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ABSTRACT

Possible strong first-order hadron-quark phase transitions in neutron star interiors leave an imprint on gravitational waves,
which could be detected with planned third-generation interferometers. Given a signal from the late inspiral of a binary neutron
star (BNS) coalescence, assessing the presence of such a phase transition depends on the precision that can be attained in the
determination of the tidal deformability parameter, as well as on the model used to describe the hybrid star equation of state. For
the latter, we employ here a phenomenological meta-modelling of the equation of state that largely spans the parameter space
associated with both the low-density phase and the quark high density compatible with current constraints. We show that with a
network of third-generation detectors, a single loud BNS event might be sufficient to infer the presence of a phase transition at
low baryon densities with an average Bayes factor B ~ 100, up to a luminosity distance (D < 300 Mpc).

Key words: gravitational waves —instrumentation: interferometers — stars: neutron —neutron star mergers.

1 INTRODUCTION

In the standard picture, the interior of a neutron star (NS) encom-
passes several phases of matter, from nuclei in the iron region close
to the surface via more exotic neutron-rich nuclear clusters in the
crust to a uniform liquid of nuclear matter in the outer core (Haensel,
Potekhin & Yakovlev 2007). In the core, at densities above nuclear
saturation, ny =~ 0.16 fm=>, the pressure becomes so high that further
degrees of freedom may emerge. These include, possibly, mesons —
which could also form condensates, hyperons or A-baryons. An
even more dramatic possibility is that of a phase transition (PT) to
degenerate quark matter and the formation of so-called hybrid stars.
Under the hypothesis of absolutely stable strange quark matter, even
pure quark stars might exist, see e.g. the reviews (Chamel & Haensel
2008; Oertel et al. 2017; Burgio & Fantina 2018; Lattimer 2019;
Raduta 2022). This makes the compact objects a unique testbed of
subatomic physics, not only probing nuclear many-body phenomena
and their dependence on density and isospin asymmetry, i.e. the
neutron-to-proton ratio but also probing unexplored finite-density
regimes of quantum chromodynamics.

Currently, the main astrophysical constraints on NS interiors stem
from the precise mass determinations for three NSs in NS-white
dwarf systems (Demorest et al. 2010; Antoniadis et al. 2013; Fonseca
etal. 2016; Cromartie et al. 2019), all three with gravitational masses
around 2 Mg. The object PSR J0740+4-6620 (Cromartie et al. 2019) is
thereby particularly interesting since NICER succeeded in obtaining
a measurement of its radius (Miller et al. 2021; Riley et al. 2021),
making it the second object after PSR J0030+0451 (Miller et al.
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2019; Riley et al. 2019) for which both mass and radius could be
determined. Moreover, with the detections of gravitational waves
(GW) from binary neutron star (BNS) mergers by the LIGO-Virgo
collaboration, a new window has opened to explore the constituents
of matter under extreme conditions. For the first detected event,
GW170817, the tidal deformability was obtained (Abbottetal. 2017),
aquantity strongly correlated with the NS radius. In the coming years,
starting with run O4 of the LIGO-Virgo-Kagra (LVK) collaboration,
GW detector network sensitivity will be further increased and a
number of additional detections is expected. Projects for ground-
based third-generation detectors such as the European einstein
telescope (ET; Punturo et al. 2010; Maggiore et al. 2020) and the
American cosmic explorer (CE; Reitze et al. 2019; Evans et al. 2021)
planned for ~2035 will allow for a considerable gain in sensitivity.
They need more stringent constraints on theoretical models for the
description of the dense matter.

A particular question in this context is the possible presence of a
first-order PT in dense NS matter. Since the first mention of possible
hybrid stars decades ago, e.g. (Glendenning, Weber & Moszkowski
1992), finding astrophysical signatures of such a PT has been a very
active field of research, see for instance the reviews (Alford 2001;
Buballa et al. 2014; Contrera et al. 2022). In this work, we investigate
if and how accurately we can detect a PT in the core of two coalescing
NSs during the inspiral phase with a network of third-generation GW
detectors. Several authors have already pointed out that a PT in the
post-merger phase leads to a characteristic increase in the dominant
post-merger oscillation frequency (Bauswein et al. 2019; Most et al.
2019) with respect to the one expected from the measured inspiral
parameters under the assumption of a purely baryonic equation of
state (EoS). If the post-merger signal is detected it could even help
to constrain the onset density for the PT (Blacker et al. 2020) and a
delayed PT could leave an imprint on the ringdown of the black hole
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formed once the metastable remnant has collapsed (Weih, Hanauske
& Rezzolla 2020). These ideas apply if, prior to the merger, both
stars do not present any PT, which is plausible for not too massive
stars.

The horizon for detecting a post-merger signal is, however,
relatively small even for third-generation detectors and only a few
events are expected, see e.g. (Torres-Rivas et al. 2019). On the
contrary, a huge number of BNS mergers should be detected with
information extracted from the inspiral among others about the chirp
mass M, the mass ratio g and on the combined tidal deformability
A (see equation 15), which is a function of the tidal deformabilities
A and A, of both stars (Maggiore et al. 2020; Evans et al. 2021;
Branchesi et al. 2023). Since a PT changes the relation between
the mass and the tidal deformability for each star, (see e.g. Damour
& Nagar 2009; Postnikov, Prakash & Lattimer 2010; Han & Steiner
2019; Sieniawska et al. 2019), A is modified, and this of course raises
the question of its detectability which many studies have addressed
recently.

