T,ty)). Let us start
by noticing that for any (tp,2z) € Ry X E, g4» € CY(R,). Indeed, Gto,z = fn,s © hig z, Where

fns Ry x R - R (u,v) — f(u,(n,s,Vv))

n—s
and hy, . Ry — RItnmmax ¢, <t,7' — Z (t— to)ek> )
k=1

The chain rule and a quick computation of the differentiable of hy, , yields that for every
t = 1o,

Ghoo®) = 01 S lig e () = 3 Bust fos (g (1)):
k=1

Notice that 01 fp s(u,v) = 0 f(u, (n,s,v)) and for k > 2, Oy fns(u,v) = 07, , f(u,n,s,v). As a
consequence, we have shown that for any (¢p,z) € Ry x E, for every t > to, g4, is differentiable
at t and satisfies

gllfo,ac(t) = Af (t7 \I’(l', t, tO)) :
This concludes the proof. ]

Throughout the section, we use the notation S = {H, W, G}. Also, for any f € C} (R4 x E,R),
let fi(z) = f(t,z) for any (t,z) € Ry x E. Finally, we define for any continuous bounded function
g:Ry x E—> R, forany t >0 and u = (0,k,¢,0) € Uys Ui

gi = 932 (1),0) = g(t, 2 (t)) and  g;, = g(t,i(zy" (8),0)) - g(t, 2} (t)).
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Proposition 3.4. Consider (X as introduced in Proposition 1.1. For any f € C,}(]RJr x E,R),
T>0and X € {H W},

G i =@, fo>+f G Afdt + 5 Z f f Ty (t=u) £ @V (A, du).
X yes
Proof. Let f € C}(Ry x E,R) and X € {H,W}. Recall that, by definition, for any bounded
function g : E —> R, for any T >t > 0 and u = (0,k,4,0) € Uyes UX:
<AH(U7 T7 t)7g> = g(\I/(j(ka(t—), U)? T7 t)) - g(\I](ka(t_)v T7 t))7

and (Aw (u,T,t),g) is defined analogously, by replacing H by W and k by /.
From Equation (3), it follows that

T
Wy = — Z fr (v ),T,0)) +— D f LY Ty (t—, u){Ax (u, T, 1), fr5QY K (dt, du).

X YeS

Using the result from Lemma 3.3, this becomes:

G gy = “f (f (=X (0)) + f L AR (Y (0),¢ o>>dt>
y JT) = Ky 4 o\T; t L X2

s Ly J f Ty (i—,u (f (Ax(u,z,t), Afz>dz> Q1K (dt, du)

X YeS
+ = Z f f Ty (t—,u) i QY5 (dt, du).
Kx =5 Uk

It follows from the definition of C} (R4 x E,R) that both f and Af are bounded, hence we may
apply Fubini’s theorem to obtain that

<<X'vaT>=1I§fo<xf< Zf J Ty (t—, u) £, Q¥ (dt, du)
KX J=1 YGS
L JT 3 AL (U (0).20) + Y j f Ty (1) (D (2. 1), AFSQYE (. du) | d
KxJo \@™ ves : '

The first sum on the right-hand side equals <COX lK, fo). From the second line, one recognizes in
the integrand the definition of ((; | f=) from Equation (3). This yields the desired result. []

For Y € S, let N
QYK (dt, du) = QY™ (dt, du) — dtl(du)

be the compensated martingale-measure associated to QY I¥.
It follows that, for f € C} (R} x E,R) and X € {H, W},

Gy = M)+ v R (),

where we define

My () - f f Ty (t—,u) £X . QYK (dt, du)

KX YeS

and

VAR () = foy + f GV Afpdt + ZJ f Ty (t,u) f; 1 (du)dt.

YeS
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Proposition 3.5. Let f € CL(R} x E,R) and X € {H,W}. Then (M. Xl (f)r=0 is a square
integrable martingale. Using the same notations as in Theorem 2.1, zts quadratic variation s
given by

(e = g [ G2 25+ S
where for anyt =0 and x € E,
X|K .
HI ) = BT (o) + dns(oie) e o)

Proof. Let f € CH(E,R) and X € {H,W}. Consider MX|K(f), which can be written as
X|K X|K X|K X|K
M () = M () + M)+ MG (1),

where, for Y e S and T > 0,

MY (f JJ K—Iy (t—,u) £5,QY ¥ (dt, du).
vy BXx

Suppose that for any Y € S,

g 1 ) v
E [L JU}? (KXIY(ta U)ft,u> MK(dU)dt] <,

then for all Y € S, (Mé(lTK( f))r=0 is as square integrable martingale [17], implying that

(M?'K(f))'fzo also is a square integrable martingale. As QYK QWIK and QCI¥ are inde-
pendent, it follows that
X|K
WX (fyyp = SR (f)r
YeS

It thus is enough to study (MéflTK(f))Tzo for all Y € S. In the following, we will detail the
necessary computations in the case X = H, the case X = W being similar.

Consider the case Y = H. Start by noticing that Zf"{ sV (t) = KwS" (t), and that for
any k € [1,Ky] and ¢ € [0,T], si(t) and i (t) are less then nma.x. Hence, replacing S(t) by
KWSW(t) in Zy,

[<MH|K [ f LH (zH (t, u) f£>2u§(du)dt]

_ U S s i () (RO 0. ) = Sl ) Dt

Hkl

< o ()4 15T

Since further Ky > K /nmax and ||f||oo < o0, we obtain that
H|K
B[ ()r] < 2 Ax e I T < 0. ()

Thus (Mg‘tK( f))t=0 is a square integrable martingale whose quadratic variations is given by

e = [ J,, (g SEL) a2 [ G i3 242k s
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using the computations from Equation (3.1.2).

Similarly, (MVHV|;{ (f))r=0 is a square integrable martingale of quadratic variation

M (Pr = | R ()Sl>< T S((F2)F = 27 f + f2))dt.

Further, for the case Y = G, let us use the equalities S(t) = Ky ST (¢) and I(t) = Kyl (t).
I(t)/K = I (t)/N" < 1 almost surely since CtH|K € M (E), we obtain that

T 2
B[ (1)r] < E [ [ ], (g, zatst) @(d@dt] < B0 P fIE T
0o JUug H
As before, (Mg ‘7{( (f))r=0 thus is a square integrable martingale of quadratic variation given by

MEE (F)r = 2 /3 f N L (G0 s((f2)F — 242, + S,

This yields the desired result for (MT| (f))r=0, and proceeding similarly for (M:IF/V |K( =0
concludes the proof. O

We are now ready to establish the desired result on the tightness of (¢(¥)x>1.

Proposition 3.6. Under the assumptions of Theorem 2.1, the sequence (CK)K>1 s tight in
D (Rx, (M (E) x Mp(E),v@v)).

The proof relies on the fact that in order to establish tightness of ((¥)g=1, it is enough to
show that for any X € {H, W}, (<CX|K, ) k1 18 tight for a large enough set of test functions f
[24]. This in turn is ensured using the Aldous [1] and Rebolledo [14] criteria, whose application
is straightforward thanks to the upper bounds established in the previous proof.

Proof. Once more, we will proceed component-wise and show that (( H|K ) K>1 and (C WK )
are both tight in D (R, (Mp(E),v)).

Let us focus on (CH |K ) K1 According to Theorem 2.1 of [24], it is sufficient to show that
for any function f belonging to a dense subset of

K>1

Co(E,R) = {f : E — R continuous s.t. | l}im |f(z)] = 0} ,
the sequence ((¢ K i) k>1 18 tight in D(R4,R). Notice that by density of Ci¢(R"™) in
Co(R™=x) endowed with the uniform norm, it follows that Co(E,R) n C}(E,R) is also dense in
Co(E,R) endowed with the uniform norm. Thus, let us consider f € Co(E,R) n C}(E,R).
According to the Aldous [!] and Rebolledo [11] criteria, in order to prove the tightness of
((CHIK | )1, it is enough to show that:

(i) For any ¢ belonging to a dense subset 7 of R*, both ((MH(f )>t> o and VH|K(f))K>0
are tight in R.

(ii) For any T' > 0, for any ¢,a > 0, there exist § > 0 and Ky € N such that for any
two sequences of stopping times (Si)x>1 and (Tx)x>1 satisfying Sx < Tk < T for all

integers K,
sup P (IOM7E (f))s,c = MR (f)yp,e| = 0, Tic < Sk +8) < e
K=Ky
and sup <| H‘K( f) - Vj{i'K(fﬂ > a, Tk < Sk + 5) <e
K=Ky
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Notice that, in order to establish (i), it is enough to show that for any ¢ > 0,

sup E []<MH‘K(f)>t|] < o0 and sup E HVHlK )H < 0.
K>1
Recalling that C' = 2nmax (AHmax + Awnmax + Ba), it follows from Equation (11) that

E[KM TR ()] < *2nmax0 1F11% ¢

Similar computations yield that

ENV; (O < 1flloe + 1A Slls + C 1 fll s t

As f € C}(E,R), this implies that (i) holds.

It remains to check (ii). Let €, > 0, and consider two sequences of stopping times (Sk)x>1
and (Tx)g=1 satisfying Sk < Tx < T for all integers K. As previously, using Equation (11),
we obtain the following upper bound:

E [KMTR(f)ys, = (M (£, |[Tic < S + 6] < B [ j at|Tic < Sy + 5] =20 C |1

4]

?Qnmaxc ”fHoo

Hence, using conditional Markov’s inequality,

J

B (KM ()5 = M (F)rie| = 0, T < S +8) < —2nmnC 15 (12)
Proceeding similarly, we also obtain that
H|K H|K 0
P (Ve () = Vi ()] = o, Tic < S +6) < = (|Af|o + C I1f]10) (13)
Equations (12) and (13) imply the existence of § and Ky such that (ii) is satisfied. Naturally,
¢WIK can be handled analogously. This concludes the proof. O

3.1.3 Identification of the limiting values of (¢)x>1

The tightness of ((¥) k=1 in the space D (R, (Mp(E) x Mp(E),v®v)) ensures that from any
subsequence of ((¥) =1, one may extract a subsubsequence which converges in this space. The
limits of these subsubsequences may be characterized as follows.

