N

N

Existence of optimal domains for the helicity
maximisation problem among domains satisfying a
uniform ball condition

Wadim Gerner

» To cite this version:

Wadim Gerner. Existence of optimal domains for the helicity maximisation problem among do-
mains satisfying a uniform ball condition. Journal of Mathematical Physics, 2024, 65, pp.083506.
10.1063/5.0163183 . hal-04103519v3

HAL Id: hal-04103519
https://hal.science/hal-04103519v3

Submitted on 28 Nov 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04103519v3
https://hal.archives-ouvertes.fr

Existence of optimal domains for the helicity maximisation problem among domains
satisfying a uniform ball condition

Wadim Gerner!

Sorbonne Université, Inria, CNRS, Laboratoire Jacques-Louis Lions (LJLL), Paris, France

Abstract: In the present work we present a general framework which guarantees the existence of op-
timal domains for isoperimetric problems within the class of C'+!-regular domains satisfying a uniform
ball condition as long as the desired objective function satisfies certain properties. We then verify
that the helicity isoperimetric problem studied in [J. Cantarella, D. DeTurck, H. Gluck and M. Teytel,
J. Math. Phys. 41, 5615 (2000)] satisfies the conditions of our framework and hence establish the
existence of optimal domains within the given class of domains. We additionally use the same frame-
work to prove the existence of optimal domains among uniform C'!'-domains for a first curl eigenvalue
problem which has been studied recently for other classes of domains in [A. Enciso, W. Gerner and D.
Peralta-Salas, Trans. Amer. Math. Soc. 377, 4519-4540 (2024)].
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1 Introduction

In the theory of plasma fusion one measure of stability of the plasma is the helicity of the underlying
magnetic field?. It was observed by Woltjer @] that in the context of ideal magnetohydrodynamics
this so called helicity is a conserved physical quantity. Given a bounded smooth domain  C R3 and
a divergence-free field B on 2 which is tangent to 0f2 the helicity of B can be defined as

H(B)(z) = /QB(:C) “BS(B)(x)dz (1.1)
where ) ey
BS(B)(x) := o /QB(y) X md Yy (1.2)

denotes the Biot-Savart operator. In the context of ideal magnetohydrodynamics B plays the role of
the magnetic field. A physical interpretation in terms of linkage of distinct magnetic field lines was
obtained in M], E], ﬂ%] Then, given an electrically conducting plasma there will be an interplay
between the time evolution of the magnetic field B and the flow of the plasma particles due to the
Lorentz force. One can then argue in the same spirit as in M, Chapter ITI]. Namely, that due to Alfvéns
theorem ﬂ], an underlying plasma fluid is frozen into the magnetic field, in the sense that plasma
particles which lie on an initial magnetic field line continue to lie on the same magnetic field line as
time passes. Therefore, if the magnetic field is tangent to a domain 2 and has non-trivially linked field
lines, then, due to the fact that distinct field lines cannot cross, also the plasma particles, being frozen
into the magnetic field, will form linked structures which cannot be separated. Hence, it follows, in
the context of ideal magnetohydrodynamics, where we assume the plasma to be perfectly electrically
conducting, that a non-trivial linkage of magnetic field lines leads to a higher (topological) plasma
stability and consequently a high helicity, being a measure for the linkage of distinct magnetic field
lines, is desirable. In reality, the non-ideal situation, magnetic field line reconnection may occur, see for
instance ﬂﬁ], ﬂﬂ], ﬂﬂ] and references therein. However, obtaining a good understanding of the idealised
problem, is a good starting point to gain a better understanding of how one may confine plasmas better
within appropriate domains in 3-space. Let us point out that helicity as defined in (II)) is not scaling
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invariant, i.e. given a magnetic field B and a constant A > 0 we see that H(\AB) = \2H(B). However,
the field lines of AB coincide with those of B (they are simply traced out with a different speed) so
that in fact the linkage of distinct field lines does not change under such a scaling. Therefore, if we
wish to regard helicity as a measure for linkage, we should normalise it in the sense that we either fix
the magnetic energy

M(B) ::/B2d3z
Q

or divide by it to achieve a scaling invariant quantity. Both approaches are equivalent and here we
adapt the latter. In view of the above discussion it is of interest to consider the following quantity,
where 0 C R? is a bounded domain with smooth boundary, more details will be given in section 2,

H(B H(B
AQ) = sup H(B) = sup ﬁ = sup ﬁ (1.3)
BeL?*() BeL*()\{0} BeL?*(Q)
div(B)=0, B||oQ div(B)=0, B||6 div(B)=0, B||oQ
M(B)=1 H(B)>0

where the first equality follows from the scaling behaviour and the second equality follows from the
fact that helicity is never maximised by magnetic fields of non-positive helicity. The meaning of the
tangent boundary condition for an L2-vector field will be explained in section 2.

Our goal then is to try to find a domain 2, C R® which maximises the quantity A\(Q) among
all other domains 2. However, once again, by scaling a given domain 2 by some constant \ >
0, one easily sees that the quantity A(2) may be made arbitrarily large if we do not impose any
additional constraint on the allowed domains 2. It is well-known, and in fact the reason for helicity
preservation in ideal magnetohydrodynamics, that helicity is preserved under the action of volume-
preserving diffeomorphisms ﬂa, Theorem A], see also B, Section 2.3 Corollary] and ﬂE, Lemma 4.5] for
a more abstract manifold setting. In fact, helicity is essentially the only such invariant see ﬂﬂ], ﬂﬂ]
and also @] It is hence natural to restrict attention to domains 2 of prescribed volume. In fact, it
follows from [7, Theorem B] that

() < R(©)

where R(Q) is the radius of a ball whose volume is [©2], i.e. R(€2) = {/:=|Q| so that A(2) is uniformly

upper bounded among all domains of the same volume. We thus are interested in the following problem,
where V > 0 is any fixed constant. Find Q, C R?® with |Q,] =V and

1 1
)\(Q*) = Sup3 )\(Q) = Sups of M(B) = nf nf M(B) (14)
QCR QCR BeL*(Q H(B) QCR? BeL*(Q H(B
|Ql=V |2[=v div(B):O,(B)HBQ ) 2=V div(B)ZO,(B)IIaQ )
(B)>0 H(B)>0

where the second equality is a simple reformulation of the original problem for the purpose of trans-
forming the maximisation problem into an appropriate minimisation problem.