For instance, based on the breakdown of quasi-universal relations
fitted to purely hadronic EoS in (Chatziioannou & Han 2020) and a
comparison of the inferred radius in (Chen, Chesler & Loeb 2020)
together with a collection of simulated BNS merger events for purely
hadronic and hybrid EoS, it has been shown that ~50-100 detections
can be sufficient to distinguish different EoSs. In Coupechoux et al.
(2023), the authors assess the possibility to distinguish different
equations of state with and without a PT from a GW170817-like
event during the O4 run of LVK. The importance of next-generation
detectors (ET and CE) to identify a hadron-quark PT was pointed
out by some recent studies based on e.g. different behaviour of
the sound speed (Tan et al. 2022), or breaking the degeneracy of
EoS models with similar NS radii but different tidal deformabilities
(Raithel & Most 2023). The above studies, however, conclude on
the detectability of a PT by comparing a few particular EoS models,
which is clearly not sufficient to cover the entire space of all possible
EoSs with and without PT. A different approach has been used in
Essick et al. (2020) and Landry, Essick & Chatziioannou (2020),
where a non-parametric EoS inference is applied to the GW170817
event with weak statistical evidence in favour of two stable branches,
i.e. the existence of hybrid stars with a strong PT. The role of third-
generation interferometers in reaching a more robust conclusion on
this issue was pointed out in Landry & Chakravarti (2022). In the
study by Pang et al. (2020), the authors have performed a Bayesian
inference study with three different injected EoS models, concluding
that already 12 events with current detectors could be sufficient
to disentangle a strong PT. However, here the injected models
represent only snapshots of all possible EoSs with a PT transition
and the inference of a PT is done based on the number of different
polytropes employed in the EoS reconstruction. We will use a meta-
modelling approach as well for the models with PT as those without.
The metamodel is a flexible parametrization of the purely nuclear
EoS, incorporating constraints from nuclear experiments, theory, and
astrophysical observations as priors (Margueron, Hoffmann Casali
& Gulminelli 2018). For the former, we have extended the nuclear
meta-model to include a potential PT taking as parameters the density
for the onset of the transition, the energy density jump and the sound
speed in the high-density phase controlling the stiffness of the EoS.
The injection models have been chosen from the borders of the
respective metamodels. In addition, we will concentrate here on
the possibility to detect a PT from one single loud event in third-
generation detectors.

The paper is organized as follows: In Section 2 we summarize the
EoS modelling which is used in the present work. A brief summary
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of the Fisher matrix formalism to quantify variances in various
astrophysical parameters connected to a BNS merger is provided in
Section 4.2. Section 4 contains the proposed Bayesian framework to
infer the possible signs of a PT from the GW gravitational wave signal
generated by a BNS coalescence. We discuss the results in Section
5. Concluding remarks and the future extensions of the present work
are discussed in Section 6.

2 METAMODELLING OF NEUTRON STAR
MATTER

For our purposes, NS matter comprises an inhomogeneous crust and
a core of uniform matter fully governed by the strong interaction. The
crust and the purely nucleonic outer core are consistently calculated
using the same energy functional, see Section 2.2. We describe then
the core, see Section 2.1 in the nucleonic hypothesis up to a certain
density, beyond which we assume the appearance of quarks at the
very centre of the star. The density of the PT to the quark core is an
input parameter in our model.

2.1 Neutron star core

2.1.1 Nucleonic part

For the description of the purely nucleonic outer core, we follow a
metamodelling approach. Below we will briefly recall the main lines
of the model, for details see Margueron et al. (2018). Within our
model, the uniform nucleonic matter is described by decomposing
the energy density of infinite nuclear matter as

nd/3
en(tn, np) = Ciin Y e AL O Ugym(n) 87, ey
g=n,p 9%

where n, (np) is the neutron (proton) number density, n = n, + np is
the baryon number density, § = (n, — np)/n is the isospin asymmetry
and Cyj, = 3(372h*)*3/10 ~ 2.87 h>. The first term takes into
account the zero point Fermi gas contribution, and the momentum
dependence of the nuclear interaction through the density-dependent
effective mass mj (¢ = n, p). The remaining term is broken down
into an isospin symmetric part, Uy(n), and an isospin asymmetric
part, 82 Usym(n). For both Uy(n) and Ugyn(n) an expansion up to
order N = 4 around the nuclear saturation density ng, is used:

N
(vido,s
Uoam(n) = n Y =2 il () x*. @)
k=0 :
with
n — Mgyt N N+1—k —b(143x)
X = o , and, u,; (x) =1—(=3x) e ) (3)
sat

where the ) terms ensure vanishing energy at zero density. The coef-
ficients (vx)o,sym are functions of nuclear matter properties (NMPs) at
saturation density ng,. Specifically, the coefficients of U in equation
(2) can be expressed as a function of the density derivatives at
different orders of the energy per baryon of symmetric nuclear
matter! (SNM), like the energy per particle Eg,, incompressibility
K, skewness Qgy and kurtosis Zg,. Similarly, the coefficients of
Ugym are related to other NMPs, like the symmetry energy Egyp,
symmetry slope Ly, symmetry incompressibility Kgyn,, symmetry
skewness Qg and symmetry kurtosis Zgyy,, all evaluated at ng,; and
for symmetric matter.

'Nuclear matter with an equal number of protons and neutrons, i.e. § = 0.

MNRAS 524, 3464-3473 (2023)
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The contribution of an ideal gas of electrons (e) and muons (i) to
the energy density
(me. u)4

en = 3a(hey [@x? + Dx,y, — In(x, +9,)] )

he(3m2n))'3 .
he@an) and y, = /1 4+ x? with [ = e, . The
net amount of electrons present in the system is determined by the
B-equilibrium condition solving the coupled equations of chemical
potentials t, . of neutrons, protons and electrons, respectively, as

Un(n1, 8) — pip(n, 8) = pe(n, ), (&)

where (1, , = 0ey/0nyp + mn,pcz, and m,, ; are the bare neutron and
proton masses. If the chemical potential of electrons p, = 0¢&./0n,
exceeds the muon mass m,,, they appear spontaneously in NS matter.
Their amount is fixed by local charge equilibrium n,, = n, — n,
and the global equilibrium condition 1, = .. Once the equilibrium
composition §(n) is determined at each density from equation (5),
the baryonic pressure is obtained from the thermodynamic relation”

where, x, =

prm) =Y ny (1tg — myc®) — ex(n, 9). 6)

q=n.p

where ny, 114, and § are all functions of n, while m, are the two bare
masses of neutrons and protons.