Proposition 3.7. Under the assumptions of Theorem 2.1, all limiting values of ((¥)g=1 in
D[R4, Mp(E) x Mp(E),v®u)) are continuous solutions of Equation (4).

Proof. Consider a subsequence (C*5)) =1 of ((*) k=1 which converges in the Skorokhod space
DRy, Mp(E) x Mp(E),v®vw)), and let ¢ be its limit.

Let us start by showing that almost surely, ¢ € C(Ry, Mp(E) x Mp(E)). As usually, we will
proceed component-wise, and only exhibit the reasoning for ¢ as ¢V can be treated accordingly.
Let T'> 0 and let f € Cy(E,R) such that || f]|, < 1. It follows from Proposition 1.1 that

2nmax
K)

As a consequence, letting K — o0 and following Proposition A.6.1 of [27],

¢t = ¢illrv = sup [KCE £ — <G, f)| = 0 almost surely.
feCy(ER):|| fll n<1

almost surely.

G =, pl <
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It remains to show that ¢ satisfies Equation (4). Let 7' > 0 and f € C{ (R} x E,R), and
consider the application 1/)7]! defined by

T T
BH(O) = (GH fry— (Gl foy - L (G Afdt fo (CH Asi(FF — f)dt

T . u :
_f (G awsiXGT s(FF — £yt - J i)

0 <§thS> 0 <<(l)q7n>
Hlp(K)

Start by noticing that o4 (¢?(5)) = M, (f), as KgSH(t) = KywS"(t). Using Jensen’s
inequality, it follows from Equation (11) that

(14)
' s(fE = fot.

B[94 (V)P < B0 (CU)P] = EME(1))0] < o 2manC I, T ——— 0.
As ( is almost surely continuous and f € CI}(R+ x E,R), 1/1%1 is continuous at (. Hence
(WH (¢#5))) k=1 converges in law to ¥4 (¢). According to Theorem 3.5 of [(], it then is enough
to proof that (1/1{! (C“’(K))) Kk>1 is uniformly integrable to obtain that its expectation converges
to the expectation of @Z)# (¢). In our case, uniform integrability is easily assured as the sequence
(A (¢P5))) k=1 is bounded. Indeed, using the fact that for all T = 0, Cﬁ(K) € My, we obtain
from Equation (14) that

[BH (D] < (2+ C) Il + Al T.
We may now conclude that
E[lyf (O] = Jim E[Jp{ (¢#)[] =0,
which yields the desired result. O

3.1.4 Proof of Theorem 2.1

The previous results are sufficient to establish Theorem 2.1. Indeed, it follows from propositions
3.6 and 3.7 that from every subsequence of (¢(¥)g=1, one may extract a subsubsequence con-
verging in D (R4, (Mp(E) x Mp(E),v®wv)) to a solution of Equation (4) which almost surely
belongs to C(Ry, Mp(E) x Mp(E)). As by assumption, (f* converges in law to 19 € 90, Propo-
sition 3.2 implies that all of these subsubsequences converge to the same limit 7, which is the
unique solution of Equation (4) with initial condition n9. As 19 € 91, Proposition 3.2 further
ensures that n € D(R,,9;). This establishes the convergence of ((¥)x=1 to n in D(R,, M),
as desired.

3.2 Proof of Theorem 2.2

This section is devoted to extracting dynamical system (6a—c) from the measure-valued integral
equation (4), under the assumption that v is the exponential distribution of parameter . From
now on, we suppose that this assumption is satisfied, and further that 1y = 1o as given by (5).

3.2.1 Preliminary study of the dynamical system

Before establishing Theorem 2.2 itself, let us start by showing that the solution of dynamical
system (6a—c) endowed with initial condition (7) is well defined, in the sense that there exists
a unique global solution. Existence actually also follows from the proofs of the forthcoming
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subsections, since they construct a solution to the dynamical system. However, as we will use
Cauchy-Lipschitz theorem to establish uniqueness, existence is obtained at the same time.

For this section, let us rewrite dynamical system (6a—c) as follows, in order to emphasize the
associated Cauchy problem. Recall that the dynamical system is of dimension d = 2 + 2#S =

NMmax (nmax + 1)
Let y e C'(Ry,RY) and f: R? — R? be defined such that dynamical system (6a—c) amounts
to

y'(t) = fy(t) vt=o0. (15)
The components of y (and resp. f) will be called s, i and ”é,]) (resp. fs, fi and fx,s ) for

X € {H,W} and (S,I) € S, in order to simplify their identification with the unknowns of the
corresponding dynamical system. More precisely, consider the applications

x(y) = —/\—X Z ST né[) for X e {H, W}, and 7¢(y) = Bqi.

m
X (8,1)es

Then f : R - R? is defined as follows, for any y = (s,i,né Ik X e{H,W}, (S, 1I)eS)eR:

fs() = =(ru(y) + 7w (y) + 7a(y)s) and fi(y) = —fs(y) — i,
while for all X € {H, W} and (S,I) €S

x(y
fxisn(y) = — K/\XI + XS() +76(y )) S — ’YI} 1.0y + YT+ D05 111y 1S T <nma)

™>\Y
+ <)\X(I — 1) + L) + TG<y)> (S + 1)7’Lé+17171)1{]>1}.

S

Also, notice that there are some natural constraints that we expect the solution of dynamical
system (6a—c) to satisfy. Clearly, s, i and n( S.1) should belong to [0,1]. Also, as the population is
partitioned into susceptible, infected and removed individuals, it follows that s+i < 1. Similarly,
as all individuals belong to exactly one household and one workplace, and as n)g 1 corresponds
to the proportion of structures of type X which contain S susceptible and 1 infected individuals,
we expect that for X € {H, W},

Z n(SI) 1, and Z Sn(SI) mxs. (16)
(S,1)eS (S,1)eS

We thus define the following set V < R%, which formalizes these constraints:

V= ye[O,l]d:s+i<1, Z nng) <1and mxs— Z Snéf) >0 VX e{H W}
(S,I)es (S,I)es

Proposition 3.8. Let y* € V. Then the following assertions hold:

(i) Suppose that there exists a solution y of the Cauchy problem (15) with initial condition
y(0) = y*. Then y(t) € V for any t =0 for which y is well defined.

(i) There exists a unique such solution y, which further is global.

(iii) In particular, for any € > 0, the dynamical system (6a—c) endowed with initial condition
(7) admits a unique solution on R .

The proof of this proposition is postponed to Appendix C.
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3.2.2 Absolute continuity

Consider any n € [1, nmax] and s € [0,n]. The aim of this section is to establish that condition-
ally on a structure being of size n and containing s susceptibles, the distribution of the remaining
infectious periods of its n — s members who have contracted the disease at some previous time,
is absolutely continuous with respect to the Lebesgue measure on R"™%. More precisely, we
will see that at any time t > 0, there exists a function pgx’n’s : R"™% — R, such that for any
non-negative measurable function f : E — R, for any X € {H, W} and t > 0,

ik, { :: } = Rnisf(T)PX’n’s(T)dT.
>

In the following, for any n > 1, let 0,, be the zero of R". Further, for k € [1,n] and 7 € R",
let 7= (11,...,7) and 71 = (71,...,7%). Finally, (€x)1<k<nma. i the canonical basis of R™max,

Lemma 3.9. For each X € {H,W}, there exists a family of measurable functions indexed by
n € [1,nmax] and s € [0,n] such that

Vse[0,n—1], pX™*: Ry x R"* > R,
(t,7) = pi ™ (7),

which verifies that for any f : E — R non-negative measurable function,

Tmax n—1 n—s
W = ( (1,7, O ) ™" 4 f fn,s, Y Tkek)pf(’”’s(f)d7> :
s=0 VR™™® k=1

n=1

The proof relies on studying the distribution 7* conditionally on structures being of given
size and number of susceptibles. Absolute continuity with regard to the Lebesgue measure
is then established by domination with another, absolutely continuous measure. We refer to
Appendix C for details.

Notice that in the case n = s, pX™" depends on t alone, whereas for s < n, pX™* depends
both on ¢t and on 7 € R"™%. Throughout the following, with some abuse of notation, this
distinction will mostly be implicit. The adaptation to the case s = n is generally straightforward.
For instance, forthcoming Equation (17) reduces to

d x, X X,
dtpt nn:_A np; nn7
where
= \v— si .
t XS,}X U GnH

When integrating over 7, the case n = s becomes

| ey = g
RO

Similarly, symbolically, for any 7 € R"7%, i(7) = 0 whenever n — s = 0. This makes sense, as in
a structure of size n containing n susceptibles, there are no infected. This leads for instance to

Xnn Xn,n
f Lim=oppp " (T)dT = p "
RO

When the adaptation is less clear, the case n = s will be treated separately.
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Proposition 3.10. The family (pX™%)1<n<nmay.0<s<n is @ weak solution to the following system

of partial differential equations: for any (n,s) € [1, nmax] % [0,n], for any 7€ R"™* and t = 0,

an Zampi(ns 7_/\X5(( )+AX) XTLS(T>

X,n,s+1 —Tn—s (17)
+ 1{s+1<n})‘X(8 + D)i(rin-s—1)py " (Tin—s—1)1(r,_,>0}7€

Xn, 1 —YTn—s
+ L1y A (s + Do ™ (T s 1)1, sopye T,

with initial condition given by
n
pé{"n TXe" and Vs < n,T e RV, pé(’"’s(r) = wf( >€s(1 —e)"” 1{TE(R* n-s}@ Y =
s

Proof. Let (n,s) € [1,nmax] %X [0,n]. In the case s = n, Equation (17) follows directly from
Equation (4) applied to f(z) = l{n(z)=ns(z)=s) for all z € £ as Af = ff=o.