The study of problem (L4) was initiated in ﬂa] by Cantarella, DeTurck, Gluck and Teytel. In their
work they derived topological constraints for potential optimal domains. Their main result regarding
the topology of smooth optimal domains is that any smooth optimal domain, if it exists, must be
bounded by tori ﬂa, Theorem D]. The existence of optimal domains remained however open.

In the present work we consider an appropriate subclass of domains, namely C''!-regular domains
Q C R? satisfying a uniform ball condition, and show that within this class of domains there always
exists a domain ), of prescribed volume which solves ([L4]). Note that, in principle, there might be
other smooth domains violating the given uniform ball condition with a larger value for A\(Q2). Hence,
the existence of optimal domains in the unrestricted smooth setting remains open.

Let us point out why the class of domains satisfying a uniform ball condition is particularly suited
to tackle volume constraint minimisation problems. There are roughly speaking two things that may
go wrong regarding compactness properties when dealing with such problems. When we consider a
minimising sequence ({2,,), the first thing that might go wrong is that while each of the domains 2,
stays bounded individually, in the limit their diameter might tend to infinity. Hence, these domains
might “approach” an unbounded domain so that we leave the desired class of domains (which are all
bounded). The second thing that might go wrong, even if the diameter of all the Q,, is uniformly
bounded, is the formation of singularities. More precisely, if we wish to optimise an objective function



among domains of certain regularity (let’s say among domains with a C*¥-boundary, for some prescribed
k € N) then it might happen that different parts of the boundaries of the €, approach each other,
either from the inside or outside, and “touch” each other in the limit so that the limiting domain is no
longer a manifold with boundary. Of course, even if some form of compactness can be guaranteed with
respect to some appropriate topology, it remains to show that the corresponding objective function
has nice enough continuity properties in order to exploit variational techniques.

Now, when we deal with volume constraint minimisation problems, any sequence of domains (£;,),
each of the same volume, satisfying a uniform ball condition will have a uniform bounded diameter.
Otherwise one can fit more and more balls inside the €2,, each of the same minimal volume V5, > 0
so that if the diameter becomes too large the volume of €2, would exceed V which is absurd. Hence
the first situation as described above cannot occur. We will make this statement precise in section 3.
Additionally, the uniform ball condition implies that distinct boundary parts cannot come too close
to each other, neither from the inside nor the outside, since otherwise the ball condition would be
violated, which rules out the second problem mentioned above. This last intuitive reasoning was made
precise in ﬂﬁ, Theorem 2.8].

The notion of uniform ball domains in the context of shape optimisation was exploited and its com-
pactness properties studied in ﬂﬂ] It is worthwhile to point out that the shape optimisation problem
studied in HE] is not a volume constraint problem, which shows that the class of domains satisfying a
uniform ball condition is rather versatile (for the sake of clarity we mention that in HE] the authors
considered a class of domains €2 which are contained in some large ball Br so that they did not have
to deal with the first potential problem regarding a loss of compactness as described above).

A second optimisation problem which we would like to address here is a variation of the helicity
maximisation problem described above. In this optimisation problem the objective function A(Q) is a
modification of A(Q2) where the supremum in (3] is taken not among all divergence-free fields tangent
to the boundary, but in the more restrictive class of divergence-free fields tangent to the boundary
which satisfy an additional zero-flux condition. A smooth vector field X on a domain 2 is said to
satisfy the zero-flux condition if for any surface S C Q with 95 C 92 the flux of X through S is neces-
sarily zero. The space of zero flux fields may be equivalently expressed as the space of divergence-free
fields tangent to the boundary which are L2-orthogonal to all harmonic fields, i.e. fields of vanishing
divergence and rotation, see E, Hodge decomposition theorem]. One can then similarly ask for the
existence of a domain maximising the corresponding quantity A(£2) among all domains 2 of prescribed
volume. This new optimisation problem is in fact equivalent to a shape optimising curl eigenvalue prob-
lem, see ﬂﬁ, Proposition 2.4.3], which can also be studied on abstract manifolds. This curl eigenvalue
problem is natural from the spectral theoretical point of view because restricting the curl operator to
a suitable subset, @], turns the curl into a self-adjoint operator with compact inverse and hence gives
rise to a well-behaved spectrum. While, for example, the shape optimisation problem regarding the
first Dirichlet-eigenvalue of the scalar Laplacian has a rich history which can be tracked back to Lord
Rayleigh [25]® and was resolved independently by Faber and Krahn in [15] and [21], the corresponding
optimal domain problem for the curl operator has only been investigated recently, initiated indepen-
dently in ﬂﬂ, Chapter 2] ancﬁiﬂgﬁ]. Letting 111(2) > 0 denote the smallest positive curl eigenvalue in
this context, it follows from [16, Theorem 2.1 & Lemma 4.3], that we have
inf —M(B) =p1(QQ)
per?@  H(B)
div(B)=0, B||oQ
H(B)>0
B is of zero flux

and so according to ([[L4]), as pointed out already, maximising A(2) among domains of fixed volume is
the same as minimising the first curl eigenvalue. So from a spectral theoretical point of view restricting
the supremum in (3] to zero flux fields is a natural idea.

The minimisation of the first curl eigenvalue among domains of fixed volume has further been
investigated in ﬂﬁ] and ﬂﬂ] While the former work derived further geometrical necessary conditions
which optimal domains, assuming their existence, must satisfy, the latter dealt with existence questions
among two different kinds of classes of domains. First, the existence of optimal domains within the

3See also the reprinted version @]



class of uniform C*® domains for fixed k € N>o and 0 < o <1 contained in a large bounded ball was
established, see ﬂl_lL Definition 5.1] for a precise meaning of “uniformity” in this context. Second, the
existence of optimal domains within the class of convex domains was shown ﬂﬁ], Theorem 1.2]. For
the sake of completeness we point out that the class of divergence-free fields tangent to the boundary
and of zero flux coincides, on convex domains, with the class of divergence-free fields tangent to the
boundary, i.e. each divergence-free field tangent to the boundary is necessarily a zero flux field ﬂE,
Proposition 2.1] so that we immediately obtain the following result from [11, Theorem 1.2].