2.1.2 Quark matter EoS

We assume that the appearance of quarks in the inner core gives rise
to a first-order PT, namely two continuous branches py(ey), po(€0)
separated by a finite jump Aeg in energy density at a given value p,
of the baryonic pressure. We note that & is the highest value of the
energy density in the nucleonic (N) phase, and ¢, + Ae¢ represents the
lowest energy density value in the quark phase. As a consequence, a
discontinuity in the sound speed ¢, between the nucleonic and quark
phases is also expected. When the core gets converted to quarks
completely, we assume it fixes ¢, all the way up to the centre of the
NS from the point of transition. In this simple picture, the EoS of
the quark core can be specified by (see e.g. Zdunik & Haensel 2013;
Alford & Sedrakian 2017):

poleg) = cX(gg — &), @)
c2/(14c2)
1+C2 p $/( s
1o(po) = tu {1 +——=2 : ®)
&
2 2
142 po ]/ o\
n(p)=n[1+ = =n|— ) )
ere ' C? Et ' Mt

Here, u, represents the baryonic chemical potential at the transition
point (ug = W, in the nucleonic phase), and 7, is the baryonic density
at the onset of the transition. Three parameters n,, cf, and Aeg are
used on top of the parameters for the nucleonic metamodelling to
describe the NS core. In Zhang & Li (2023) a similar approach is
used to model the NS EoS in order to obtain constraints on a potential
hadron-quark transition from NS observables, but the nucleonic part
in their case is limited to one single EoS, obtained by fixing the
NMPs to a fiducial set.

Note that according to equation (1), the metamodel energy density ex does
not contain the mass terms, so they are explicitly added in equation (6).

MNRAS 524, 3464-3473 (2023)

2.2 Neutron star Crust

We model the NS crust by using the compressible liquid drop
model (CLDM) approximation of Carreau, Gulminelli & Margueron
(2019), which allows us to extend the metamodel for uniform
nucleonic matter in Section 2.1.1. In the CLDM, the bulk energy
of a spherical nucleus with A nucleons, Z protons, radius ry,
and bulk density n; is described by using equation (1) as Epux =
Aey(n;, 1 —2Z/A)/n;. The total binding energy of a finite nucleus
is obtained by adding surface, curvature, and Coulomb terms. The
surface and curvature contributions are expressed in terms of surface
and curvature tensions o and o . as (Ravenhall, Pethick & Lattimer
1983; Maruyama et al. 2005; Newton, Gearheart & Li 2013)

) ( 2oc(Z/A>)
Esurf + Ecurv = 47TI’N GS(Z/A) + }“7 s (10)
N
it 0.0 = 21+ b, (11)
with,  oy(x _Gox*3+bs+(1—x)*3’
0e(x) = 5.50,(x) 22 (B — ). (12)
00

Finally, the Coulomb term in a spherical Wigner—Seitz (WS) cell
reads:

8 VA 2 N
Ecoul = g (ﬂezni> r]%} Ncoul (%) s (13)
. 17, 3
with  neou(x) = 3 x+2(1-— Ex . (14)

Here, e is the elementary charge, rws the radius of a WS cell, and 7oy
the function taking into account electron screening in the Coulomb
energy. The parameters o, 0, ., bs, and B are obtained by optimizing
the agreement of nuclear masses in vacuum with the AME2016 mass
table (Wang et al. 2017; Dinh Thi, Fantina & Gulminelli 2021b; Dinh
Thi et al. 2021c¢). The EoS is eventually obtained by minimizing the
energy of the WS cell by varying A, Z, n;, ~, rws, as well as the
neutron gas density ng (Carreau et al. 2019; Dinh Thi et al. 2021b;
Dinh Thi et al. 2021c¢).

3 ESTIMATION OF DETECTORS’ RESPONSE:
FISHER INFORMATION FORMALISM

In order to assess the uncertainty in the parameter estimation associ-
ated with future observations of GWs from the coalescence of BNSs,
we make use of the publicly available tool GWBENCH (Borhanian
2021), which implements the Fisher information paradigm (Cutler
& Flanagan 1994; Poisson & Will 1995). The main drawback of
this approach is that it is valid for events with a high signal-to-noise
ratio (SNR; Vallisneri 2008). On the other hand, its main advantage
is the considerable increase in computational speed, as compared
to standard Bayesian analysis. Here, we give a summary of our
procedure to compute a sequence of simulated GW events from BNSs
and estimate the parameters that could be inferred from such events
by the third-generation Earth-based GW detectors. For details about
GWBENCH, the interested reader can refer to Borhanian (2021).
‘We model events of BNS coalescence with masses m; and m, by
using the waveform templates implemented in GWBENCH, namely
the ‘TaylorF2 4 tidal’ models (Wade et al. 2014). They depend on
the following parameters: (MC, n, X1» X2, Dr, ¢, A, 8[\). Here, n =
myma/(my + my)?, X1.2 are the dimensionless spin vectors of the two
NSs, Dy, is the luminosity distance, ¢ is the inclination angle of its
orbital plane with respect to the line of sight. Finally, A and §A
are two parameters containing the tidal deformabilities of both stars
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(A1, Ay) and are defined as:

.8
A=—[(1+7=31n) (A1 + A)+

13
+/T=an (149 = 117) (A1 = A2)] (1)
o 13272 8944
A= |V1—-4np(1-—=Zn+ —n*) (A1 +A
2{ 7)( 131977+131977>( 1+ A2)+
(1000 380 5 330 N
1319 77 1319 T T aze T ) T Y

We use different EoS models as described in Section 2 to relate each
NS mass (m;, my) to the corresponding tidal deformability parameter
(A4, Ay). The M—A relation is obtained for each EoS by solving the
Tolman—Oppenheimer—Volkov (TOV) equations, together with the
differential equations for perturbed relativistic stars described by
(Hinderer 2008, 2009). In the case where a PT appears in the NS,
additional terms due to jumps in thermodynamic quantities must be
taken into account. To do this, we follow the approach by Pereira
et al. (2020).