Suppose now that s < n. Consider f measurable on E such that f(z) = 0 if (n(z),s(z)) #
(n,s) and f(z) = fns(7(2)1,n—s) otherwise, where f, s € C*(R"*) is compactly supported. In
particular, for any ¢ > 0 and x € E such that s(z) > 1, notice that f(j(z,0)) is zero, unless
s+1<nand (n(z),s(x)) = (n,s + 1) in which case it is equal to fp (7()1n—s—1 + T€n_s).
Recalling that f£(z) = (v, f(i(z, -)), injecting f into Equation (4) and differentiating with regard
to t thus yields

d an ) an
dt . ans( ) ZJ a7'kfns (T)dT

+00

~ [ Ouesitr) + AT o >d¢+1{s_n_1}Ai<n(0 Fanerloer)yeda ) g

+00

e [ it + a9+ 1)

An integration by parts leads to the following equality, as f,, s is of compact support which
implies that the boundary terms of the integration by parts vanish:

- Z J Or [ns (T an T)dT = Z f fns Tkpf(ns(r)dr

X,n,s

fms(u + o'en_s)’yeﬁfng') p§(7n78+1(u)du'
0

Injecting this into the previous computation yields that p
(17).
Finally, initial conditions pp"™* for n € [1, max] and s € [0, n] follow directly from (5). [

is a weak solution to Equation

3.2.3 Proof of Theorem 2.2

Before proceeding, let us introduce the following notation. For f € Cg (RyxE,R)and T >t >0,
define

fT,t cx € B f(Tv \I’(CC,T, t)) and f%,t cxeFE <Va fT,t(j(xv ))> (18)
We can now state an intermediate result, which is similar in spirit to Proposition 3.4.

Proposition 3.11. Let n be the unique solution in C(Ry,9My) of Equation (4). Then for any
feCLRL x E,R), for X € {H, W},

T
R fry = G Fro) + Ax j G Si(fE, — fro)t
T T iH (19)
+AxJ;) *<77t 7Sl><77t )8 th fT,t)>dt+5GL 7;7H<77£X7S(f%,t_fT,t)>dt-
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Proof. The proof follows the exact same lines as the proof of Proposition 3.4, showing that for
any f € C}(Ry x E), Equation (19) leads to Equation (4) using Lemma 3.3. O

Throughout this section, let h be the Heaviside step function, i.e. h(z) = 1.~y for any real
number z. Also, consider a mollifier 1) on R in the same sense as in the Proof of Lemma 3.1.
For o > 0, define 9, (2) = a 14 (az) for all z € R. Let us introduce, for any a > 0, the function
ha : R — [0, 1] defined by

VzeR, ha(z) =h*1a(2).

As 1, converges to dp in the sense of distributions when « tends to zero, the families of functions
(ha)a>0 and (14 )a>0 serve as smooth approximations of h and dy respectively. This will be useful
in the proofs of this section.

This allows us to establish the following proposition, which serves as a starting point of the
proof of Theorem 2.2.

Proposition 3.12. Under the assumptions of Theorem 2.2, it holds that for any X € {H,W},
(58)i=0 and (i3 )i=0 satisfy

d x __ x (M, x o A%, X i i
i S = —n (nx<77t aSl>+ ’I’LY<7H 7Sl>+/BGnH nX J’ (20)
d d
df = dtst —|—'th .
Further,
55( =(1 —g)nX and 25( =en®™. (21)

Proof. Notice that s € C}(E,R) is such that As = 0 and s?(z) —s(z) = —1 for all z € E. It thus
follows immediately from Equation (4) that, for any X € {H, W},

T H
SY){ = SOX - J (AX<T7£X7Si> + >‘ *<nt 7S1> + ﬁGiSt ) dt.
0 s
Further, since n € C(R4, M), it follows that for any ¢ > 0, ((/)x>1 converges in law to 7;.

As s is continuous and bounded on FE, this implies that ((; X‘K s) — (nX,s) when K tends
to mﬁmty The analogous result holds for n. Hence Lemma 1. 2 ensures that, for any ¢ > 0,
s /5% = nX /nX. In other words,

T -H X
i = s =¥ ( DL s+ 2 i) + oy )dt
0

AsneC(Ry,9My), and s and i are bounded measurable functions, it follows that the integrand
is continuous with regard to t. Thus, the first line of Equation (20) comes from the fundamental
theorem of calculus.

Recall that 19 = 19 as defined in Equation (5). In particular, we now have nX = mx, hence
Nmax Mmax
<n0€, —Z XZ ()1—55”8—1—5 Zmr (1—e)n™. (22)
n=1

This yields the first part of Equation (21)

It remains to take an interest in ;. As i does not belong to C{(E,R) we cannot proceed in
the same way. Remember that i(z) = 372 h(7;) for x = (n,s,7) € E. Let us introduce, for
any « > 0, the function iy : F — [[1, nmax] deﬁned by

Tmax

Ve = (n,s,7) € E, iu(z)= Z ha(75)
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Fix @ > 0. As ¢/, is bounded, it follows from the usual properties of convolution that
ha € CL(R) and hence i, € CL(E,R). Thus, we may apply Proposition 3.11 and obtain that

T
7y iay = < (ia) 700 + )\XL (it 8i((ia) Ty — (i) )t
T ;H

T b'd (3
+/\Xf i—<n§75i><ni){75((ia)%,t— (ia)T,t)>dt+5Gf i 8((ia) Ty — (ia)7e) et
0 sy n

0
Notice that |[ia||., = max for any a > 0, as well as [|s||,, = Pmax, [[illo; = Tmax, [[Silly, < P2ax
and (™, si)/s;X < Npay for any ¢ > 0. As further 1, € My for any ¢ > 0, we may let o go to
zero and use dominated convergence to obtain that

T
1) = (o) + Ax f (S S5, — i)t
0
T .5 (23)

T
1, % . . . { . .

+Axf0 — sy s(iF., — i)yt + B f L (i, — i)t
St

0

Further, for any 0 > 0, T >t >0 and x € F,

i(\If(j(x,a),T, t)) - i(\IJ(ij’ t)) = 1{0>(T—t)}a

hence
if(z) —ire(z) = v([T — t,0)) = e 7 TD,

Injecting this into Equation (23) and using as before that s;¥ /stY = nX/nX yields
X X s Xf'yTTﬂ/t AX X XX l{{X
ir =y ,irp) +n"e e 7<77t ,si) + 7<T7t ,Sl>+5G7H7X dt. (24)
0 n n nfn

As 1o = 1o, we may compute the first term of the right-hand side of this equation and obtain
that

g ir) = g es im0)

Nmax " n s ns Mmax n—s ®(Nmax—(n—s
_ 7.(.55 Z ( > (]_ — 5) £ J]R Z 1{Tj_T1{j<n75}>0}V®( ) ® 50 ( ( ))(d'rlv ceey dTnmax)
Mmax 1

n=1 s=0 s j=

=e 17 X <n> (1—¢e)c"*(n—s)=e Ten™.
s=0 s
(25)
Using the continuity of the integrand in Equation (24), we may now differentiate it with regard
to T J \ \ o x
gt = (s + X i) + oty %

X —~T ot [T (AN x M, il s
—ntyle e+e? e’ —X<nt,51>+—y<nt,51>+ﬂg x| dt
0 n n n

T
d .

We thus have recovered the second line of Equation (20). Finally, the second half of Equation
(21) is obtained by a computation analogous to (22). This concludes the proof. O

For (S,1) € S, define the function f(50) : B — {0,1} by

f(S,I) (z) = Lis(a)=5,i(2)=1}
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For t > 0, let né N (t) = (X, 3D, which defines a continuous function on R, as f(57) is
bounded and measurable and n € C(Ry,9%;). In words, this corresponds to the proportion of
structures of type X which contain exactly S susceptible and [ infected individuals. Notice that

{xe E:s(z)i(zr) >0} c{zxeE:(s(x),i(x)) €S}
We may thus rewrite the first line of Equation (20) as follows:

istX = —nX Ax Z SInds (1) —I—)\—X Z SInX . (t )—I—BG it sf(
dt " (sDes o Y (S.es o nttnt
Similarly, it holds that
Af:@@?,siwﬁgﬂzi Z SInSI +Bc it
s nts¥ (S.1)eS

which may also be written in terms of the notations of Equation (6a—c):
-\ -1
X H
X St %
At = <nx> TY(t)+ﬂGnH

This motivates a closer study of the functions nfg p for (S,1I)€eS.