Theorem 1.1 (ﬂﬂ]) For any given V > 0 there exists a bounded convex domain Q. C R3 of volume
V' such that
AQy) = sup A(2).
QCR?
|Q[=V
Q convezx, bounded

Further, the boundary of any maximiser ), cannot be analytic.

To the best of my knowledge no further advances regarding the existence of optimal domains in
classes other than the convex domains and uniformly Ho6lder domains are known in the literature.

The goal of the present paper is to establish a new class of domains within which the existence of
optimal domains can be guaranteed. We note that, as soon as we allow domains to have a non-trivial
first de Rham cohomology group, the maximisation problems regarding A and A are distinct problems,
ﬂE, Proposition 2.1] and have to be treated separately. In fact, the differences between these prob-
lems allowed in HE, Theorem 1.2] and HE, Theorem 2.7] to rule out the possibility for a broad class
of rotationally symmetric domains to be optimal for A while identical arguments do not apply to A.
Despite some key differences these two optimisation problems also share some key features which we
can exploit in order to establish the existence of optimal domains within appropriate classes of domains.

The structure of the remaining paper is as follows. In section 2.1 we introduce the necessary no-
tions and notations which will be used throughout the paper. In section 2.2 we state our main results.
We start by stating an abstract existence result, which proves the existence of optimal domains within
the class of C''-domains satisfying a uniform ball condition, provided the objective function which
we wish to optimise has certain features. We then state the corresponding existence results for our
optimisation problems regarding A(2) and A(Q2). In section 3 we give the proof of the abstract main
result while in section 4 we prove that the objective functions A and A both satisfy the conditions of
the abstract result which will establish the existence of optimal domains in the described class.

2 Main results

2.1 Notation and preliminary notions

We first introduce the following standard ball conditions and state then a corresponding compactness
property.

Definition 2.1 (Ball conditions). Let  C RY be an open set.

i) We say that § satisfies the interior ball condition at a given zo € O if there is some y(zg) € RV
and 7(zo) > 0 such that the open ball B,.(,)(y(z0)) is contained in Q and x¢ € 9B, (5,)(y(70)).
We say that ) satisfies the interior ball condition if it satisfies the interior ball condition at each
xg € 0F). We say that () satisfies a uniform interior ball condition if there exists some rqg > 0
such that Q satisfies the interior ball condition at each zo € 9 and we can choose r(zg) > rq.

ii) We say that Q satisfies the exterior ball condition at a given zy € 9Q if there is some y(xg) €
RY and r(z¢) > 0 such that the closed ball B, () (y(x0)) is contained in RV \  and z( €
OB, (20)(y(w0)). We say that () satisfies the exterior ball condition if it satisfies the exterior ball
condition at each zg € 92. We say that ) satisfies a uniform exterior ball condition if there
exists some ro > 0 such that ) satisfies the exterior ball condition at each xy € 9 and we can
choose r(xg) > rq.

iii) We say that € satisfies the uniform ball condition if € satisfies the uniform interior and uniform
exterior ball conditions.



One important result regarding the regularity of domains satisfying the uniform ball condition is
the following

Theorem 2.2 ([19, Theorem 2.9]). Let Q C RN be a bounded open set which satisfies the uniform ball
condition, then 02 € CH1.

Before we can talk about compactness we have to introduce a suitable notion of distance. For that
matter we recall some standard definitions.

Definition 2.3 (Hausdorff distance).

i) Let ) #£ Ky, Ky C RY be compact sets. The Hausdorff distance between K; and K is defined
by
0 (K1, Ks) := max{ sup dist(x, K3), sup dist(z,Kl)} .

reKy reKo

The function & defines a metric on the set of non-empty compact subsets of RV.

ii) Given some Ry > 0 and open sets Q1,0 C Bpg,(0) C RY we define the Hausdorff distance
between 1 and €25 relative to Ry by

P01, 92) = pr, (01, 92) 1= 6 (Bro(0) \ 01, By (0)\ 22 -
This defines a metric on the set of open subsets of B, (0).
We have the following compactness result

Theorem 2.4 (@, Theorem 2.8]). Let rg > 0 and Ry > 2rq be given. Then psg, turns the set of
open sets Q) which are contained in Bg,(0) and satisfy the uniform ball condition with rq > ro into a
compact metric space.

In view of the regularity result, Theorem [Z2] we have to make sense of our optimisation problems
among the class of C1'l-regular domains. Here we will define them more generally on the space of
C%lregular domains. Note that since all convex domains are Lipschitz domains, this in particular
allows us to make sense of the corresponding optimisation problems among convex domains.

Before we give a precise definition of our objective functions we define two spaces of interest. In
the following 2 C R? is a bounded C%!-regular open set

VI _o(Q):= {B e L}(Q,R?)

/ B -grad(f)d®z =0 for all f € Hl(Q)} , (2.1)
Q

YIZE () = {B € VE o)

/ B-Yd®z =0 forall Y € L*(Q,R?), curl(Y) =0 = div(Y)} (2.2)
Q

where Y being curl- and divergence-free is understood in the weak sense. Here T stands for tangent and
ZF stands for zero flux because the space introduced in (2] coincides with the space of divergence-free
fields which are tangent to the boundary, while the space introduced in (22 is the space of divergence-
free fields tangent to the boundary which satisfy the zero flux condition. Indeed, if €2 is smooth enough
it follows from the Hodge-decomposition theorem ﬂﬂ, Corollary 3.5.2] that each smooth vector field
B e V;;Z:FO(Q) admits a vector potential A which is normal to the boundary. So that if S C Q is a
surface with 05 C 09 it follows from Stokes theorem that

/B~Nd0:/curl(A)-NdJ:/ Ady =0
S S as

because A is normal to the boundary. We now define our objective functions, where we recall that we
set M(B) = fQ B2dx to be the magnetic energy of a square integrable vector field and where the
helicity H(B) of any element in VJ; _(€2) is defined by the formula (L)



Definition 2.5. Let Q C R? be a bounded, open set with C%!-boundary. Then we define

. M(B)
Q) = f — 2.3
¥() Bevih._ ) H(B) 23)
H(B)>0
. M(B)
Q) = inf — 2.4
1) Bevi @) H(B) 24)
H(B)>0

Here, in view of our abstract framework Theorem [2.6] we adapt the convention to view our optimi-
sation problem as a minimisation problem, c.f. (4.