For each EoS, we assume fixed values for the spins and inclination
x1 = 0.01, xo = 0.005, and ¢ = 45° and inject a series of events
into GWBENCH?, with chosen values for the chirp mass M., the
mass ratio ¢ = my/m; and the luminosity distance D . A, and §A are
deduced from the M—A relation for the specific EoS considered
and equations (15) and (16). The detector features are those of
the projected third-generation ground-based ones: triangle-shaped
ET (see Punturo et al. 2010) and two CE detectors (see Reitze
et al. 2019). Details about their power spectral densities and exact
projected locations are given in appendix C of Borhanian (2021).
GWBENCH then returns estimates of measurement errors in the
parameters of our waveform models. These estimates shall be used
in the next sections, in particular for the case of A. Concerning
8A, this parameter only enters at the sixth post-Newtonian (6 PN)
order in the waveform, meaning, it is subdominant with respect to
the leading-order 5 PN tidal correction (Wade et al. 2014). For this
reason, it is not possible to obtain error-bound estimates of 8 A within
our approach; it can be however estimated using EoS-independent
relations (Chatziioannou, Haster & Zimmerman 2018).

4 BAYESTIAN FRAMEWORK

We use a Bayesian framework to quantify the compatibility of a
simulated observation between a purely nucleonic and a hybrid
(nucleons + quarks) NS core. For the different EoS, we employed
the techniques outlined in Sections 2.1.1 and 2.2 based on Dinh Thi,
Mondal & Gulminelli (2021a) and Mondal & Gulminelli (2023). To
build the prior for the nucleonic metamodel, 12 NMPs corresponding
to uniform matter* were varied randomly with a constant probability
distribution over a wide domain. Since the expansion in equation
(2) is truncated at the fourth order, it is necessary to use different
Qsat,sym) and Zgai sym) below and above ng, to increase the reliability
of the expansion over a large density range. In particular, it makes the
EoS free of any fictitious correlations between observables connected
more to the low and high-density regimes, respectively. Since these

3The spin parameters have been fixed to reasonable values lying in the inferred
range for the GW170817 event (Abbott et al. 2019).

“The 12 NMPs are: Nsat, E(sat,sym)a Lsyms K(sat,sym)s Q(sat,sym), and Z(sa!,sym),
plus the two effective masses m; for neutrons and protons at saturation. The
full function m; (n, §) in equation (1) is then uniquely fixed by following the
parametrization in (Margueron et al. 2018).

Phase transitions in neutron star matter 3467

high-order NMPs have no contribution in equation (1) at ngy,, this
way of choosing different values for coefficients of the same order
in the expansion does not induce any discontinuity in the energy,
pressure, or sound speed. This leads to a total of 16 parameters for
the nucleonic EoS.

For the hybrid EoSs, containing nucleons and quarks, we obtained
three families namely ‘PT03’, ‘PT04’, and ‘PTO5’ based on the
density n, at the onset of the nucleon-quark transition fixed to 0.3,
0.4, and 0.5 fm—3, respectively. For all hybrid models, the width of
the plateau Ae is chosen by imposing a random value for the lowest
baryon density in the quark phase varying between n, and 1.5n,.
Finally, the squared sound speed ¢? is randomly varied between 0.1
and 0.9 ¢2, where c is the speed of light. These large variations were
used to cover a large space in the p(¢) plane by our hybrid models. It
should be kept in mind, that a constant sound speed description can
of course not recover a more complicated behaviour inherent to more
sophisticated microscopic models for quark matter (see e.g. Kurkela,
Romatschke & Vuorinen 2010; Chen et al. 2015; Xu et al. 2015;
Zacchi, Hanauske & Schaffner-Bielich 2016; Alvarez-Castillo et al.
2019; Otto, Oertel & Schaefer 2020; Jokela et al. 2021; Shahrbaf et al.
2023), but the chosen range should be able to enclose most models
such that we consider our assumptions as very conservative. Itis quite
important to mention here the particular motivation to keep n, fixed
at distinct values, rather than varying it randomly within a range,
too. Since a random n, would only introduce further uncertainty on
top of the nucleonic EoS, the fully nucleonic metamodel would be
systematically preferred irrespective of any observation. We thus
target to identify the signature of nucleon-quark PT, based on its
early or late appearance in terms of density.

4.1 Obtaining an informed prior

On the whole, to perform the Bayesian analysis we have used 16
parameters (N, = 16) for the nucleonic metamodel and 19 parameters
(N, = 19) for ‘PT03’, ‘PT04’, and ‘PTO5’ hybrid metamodels.
The uninformed prior distribution Pyor(X) = ,](Vi 1 Pr(Xy) of the
parameter set X = {Xi, k = 1, ...N,} is obtained with a flat
uncorrelated distribution P,(Xy). To obtain a prior informed by dif-
ferent observations, the probability of each model is then conditioned
by the likelihood models of the AME2016 mass evaluation (Wang
et al. 2017), low-density constraints on SNM and PNM obtained
from theoretical x-EFT calculations (Drischler, Hebeler & Schwenk
2016), constraint from the observed maximum mass of NS (Demorest
et al. 2010; Antoniadis et al. 2013) and constraints on the joint tidal
deformability A of the GW170817 event (Abbott et al. 2019) as