Proposition 3.13. Let X € {H,W} and (S,I) € S. Under the assumptions of Theorem 2.2, it
holds that

d
@”fg,z) (t) = ((I + 105,14 1) (D54 T<nmad — 1050y (t))
+ Ay ((5 (I = Dy gy (OLgs1y — SInfs (t)) (26)

+ A ((5 + 1)ns n{g41,-1) )1 r=1) — S”é,[)(ﬂ) :

Further 6.
+
nfé,n(m:( , )wéim—s)%f. (27)

Proof. Let X € {H,W} and (S,I) € S. It follows from Proposition 3.9 that
i@ = FS0 = 3 [ denal D
n=5S+1

where in the second equality, the sum over n starts at .S + [ as it is impossible to observe S
susceptible and [ infected members in a group of size n < S + I. Using Proposition 3.10, we

may deduce that
d nmax
%né’l)(t) = f L= 1}9tp§ )( )dr.
n=S+1 ns

Equation (17) yields that

d nmdx n—=S5 XonS
ané,l Z J Li(ry=1y0m pp "7 (T)dT
n=S+1 k=1

- J 1{7,(.,.) I} ()\XSI AXS) S(T)
n=S+I1 (28)

Mmax

+ ) Listien fRn*S Lim=nAx (S + Di(ra—s—1)or ™ T (Tin-s-1) 1, _g=0pye Y =Sdr
n=S+1

Mmax

+ 1{S+1<n}f L =nAF (S + D)o (T s )1 _gsoyye TS
n=S+1 Rn=
28



Let us start by noticing that the second line of Equation (28) may be written as
- ()\XSI - AtXS) Z J;Rn—s 1{ (r)= [}pf(ns(T) = — ()\XSI - Ag(S) nél)(t).

Next, let us pay attention to the third and fourth line of Equation (28). For any 7 € R"™5,
it appears that on the event 7,,_g > 0, i(7) = I if and only if i(7y ,—g—1) = I — 1. The third line
thus becomes

NMmax

X n,S+1 _
Z 1{S+1<”}J {i(r1,n—5-1) 1—1})\X(S+1)( — 1™ i (717n—S—1)1{Tn_5>0}7€ T=Sdr
n=S+1

XS HDI-1) Y Lgiien fR e S

n=S+1
Mmax
—1{[>1})\X(S+1 —1 Z (r")=I— 1},0an+l( ,)dT,
n=S+I1vR"~ s

=Ly Ax(S+ DI - 1)”€g+1,l—1)(t)-

In this computation, the indicator function of the event {I > 1} appears as for any (n, s), p{™*)
never charges the space {i(7) < 0}. As further S + 1 < n whenever S + 1 < n and I > 1, the
indicator function of the set {S + 1 < n} can be removed. Similarly, the fourth line of Equation
(28) becomes

1{[21}AtX(S + 1)”5%1,171)(75)-
It remains to focus on the first line of Equation (28). In order to do so, we will use another

expression of f(31) . For two integers j < n, let B(n,j) be the set of unordered subsets of j
elements chosen in [1,n]. It then holds that for any (n',s,7) € E,

D s, 1) = )] 1{n,:n} D B G I I C))
n=S+1 's=5 veB(n—S,I) jev jel,n—S\v

where h designates as before the Heaviside step function. The idea behind this expression is
that a structure of type (n,s,7) contains S susceptible and I infected members if and only if
s =S, and further exactly I out of the n — S first components of 7 (which describe the states of
members of the structure having contracted the disease at some point, i.e. infected and removed
members) are positive. In other words, there exists at most one element v € B(n—S, I') for which
the term in the sum is not equal to zero, in which case the set v corresponds to the indexes of
infectious members, while [1,n — SJ\v is the set of removed members.
In the following, for any integers 1 < j < n and any v € B(n, j), consider the sets

Ay ={7eR": 7, >0Vkev, 7, <O0VEk ¢ v}
and for any k € v,
Avie = {(T1, - Th=1sTht1, - - -, Tn) € R 7; > 0 for j € v\{k} and 7; < 0 for j ¢ v}.
With these notations, it holds that

Mmax N— S Nmax N—S
X,n,S
CEID D W IR TR D YD VD Y T
n=S+1I k=1 n=S+1I k=1 veB(n—S5,I)

Nmax N—S

X,n,S
Z Z ( l)l{kEV}J P " (7’1,...,Tk_l,O,Tk+1,...,Tn) H de,
Av;k

n=5S+1 k=1 veB(n—S,I) 1<j<n
Jj#k
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where the second line follows from the first by integrating o;, pf( ™5 over Ay with respect to 7.
The goal is to show that

Jo =~ ((I + 1)”€g,1+1)(t)1{s+1<nmax} - In(s,f) (t)) , (29)

which will conclude the proof of Equation (26).
In order to do so, let us define the following function for = € E:

Mmax n—=~
FED(@) = 3] Ln@en D (DML g HTIVH (),
n=S+I {s(x):S} k=1 veB(n—S,I)

where for any v < [1,n — S|, k€ [1,n — S] and 7 € R"max,

HO9% @) = TThr) [T 0 =hm).
Jev je[l,n—S]\v
Jj#k Jj#k
It then follows from Proposition 3.9 that J; = (nX, F($1),
Furthermore, distinguishing the cases k € v and k ¢ v yields that

F(SJ) — a(svl) — b(sJ)’

where for any x € F,

Mmax n—=S
oD (z) = ) 1{n(x)—n}21m<x)—0} 2, HOEOMHr(@),
n=S+I+1 |s(z)=S{ k=1 veB(n—=S,1)
k¢v
and g
P0@) = 30 Lnwe) 2 Ymwmoy D, HIVE(r(a).
n=S+1 {s(m):S} k=1 veB(n—=S,1)
kev

The heart of the proof then lies in the following result.

Lemma 3.14. Under the assumptions of Theorem 2.2, for any X € {H, W} and (S,I) €S, for
any t =0,

<77iXa a(S7I)> = ’Y(I + l)né71+l) (t)1{5+1<nmax}7 (30)
and
65Dy = yInfs 1y (0). (31)

Before establishing Lemma 3.14, let us finish the proof of Proposition 3.13. It is clear that
this lemma implies Equation (29), and thus Equation (26).
In order to obtain the initial condition of Equation (27), notice that by definition of 7,

i fE0y = ST w,if(Z)u—g)Sa"—S D Jn, [Th0 ] (= h()wldn) ... vdn_s)

n=S+1 veB(n—S,I) 5 kev ke[Ln—S]\v

kSl x (N S_n—S v n—_S)—#v
> (5)(1—5) £ PR DU T DLt

n=S+I veB(n—S,I)

Obviously, whenever (n —S) — #v > 0, the term vanishes as (v, 1 — h) = 0. Hence only the case
v = [1,n — S] remains, which in turn corresponds to n = S + I. This concludes the proof. [J
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Let us now turn to Lemma 3.14.

Proof of Lemma 3.1/. Throughout the proof, we will continue using notations from the proof
of Proposition 3.13. We will detail the arguments leading to Equation (30), as Equation (31) is
obtained analogously.

Let (S,I) € S. We may start by noticing that in the case S + I = npax, it holds that
PACEY () = 0 for all x € E. Indeed, the sum over n reduces to the case n = npayx, and the set
B(nmax — S, I) contains exactly one element, namely [1, I]. Hence for any k € [1, nmax — S], the
set {v € B(nmax — S,I) : k ¢ v} is empty, implying that (5
will thus assume that S + I < nmax.

Define the function ¢(>?) on E as follows. For any z € E,

is null on E. From now on, we

Mmax n—=S
g @) = D Linen) 2, (@) Y, HIVE(r(a).
n=S+I {s(x):S} k=1 veB(n—S,I—1)
k¢v

In particular, it holds by definition of ¢(5©) that

i, g0 = Il p) ().

Since we assume S + I < npax, the state (S, + 1) belongs to S as well. Thus, we actually
aim to show that for G5 = 4g(SI+1) _ ((S.])

vt =0, (¥, Gy = 0.

In order to achieve this, we will consider the following smooth approximations of a(!) and

¢S I+ respectively, defined for o > 0. For any z € Ex,

Tmax

0w = St

n=S+I1+1

n } Z Yo (1)) HY =50 (7 (),
s(2)=$

Mmax

g @) = )] { 2)=n }Zh 7 () Hy > (r (),

n=S+I+1 | s(z)=S

where for any integers J < N and k < N, for any 7 € R"max

Hiv’J’k(T) _ Z Hh 7'] 1_[ (1- ha(Tj))'

veB(N,J) jev JE[1,N\v
kgév j#k
Letting G(S I+ _ g&S’IH) — a(s 2 , dominated convergence ensures that
<77iX SI+1 >_)<77 SI+1)>
9 a .

Classical properties of convolution imply that both a(S D and g&S’IH) belong to Cl} (E,R),

allowing us to apply Proposition 3.11 to G(S IH)( ). In order to do so, some preliminary

computations are necessary. Indeed, we need to compute fr; and f%’t as defined in Equation
(18) for f = aq (51 and f= S[H). Let T > 0, then for any ¢t € [0,T], writing ej -5 =
(1n—550p 0 —(n—s)) for the Vector of dimension nya.x whose (n — S) first components are set to
1 and the following all equal 0,

(a57),, <x>=n=§m fri-r }2% T(z) — (T = ) HZ ST ((2) — (T — t)er n-s)



Similarly, for any ¢ > 0, distinguishing the cases where either kK = n — S, or k # n — S and
n—Sev,ork#n—Sandn—S¢v leads to
(a£79),,, GC.0)) =

[alo — (T — ) =515 (r(a) — (T~ )ern-s-1)
n=S+I1+1 { }
s
Fhalo—(P=0) ) vl — (T — ) H2S 1 (r(0) = (T — Ders1)

n—S—1
F (1= halo — (T 1)) D) talr — (T~ LS (r(2) — (T~ t)ern-s-1) |
k=1

Define m%t(a) =W, ho(-— (T —1t))) and m?t(a) = (W, Ya(-— (T —1t))). Notice that the second
line is equal to zero if I = 0, as the set B(n — S — I, —1) is empty. Similarly, in the case of the
third line, when n = S + 1 + I the set {v € B(n — S — 1,1)} reduces to [1,I] and hence for
any k € [1,n — 5], the set {ve B(n—S —1,I): k # v} is empty. In particular, the third line
vanishes if S + I + 1 = npax. We may thus recognize that
T Mmax
(D) @ =miy@) Y 1f pyon | HE (@) = (T = Derms)
’ n=S+I1+1 {5(1)7123}
S+1,I1—-1 S5+1,
+mi(@agny Vs + (= mb@)agy s <