Lastly, we introduce the following three collections of subsets of RY. Here we let 79 > 0 and V' > wy7r{’
be any fixed constants, where wy denotes the volume of the unit ball

Sub.(RY) := {Q c RY | Q open, bounded and 9Q € C*'}, (2.5)
S, = {Q € Sub.(RY) | Q satisfies the uniform ball condition with rq > o}, (2.6)
SY ={QeS, |9 =V} (2.7)

where || denotes the volume of 2. We note that the condition V > wxr)’ is necessary and sufficient

to guarantee that S # 0.

2.2 Statement of results

We first state our main abstract existence result
Theorem 2.6 (Abstract framework). Let p : Sub.(RY) — (0,00) be a function with the following
properties

i) V1, Qs € Sub.(RY) with Q1 C Qo we have p(Qa) < u(Q1) (“reverse monotonicity”).

ii) For every Q € Sub.(RY) and X € CX(RYN,RY), if X is everywhere outward pointing along

0 and we let ¢, denote the global flow of X, then limy o (¢ () = p(Q). (“outward flow
continuity”).

iii) There exists a locally bounded function f : Rsg — Rs¢ and a Junction g @ Rso — Ry
with g(s) — 0 as s — oo such that for all Q1,0 € Sub.(RY) with Q1 N Qs = 0 we have
#(Qllu%) _ min{u(fli),#(fzz)} < f(max{|Q4],[Q2|}) g (dist(21,Q2)). Further suppose that we

have p (€4 U B,) = min{u(2), u(By)} for every Euclidean ball B, which has positive distance
to Q1. (“approzimate disjoint minimality”)

iv) For every x € RN and for every Q € Sub.(RY) we have p(z + Q) = u(Q). (“translation
invariance”

Then given any ro > 0 and V' > riéV > 0, where wy denotes the volume of the unit ball, the
restriction ,u|5y0 admits a global minimum.

In section 4 we will verify that the functions v and 7 defined in [23]) and ([2.4) satisfy conditions
(i)-(iv) of Theorem respectively which immediately yields the following corollary

Corollary 2.7. Let 1o > and V > wgrg’, then there exist Q1,9 € SX) such that
Q) = inf v(Q d n(Qy) = Q).
v(h) s v(§2) and n(Q2) ()

Remark 2.8. It is conjectured in ﬂa, Section M] that an optimal shape for the optimisation problem
(C4) may consist of a solid torus whose major radius equals its minor radius and therefore develops
a singularity and that no smooth optimal shape exists. Based on this conjecture one may conjecture
that the optimisers for the corresponding uniform ball problem which we prove to exist may consist of
solid tori whose major radius R and minor radius r approach each other while maintaining a smallest
distance to fit in a ball of radius ry within the whole of the solid torus, i.e. R =r + ry. However, no
numerical experiments have been conducted in the course of the present work to further support this
conjecture and it would be interesting to investigate the optimal shapes from a numerical perspective,
see also E] for numerical methods to compute the first curl eigenvalue on general domains of R3.



3 Proof of the abstract existence result

Our goal will be to eventually exploit the compactness property Theorem [Z4l In order to achieve that
we have to show that we can find a minimising sequence (€2,),, of x within SYU whose members are all
contained in the same bounded set. That is, as explained in the introduction, we have to rule out the
possibility that (parts of) our domains run off to infinity.

Lemma 3.1. Given rg > 0 let (£,,), C Sy, be a sequence of connected open sets. If diam(£2,,) — oo,
then [Q,,| — cc.

Proof of Lemmal31l. We assume without loss of generality that diam(,) > 10"ry for each n. We
can then find for given n € N elements =,y € Q,, with | — y| > 10"y by definition of the diameter.
Since €, is open and connected, it is in particular path connected. So we can connect = and y by
a continuous curve v, v(0) = z, v(1) = y. We set x1 := = and note that by continuity there exists
a smallest time ¢ > 0 with |y(t2) — 1] = 10rg. We set x2 := 7(t2) and then consider the function
fa(t) :== |y(t) — a2 for to <t < 1. We note that fa(t2) = 0 and by the triangle inequality we have
f2(1) = |za —y| > |y — 1] — |2 — 21] > (10™ — 10)rg. Hence, for n > 2 we have fa(1) > 20r
and so we can find a smallest to < t3 < 1 with fa(t3) = 20rg. We let 23 := v(t3) and observe that
|xg — x1| > |xg — w2 — |x2 — 21| = 10r¢ and additionally |xs —y| > |y — x2| — |x2 — 23] > (10™ — 30)rg
where we used the previously obtained estimate for |y — z2|. In particular, for n > 3 we see that we
found points x1, x2, xg with |z; —x;| > 107 for all ¢ # j. Thus, for given n € N we can repeat the above
procedure n-times to obtain points z1,...,x, € , with |z; — x;| > 10r for all 7 # j. It then follows
from ﬂﬂ Lemma 3.10] that for each z; there exists some y; € ), such that z; € B o (yi) C Q. Since
the x; all have a distance of at least 107y it follows that the balls 7( vi)yi =1,. n are disjoint and

since they are contained in €2,, we thus find |Q,,| > wn (TO)N n which tends to infinity as n — co. O

We thus obtain the following useful concentration compactness type result for translation invariant
objective functions

Corollary 3.2. Let 7o > 0 and V > wy7{¥ be given. If 11 : Sub.(RY) — (0, 00) is translation invariant
and satisfies the approximate disjoint minimality and reverse monotonicity properties, i.e. satisfies
properties (i),(iii) and (iv) of Theorem G, then there exists a minimising sequence (), C SY of p
and some R > 0 such that €,, C Br(0) for all n € N.

