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Explicit Formulae for Some Polynomial Continued
Fractions

David Naccache! and Ofer Yifrach-Stav!

DIENS, ENS, CNRS, PSL University, Paris, France
45 rue d’Ulm, 75230, Paris cepex 05, France
ofer.friedman@ens.fr, david.naccache@ens.fr

Abstract. Ina previous article we gave a collection of continued fractions
involving Catalan’s constant. In this note we provide the general formula
governing those continued fractions.

We also show that a single formula involving log 2 discovered by the Ra-
manujan machine is part of a large family of which we provide examples.

1 Introduction

In a previous article [2] we gave a collection of continued fractions involving
Catalan’s constant. In this note we provide the general formula governing those
continued fractions.

We also show that a single formula involving log2 discovered by the Ra-
manujan Machine Project [1, 3, 4] is part of a large family of which we provide
examples.

2 Notations

We denote by n!! the semifactorial of, i.e. the product of all the integers from 1
up to n having the same parity as n:

[31-1
nll= ]_[ (n—2k) = n(n—2)(n—-4)--
k=0

(ST

Because in all the following we will only apply semifactorials to odd num-
bers, this can simplified as:

n+l
=z
nll= I_I(Zk—l): n(n_Z)(n_4)...3.1
We denote by Catalan’s constant by G = 0.91596559... and let C,, be the n-th

Catalan number:

n

|
Cp= ! (2n):ﬂzl_[n+k forn>0



ofer.friedman@ens.fr
david.naccache@ens.fr

The first Catalan numbers are:

1,1,2,5,14,42,132,429,1430,4862,16796,58786,...

3 The Explicit Formulae

Consider:

o _2n2%(n+2x)(n+c)
=2x+1+
Qe = 2K K(3n2+(3+41<)n+21<+1)

n=1

Define the functions:

a+fc ifc<2
Ace(a, B) =3-2c(2c=1)(2(c — k) = 1)2Ac o, ifc>2
+(8c2+(2-8x)c -2k + 1)Ac_y «

K

Tel@, )= (2c= 117 G+Acy (e, B)- [ [2Ac-)-1)

i=0
_ 4! _ Se(=1)F(1-2k)
% = ronic, M Pe= k-

a = peD11(1,-2) and B = —p,(2k = 3)2 A1 2(1,12) — a;
5, (2¢)!
lqC,K(OZK’ ﬁK)

Q.,« is hence an explicitly computable fraction of the form:

Then Y«,ceN?, Qe =

ag
Q.= ———— where ag,ay,a, €Z
o a) + 612G 0 %1

1 QNum[c_, k_] :=
2 k+1+
ContinuedFractionK[-2 n™2 (n + 2 k) (n +c¢), 3 n™2+ (3 +4k)n+2k+
1, {n, 1, 2000}];
}
s Del[a—, b_, c_, k] := If[c <2, a+bc,
6 -2 ¢ (2c-1) (2 (¢c = k) =1)*2 bella, b, c - 2,
k] + (8 ¢c*2 + (2 -8k) c-2k+ 1) bel[a, b, c -1, kl];
o Gam[a_, b_, c_, k-] := ((2 ¢ = 1)!!)"2 Catalan +
10 Product[(2 (c - j) - 1), {j, 0, k - 1}]«Del[a, b, c - 1, k];
1

1

2 d[k-] = 4~(k = 1)/(2 k = 1)/CatalanNumber[k - 11;
13

1

4 Rho[k_] := d[k] (-1)"(k) (1 -2 k)/((2 k)! (2 k = 3)!!);



6

8

N =

Alp[k-] := Rho[k] Delll, -2, k - 1, 1];

Bet[k_] := - Rho[k] (2 k - 3)72 Del[l, 12, k - 1, 2] - Alp[k];

QFor[c—, k-] := d[k] (2 c)!/Gam[Alp[k], Bet[k], c, kI;

> Union[Flatten[Table[N[QFor[c, k], 200] == N[QNum[c, k], 2001, {c, 1, 20}, {

k, 1, 20}111

/
o0 oo

Fig. 1. Functional dependency between the functions computing Q.

Note that, as described, the complexity of A. is exponential in ¢, however,
using classical Fibonacci memoization, this complexity can be reduced to O(c)
thereby resulting in a very efficient algorithm for computing Q.