Proceeding in the same way also yields

(o559, @) = mh (o)

Mmax

1 n(z)=n, HZ_SyLn_S(T(x)_(T_t)el,’fl—S—l)
n=S+I+1 {s() 1—5}

S+1,1
+ (@)l D sy + (1=l (@) gV s 11 s

In particular, we thus obtain that

S+1, S+1,1+1
(GETNE (@) = ml ()G sy + (1= mip ()G Vs 111 <

+ (Vm%t(a) - m#,t(a)) 1 n(r):n7 H(;Z_S’IW_S(T(:E) - (T - t)el,nfS—l)-
n=S+I+1 {s(x)—l:S}
Notice further that, on the one hand,

+00

+00
m%t(a) = L ye ipo(x — (T —t))dx = JO e Y@ HT=0)y, () da — A

On the other hand,

+00 +00 +
mh (@) = f e [ e — (T — 1) — 2)dade = jR f e dataly — (T — £))dy
Yy

0 0

:f e WHT=0)y () dy —— 7T,
R

a—0

Thus, for any T > 0, we may apply Proposition 3.11 to G

to obtain by dominated convergence that

SI+1
g, Gy — (X Gy

+ )\XL (", si (eﬂ(T*t)G(Téfjl’I)l{lzl} +(1— eiv(Tit))G%€:171+1)1{5+I+1<nmax} - G(S ) >>dt

, and let a go to zero in order

T
+ Jo A s (e_W(T_t)G(SH 1)1{1>1} +(1— e_W(T_t))Gg“‘%V:l’I+1)1{S+I+1<Nmax} - G"Efs,i”l))ﬂt-
(32)

32



SI+1

It is possible to compute (1, G > Indeed, by definition of 19 = 1o ¢,

W= 3w (g)a-g%e

n=S+I+1
n—=S
| Mwost-m) Y [Jere-1) T wi-ne-1))|.
k=1

veB(n—S,I) JEV jell,n—=S]\v
kv Gk

Of course, the computation of <770 ,g(TSOI+1 > is very similar. It suffices to replace the term

W, 60(- = T)) by w, h(- — T)). As (v, 80(- — T)) = 7w, h(- — T)), it follows that
-Gy ) =0. (33)

Thus the term (1, G (SI+1)>

Axmax + Ba), we obtain that

of Equation (32) vanishes. Letting C' = nmax(Axnmax +

T

[, G < © J (1, G oy + 10 GET DN 1t <y + 0 GESTD))

’ (34)

Notice that if (S,I) € S is such that S + I < npax, then (S',I') = (S,I + 1) is such that

(S, I'Ye S, 8"+ I' >3 and I’ > 1. Similarly, on the event I > 1, (S, I') = (S + 1, 1) satisfies

the same conditions, as well as (5", I') = (S+1,1+1) if S+ I+ 1 < npax. In order to conclude,
it thus suffices to establish the following lemma.

Lemma 3.15. For any (S,I) €S such that I > 1 and S+ 1 = 3, for any T > 0,

S I
vt e [0,T], (o, Gy ) = . (35)
The desired result then follows from Equation (34). O
Proof of Lemma 5.15. The key argument will be to apply Gronwall’s lemma to ¢ — {(n;X, G lelS) I)>.

We thus need to show that for any (S,I) € S such that S +1 > 3 and I > 1, the funcmon
t e (X ,G(SI ) is continuous on [0,7"]. In order to do so, notice that we may apply Proposition
(S.1)

3.11 to t — (G&"’)rt which belongs to C{ (R4 x E). As for any z € R and u € [0,¢] it holds
that z — (T'—t) — (t —u) = z — (T — u), it follows that

(GEMr) = (G

t,au

Thus, proceeding like before and letting o go to zero, dominated convergence allows to conclude
that for any t € [0, 7],

S, I SI
¥, GEDy = ik Gy

t
+ fo Ax{(nX, si <eV(T*“)G(TS::1J_1)1{17121} T (1- ev(T—u))G%S+1,I)1{S+I<nmax} SI)>>du

U

t
i J;) Au<7']{i(, ° (eV(Tin(TSHJ_l)1{1*121} +(1- e’Y(Tiu)>G(TS+1J)1{S+I<nmax} (SI >>du

U U

The initial condition ¢ = 0 vanishes according to Equation (33) as it holds for any (S,I) € S
satisfying S + I < nmax, and indeed

(S, +1):(S,1)€S,S+1I < nmax} = {(S,])eS:S+1>31>1}.
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Further, both integrands are bounded by a constant which does not depend on ¢. The continuity
of t — (¥, G SI)} on [0,T] follows.
We are now ready to reason by induction. Notice that

Nmax k—1

{((S,1)eS:S+1=> 1}—UU{k 0,0}

=3 (=1

For any k € [3, nymax], for any £ € [1,k — 1], Equation (34) becomes

[ng, GH09)] < Of [ G L any + 10 G D Ly + 0, GO ) .
(36)
Let us start with the case k = nyax. If further ¢ = 1, Equation (36) reduces to

[t , Glrmax= 11| C’J‘r<nt7 Glrma LUy gy

As Gmmax—11) — G(nm‘”‘ L) , the desired conclusion follows from Gronwall’s lemma. Suppose
now that Equation (30) holds for (S,1) = (nmax — £+ 1,0 —1) with £ € [1, npmax — 1]. As further
k = nmax, we may notice that Equation (36) simplifies to

(o Gty < 0 [, G,

Again, Gronwall’s lemma implies that Equation (35) holds for (S,I) = (nmax — ¢,¢). We thus
have established that Equation (35) is true for (S,I) = (nmax — ¢, ¢) for all £ € [0, nmax — 1].
Les us now assume that Equation (35) is satisfied for (S,I) = (k+ 1 — ¢, ¢') for some

k € [3, nmax — 1] and for all # € [1,k — 1]. Then in particular, (nX, G Gk 1)> =0 for all t € [0,T].

Hence proceeding like before leads to the conclusion that (n;*,G k ! 1) »=0for all t € [0,T] as
the first two terms of the integrand of the associated inequality derlved from Equation (36) are
null. The same procedure allows to show that if Equation (35) holds for (S,) = (k—¢+1,0—1)
for some /¢ € |2,k — 1], then using the induction hypothesis, it also holds for (S,I) = (k — ¢, 7).

This concludes the proof. ]

We may finally focus on the main result of this section, namely Theorem 2.2.

Proof of Theorem 2.2. Before concluding, we need to emphasize that it would have been possible
to chose X = W when replacing S and I by KxS¥X and KxIX for Zg in Proposition 3.5. All
of the subsequent results still hold, simply replacing the household-related quantities in the
definition of the rate for mean-field infections by their workplace-related counterparts.

As a consequence, Propositions 3.12 and 3.13 show that for any X € {H, W},

G S, I)es, S.I)eCx
_— I I
(mx ix n( n:(S1I)e ”(51) (5, 1) € )
satisfies the Cauchy problem (15) with initial condition (7). However, Proposition 3.8 ensures
uniqueness of the solutions to this Cauchy problem. It hence is sensible to define, for ¢ > 0,

H w -H -

t t t t
SO O e~ O Y0
mpg mw mpg mw

This leads to dynamical system (6a—c) with initial conditions (7), and concludes the proof. [
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Discussion

This paper has focused on proposing a new reduction for an SIR model with two levels of
mixing, which explicitly includes households and workplaces. This reduced model was obtained
as its large population approximation, and the associated convergence of the stochastic model
was established. In the general case of an arbitrary distribution v of the length of infectious
periods, the stochastic model converges under the large graph limit to the unique solution of
a measure-valued equation. In the particular case where v is an exponential distribution, we
have shown that the epidemic dynamics can actually be reduced to a closed, finite-dimensional
dynamical system. These results further are of interest since, to our knowledge, none of the
previously proposed model reductions for epidemic models on networks with cliques, let alone
those which in addition consider two levels of mixing, have been proven to coincide with the
large graph limit of their stochastic counterparts.

Regarding the implementation of the reduced model, we have focused on the case where v is
the exponential distribution. Comparing the solution to the dynamical system with stochastic
simulations of epidemic trajectories shows good accordance in practice, as expected. We also
have emphasized that the dynamical system can be implemented in an automatic way, which
implies that despite its high number of equations, it can be used even for larger structure sizes.
Finally, some numerical evidence points to the reduced model being significantly less demanding
than stochastic simulations in terms of computational cost for sufficiently large values of the
reproduction number, which means that it is of interest for numerical explorations. A broader
study of computational cost would be pertinent to refine these results.

Notice here that a possible model extension would be to consider a local level of mixing
containing an arbitrary, yet finite, number of layers. As long as within each layer, each node
is part of exactly one clique, and as long as cliques within each layer are constituted indepen-
dently from one another as is the case for households and workplaces, the adaptation of the
aforementioned results is expected to be straightforward. In particular, the dimension of the
corresponding dynamical system should still be of order O(n2 . ), implying that the model may
remain tractable.