Pinformed<x) = PX|c) = N - PAME2016(X)PX*EFT(X)

prior
XPMmL.X(X)PGWl7O8l7(X)HP(Ck|X)~ (17
X

Here, NV is a normalization constant. The AME2016 filter is obtained
as

PamE2016(X) X waME e XAmE/2, (18)

where, wame = 0 or 1 depending on the meaningful reproduction
or not, of the whole AME2016 mass table (Wang et al. 2017),
respectively. The objective function for the AME2016 mass table
is given by

2
(B/ A& pmX) — (B/AR
X/iME(X) — %Z ( CLDM 2 AME) ’ (19)

" OBE

MNRAS 524, 3464-3473 (2023)
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with N = 2408 and the adopted error ogg = 0.04 MeV. The proba-
bility for the x-EFT pass-band type filter based on the constraints on
SNM and PNM between 7 = 0.02 and 0.2 fm~3 is obtained from the
theoretical calculation in Drischler et al. (2016) as,

Py grr(X) < wy-grr(X), (20)

where, w,.grr(X) =0or 1, depending on SNM and PNM correspond-
ing to X passing through the whole range or not. This theoretical
band was obtained from the 90 per cent confidence interval, which
we have increased by 5 per cent on the edges to interpret it as a
20 band. The probability assigned to each model due to observed
maximum mass M[‘;}Z; =2.01 £0.04 My (Antoniadis et al. 2013),
following a cumulative probability distribution, is given by
MmaxX)/ Mo (v—2.012

e 2x004% dx. (21)

1
P = |
" 0.04v/27 Jo
The effect of the joint tidal deformability A observed during the
GW170817 event (Abbott et al. 2019) on the different metamodels
and hybrid metamodels are obtained from a two-dimensional proba-
bility distribution Pgy170817(A(q), ¢) as,

Pewi70817(X) = Z Powirosi7 (Ag™). q7) . (22)

Here, we have assumed a constant M, = 1.186 My due to the
small uncertainty in the observed chirp mass. For each model X,
we sampled g € [0.73, 1] and interpolated the probabilities from the
two dimensional distribution Pcwnogn(f\(q), q) to perform the sum
in equation (22).

Once the informed prior probability for each model is obtained, the
corresponding probability distribution for the observables is obtained
by marginalizing over the range of parameters X € [Xpin, Xmax] a8,

N
ratmn =1 [
k=17X

xmax

k .
dX; PRE™X)8 (Y — Y(X)). (23)
,r‘nm

4.2 Confronting the models with simulated ‘observations’

To identify the signature of a PT in the GW signal from a BNS
coalescence, we examine the compatibility of the purely nucleonic
metamodel and the hybrid metamodels subjected to a given event.
As described in Section 4.2, we consider a hypothetical BNS
coalescing event specified by {M?, g9, Ao}, where M, is the chirp
mass, ¢ = mp/m; the mass ratio, and A the tidal deformability.
To determine Ag(M?, go) we use a specific EoS model from one
of the hybrid metamodel families. Given the characteristics of the
detector, the distance (D) and the sky location, we then calculate
the interferometer response to this event via GWBENCH using
the aforementioned EoS model. This gives us a posterior exper-
imental distribution p%, (M., g, A), as well as the marginalized
distributions p%, (M.), p&y(q), and pZ, (A), that of course will
implicitly depend on the choice MY, g, together with the detector
characteristics. Since the chirp mass is very well measured, we will
always assume p2,,(M,) = §(M. — MO).

Once an ‘observation’ is simulated with a model from the hy-
brid metamodel class, we want to confront the tidal polarizability
measurement p%w([\) with the nucleonic hypothesis. To make the
comparison, in principle, we could calculate

Pota(R) = p (A | meta, BI = M2, qo) (24)

where meta denotes the nucleonic metamodel, and B/ the background
information. However, if we consider that p%,,(A) corresponds to
a true measurement, /\/l? and gy are not known exactly, but only
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Figure 1. Informed prior distribution of the width of plateau Ae in units of
energy density at transition &, and squared sound speed cs2 in units of speed
of light ¢ with PTs at 0.3, 0.4, and 0.5 fm~3 for hybrid metamodels PTO03,
PT04, and PTOS5, respectively (see text for details).

as a distribution p2, (M., q). Thus, the only quantity we can
meaningfully compare to p2, (A) is the distribution given by,

PR = p (A | meta, BI = M?, ply(q)) - (25)

Imposing to the nucleonic metamodel a ¢ distribution identical to
the one hypothetically extracted from the ‘observation’ clearly gives
a distribution more spread than pf]?;a([\), which is the only one that
we will be able to compare to the observation. A similar probability
distribution corresponding to the hybrid metamodel is expressed as

p(R) = p (A| PT, BI = M°, p%.(9)), (26)

where PT signifies hybrid metamodels containing a first-order
hadron-quark PT.

In the end, to distinguish the compatibility of observation with the
nucleonic metamodel and the hybrid metamodels, one can resort to
evidence in terms of Bayes factors. Given an event, the Bayes factor
can be defined as a function of A as

(O
N A)
Bormenn(A) = 20 @n
Pha(A)
- 1
Buetapr(A) = —————. 28
[’PT( ) BPT,meta(A) ( )

The average Bayes factors associated to the simulated observation
P (A) is specified as

0 5 5 (1)([\)
log ((B)Qﬁ;;‘;?a) - /dA P2 (R)log [% : 29)
meta
0 " . meta(A)
log ((B)ﬁ;f;;) - / dA p,(A)log [l;“;(ﬁ) . (30)
PT
5 RESULTS