Proof of Corollary[Z2 Since |Q,| = V for each n we note that every connected component of each
Q. has volume at most V. Consequently Lemma [3.1] tells us that there exists some d > 0 such that
the diameter of every connected component of every €2, is at most d. Further, we observe that the
number of connected components of each €, is uniformly bounded because by the interior ball property
each connected component has volume of at least wy7r{’. Hence there exists some m € N such that
#Q, < m for all n € N.
Let us agree to make use of the convention that dist(4,0) = +oco for any A C RY. We then can
fix an arbitrary connected component C,, of each . Then we consider §,, := dist(Cy,, Qp \ Cy). If
8, — 0o we define QL := C,, and Q2 := Q, \ C,. If, on the other hand, §, is uniformly bounded, we
can fix one more additional connected component C, of O, \ C,, which realises the distance between
C, and Q, \ C,,. We then consider C,, := C,, UC,, and O = dist(Cp, 2, \ Cp). Again, if bn — 00,
we define QL = C and Q2 := Q, \ QL else we can extract one more connected component from
Qn \ Cn which realises the distance between én and €, \ CA‘n and add it to én Since the number of
connected components of §2,, is uniformly bounded and the diameters of each connected component
are also uniformly bounded, we obtain after finitely many steps a decomposition 2,, = Q! U Q2 with
diam(QL) < & for some & > 0 (independent of n), 0, N0 = 0, #02 < #0, — 1 and either Q2 = 0
or else dist(Q2L,02) — oo as n — co. If we can extract a subsequence (denoted in the same way)
with Q2 = {) for all n, then we already found a uniformly bounded minimising sequence and the claim
follows from the translation invariance of u. Thus, we are left with considering the situation with
02 # () and dist(Q},02) — oo

To simplify the notation we define \(Q) := —) and A := max{\(QL),\(Q2)}. By assumption p



satisfies the approximate disjoint minimality property and hence there is a locally bounded function f
and a function g with g(s) — 0 as s — oo such that

M) = A7| < f(max{|Q], |20} g (dist(,, 7).

We note that by the interior ball property we have |B,,| < max{|QL|,|Q2|} < V and since f is
locally bounded, it is in particular bounded on the interval [|B;,|, V] so that there is a constant ¢ > 0
(depending on 79 and V) such that |A(Q,) — A\F| < cg(dist(QL,0Q2)). If AF = X\(QL) for infinitely
many n, we can consider the corresponding sequence A(Q2}) and observe that since dist(Q2L,Q2) — oo
and g(s) — 0 as s — oo we have A\, (L) — A\(©2,) — 0 and diam(Q}) < ¢ for all n. If, on the
other hand, A} = \(Q2) for all but finitely many n, then we can repeat the above procedure. More
precisely, we can once more fix some connected component of each Q2 and consider the distance to the
complement within Q2. If the distance is uniformly bounded, then we can remove a second connected
component of each Q2 and add it to the first so that after finitely many steps we similarly find a
decomposition Q2 = Q2 U Q} with diam(Q2) < 62 for some do > 0 independent of n, ﬁi N ﬁi =0,
#QL < Q2 — 1 < #Q,, — 2 and either Q) = 0 or else dist(Q3,0Q%) — oo. Just like before we find
A(Q2) — max{A(22), \(22)} — 0 and consequently A(€2,,) — max{A(23),\(Q22)} — 0 as n — oco. If
max{\(Q23),\(Q4)} = A(Q3) we found a sequence \(Q23) — A(2,) — 0 and diam(Q3) < &, for all n.
If instead again max{A(23),\(Q%)} = A(2%) we can repeat the previous procedure once more with
Q1 in place of Q2. The main observation now is that the number of connected components of our
decomposition which is possibly unbounded reduces in each step by at least one. So since the number
of connected components of each €2, is uniformly bounded above, we conclude that after finitely many
steps we obtain a decomposition 2, = (~2n U (AZn with (~2n N (AZn = 0, diam(ﬁn) < ¢ for a suitable
§ > 0 independent of n and A(Q,) — A(Q,) — 0 as n — co. Due to the translation invariance we
can translate the €, such that 0 € €, for all n. Finally, if Q, = (), then |0, = V. Otherwise
|§VZ | <V —|B,,| by the interior ball property. We can now take an Euclidean ball of radius r, > rg
which has a distance of 2rg to €, and such that |Q U By, | = V. Then obviously Q, U B,, €S8). In
addition, by the approximate disjoint minimality property we find )\(Q UB,, )= max{)\( ) )\(BTn )}
because B,, is an Euclidean ball. We observe that if p > 0 is chosen such that |B,| = V and if
limy, 00 A(2,) < A(B,), then because A\(2) = M(Q)’ B, itself would be a global minimiser for ; and
so a uniformly bounded minimising sequence exists. Thus we assume now that A(Q,) > A(B,) + €
for all n and some ¢ > 0. Then, since A(Q,) = A(Q2,) + o(1) as n — oo, we find M(Q,) > X(B,) for
large enough n. Using the reverse monotonicity property, we find A(B,,,) < A(B,) because r, < p and
consequently A(Q, U By.) = A(€,) = A(,) + 0(1) as n — oo and hence, since r, < p, we found a

new uniformly bounded minimising sequence Q) := Q, U B, of u within S; V (recall once more the
relation A\(Q2) = u(ﬂ) and that therefore minimising sequences of 1 correspond to maximising sequences
of \). O

Corollary B.2] enables us to exploit the compactness result Theorem 2.4

Proof of Theorem[2.4. By Corollary we may consider a minimising sequence (), C SX) such
that for a suitable R > 0 we have Q,, C Br(0) for all n € N. Tt then follows from Theorem [Z4] that,
passing to a subsequence if necessary, the €2,, converge to some ) € S,,, with respect to the psr metric.
It is immediate from the definition of p that since €, C Br(0) for all n we also have Q@ C Bg(0).

The goal now is to show that 2 minimises pu.