Finally, we have compared the reduced model obtained by the large population approxima-
tion with the corresponding EBCM in the line of [29]. In the case of our household-workplace
model with two levels of mixing, the EBCM seems the less appropriate choice, as it is less
parsimonious and only approaches the epidemic well if the initial proportion of infected is very
small. However, this may change if a more general contact structure within layers is considered,
such as a configuration model for the global level, in which case it seems sensible to assume that
EBCM-like equations will appear.
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A Implementation of the large population approximation

A.1 Automatic implementation of the dynamical system

It is possible to implement dynamical system (6a—c) in an automated way, in the sense that
equations do not need to be written individually. The key lies in the fact that the set S can
be constructed automatically, with an intrinsic organization of the states (S, I) it contains. For
example, one may arrange them by growing number n of susceptible and infected members of
the structure, and for each n, by growing number ¢ of infected, leading to

S ={(2,0),(1,1),..., ("max;0), (Pmax — 1, 1), ..., (1, nmax — 1)}

This in turn allows to make an explicit correspondence between any state (S,1) € S and e.g.
some position in a vector containing all functions of our dynamical system of interest. A similar
idea was already employed in [23], for another purpose. With the previous structure of S, one
may for instance notice that for any n € [2,nmax] and i € [0,n — 1], the state (n,q) is the
¢(n,i)-th state enumerated in S, where ¢(n,i) = (n — 1)n/2 + i. As a consequence, the general
expression of Equation (6¢) may be used to handle all the dynamics of the functions nfg Iy for
(S,I)eSand X € {H,W}.

Also, notice that in practice, household sizes tend not to be as big as workplace sizes. It
thus makes sense to distinguish explicitly a maximal size for each type of structure. This allows
to avoid implementing unnecessary equations corresponding e.g. to household sizes that are not
actually observed, and which thus artificially increase the dimension of the system.

A.2 Computational performance

The aim of this section is to numerically assess the computational cost associated to solving
the large dimensional dynamic system (6a—c) in comparison to stochastic simulations using
Gillespie’s algorithm, also referred to as SSA (stochastic simulation algorithm). In order to
do so, the average execution times of one stochastic simulation (SSA) and of one resolution of
the associated dynamic system using the ODE solver odeint from the scipy.integrate library are
compared.

Let us start by describing the general procedure. Each of the two scripts (stochastic simu-
lation or reduced model) is executed one hundred times, all runs being independent form one
another. For each run and each script, the computation time of the script of interest is measured,
as well as the computation time of a reference function (summing all integers up to one billion
with a simple for-loop). The average runtimes over all hundred runs of both the script of interest
and the reference function are computed. As computation times tend to fluctuate between exe-
cutions of a given script, the average runtime of the script of interest is subsequently normalised
by the average runtime of the reference function. Comparison of the computation times for the
stochastic and the reduced model is then based on the comparison of those normalised average
runtimes.

It remains to take an interest in the choice of the model parameters, namely the structure
size distributions, the epidemic parameters i.e. the contact rates 8g, Ay, Aw and the removal
rate -y, as well as the initial proportion of infected ¢ and the time interval [0,7] on which the
epidemic is simulated. For the stochastic model, the population size N will be fixed to ten
thousand individuals. For all scenarios considered here, the structure size distributions will be
those of Figure 1. Further, the initial proportion of individuals will be set to € = 0.005, as
Figure 2 indicates that for the stochastic model, the risk of extinction at the beginning of the
epidemic due to stochastic fluctuations is small when starting from 50 infected at time 0, even
for low values of Ry. However, different values of the epidemic parameters will be considered, as
to obtain scenarios that differ both in terms of Ry and in terms of the proportions of infections
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occurring within the general population, within households or within workplaces, respectively
referred to as pg, py and py. The removal rate v will be fixed at 0.125, and only the contact
rates will effectively vary. In total, ten different scenarios will be used, characterized by their
values of Ry € {1.2,1.4,1.7,2.0,2.5} and (pg,pw,pw) € {(0.2,0.4,0.4),(0.4,0.4,0.2)}.

Finally, parameter T" will be chosen as follows. For each set of epidemic parameters detailed
above, the reduced model is used to compute the time T, at which the epidemic falls below one
percent of infected individuals in the population, after the epidemic peak. T then is determined
by rounding down T to the closest multiple of five.

(PG, pH, pw) =(0.2,0.4,0.4)
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Figure A1l: Proportion of susceptible (S) and infected (I) in the population, for each scenario detailed
in Table A1, as given by dynamical system (6a—c). Scenarios are separated by values of (pg, pm, pw) of
infections per layer, namely (0.2,0.4,0.4) and (0.4, 0.4,0.2) for the top and bottom panels, respectively.
The corresponding values of Ry are indicated by the color shades, as shown in the legend. The black
crosses indicate for each curve that the proportion of infected falls below the threshold of one percent.

Figure A1 uses the reduced model to plot the trajectories of the proportion of susceptible
and infected individuals in the population, for each scenario. The corresponding parameters are
summarized in Table Al. Notice that in particular, this includes the parameters of Figure 2.

Let us now turn to the results. For each scenario of Table Al, measurement of normalised
average computation times was repeated three times. The results are shown in Figure A2, which
indicates for each scenario the ratio of the normalised average runtime for one resolution of
dynamical system (6a—c) over the normalised average runtime of one stochastic simulation. Let
us first take an interest in the datasets labeled (pg, pm,pw) = (0.2,0.4,0.4) and (pg, pa, pw) =
(0.4,0.4,0.2). One may notice first that for each scenario, the results of all three repeats are
close to one another, indicating that the results are reproducible. Further, for both possible
values of (pg,pm,pw), the results indicate a shared general trend. Indeed, for values of Ry
close to the critical case Ry = 1, the ratio exceeds one, and diminishes subsequently, falling
below one between Ry = 1.4 and Ry = 1.7 and attaining values of order 10~!. This behavior
suggests that solving dynamic system (6a—c) is advantageous in terms of computation time for
intermediate or high values of Ry, being up to one order of magnitude faster than one stochastic
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Ry=12 Ry=14 Ry=17 Ry=20 Ro=25 (pg pu,pw)

Ba 0.03 0.035 0.045 0.05 0.06

AH 0.05 0.07 0.09 0.15 0.2

Aw  0.0015 0.0016 0.0018 0.002 0.0022 0.2,04,0.4)
T 130 130 105 85 75

Ba 0.06 0.07 0.085 0.1 0.125

AH 0.06 0.07 0.1 0.15 1.5

Aw  0.00075 0.0008 0.001 0.0011 0.00115 (04,04, 0.2)
T 145 130 95 80 95

Table A1l: Values of the contact rates Bg, Ay and Ay considered, grouped by value of Ry and
proportions of infections per layer (pg, pm, pw) characterizing the scenarios.

simulation. As the time interval [0,T] on which the epidemic is studied originally depends on
the scenario and is significantly shorter for larger values of Ry, one may wonder whether this
difference influences the results. As a consequence, we have repeated the same procedure for all
of the scenarios characterised by (pg,pm,pw) = (0.2,0.4,0.4), with fixed T = 75. Figure A2
shows that the associated results are very similar to those obtained previously, pleading against
this hypothesis.

® (pG,pH,pw)=1(0.2,0.4,0.4)
% (pG,pu, pw) =(0.4,0.4,0.2)
® (pG,pPH. Pw)=1(0.2,0.4,04), T=75
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Figure A2: Ratio of the normalised average computation time for solving once dynamic system (Ga—
c) over the normalised average computation time for one stochastic simulation (SSA). This ratio was
computed three times for each scenario of Table Al. The results are presented in function of Ry, while
colors indicate the value of (pg,pm,pw ). Unless stated otherwise, the parameter T from Table Al was
used. The dotted line indicates the threshold of one.

Of course, this comparison could be pushed further. For instance, the most basic version of
the SSA algorithm was used, and more advanced methods such as 7-leaping are expected to
accelerate stochastic simulations. Also, a more thorough exploration of the parameter space
would be pertinent, assessing for instance the influence of the structure size distributions.
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B Edge-based compartmental model

B.1 Presentation of the EBCM

Let us start by describing how to obtain the population structure of the local level of mixture
described in Section 1.1 using a CCM. In our case, each node belongs to exactly one clique within
each layer (one household and one workplace, respectively). Let us briefly notice that whenever
a node is picked uniformly at random, the probability of it belonging to a structure of type X
and size n is given by X = nmX /n~, for any n € [1,nmax] and X € {H,W}. As a consequence,
the layer corresponding to structures of type X € {H, W} is obtained by the following two steps.
First, associate to each node a structure size distributed according to the size-biased law 7.
This is done independently for each node. Second, for k € [1, nyax], form cliques of size k by
drawing uniformly without replacement k-tuples in the set of nodes of associated structure size
k. This step stops when all nodes of associated clique size k belong to a clique. This procedure
is repeated independently for each layer, allowing to assemble households and workplaces.