4 Low Degree Continued Fractions Involving log 2

Continued fractions involving log2 can be also obtained with lower degree
polynomials, e.g.:

2 2 1 ©  —2n?
L e S eTin - 5 =2 ye=j-2 - I:C(3n+c)
- o
Z (n+c— 2 log(z)_z j
n=0 j=1



1

0[c_] := ¢ + ContinuedFractionK[-2 n™2, 3 n + ¢, {n, 1, 2000}];

> For[c = 2, ¢ <= 25,

r = N[Q[c], 80];
v = FindIntegerNullVector[{1l, r, N[Log[2] r, 80]}1;
Print[{b, c,
Simplify[
2/LerchPhi[1/2, 1, -1 + c] == -v[[1]1/(v[[2]] + Log[2] v[[3]1]) ==
1/(Log[2] 2~(c - 2) - Sum[2”(c - j = 2)/3, {i, ¢ = 2}]1)1}];
c++];

We get a similar behavior for:

o (—2112—271)

RC=c+n]:C1 3n+c

where 274 (c—3)-ay = a, and for which we provide numerical examples in
Table 5.

R[c_] := ¢ + ContinuedFractionK[-2 n™2 - 2 n, 3 n + c, {n, 1, 2000}];

> For[c = 3, ¢ <= 20,

w

r = N[R[c], 200];
v = FindIntegerNullVector[{1l, r, N[Log[2] r, 200]}];
Print[{c,
2°(c = 4)x(c = 3)xv[[1]] ==
v[[3]1, =v[[1]11/(v[[2]] + Log[2] vI[[31]1)}];
c++];

5 Further Generalizations

Qck = Q1,0 is a particular case j = 1 of a more general continued fraction:

YA o 2n(c+n)(j+n-1)(1-j+2x+n)
Qjek =12 ”2"”,{;( J(2=j+20)+ (3+ dx)n+ 32 )

When Qj,ck is not a rational, Qj,ck converges to:

a .
0 if j is odd
a; + azG
Qj,c,k = ag
— if jiseven
a)+ap IOg 2

In the examples given in the appendix we adopt the notation:

ag B > P(n)
a, +a,-constant T(0)+ Z:Cl( T(n))

For odd j, we have (whenever there is no division by zero):



j-1
(2o olvifek T (e =4i+2)-(2k-2i+1)

(k—i+1)-(2c+2i—2k-1)

ap _ i=1
a  8-Cjs-(j-2)-(2c=1)112-(2k-1)- Cx_;
2
i Num := Function[{j, c, k},

j(2-3+2k)+
ContinuedFractionK[-2 n (¢ + n) (j +n-1) (1 -3 + 2 k + n),
302+ 3+4k)n+3(2-37+2k), {n, 1, 100000}]];

For[j =1, j <=7,
For[k = 1, k <= 7,

For[c =1, ¢ <=7,

r N[Num[j, c, k], 3000];

v FindIntegerNullVector[{1, r, N[Catalan r, 3000]}];

q = {-v[[1]1/

v[[3]] == ((2 ¢)! 2°(2 k + (j = 7)/2 + Floor[1/i])/
CatalanNumber[k - 11/(2 k = 1)/(2 ¢ = 1)11"2/(j - 2)/
Product[(2 ¢ - 2 k + 2 i -
1) (k-1+1)/(2c-21+1)/(2k-21+1), {1,
1, (j - 1)/2}]1/CatalanNumber[(j - 3)/21)};
Print[{j, k, c, q}];

c++];
k++];
j+=2]
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ag ay ap H P(n)/(-2n) [ T(n)—3712 l

—7351344 —32375839 46558512 n 3+n)(17+n 72+ 43n
—2450448 —1768477 2450448 n(1+n)(17 +n) 36+ 391
~1081080 —16147379 23279256 n(5+n)(15+n) 96 + 431
—793800 —232217 322560 (4+n)(9+n)? 100 +39n
~504504 —16140515 23279256 n(7+n)(13+n) 112+ 43n
—436590 7989199 —11531520 B+m)(9+n)(11+n) 120+ 43n
—180180 ~1001393 1441440 Q2+ n)(5+n)(13+n) 84+39n
—174636 8069449 11639628 n(9+n)(11 +n) 120+ 43n
~72072 —850133 1225224 n(5+n)(13 +n) 84+ 391
—72072 ~251099 360360 n(3+n)(13+n) 56+ 351
—72072 ~52279 72072 n(1+n)(15+n) 32+ 35n
—45045 124048 —180180 (T +n)(3+n)(13+n) 56+ 351
—28028 999391 1441440 Q2+n)(7+n)(13+n) 112+ 43n
—27720 20417 27720 n(1+n)(11+n) 24+27n
22050 27649 ~40320 Brn)(7+n)(9+n) 80+ 351
~19305 424423 —612612 (T+n)(5+n)(15+n) 96+ 431
-17640 —250007 360360 n(7 +n)(9+n) 80+ 35n
—14700 ~153907 221760 Q+n)(7+n)(9+n) 80+ 351
~10395 124741 —180180 (T +n)(5+n)(11+n) 72+ 35n
—9450 76691 —110880 T+n)5+m)(9+n) 60+31n
—7350 —62563 90090 n(7 +n)? 64+31n
—7007 424566 —612612 (T +n)(7+n)(13+n) 112+ 43n
~6300 —14087 20160 QC+n)5+m)(9+n) 60+31n
~6006 99839 —144144 (T+n)(5+n)(13+n) 84+39n
—4900 —21043 30240 (2+n)(7+n)? 64+31n
—2520 —1879 2520 n(1+n)(9+n) 20+ 23n
—2450 28781 —41580 (1+n)(7+n)? 64+31n
-1225 367 -560 (3+n)(7+n)? 64+31n
—525 —2413 3465 n(5+n)(7 +n) 48+27n
—450 1151 ~1680 (1+n)(5+n)? 36+23n
—350 1739 ~2520 AT+n)5+n)(7+n) 48+27n
~180 299 420 n(3+n)(5+n) 24+19n
~105 142 —210 T+n)B+n)(7+n) 32+23n
~18 7 -12 (1+n)(3+n)? 16+ 15n
-6 -5 6 n(l+n)(3+n) 8+11n