Since Q has a C'''-boundary, Theorem 22l we may consider its outward pointing unit normal N
which is of class C%'. We can then approximate A/ by means of the Stone-Weierstrass theorem in C°-
norm on 0f) by polynomials, i.e. C'"*°-smooth functions. We can then use a bump function to obtain a
C>-smooth vector field X € C° (RN, RY) which is everywhere outward pointing along 9 and which
is compactly supported within Bsr(0). Fix any such vector field X and let ¢, denote its flow. We
then define for given m € N the open sets Vi, := 11 (Q) and Up, := B(3_ 1) \ V. We observe that

U, = = B3_ 1 )(0)\ Vi C B3r(0) )\ Q for every m because X is outward pomtmg It therefore follows

from the exterior I'- property, c.f. ﬂE Theorem 2.10], that there exists some sequence n(m) € N with
Upm C Bsgr(0) \ Q) and such that n(m) — oo as m — co. We recall that Uy, = Bz_15(0) \ Vin



and that Q,,V,, C Bar(0) for all m,n (because X is compactly supported within Bag) so that
Qnm) € Qngmy = Bar \ (B3r(0) \ Qugm)) € Bar(0) \ (m\ Vm) =Vm =1¢1(Q).
Now the reverse monotonicity principle property of p implies
" (1/;#(9)) < Q) for all m € N,

Since n(m) — oo as m — oo and €, was a minimising sequence, we find

lim U(Qn(m)) = _inf u(Q)

m—0o0 QESYO

while the left hand side of the inequality converges by the outward flow property of u to p(£2). Con-
sequently we find

We are left with showing that |Q2] = V because we already know that Q € S,,. First we note that the
inclusion () C ¢ (Q) implies |1/1% ()| > |Qp(my| = V for all m € N and that a simple change of
variables shows that |11 (§2)| converges to |€2| so that [©2] > V. The converse inequality is a well-known
fact, see m, Chapter 6.4 Corollary 1], which tells us that || < liminf, _, |Q,| = V and consequently
Q€ SY as desired. O

4 Proof of Corollary 2.7]

In this section we show that the functions v and n defined in (23)) and (24]) satisfy the conditions of
Theorem LA We recall that according to [7, Theorem B] there is an absolute constant ¢ > 0 such that
< min {r(Q),n(Q)} for all Q € Sub.(R?) which shows that v and n map into (0,00) and which

¥l

makes the question of existence of optimal domains in fixed volume classes particularly intriguing.

Proof of Corollary [2.7

Property (i): We want to show that both v and 7 have the reverse monotonicity property. So let
Q; C Qy be bounded, open CH! sets. Given B € VI, _ (1) (resp. V275 (Q21)) we can define
B:=xq,Be€ L?(Q2,R3). Tt follows now straightforward from definitions 1)), [Z2) of the spaces
ViI_o(Q) (resp. V;;Z:FO(Q)) that B € VI _o(8) (resp. Be V;;Z:FO(Q)) and that Ma, (B) = Mg, (B),
Ha,(B) = Ha, (B) (recall that M denotes the magnetic energy, i.e. the L2-norm squared, and we use
a subscript to specify the domain of integration and that H denotes the helicity (II)). Consequently

B B
v(Q1) =  inf Mo, (B) _ _ inf Mo, (B) > 1(Qy) (resp. n(Q) > n(Q)).
BeVi,_o@) Ha(B)  Bevi, (@) Ho,(B)
Ho, (B)>0 Ha, (B)>0

B=0 on Qa\
Bl €Vdiv—o(1)

Property (ii): Let ©Q € Sub.(R?) and X € C2°(R?,R?) be such that X is everywhere outward pointing
along 0€). Let ¢y denote the (global) flow of X. We have to prove that limy o v(¢:(Q2)) = v(2) (resp.
limg 0 7(10(2)) = n(€2)). In order to derive this result we set for notational simplicity € := 1)(Q)
and given B € V], _,(Q) we define a vector field on € by, see also [11], Proof of Lemma 4.4],

T det(Dwt)(w;l(x))v (1)« B) () := (D) (’l/); (SC)) - B (1/}; (:C)) .




If X € L?(Q4,R3) is any other arbitrary vector field, applying the change of variables formula yields

Bt(:v)-X(:v)d%:/B(x)-((Dz/Jt)Tr(x)-X(z/Jt(x))) dx. (4.1)

oM Q

If X(x) = Vf(z) for some f € H'(Q), a direct calculation yields V(f o ¥¢)(z) = (D)™ (z) -
(V) (¢(x)) and hence (@) becomes

0

Bi(z) - Vf(x)d®z = / B(z) - V(f o) (x)d>x
Q Q

where we used in the last step that f o, € H'(Q) for every f € H'(€) and that B € Vi, _,(2).
Hence B; € Vi _(Q:). Similarly, if B € V;Fi’VZ:FO(Q), then we observe that if X is curl-free in the
weak sense on Qy, then (D)™ (x) - X (¢4(x)) is curl-free in the weak sense on Q (this can be most
easily seen by identifying the vector field X with a 1-form w and noting that (D)™ (z) - X (¢ (z))
then corresponds to the 1-form 7,/12# w, keeping in mind that being curl-free corresponds to closedness
of the corresponding 1-form and that pullbacks commute with the exterior derivative). Hence, if
X € L*(Q4,R3) is any curl-free field, then Y := (D)™ () - X (¢4(z)) will be also curl-free and we can
perform an L2-orthogonal decomposition of Y into Y = Vf + T for a suitable f € H}(Q2) and square
integrable I' which is div- and curl-free in the weak sense. Then the defining properties of V;Fi’VZ:FO(Q)
imply that the corresponding integral vanishes and hence B; € V(i;/Z:FO (©4). In fact, because 9 is a
diffeomorphism, the map B + B; defines an isomorphism between VI _ () and Vi, _,(€) (resp.
V25 () and V2 (). We will first argue that Ho, (B;) = Ha(B) for all B € VE,_(Q). To sce
this we observe that if we extend a given B € de 0(2) by zero outside of 2, we obtain a new vector
field B € LP(R3,R3) for all 1 < p < 2 and that B is divergence- free in the weak sense on R?. It then
follows from the Hardy-Littlewood-Sobolev inequality that BSgs (B B) = BSq(B) € L3(R®, R3) and it is
standard, c.f. [§, Proposition 1], that it satisfies curl(BS(B)) = B € L# (R? R?) (and div(BS(B)) = 0).
To simplify notation we set Z := BSgs(B) and

Zy(x) = Z0 (0 (2))(07 () e

on R? and observe that

*E g
curl(Zy)(z) = () >Ex1) =: B; on R3.
det(Dey)(¢y " ()
It is clear that since Z € L3(R3 R3), that so is Z; for any t. It then follows from Corollary 2] that

we may use Z; as a vector potential in order to compute the helicity of Bt We note that Bt = X, Bt
and hence