Let us now turn to deriving the EBCM. Consider s and ¢ the proportions of susceptible and
infected individuals in the population, respectively. Let 6:X (¢) for X € {H, W} and n € [1, nmax]
be the chance of a susceptible belonging to a structure of type X and size n to escape infection
within this structure, and 6%(t) the chance of escaping infection through the mean-field level,
up to time ¢ = 0. The key idea is that a node is susceptible at time ¢ if and only if it has escaped
infection up to time ¢, and the risks of infection within each layer are independent from one
another. This makes use of properties of the CCM, which heuristically explain the decoupling of
the risk of infection in the two local layers from one another. Further, the fact that in an infinite
population, each individual structure has a negligible impact on the proportion of infected yields
the intuition behind the decorrelation of the risks of infection at the local and global level. This

leads to
s=09 T] (Z frgfeff).
Xe{HW} \n=1
As we are considering an SIR model, it follows that #/(t) = —s'(t) + vi(¢), so that the difficulty

resides in understanding the dynamics of 8% and 0¥ (¢), for X € {H, W} and n € [1, nmax].
Define for X € {H,W} and n € [2, nmax]:

which corresponds to the proportion of individuals who are susceptible and belong to a structure
of type X and size n. Also, let nfg I.R be the proportion of susceptibles belonging to a structure
of type X containing exactly S susceptibles, I infected and R removed individuals. This allows
us to introduce the following quantities, which participate in the rates at which a member of a
structure of type X and size n is infected, either within the considered structure or outside of

it, respectively:

Mmax ~ X nX
X X X . X T, 05,
T; = Ax Z SIn(SJ’R) and 7 = | Bai+ Z T8 ) S vy XX
(S,I,R)eN3 k=1 k=1 Tk Yk
S+I+R=n

One obtains the following dynamics:

Do _ —Bqif%, and VX € {H,W},¥n € [2, nmax] Ay _ —ﬁeX
dt - G bl bl 9 ’max’dtn_ mX n

n
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Figure B1: Comparison of the stochastic model with the large population approximation given by dy-
namical system (6a—c) and the corresponding EBCM. Household and workplace distributions are those
of Figure 1. Epidemic parameters were set to (8a, Ag, Aw,v) = (0.125,1.5,0.00115,0.125). Initial con-
ditions correspond to € € {0.001,0.01,0.05} as indicated for each panel. For each of these scenarios,
Gillespie’s algorithm was used to simulate 50 trajectories of the stochastic model defined in Proposition
1.1 in a population of K = 10000 individuals (faint lines; the same 50 realizations of the population
structure as in Figure 2 were used for each subplot). For Panel (a), only trajectories reaching a threshold
of 0.005 infected were kept, and time was shifted so that time 0 corresponds to the moment when this
threshold is reached. Finally, the deterministic solution (s,) of both dynamical system (6a—c) (thick
lines) and the EBCM (dotted lines) are represented for each scenario. For Panel (a), the same time
shifting procedure as for simulations is applied.
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Further, for any X € {H,W}, n € [2,nmax] and (S, I, R) € N3 such that S+ + R = n and
either S > 2 or ST > 1:

d x o X
$n(5717R) = — AXSI + WS + "}/I n(S’I’R)

n

+( + 1)”€§J+1,R—1)1{R>1}
i
+ ()\X(S +1)(I—-1)+ +W(8 + 1)> ”ffs*+1,1—1,3)1{1>1}-

n

Additionally, as in a structure of size one, no infection may occur within the structure itself, 61
and 0¥V are constant over time. Finally, it remains to define the initial conditions. Following
Volz et al. [29], we consider the case € « 1. Then the only quantities which are not null at time
zero are: for any X € {H, W}, n € [1,nmax] and I € [1,n — 1],

i(0) = e,
05(0) = 6,(0) =1 —¢,

(B1)

X A X “I_I
Np—1,1,0) = Tn (1—g)" €.

The proportions of susceptible and infected as predicted by both the EBCM and dynamical
system (6a—c) are shown in Figure B1, for different values of . Let us first notice that in the
case € = 0.001, corresponding to Panel (a) of Figure B1, the solutions (s,7) of both the EBCM
and dynamical system (6a—c) are in perfect accordance, emphasizing the fact that for very small
values of ¢, the EBCM seems to yield the correct asymptotic population dynamics. However,
for larger values of €, the EBCM struggles to reproduce these dynamics. At first, as for € = 0.01
in Panel (b) of Figure B1, the difference is mainly visible at the beginning of the epidemic and
seems to dampen afterwards. For even larger values of ¢, the solution to the EBCM does not
succeed in reproducing the dynamics over time, as shown in Panel (c) of Figure B1. The problem
for capturing the epidemic dynamics for higher values of ¢ likely lies in the fact that defining
the proper initial condition for the EBCM is not straightforward, leading to initial conditions
consisting in an approximation which is only sensible whenever ¢ is very small. Of course, it
would be possible to try to correct for this behaviour by adapting the initial condition, but it is
not clear which initial condition would be a sensible choice.

B.2 Computational performance

In order to compare the computation times needed to solve either dynamical system (6a—c) or the
dynamical system associated to the EBCM which has been introduced above, we will proceed
similarly as in Appendix A.2, making use of the ODE solver odeint from the scipy.integrate
library in both cases. However, this time, only one parameter set will be used, corresponding to
the parameters chosen for Panel (a) of Figure 2. Further, the average normalised computation
time is only computed once, instead of having three repeats as in Appendix A.2. Considering the
relatively small fluctuations between repeats for all scenarios in Figure A2, this is not expected
to significantly affect the qualitative result.

The model parameters and the associated average runtimes are shown in Table B2. Due to
the excessive computation needed to solve the EBCM, only 45 runs of this script were performed.
However, considering that the normalised average runtime for solving the EBCM is several
thousand times higher than the normalised average runtime for solving dynamical system (6a—
c), this again is not expected to significantly alter the results. Finally, as shown in Figure B2,
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Structure size distribution Figure 1

Epidemic parameters (B, Ai, Aw,y) = (0.125,1.5,0.00115,0.125)
Initial proportion of infected e = 0.001

Time interval [0, T'] T =30

Average runtime | Dynamical system (6a—c) 6 seconds

(100 runs) Reference function 39 seconds

Average runtime EBCM 33266 seconds (9.2 hours)

(45 runs) reference function 36 seconds

Table B2: Numerical assessment of the computation time needed to solve either dynamical
system (6a—c) or the EBCM introduced in Appendix B.1. The model parameters used are
indicated together with the average runtimes.

the computation times necessary for solving the EBCM are relatively homogeneous over all 45
runs, always exceeding eight hours, indicating that the average computation time is not biased
by an outlier.

101 = Average execution time: 9.2h [Reference function: 36.41s]
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Figure B2: Evaluation of the time needed to numerically solve the EBCM introduced in Section 2.2.2
using the ODE solver odeint from the scipy.integrate library. The script has been executed independently
45 times, and both the function of interest and a common reference function have been timed for each
execution. The model parameters are the same as in Panel (a) of Figure 2.

C Proofs

C.1 Proof of Proposition 3.8

Let us start with the following lemma, which will be needed afterwards.

Lemma C.1. Consider a solution y of the dynamical system (6a—c) and let A(t) = mxs(t) —
2(571)68571@[)@). Then
d . 1
A0 =miy® = () + 55

Proof of Lemma C.1. Let X € {H,W}. First, notice that

x(6)) A(1).

(S+1,1-1):(S,1)eS,I>1}={(S,])eS:S > 1}.
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As S — 1 = 0 whenever S = 1, we thus obtain that

Z SZInfg,I) - Z S+ - 1)"€g+1,1—1)1{121}

(S,1)es (S,D)es (Cl)
D SPIn - D, (S=1)SInfyy = D) SInf,.
(S,1)eS (S,.1)eS (S,1)eS

Similarly, {(S,I+1):(S,I)eS, S+ 1 < nmax} =S\{{(S,1)eS:I=0}u{(1,1)}}. AsSI =0
whenever I = 0, it follows that

2 'ySInéJ) - 2 vS(I + l)né’ul)l{SJrknmx} = V”ﬁ,l)- (C2)
(S,1)esS (8,1)eS

The desired conclusion then results directly from Equations (6a—c), regrouping the terms of the
form of Equations (C1) and (C2) in order to simplify the expression. O

We are now ready to focus on the desired result.

Proof of proposition 3.8. (i) By assumption, y(0) € V. Let us start by checking that all compo-
nents of y, as well as A, stay non-negative over time.

Let tg = 0 be such that y(tg) € V. If i(tg) = 0, then #/(ty) = —s'(t9) = 0 by assumption,
which ensures that ¢ will not become negative on a neighbourhood of ¢g. Similar arguments hold
for the lower bounds of A and s, using Lemma C.1 and inequality (16), respectively.

Regarding ngg D for X € {H,W} and (S, ) € S, let us first emphasize that, by inequality (16),
the derivative of nfg py is well defined at ty. Indeed, recall from Equation (6¢) that the terms

D (t)/s(t) and nggﬂ’l_l)(t)/s(t) may be ill defined, due to the division by s(t). However,
inequality (16) ensures that these ratios stay bounded at all time. As a consequence we may
now notice as previously that, if n( s.1) (to) = 0, Equation (6c) ensures that % ( 5.1 (to) = 0.

The desired conclusion follows: whenever either of the quantities of 1nterest reach zero, their
derivatives are non-negative which ensures that they do not become negative shortly thereafter.

Next, let us have a look at the upper bounds. For X € {H, W}, a brief computation yields

SI)eS

This assures that starting from y* € V, the inequality >, g yjeg nfg 1 (t) < 1 holds. For X €
{H,W} and (S,I) € S, it follows that if n(S[)(to) = 1, then for any (S',I') € S\(S,I),
né, p)(to) = 0. Thus

d S
ané”(to) <>\XS’I + 7 (to) —— s(to) + 76 (t0)S + 7]) 0,

from which one may deduce that nfg n remains less than or equal to one. The remaining upper
bounds on s, ¢ and s + ¢ may be obtained using similar arguments.
We thus have established that if y* € V', then y(¢) € V for all t such that y is well defined.