5.1 Hybrid metamodels

To set the stage for confronting simulated observations with families
of EoS with or without a PT to quark matter, we need to obtain an
informed prior as described by equations (17) and (23). Distributions
of these informed priors for different nuclear matter parameters of
the nucleonic metamodelling can be found in Dinh Thi et al. (2021a)
and Mondal & Gulminelli (2023) as posteriors. In Fig. 1, we display
the distributions of the sound speed parameter c¢? in panel (a) and
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Figure 2. (a) Pressure at S-equilibrium as a function of number density n
at the 1o confidence interval obtained for nucleonic metamodel and hybrid
metamodels PT03, PT04, and PTO5; (b) Injection models with first-order PTs
based on the intervals given in panel (a) obtained for simulated ‘observations’
using GWBENCH (see text for more details).

width of the plateau Ae in panel (b) for the new class of hybrid
metamodels PT03, PT04, and PTO5, as described in Section 2.1.2
and 4. To highlight the impact of the astrophysical constraints like the
observed My, or A from GW 170817 on the hybrid metamodels, we
display the prior distributions of Ae and ¢? in Fig. 1, too. For PT03,
models with small values of ¢2 (< 0.4¢?) get suppressed significantly,
but the rest still remain uniformly distributed. The hybrid metamodel
PT04 clearly prefers to have larger ¢2, which somewhat evens out
for PTOS. The distributions of Ae for different hybrid metamodels
obtain crests at smaller values (i.e. no first-order PT) compared to
the uninformed flat prior.

In Fig. 2(a) we display the EoS of the nucleonic metamodel along
with hybrid metamodels PT03, PT04, and PTOS in a 1o confidence
interval. We remind that these EoS posteriors are consistent with
various observational constraints as described in Section 4.1. One can
observe that with increasing transition density n, from nucleonic to
quark matter, the overall region explored in the p—n plane increases.
An early PT requires a very stiff behaviour of the quark phase,
such as to meet the 2 Mg constraint. On the other hand, relatively
softer behaviours, corresponding to lower values of the ¢ parameter,
are allowed if the quark phase emerges at higher densities. This is
consistent with the distribution of ¢? displayed in Fig. 1(b).

In order to simulate hypothetical observations within the Fisher
formalism, one needs specific injection EoS models. We chose
different injection models for PT03, PT04, and PTO5 guided by the
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Figure 3. M-R and A-M relations at 1o confidence interval obtained for
nucleonic metamodel and hybrid metamodels PT03, PT04, and PTOS.

lo boundaries displayed in Fig. 2(a). The representative injection
EoS are displayed in Fig. 2(b) for PT03, PT04, and PTOS5 hybrid
metamodels, respectively. Except for the plateau region, each indi-
vidual injection model follows the 16, 33, 50, 67, and 84 per cent
quantiles of the corresponding posteriors from the bottom to the top
(or right to left), respectively. We follow the nomenclature for the
injection models obtained at the 16 and 84 per cent quantiles as ‘1o -
lower’ and ‘lo-upper’ models (c.f. Figs 4-7) of the corresponding
hybrid metamodel classes i.e. PT03, PT04, and PTOS, respectively.
The three versions (PT03, PT04, and PT05) of the 1o -lower models
share by construction the same low-density behaviour, and the same
is true for the three versions of the 1o -upper models. It is interesting
to observe that the posterior distribution of the nuclear parameters
up to order two (i.e. Eg, Egym, Lsym, K, and Kyp), conditioned
by the A observation, turn out to be the same in all the different
classes of models, independent on the occurrence of the PT and on
the density at which it occurs. This means that whatever the density
of occurrence of the PT (above 2 ng,), meaningful values for those
parameters can be extracted from a meta-model analysis of the GW
signals.

In Fig. 3 we plot the two-dimensional informed prior distribution
for M—R (panel a) and A-M (panel b) relations of NSs using nucleonic
and different hybrid metamodels. Introducing a first-order hadron-
quark PT (c.f. Fig. 2a) in the hybrid metamodels and the further
requirements from various astrophysical constraints categorically
soften the EoS. However, this does not systematically shift the hybrid
metamodels to explore smaller R or A at a given M, with incremental
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Table 1. Different GWBENCH injection parameters which were varied are
listed. For all of them, x 1 = 0.01, x2 = 0.005, and « = 45° were kept fixed. A
and 8 A were fixed by the underlying injection models depicted in Fig. 2(b).

Parameter Range Step-size
M2 M) 1.1-1.46 0.045
qo = Z—? 0.79-0.99 0.05
D1, (Mpc) 22,120, 221, 326, 433,

544, 657,772, 891, 1012

n, i.e. from 0.3 to 0.5fm™ due to the behaviour of the nucleonic
model in between the different transition densities. Beyond 1.2 Mg,
PTO3 and the nucleonic metamodel explore almost complementary
regions in the M-R and A-M planes at the 1 — o level. The
overlap regions increase significantly between PT04 and nucleonic
metamodel for both M—R and A-M. At larger masses (>1.5Mg)
PTO04 also explores smaller R and A compared to the other families
of hybrid metamodels considered in this work. PT05 almost engulfs
the nucleonic metamodel, additionally exploring smaller values of R
and A at larger masses (>1.7 M). Essentially these differences in
A displayed in Fig. 3 are manifested in the joint tidal deformability
A, which is explored in detail in the next section.

5.2 Simulated observations

As an exploratory study, we start by considering single events,
choosing at each time specific values of chirp mass M9, mass ratio
qo, and luminosity distance D, keeping the remaining parameters
defining a BNS coalescence, viz. spin ¥ of the constituents, incli-
nation ¢ etc. fixed. Altogether, we considered nine values of M?.,
five values of g situated at 10 different Dy as outlined in Table.
1. The response of the Fisher matrix formalism for a chosen EoS
was tested for these 450 assumed events with equal probability.
Five different hybrid EoSs from each of the PT03, PT04, and PT05
families were used for this purpose, which are displayed explicitly in
Fig. 2(b). Note that we use the notation M and ¢ instead of M? and
qo, from here onward, respectively. This is just for simplicity. We
want to emphasize here that assumptions about the chosen events,
and how they are distributed in the sky can affect the quantitative
outcomes we are going to demonstrate in this section. However, the
methodology proposed here can be used to incorporate models of
NS mass distributions (see e.g. Ozel & Freire 2016). We leave it as
a future study.