’Hgt(Bt):’HRs(Et):/ §t~th3:c:/ By(z) - Zy(z)dPx
R3 Q

Using [@I) with X = Z; together with the fact that (Dy; 1) (¢ (x)) Dy (z) = D(¢; o) (z) = Id we
obtain

Ho, (B) = /QB(:C) - BSgs (B)(2)d3z = / B(z) - BSq(B)(z)d*z = Ho(B)

Q

and so indeed helicity is preserved by this isomorphism, see also ﬂa, Theorem A] for the case of volume
preserving transformations. We have shown so far that the map B — B, defines a helicity preserving
isomorphism between VI, _(€2) and V], _,(€) (resp. V;Fi’VZ:FO(Q) and V(};’VZEO(Qt)). Finally, using once

more ([£I]) we find
D) B2 5
o det(Dyy(x)) '

It is now easy to see, by means of a Taylor expansion in time, that there is a constant C' > 0
(independent of B) such that for all 0 <¢ <1

Mﬂt (Bt) =

MQt (Bt> Z MQ(B) (1 - Ct) .
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It now follows immediately from the definition of v (resp. 7) and the above considerations that
() > v(2)(1 — Ct) (resp. n(Q) > n(2)(1 — Ct)). On the other hand, since X is outward pointing
we have  C €, and thus, by the monotonicity property v(Q;) < v(Q) (resp. 1n(:) < n(Q2)) and the
claim follows from the sandwich lemma.

Property (iii): We want to show that there is a locally bounded function f : Rso — R>¢ and a function

g:Roo — Rxq with g(s) — 0 as s — oo such that for all 1, Qs € Sub.(R3) with Q1N Qs = 0 we have

et — iy | < fmax{9], 19:1})g(dist(21,02)) (resp. | by — mtmayawy| <

f(max{|Q1],]22[})g(dist(21,Q2))}). As already pointed out in the introduction the quantity n(£2) cor-
responds to the first curl eigenvalue 11 () of Q2 and the infimum in the definition of n(Q) is precisely
achieved by the corresponding curl eigenfields ﬂE, Theorem 2.1]. Therefore, since the positive spec-
trum of the curl operator on ; U Qs is simply the union of the corresponding positive spectra of €2y
and 29, the smallest positive eigenvalue of 2 U{2s is the minimum of the smallest positive eigenvalues
of Q1 and Q9 which yields the claim in this case because we can in fact choose f =0 = g.

While we can argue similarly for v that the infimum in the definition of v (Z3]) is achieved by the
eigenfields of a modified Biot-Savart operator ﬂﬁ, Theorem D & subsequent comments],ﬂa, Chapter 1
Introduction] and that in this case the eigenfields correspond to the largest positive eigenvalue o4 > 0
of the compact modified Biot-Savart operator and the quantity v is a variational characterisation of
UL, we cannot argue as in the case of 7 that the spectrum of the union is the union of the spectra
of the subdomains because the Biot-Savart operator is a non-local operator. We will now show that
v nonetheless satisfies the approximate disjoint minimality property. To see this we first fix any two
domains Qy, Qs € Sub.(R?) of positive distance and define for notational simplicity A\(Q) := ﬁ We

observe that A(Q2) = suppcyr _ (a)\(0} %, recall Definition and Equation (L3). Now, given
some B € V;Fiv:o(ﬂl U Qs) we set By := B|g, and By := Blq, and note that B; € V;EV:O(QZ-) for
1 = 1,2 which follows easily from the definition. Further, we use a subscript to indicate the domain of
integration, so for example BSq, (Bz)(x) = 1= [, Ba(y) x ~—tsd%y etc.. We then have the following
identity, with  := Ql @] QQ,

Hao(B)  Ha,(B1) + Ha,(Bo2) L f(zl By (z) - BSq, (Ba)(x)d®z + f(zz Bs(z) - BSq, (B1)(z)d’x
Mq(B) Mg, (B;) + Mq,(Bs) Maq, (B1) + Mgq,(Bs) '

(4.2)

We observe that the Biot-Savart operators BSg, (B;) are defined on all of R and so for instance the
term involving BSgq, (B1)(z) for € Qs does not vanish in general. We can now however use the
definition of the Biot-Savart operator and the fact that 0 := dist(£21,Q2) > 0 to estimate

1 |B1(y)] 3 1 / 3
BSq, (B < — d’y < B d’y f 11 Qs.
| BSa, (B1)(@)] < 4 /Ql |z — yl[? Y= Yne? ol [B1(y)|d’y for all @ € 0,

Consequently we can estimate

1
[ Bate) B0 @)\ < o [ BB s

- l (Mﬁl(Bl) +MQQ(B2) maX{|Ql|a |QQ|}) s

-2 4762

where we used the elementary inequality ab < “2'2"172 with a = |B1(y)|,b = |Bz2(x)|. Letting R(B) :=
Jo, Bl(z)»BSQQ(Bg)(m)d3z+fQ2 Ba(z)-BSq, (B1)(z)d*x

we observe that this implies

Ma, (B1)+Ma, (B2)
01,0
()| < B 5 o, ), (4.3)
It is now standard to verify that supgeyr — ()\(03 ﬁzlggigixf; (5;2)) = max{\(21),\(Q2)} =: A\, and

that the supremum is in fact achieved by a maximiser of either A(£21) or A\(Q2) which is set to zero on
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the respective remaining part of Q. We can therefore let B € VI _ (€2) be a maximiser of A\(€2) and

conclude from ([{2) and (£3)

Mo, (B1) +Ha,(B2)
MY = Mo, (B + Moy (B2)

max{|], [Qa]}
4762

max{|521|, |“2|}
< <

Conversely, if we let Be V;EVZO(Q) be a maximiser of ﬁzlgiiixﬂé ((BB22)), then we find once more by
1 2

means of ([@2]) and @3]

