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Context : Numerical modeling of welding processes (I)

PWR Reactor Vessel Head c©NRC

• Nuclear components (vessel);

• Tungsten Inert Gas (TIG) Arc

welding;

• Process ⇒ component aging;

• Interest in numerical modeling:

MUSICAS national project (CEA,

AREVA, PSA,. . . ).
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Context : Verification of the code (II)

Real Physics Simplified model

+

−

Welding direction

Tungsten electrode
(cathode −)

Welding nozzle

Electric arc
Weld pool

Shielding gas

Workpiece (anode +)

TIG Welding (from [Brochard, 2009])

Ωφ

Capillary free surface Γφ

Gravity g

Contact angle β

Driven lid u =
(
1
0

)

• Interaction focus: driven flow, free capillary

surface;

• Important hypothesis: 2D steady-state.
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Preliminary work : bibliography (I)

Reference article: [Cuvelier and Schulkes, 1990] Cuvelier, C. and Schulkes, R. (1990). Some

numerical methods for the computation of capillary free boundaries governed by the

Navier-Stokes equation. SIAM Review, 32(3):355–423

From [Cuvelier and Schulkes, 1990]

+ Very good review article;

− Cannot match his and our numerical solu-

tions ;

⇒ Method of manufactured solutions.
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Simplified Model : Equations (I)







(∇u) · u = −∇ph + 1
Re

∇ · τ Force balance on Ωφ

∇ · u = 0 Mass balance on Ωφ

u = u0 Speed Dirichlet BC on δΩφ \ Γφ

u · n = 0 Kinematic BC (mass balance on Γφ)
(σ · n) · t = 0 Tangential force balance on Γφ

(OhRe)2 (σ · n) · n = 1
Rφ

− Boy + λV Normal force balance on Γφ

V = V0 Volume constraint on Γφ

β = β0 Tangential Force balance on δΓ

Ωφ

Capillary free surface Γφ

Gravity g

Contact angle β

Driven lid u =
(
1
0

)

with:

Re = ρULµ−1 Reynolds: inertia / viscosity
Oh = µ/

√
ργL Ohnesorge: viscosity /

√
inertia × surface tension

(OhRe)2 = We Weber: inertia / surface tension
Bo = gρL2γ−1 Bond: gravity / surface tension
σ = −pI + 1

Re
τ

τ = ∇u + ∇
tu
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Simplified Model : Numerical method (II)

• Trial Method [Cuvelier and Schulkes, 1990] ⇔ splitting method :

First step: sur-

face Γφ kept fixed







(∇u) · u = −∇ph + 1
Re∇ · τ

∇ · u = 0
u = u0

u · n = 0

(σ · n) · t = 0

Second step: u

and ph (in σ) kept

fixed







(OhRe)2 (σ · n) · n = 1
Rφ

− Boy + λV

V = V0
β = β0

Two well-posed problems, converges well when surface tension effects are strong.

• Finite Element method Q2-Pnc
1 [Cast3M, 2013].
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Simplified Model : Method of Manufactured Solutions (III)

Review article: [Roy, 2005] and books: [Roache, 1998], [Oberkampf and Roy, 2010]

1. True problem

P





φ
u

p



 =





0
0

0





2. Choose an arbitrary value for the un-
known

P





φa

ua

pa



 =





sφ

su

sp





3. Solve the discretized problem and ver-
ify convergence to a

Pd





φd

ud

pd



 =





sφ

su

sp











(∇u) · u + ∇p − 1
Re∇ · τ = su

∇ · u = sp

u = ua

➁ u · n = 0

(σ · n) · t = st

➂ (OhRe)2 (σ · n) · n − 1
Rφ

+ Boy = 0

➀ V = V0
➀ β = β0

➀: φ(x), ➁: u(x, y), ➂: p(x).
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Simplified Model : Method of Manufactured Solutions (IV)

φ(x) = α cos

(
π x

2

)