%0
Table 1. Examples of convergence to araylog2



ag ay ap “ P(n)/(—2n) [ T(n)—3n? ]

1 1 -1 n(1 +7’l)2 4+7n

9 11 ~15 n(3+n)? 16+ 15n
50 147 —210 n(5+n)? 36+ 23n
60 47 —60 n(1+n)(5+n) 12+15n
90 ~79 120 T+n)B+m)(5+n) 24+ 191
420 319 -420 n(l+n)(7+n) 16+ 19n
120 887 1260 n(3+n)(7 +n) 32+ 231
900 361 —480 (2+n)(5+n)? 36+23n
1890 ~3443 5040 T+n)B+m)(9+n) 40+ 27n
2100 2377 -3360 (2+n)(5+n)(7 +n) 48 +27n
5544 50035 -72072 n(5+n)(11+n) 72+ 35n
6468 249713 360360 (T+n)(7+n)(11+n) 96+ 391
7560 19409 27720 n(3+n)(9+n) 40+ 27n
8316 -19031 27720 (I+n)(3+n)(11+n) 48 +31n
15444 —49705 72072 (1+n)(3+n)(15+n) 64 +39n
22050 —499279 720720 T+m)(7+m)(O+n) 80+ 351
24255 -76586 110880 (3+n)(7+n)(11+n) 96 + 39n
25740 200107 —288288 (2+n)(5+n)(15+n) 96 + 43n
37800 250427 -360360 n(5+n)(9+n) 60+ 31n
38808 849671 1225224 n(7 +n)(11 + n) 96+ 391
39690 -1997851 2882880 (1+n)(9-¢—n)2 100 + 391
41580 154327 221760 Q2+n)(5+n)(11+n) 72+ 351
58212 3997025 5765760 2+n)(9+n)(11+n) 120+ 43n
79380 2123957 -3063060 n(9+n)2 100+ 39n
83160 251561 -360360 n(3+n)(11+n) 48 +31n
87318 8491859 12252240 (T+n)(9+n)(11+n) 120+ 43n
97020 1999321 —2882880 2+n)(7+n)(11+n) 96+ 391
132300 3997907 ~5765760 (2+n)(9+n)? 100+ 391
198450 ~1227581 1774080 (3+n)(9+n)? 100+ 391
216216 852707 —1225224 n(3+n)(15+n) 64+ 391
360360 263111 -360360 n(l+n)(13+n) 28 +31n
630630 -3990557 5765760 (3+n)(7+n)(13+n) 112 +43n
918918 -3383801 4900896 (1+n)(3+n)(17+n) 72+43n
1746360 2475007 3548160 @+ n)(9+n)(11+n) 120+ 43n
46558512 33464927 46558512 n(1+n)(19+n) 40+ 43n

]

Table 2. Examples of convergence to The entry in blue is the one reported by

aj+aplog2”
the Ramanujan Project.