Before diving into the calculation of Bayes factors as demonstrated
in equations (29)—(30), let us first analyse the premises chosen in
the different astrophysical parameters and EoS modelling for the
present endeavour. To this aim, we compare systematically the PDFs
of A of BNS merging events that enter in equations (29)-(30), i.e.
Pl (R), pSor(A), and ply)(A) calculated from GWBENCH, hybrid
and nucleonic metamodels, respectively, changing one variable at
a time, keeping the rest fixed. In Fig. 4, we plot the PDFs of
A calculated from nucleonic metamodel (blue), hybrid metamodel
PTO3 (green) and GWBENCH (red) for two extreme mass ratios ¢ =
0.79 (solid lines) and ¢ = 0.99 (dashed lines) considered in the present
calculation. In both cases, M. = 1.19 Mg and Dp, = 22 Mpc were
kept fixed and the same injection model PT03-10-lower was used
in GWBENCH. The differences due to the variation in ¢ are almost
negligible. In the case of a very close detection shown in Fig. 4, the
theoretical uncertainties clearly prime over the observational ones.
In spite of those large uncertainties, the two theoretical distributions
only marginally overlap. The Bayes factors calculated for ¢ =
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Figure 4. Probability distribution functions (PDFs) of joint tidal deforma-
bility A in nuclonic metamodel, hybrid metamodel PT03 and GWBENCH
for mass ratio ¢ = 0.79 (solid) and ¢ = 0.99 (dashed) obtained using PT03-
lo-lower injection model, M. = 1.19 Mg and Dy = 22 Mpc.
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Figure 5. The same as Fig. 4 but for M. = 1.1 Mg (solid) and M,
1.46 Mg, (dashed) using PT03-10-lower injection model, ¢ = 0.89 and Dy, =
22 Mpc.

0.79 and 0.99 as depicted in Fig. 4 using equation (29) turned out
to be log ((B)ptonmeis ") = 2.15 and log ((B)prommas ™) = 1.56,
respectively. We have observed that the quantitative values of the
Bayes factors demonstrated here can further increase if a larger M,
is chosen.

This is exactly what is analysed in Fig. 5, where we show the
PDFs of A calculated from the nucleonic metamodel (blue) and one
of its hybrid counterparts PT03 (green) along with GWBENCH (red)
for two extreme cases of chirp masses M, = 1.1 Mg (solid lines)
and 1.46 My (dashed lines) considered in the present calculation.
The same injection model PT03-1c-lower was used in this study as
in Fig. 4. The mass ratio ¢ and luminosity distance D; was kept
fixed at 0.89 and 22 Mpc, respectively. Clearly, the difference in
M, results in a change in the position of the peaks of the PDFs
as well as their widths. The particular scenario depicted in Fig. 5

for M. = 1.1Mg and 1.46 Mg, results in a big difference in the

Bayes factors, log (( B),‘,'T‘Of;fgﬁf"’

= 1.54 and 3.22, respectively. In
general, the effect of M_ is found to be much stronger in the Bayes

factor compared to the mass ratio g, if the rest of the variables are kept
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Figure 6. The same as Fig. 4 but for injection models PT03- 10 -lower (solid)
and PTO05-1c-upper (dashed) using M. = 1.19 Mg, ¢ = 0.89, and Dy, =
22 Mpc.

fixed. Identification of the first-order PT will thus be more probable
from the future observations for events with larger M.’s.

We lay our focus on the impact of injection models on the PDFs
of A in Fig. 6. Like the analysis done in Figs 4 and 5, there is no
exact guide to choose two extreme injection models from the ones
outlined in Fig. 2(b). Keeping an eye on Fig. 2(a), we choose PT03-
lo-lower and PTO5-1o0-upper with the idea that they have the least
and maximum overlap with the nucleonic metamodel, respectively.
PDFs of A obtained using PT03-1c-lower (solid lines) and PT05-
lo-upper (dashed lines) are displayed in Fig. 6 for the nucleonic
metamodel (blue), hybrid metamodels (green), and GWBENCH
(red). One should note that, depending on the injection models
we display the corresponding hybrid metamodels PT03 and PTOS,
respectively. Since the underlying astrophysical event is the same
with M. = 1.19 Mg, ¢ = 0.89, and D = 22 Mpc, the PDF of A
obtained with nucleonic metamodel appears as a common one for
both the injection models. The Bayes factors for the cases considered
in Fig. 6 turn out to be log ((B)Qﬁ@ﬁﬁéﬂ” = 1.79 and 0.02 for
PTO03-1c-lower and PT05-10-upper, respectively. This gives already
an indication that identifying an early hadron-quark first-order PT
will be more probable than a later one from future GW signals.