(ii) In order to prove the existence of a unique global solution y for any initial condition

y* € V, it is enough to show that f is Lipschitz continuous on V| as global existence and
uniqueness then follow from Cauchy-Lipschitz Theorem.
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Let us first consider f,. Let y = (s,z,n(SI Xe{H W} (S, I)eS)andy = (§,%,ﬁ€g71) X €
{H,W},(S,I) €S) be two elements of V, and let X € {H, W}. Letting cx = Ax#S(nmax)?/mx,
we obtain that

. Ax . "
mx(v) =@ < == 3 STingsy =iyl < exly =il
(S,1)es

Further, recall that 0 < 7¢(y) < B¢ for any y € V.
Letting ¢s = cg + cw + Bg, it follows that

[fs(y) = FsO)] < I (y) = 7a (@) + lrw (y) — w (9)] + [7a(y)s — 76 (9)8] < cs lly — 9l -
Similarly, letting ¢; = ¢s + 7,
fiy) = Fi@)] < [ fs(y) = Fs @] +li =i < cilly = 9llos -

Finally, notice that inequality (16) implies that max(Snffq D /S,Sﬁfg 1 /8) < myx for any
X e {H,W} and (S,I) € S. As a consequence, we obtain that

Sn)gf sz)gl
() —22 = (y) 2 < x| () — ()] < mxex ly = ille

from which we may deduce, letting ¢ = 2(Ax (Mmax)? + mxcx + Ba + ), that
[fxis.0 W) = Fxisn @ < clly =l -
This establishes the desired Lipschitz continuity of f on V.

(iii) In order to establish (iii), it simply remains to show that the initial condition y* defined
by Equation (7) belongs to V. Let us start by noticing that, following Equation (7), for any
X e{H W},

Nmax n—1 Mmax
Z nfg,l)(O) = X C;)esl(l —e)n ! = Z X (1—e") < 1.

Similarly,

Tmax n—1 T'max
2 Snél)(O):ZWfZ(n—I)(?) (1—¢e)" 27? n(l—e)

= (mx — ) (1 — &) < mxs(0),

where we have used the fact that s(0) = 1 — ¢, and recognizing E[n — B] for B ~ B(n,¢) to
deduce the second equality. The other conditions following immediately from (7), we conclude
that y* e V. O

C.2 Proof of Lemma 3.9
Let X € {H,W}. To begin with, let us introduce the family of sets

Ens ={re E:n(zx) =n,s(x) = s}, V(n,s) € [1,nmax] x [0,7]
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which constitutes a partition of E. In the following, let (n, s, 7¢) be distributed according to
ni%, for any ¢t > 0. Let f be a non-negative measurable function on E. Then

<77tXa ) =E[f(ne, s, )]

Mmax N

= 2 2 E[f(n¢, st,7)|[ne = n, 50 = s]P(ne = n, 8¢ = s).
n=1 s=0
Conditionally on {n; = n,s; = s}, almost surely (ng, s¢,7) € E(n ) and (Tt)n—s+lmmax =

Thus

nmax_(n_s) N

Mmax

<77tX’ f> = Z f(n7n70nmax)]P)(nt =n,s = 8)
n=1

Nmax N—1 n—s
+ Z Z E [f <n,3, Z(Tt)k6k> ‘nt =n,s = s] P(nt = n, s¢ = s).

(C3)

n=1 s=0 k=1

Let p;*(n,s) = P(n; = n, s = s). Then on the one hand, define for any n € [1, nmax],

Xn,n

pi ™" =p(n,n).

On the other hand, for s < n, let ﬁX’(n’S) be the distribution of ((7¢)1,..., (7¢)n—s) conditionally
t

on {n; =n,s; = s}. If we manage to show that ﬁgx’(n’s)

(n,5)

is absolutely continuous with regard to

the Lebesgue measure on R"™*, then letting ﬁix’ be its density, the result follows with

vre R, 0 (r) = pif (n, 5)p (7).
In order to show that for any n € [1, nmax] and s € [1,n—1], ﬁ;X (m9) g absolutely continuous
with regard to the Lebesgue measure on R" % we will proceed by induction.
Let us first consider the case s = n — 1. We want to apply Equation (4) to test functions
©* € C}(E,Ry) which are equal to zero outside of the set {z € E : n(z) = n,s(z) = n — 1}.
Hence, let ¢ € C{(R) be non-negative, and define ¢* € CL(E,R}) by

Vre B, ¢*(z)=¢(11(2)1{n()s@)=(ns)}-

Let T' > 0 and for ¢ € [0,T], define fi(x) = ¢*(¥(x,T,t)) for x € E. Using Equation (C3) and
applying Equation (4) to f; after noticing that Afi(x) = 0 for any (¢,x2) € Ry x E, we obtain
that

P (nyn — )G " 0y = X 0y = o fr)

T T
= (s foy + AHL (it si(ff = fo)ydt +J0 AF S s(fF = fo)ydt.

As ¢ = 0 and letting C' = nmax(AHMmax + AWwnmax + Ba), it follows that

T
¥ (nn = DG, 0y < o+ C f i, fEydt. (C4)

Notice that Equation (5) with a change of variables z = o — T" implies that
G foy = (1= e [ e gy
R
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Furthermore, by definition, for any z € F,

+00
TE (@) = Lin(@)=n.s(@)=n} JO oo — (T —t))ye "7do.

Thus Equation (C3), Fubini’s theorem and a change of variables z = 0 — (1" — t) lead to

T T
J S, fEydt =f gO(Z)J X (n,n)ye 7EET) dtdy.
0 R 0

Let
X,(n,n—1)

Hy’ :zeR— (mrff(l - 5)"_151{Z>_T}ye_7(z+T))

T
+ J i (n, n)’ye*V(”(T*t))dt.
0

Then Hj{( (mn=1) 4 integrable on R with respect to the Lebesgue measure, as its integral is equal
to the right-hand side of Equation (C4) which is finite. It further satisfies

~X,(n,n—1 X,(n,n—1
P (n, )G 0y < fR HE O () (2)d.

In particular, let B be a Borel set which is null for the Lebesgue measure. Consider a mollifier
1 on R in the same sense as for the Proof of Lemma 3.1. For a > 0, let 1, : z € R — a~1¢(az).
Then for any a > 0, we may define ¢, = 15 * 14, which is an element of C'(R) with compact
support. Thus for every a > 0,

~X,(n,n—1 X,(n,n—1
P ) g0y < | HEOD g0 ) (©5)
: "Xv(nvn*l) 3 3 X:(nanfl)
As ¢, further is bounded by 1 for every o > 0, and as 7, is a finite measure and H,

is integrable on R with respect to the Lebesgue measure, dominated convergence allows to let «
go to 0 on both sides of inequality (C5). As B is a null set for the Lebesgue measure, the right-

(n,n—1)

hand side goes to 0. This demonstrates that 77:,){ ’ is absolutely continuous with respect to

the Lebesgue measure on R.

Let us now suppose that ﬁj)f (s tl) g absolutely continuous with respect to the Lebesgue

measure on R" 57! for some n’ € [1, nmax] and some s € [0,n — 2]. This time, let ¢ € C}(R" %)
be non-negative and define ¢* € C}(E,Ry) by
Vx € E, 90*(1‘) = 1{n(:p):n,s(:p):s}90(7—1(m)a s 7Tn—5(‘r))'

Forany T > 0 and t € [0,T], let f; : x € B — ¢*(V(x,T,t)). Proceeding like before, we obtain
that

T
P (m, )™ oy < L fod + cjo i, £y, (C6)

In order to simplify notations in the following, define for 7" > ¢ > 0 and (71, ..., 7—s) € R"™*
the function

ort(T1, ..oy Taes) = @(m1 — (T —t), ..., Th—s — (T}, 1)).

Then similarly to the case (n,n — 1), Equation (5) leads to

n s n—s .
<n())(, fo= WT)L( <s> (1 —g)%e" f o10(01,- .., 0n—s) | | (1{[,].>0}ye 19iYdoy ... dop—s. (CT)
n—s j:l
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Notice here that for any 7' > 0 and ¢ € [0, 7], the application z € R" % — z — > 7" 7(T — t)ey,
where ey, is the k-th vector of the canonical basis of R"*, defines a C'-diffeomorphism from
R™* into itself, whose Jacobian matrix is the identity matrix of dimension n — s. Using the
case t = 0, Equation (C7) becomes by change of variables:

n S _NnN—s T — Z5
o = (M) mere s [ etz [ [0 e e
n—s j:l

Moreover, notice that this time, for any x € F and o > 0,

ftl—(x) = 1{n(:1:):n,s(:1:)71:s}90T7t(Tl (CL'), R Tn—S—l(x>7 U)‘
Thus, for ¢ € [0,T7],

+0o0
o _X,(n s’ +1
<77tX’ tI>:J (f QDT,t(Tla"-aTn—s—l,O')'ye K da-)pg((nﬂg"'l)nt (st )(dle-'vdTn’—s’—l)'
Rn—s—1 0

Fubini’s theorem together with the induction hypothesis yield
S = J f ) Ot (T1s ooy Tes—1,0)pi (0,5 + 1)55(’(71’”1)(717 e Tn—s—1)dTy .. dTy_s_1ve 7 do.
Ry JRn-o-

The previously introduced family of C!'-diffeomorphisms may serve again for a change of vari-
ables, allowing to obtain that

<77,;X, ftI> = th(n, s+ I)J ) (go(zl, e Zn—s—1, ans)1{zn,s>_(T_t)}7e_7(zn*8+(T—t))

X pf(’n’sﬂ(zl +(T—1t),...,2n—5-1+ (T — t))) dzy...dzp—s.
For z = (21,...,2n—s) € R"%, define
X,(n,s n s _n—s f —v(2;
) = (1)@ = et T a5 0)
j=1
T Xt
+ fo A I+ (T =), .. 2ns1 + (T — t))1{Zn_s>,(T,t)}fye*7(Z”—s+(T*t))dt.

It then follows like before from Equation (C6) that H;( (m9) g integrable on R"~* with respect
to the Lebesgue measure, and

»«_Xv7 ) X7 ’
py (n, 8){ip (), @y < H, (n 8)(2’1, ey Zn—s)dzy . dzp—s.
Rn—s
The absolute continuity of f];{ (5) ith respect to the Lebesgue measure on R™"~* follows using
the same arguments as previously. This concludes the proof. O
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