− 2α

π
+ 1

u(x, y) =

(

y − α cos

(
π x

2

)

+
2α

π
− 1

)2

v(x, y) = −
π α sin

(
π x
2

) (

y − α cos
(

π x
2

)

+ 2α
π − 1

)2

2

p(x) =

((
π3 α3 Bo cos

(
π x
2

)
+

(
π3 α2 − 2π2 α3

)
Bo

)
sin2

(
π x
2

)
+ 4π α Bo cos

(
π x
2

)
+ (4π − 8α) Bo

)
+ 2π3 α cos

(
π x
2

)

(
π3 α2 Oh

2
Re

2 sin2
(

π x
2

)
+ 4π Oh

2
Re

2
)

su = . . .

Source terms computed with the Computer Algebra System (CAS) Maxima. Output to fortran

and TEX.
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Difficulties : the divergence constraint (I)

Ωφ

Current surface

Final surface

u · n = 0

u =
(−5

0

)

u =
(
0
6

)

• The divergence constraint couples speed u and sur-

face position φ:

∇ · u = 0 ⇒
∫

δΩφ

u · ndδΩφ = 0

• The trial method uncouples them!

• One possible solution: relax the divergence con-

straint.

∇ · u = B with B =
∫

δΩφ

u · ndδΩφ
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Difficulties : the tangential force balance at the contact line (II)

Fixed surface Fixed contact line Free surface

Unknown Cvg order (theo.)
u 4 (3)
p 2 (2)

Unknown Cvg order
u 4
p 2

Unknown Cvg order
u 1
p 1
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Difficulties : the tangential force balance at the contact line (III)

Continuous setting (2D)

Solid

Liquid

Gas

Wall

Reaction

γsg

γsl

γglβ

Dupre–Young Law (γ in N.m−1): cosβ =
γsl − γsg

γgl
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Difficulties : the tangential force balance at the contact line (IV)

Discrete setting (2D finite element)

Solid

Liquid

Gas

Wall

Reaction

γsg − γsl

γgl

+

Solid

Liquid

Gas

A

Ω1

δΩ1

δΩ2

∫

δΩ1
f tNA

∫

δΩ2
f tNA

∫

δΩ1∩δΩ2
f tNA

∫

δΩ1∩δΩ2
sttNA

f t · t = (σ · n) · t = st

+ . . .

Discrete Dupre–Young Law (Weak Neumann BC at A):

γgl cosβ − γsl + γsg
︸ ︷︷ ︸

Lineic force terms

+
∫

δΩ1∩δΩ2

. . .
︸ ︷︷ ︸

Surfacic force terms in O(h)

+
∫

Ω1

. . .
︸ ︷︷ ︸

Volumic force terms in O(h2)

= 0
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Conclusion

Results obtained:

−→ a manufactured solution for a capillary free-surface flow;

−→ bring out two difficulties related to the MMS and the trial algorithm;

−→ optimal order found numerically.

Perspectives:

−→ we are now in a better position to trust the code. . .

−→ . . . and propose verified solutions to Cuvelier’s test cases.
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The end

Thank you for your attention.
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de soudage à l’arc TIG. PhD thesis, Université de Provence (Aix-Marseille I). English title: Coupled cathode-
plasma-workpiece model in view of the simulation of the TIG arc welding process.

[Cast3M, 2013] Cast3M (2013). Cast3m web site. http://www-cast3m.cea.fr/.

[Roy, 2005] Roy, C. J. (2005). Review of code and solution verification procedures for computational simulation.
Journal of Computational Physics, 205(1):131 – 156.

[Roache, 1998] Roache, P. J. (1998). Verification and validation in computational science and engineering.
Hermosa Albuquerque.

[Oberkampf and Roy, 2010] Oberkampf, W. L. and Roy, C. J. (2010). Verification and validation in scientific
computing, volume 5. Cambridge University Press Cambridge.

ASME V&V2013