ag ay ap “ P(n)/(—2n) [ T(n)—3n2 ]
—-80281600 -10675439 9459450 (2+n)(3+n)(14+n) 45+ 35n
~15728640 392683 ~727650 (d+n)2(12+n) 65+ 351
~13107200 ~763867 ~78350 @+ n)B+m(10+n) 551311
—-10485760 -93699 -103950 (4+n)(5+n)(12+n) 65+ 35n
—7372800 —884203 727650 (2+n)(3+n)(12+n) 39+31n
—6291456 149419 ~257250 (4+n)(8+n)? 81+ 35n
~5242880 ~86807 9450 G+m)(6+m(10+n) 77+ 351
~3932160 ~116317 3150 @+n)5G+nB+n) 45+ 27n
—-3276800 —-158859 22050 (2+n)(5+n)(10+n) 33+27n
-2621440 -48609 —-1050 (5+n)(6+n)(8+n) 63+31n
2359296 ~168445 103950 2+m@d+m(12+n) 39+31n
~491520 50593 66150 B+ n)d+n)(10+n) 55+ 311
2327680 21271 9450 2+m)@E+n)(10+n) 33+27n
—230400 ~1909 22050 2+n)2(5+n) 9+11n
~196608 184547 198450 B+m)(6+m(10+n) 77+ 351
~163840 ~4981 22050 n(5+n)(8 + 1) 9+ 19
~131072 —2951 ~630 A+n)2(8+n) 45+ 27n
~122880 ~13079 9450 2+m)(B+m)(10+n) 33+27n
61440 —2467 3150 Z+m)@E+m)(B+n) 15+ 15n
-61440 791 —9450 n(5+n)(6+n) 7+15n
51200 2839 9450 n(@+n)(5+n) 5+11n
—49152 ~1919 90 A+m)2(6+n) 35+ 231
36864 ~2693 ~450 2+m)@E+n)(6+n) 21+ 19n
—18432 —419 —3150 n(4+n)(6+n) 7+15n
—18432 —419 —3150 n(3+n)(8+n) 9+19n
—8192 —487 —54 (4+n)3 25+19n
-3072 121 -630 n(4+n)2 5+11n
—2048 ~129 —90 (2+n)(4+n)? 15+ 15n
—2048 —43 -30 (3+n)(4+n)(6+n) 35+ 23n
~768 —77 ~18 Q2+m)(3+n)(&+n) 15+ 15n
—288 31 -90 n(2+n)(3+n) 3+7n

Table 3. Examples of convergence to —-2—

a1+arG



ag ay ap “ P(n)/(-2n) [ T(n)—3n2 ]
192 13 18 (2+n)2(3+n) 9+11n
384 1 90 n(3+n)(4+n) 5+11n
2304 389 450 n(3+mn) 6+n) 7+15n
3072 179 ~18 (3+n)(4+n)? 25+19n
4608 133 450 (2+n)Z(4+n) 9+11n
4608 383 —90 2+m)(B+n)(6+n) 21+ 191
11520 —1373 3150 n(2+n)(4+n) 3+ 7n
12288 973 —750 (3+n)(6+n)? 49+27n
12288 1145 ~630 Q2+m)B+n)(8+n) 27 + 231
16384 —543 1050 (B+n)d+n)(8+n) 45+ 27n
81920 3983 1350 (4+n)%(5+n) 25+19n
89600 ~10891 22050 n(2+n)(5+ 1) 3+7n
98304 2263 150 (4+n)(6+n)? 49+27n
98304 35389 -36750 (3+n)(6+n)(8+n) 63+31n
122880 6563 3150 2+ n)5+n)(6+n) 21+19n
147456 21365 22050 n(4+n)(8+n) 9+ 191
163840 6789 450 @+ n)(5+n)(6+n) 35+ 231
262144 710401 —771750 (3+n)(8+n)? 81 +35n
294912 18013 —3150 Q2+n)@Ed+n)8+n) 27 + 231
524288 27787 —22050 4+ n)(6+n)(10+n) 77 + 351
786432 19099 —5250 @+ n)(6+n)(8+n) 63+31n
983040 25979 —450 (5+n)(6+n)? 49+ 27n
1310720 1723 28350 (4+n)2(10+n) 55+31n
2949120 168821 22050 2+n)5+n)8+n) 27 +23n
9830400 —1833409 2182950 B+ n)d+n)(12+n) 65+ 351
12582912 184025 —7350 (5+n)(8+n)? 81+ 351
39321600 1965547 —727650 2+m)(5+n)(12+n) 39+31n
165150720 12969199 —9459450 2+ n)(d+n)(14+n) 45+ 35n
330301440 17687791 —9459450 (2+n)(5+n)(14+n) 451 35n
Table 4. Examples of convergence to m
l 4 “ agn ay an
3 2 1 0
4 1 1 -1
5 —1 3 4
6 ) —17 24
7 -3 —67 96
8 12 667 ~960
9 5 666 —960
10 30 9319 —13440
11 ~105 —74537 107520
12 —280 —447187 645120
13 126 447173 —645120
14 63 491884 —709632
15 231 3935051 —5677056
16 2772 102311095 —147603456
17 —1287 ~102310996 147603456
18 —6006 1023109531 1476034560
19 45045 16369749493 —23616552960
20 720720 556571437717 —802962800640
Table 5. Examples of convergence to W for R,
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