_ Ho(B) = max{|], [Qs]}
Ay = oD R(B) < \(Q) +

max{|1], [}
_ < SRR 19021
42 = A - M) < 4762

Overall we conclude that [A(Q1 U Q2) — max{A(Q1), A\(Q2)}] < % so that we may let
1

f(s) := ;= and g(s) := & which proves the desired inequality for v upon recalling that A\(2) = #Q)
We are left with proving that A\(Q; U B,.) = max{\(Q1), \(B,)} for every Q; € Sub.(R?) and any
Euclidean ball B,. with positive distance to £2;. This will however follow from our previous arguments
once we show that R(B) = 0 for all B € V. _(Q; U B,) since our previous arguments in that case
show that A(Q2) — Ay <0 and Ay —A(2) <0 where  := Q; UB, and Ay := max{\(Q1), \(B,)}. With

our previous notation, where we let 25 := B,., we observe that

/91 Bi(x) - BSq, (Bs)(z)d’x = %/Q /Q Bi(x) - (Bg(y) x |;‘yy|3) Pydia

= i Bs(y) - BSq, (B1)(y)dy

where we used the cyclic property of the scalar product. It is therefore enough to show that |, B, B (y)-
BSq, (B1)(y)d®y = 0 for all B; € VI,,_,(€%), i = 1,2. Because B, is a ball and each B> € V1 _(B,) is
div-free and tangent to the boundary, it follows from the Hodge-decomposition theorem, |27, Corollary
3.5.2 & Theorem 2.6.1] that there exists an H!-vector field A on B, which is normal to the boundary
with By = curl(A4). Consequently

/92 Bs(y) - BSa, (B1)(y)d*y = /

: curl(A)(y) - BSa, (B1)(y)d*y :/ A(y) - curl(BSq, (B1)(y))d’y = 0,

By

where we used the fact that A is normal to the boundary and thus no boundary terms appear when
integrating by parts and the fact that curl(BSgq, (B1)(y)) = 0 for all y € B, because B, and ) are
disjoint, sce |8, Proposition 1]. As explained, this shows that A(€ U B,) = max{A(Q1), A(B,)} for
every Euclidean ball B, which has positive distance to ;. Recalling the relation A(Q2) = ﬁ we
conclude that v satisfies the approximate disjoint minimality property.

Property (iv): The remaining argument is straightforward. We can similarly as in part (ii), by re-
placing ¢, by the diffeomorphism ¢ which induces a translation by z, define an isomorphism between
Vi _o(Q) and VI _(1(52)) (resp. V;;Z:FO(Q) and V;;Zjo(w(Q))). As we have seen this isomorphism
preserves helicity and because ¢ induces an isometry, more precisely we even have D (y) = Id for all
y € €, one easily infers that the defined isomorphism also preserves the magnetic energy M. From this
and the definition of v (resp. 1) it immediately follows that we have for all z € R? and all 2 € Sub,(R?)
V(o + Q) = 1(Q) (resp. (n(x + Q) = n(12))).

We conclude that v as well as n satisfy properties (i)-(iv) of Theorem and thus Corollary 2.7
follows. O
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A Gauge invariance of helicity

We first prove the following approximation lemma, c.f. ﬂﬁ, Lemma 5.3.11]

S . o111
Lemma A.1 (Approximation lemma). Let 1 < p < 3 and let ¢ be given by the equation 1=7 "3

P

If A€ L9(R3R3) with curl(A) € LP(R3,R?), then there exists a sequence (4,), C C°(R3 R3) such
that

i) A, — Ain LI(R3 R3),

ii) curl(A,) — curl(4) in LP(R3,R3).
Proof of Lemma[Adl First, we can fix a sequence of bump functions (p, ), C C°(R?) with 0 < p,, < 1,
pn(z) = 1 for all |z| < n, p,(x) = 0 for all |z| > 3n and |grad(p,)(x)| < % for a constant C' > 0
independent of n. In addition, let (¢,), be a standard Dirac sequence. We then define A, (z) :=
(¢n % (pnA))(x), where x denotes the convolution operator. It is standard that A, — A in LI(R3,R3).

We further compute by properties of the convolution operator (we make use of the Einstein summation
convention)

curl(A,)(z) = ee / (060 — 1)on () A; (0) Py

R3

= crey, /3 (Gipn) W)pn(x — y)A; (y)d°y — eTey /3 0i(dn(x — y)pn(y))A; () dy. (A1)
R R
We note first that by the convolution inequality and normalisation of the Dirac sequence

[6n % ((Bipn) Aj)l Lo @3y < [ PnllLr @) 1(Bipn) Ajll o sy = [1(Dipn) Aj |l Lo () -

In addition, d;p,(z) = 0 for |z| < n because p,, is constant on this set. We recall that % +1=1and

3 P
so the generalised Holder inequality implies

[10ipn) Ajll e ey = 1(0ipn) Ajll Lrr2\B,, (0)) < 10ipnll L3 Aj ]| Lara\ B, (0))-

We observe that || A;|Lq(ra\ B, (0)) converges to zero by dominated convergence, since A; € L9(R?) and
that [|0;pn||3(rs) is uniformly bounded due to the fact that each p, is supported within Bs,(0) and
due to the decay of the derivatives of the p,. This implies that the first term in (Al converges to
zero in LP(R3). As for the second term in (AJ)) we note that the existence of curl(A4) implies that

~cbey [ 0on(e ~ a4 W)y = [ 6ulo~ y)oly) cwrl D)y = (G x (o, curl(4)(a).
R3 R3

Hence, the second term in (A]) converges to curl(A4) in LP(R3,R3) because curl(4) € LP(R3 R3) by
assumption. This concludes the proof. O

We are now in the position to prove the gauge independence of helicity, c.f. ﬂﬂ, Corollary 5.5.1]
Corollary A.2 (Gauge invariance of helicity). Let A, Ay € L3(R3, R3) with curl(4;) = curl(4y) €
L% (R3,R?). Then

/ A - curl(Al)de = / Ay 'CU.I'l(AQ)dBZE.
R3 R3

13



Proof of Corollary[A.2. For notational simplicity we define B := curl(A4;) and A := A; — Ay, then the
claimed identity is equivalent to [, A-Bd*z = 0. To see this we can apply Lemma [ATl with ¢ = 3 and
p= % and find a sequence (A,,), of smooth and compactly supported vector fields, such that A,, — A
in L*(R3,R%) and curl(4,) — curl(4) = 0 in L? (R3 R3). Then, since 3 is the Holder conjugate of 3
we obtain the following identities

/ B-Ad*r = lim curl(4) - A,d*xz = lim curl(4,) - A1d*r = 0,
R3

n—oo Jps3 n—o0 [p3

where we used the defining properties of the curl operator. O
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