Depending on how far one BNS merger event takes place, the
SNR recorded in GW interferometers can vary a lot. We have
analysed, to this aim, an event with M. =1.19Mg and ¢ =
0.89 simulated using PT03-1o0-lower injection model at luminosity
distances Dy = 22 Mpc (solid lines) and 1012 Mpc (dashed lines) in
Fig. 7. The PDFs of A corresponding to the nucleonic metamodel,
hybrid metamodel PT03, and GWBENCH are displayed in blue,
green, and red, respectively. The broadening of the PDFs from
the case with Dy, = 22 Mpc to the case with Dy = 1012 Mpc is
clearly visible, which eventually affects the calculation of Bayes

factors using equation (29). For Dy, = 22 Mpc, the Bayes factor

. 1.19Mp,0.89
18 log ((B)P’T03,meta

solid lines in Fig. 6); for D, = 1012 Mpc the Bayes factor becomes

1.19Mg,0.89
log ((B >PTO3,n?ela

depicted in Fig. 7, there is a clear hint of hybrid metamodel to
be preferred over the nucleonic one, the evidence is not significant
enough, even if we suppose an early PT. To have the global picture of
the PT detectability, we plot the Bayes factors at different luminosity
distances D, comparing PT03, PT04, and PT0S5 against the nucleonic

= 1.79 (same as the one obtained from the

) = 0.76. Even though in this particular case
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Figure 8. Average Bayes factor as a function of luminosity distance Dy,
for different injection models, averaged over the respective class of hybrid
metamodels using equation (29). The distributions come from the variation
in ¢ and M, considered in the present calculation (see Table 1).

metamodel in panels (a), (b), and (c) of Fig. 8, respectively. In each

panel, ata given Dy, the variation in log ((B)%;Zm) comes from the

variation in M., g, and injections models. Since we are interested in
identifying the notion of a PT, high values of log (( ){,\;1 mm) 1-2
is our primary concern (Kass & Raftery 1995). From Fig. 8(c) it
is evident that the existence of a first-order transition at around
0.5 fm™3 (~3ng) can’t be identified from a single GW signal with
third-generation interferometers. In Fig. 8(a) the other extreme case
considered in the present calculation, i.e. a PT at 0.3 fm™> (~2ngy)
se ems to be a viable situation that can be identified particularly with
high confidence at distances less than 300 Mpc. The highest positive

values of log (( ){)\{1 mem) at almost all distances are associated with

larger M, ’s obtained using injection models with lower quantiles
(see Fig. 2(b) and the corresponding discussion). It seems from
Fig. 8(b) that only for a small percentage of events at low luminosity
distances (D, < 100 Mpc) a PT can be identified if nature prefers

MNRAS 524, 3464-3473 (2023)

20z Iudy gg uo 3senb Aq 606222 ./79vE/S/72S/2101E/SEIUW/WOD" dNO"DIWSPEedE//:SA)Y WO PEPEOJUMO(



3472  C. Mondal et al.

to have it at ~0.4fm™3. Particularly, at D = 22Mpc the high
log ((B )%,;Zm) values correspond to M. > 1.4 M, obtained with

PT04-10-lower injection model. We expect that the detectability
of a first-order PT reported in this study will be largely improved
by considering multiple detections, as expected by the future ET.
To this aim, we plan to study the evolution of the Bayes factors
as a function of the number of detections, by including realistic
population distributions.

6 SUMMARY AND DISCUSSION

In summary, we have presented an updated metamodelling technique
for the EoS in NS matter including potential first-order hadron-
quark PT. The hadronic core is assumed to have only nucleons and
leptons up to a specified density. The EoS for the nucleonic core is
obtained by an optimized expansion in number density truncated at
fourth order following (Margueron et al. 2018). The crust EoS and
composition are subsequently extracted with a unified approach in
the spherical Wigner—Seitz approximation. The extension of the EoS
modelling in the quark core is done with the constant sound speed
model, without dwelling on the microscopic composition.

Three classes of hybrid (nucleon + quark) metamodels PTO3,
PT04, and PTO5 named after the density corresponding to the
hadron—quark PT, i.e. 0.3, 0.4, and 0.5 fm 3, respectively, were
generated. These hybrid metamodels were already made compliant
with different nuclear physics and astrophysics constraints within
the Bayesian paradigm. Using these hybrid and nucleonic posteriors,
we proposed a framework based on Bayes factors to discriminate
a possible sign of PT from future GW signals generated by BNS
mergers. To simulate future observational signals, we used the Fisher
matrix formalism employing the publicly available tool GWBENCH
(Borhanian 2021) that simulates the GW signal using the TaylorF2
+ tidal waveform templates and includes the detector features of
the projected third-generation ground-based interferometers. We
considered a single detection, and compared different chosen cases
corresponding to different masses of NSs, located at different
distances, and using injection models which include first-order PT.
In particular, these hybrid injection models were constructed out of
PTO03, PT04, and PTO5 1o posteriors, which are already informed by
different physical constraints. We have critically assessed the impact
of diversified variables in the discrimination of a PT signature through
the Bayes factors.

We have found that the mass ratio of the constituents of a BNS
merger does not play a significant role in the magnitude of the Bayes
factors. Overall, higher chirp mass, smaller luminosity distances
and early PT with strong first-order effect can facilitate a possible
identification of PT from future GW signals. Further, we have found
that if nature prefers to have a PT at higher densities (23ng,), it is
most likely to be masked, since it would be possible to explain that
with an EoS model without PT. This is in qualitative agreement with
the conclusions of references (Tan et al. 2022; Mroczek et al. 2023).
An interesting prospect of the present study could also be to quantify
how distinguishable the different PT models are from each other for
a given event. The detailed work is in progress. In a preliminary
observation, we found that the distinguishability of PT05 and PT03
is similar to the one of PT03 with respect to the case of no transition.
This is because the A response of the PTO5 model is very close
to one of the purely nucleonic models except for very high mass
stars with low tidal deformabilities difficult to measure precisely. We
expect that PT03 and PT04 will be hardly distinguishable even at
very small distances, due to the large overlap between the regions
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for A(M) predicted by the two models at least with the relatively
important A uncertainty associated with a single observation. This
study is directed mostly towards structuring a framework to look for
the signatures of PT in future GW signals generated by BNS mergers.
A further study incorporating realistic population models is needed
to estimate the effect of multiple detections. It is also going to be
important to incorporate microscopic modelling in the quark phase
to extract further physical information regarding composition at high
densities. We leave these ventures for future studies.
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