
HAL Id: hal-04103387
https://hal.science/hal-04103387

Submitted on 23 May 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

The electrodiffusional theory for the wall shear stress
measurement by two-strip probe

Vaclav Harrandt, David Kramolis, Florian Huchet, Jaroslav Tihon, Jaromir
Havlica

To cite this version:
Vaclav Harrandt, David Kramolis, Florian Huchet, Jaroslav Tihon, Jaromir Havlica. The electrodiffu-
sional theory for the wall shear stress measurement by two-strip probe. International Journal of Heat
and Mass Transfer, 2023, 212, pp.124287. �10.1016/j.ijheatmasstransfer.2023.124287�. �hal-04103387�

https://hal.science/hal-04103387
https://hal.archives-ouvertes.fr


The electro-diffusional theory for the wall shear stress
measurement by two-strip probes

Vaclav Harrandta,b, David Kramolisb, Florian Huchetc, Jaroslav Tihona,
Jaromir Havlicaa,b,∗

aThe Czech Academy of Sciences, Institute of Chemical Process Fundamentals, Rozvojova
2/135, 165 02 Prague, Czech Republic
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Abstract

This article deals with the derivation of a fundamental theory for describing

mass transport on the active surface of a two-strip mass transfer probe for an

arbitrary direction of the fluid flow. The existence and finding of such a general

theory is a critical point for using the electrodiffusion method by employing two-

strip probes. Considering changeable probe geometry, the general analytical

formulas for the average mass transfer coefficients are derived and provided for

both the probe segments in dimensionless forms . The correctness of the derived

analytical expressions is confirmed by numerical solutions of the convection-

diffusion transport equation.

Also, a methodology of possible experimental data treatment is proposed.

It is based on the evaluation of two current signals collected from the segments

of a two-strip probe. From the derived equations, it is possible to determine

the magnitude and direction of the wall shear rate for both, predominantly

frontal and also reversal flows. Established on the analysis of the current ratio

predictions for various probe geometries, an optimal probe configuration is found

out with respect to the sensitivity of flow direction measurement.
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1. Introduction

Transport phenomena occurring in boundary layers are, to a significant ex-

tent, dependent on the course of wall shear stress [1]. Therefore, knowledge of

the velocity gradient at the wall is strategic information to assess the local skin

friction between the wall and the flowing fluid. In general, the importance of5

this interaction on the overall behavior of the system grows as the specific sur-

face area increases. For this reason, it is necessary to deal seriously with contact

between wall and fluid, especially in microfluidic devices [2], porous structures

[3], or reactors containing packed beds [4] or structured layers [5].

Recently, an extraordinary expansion of microfluidics to fulfill the demands10

of process engineering or biomedical applications can be observed [6]. The re-

quirements for wall shear stresses in these microflow devices differ and depend

on the specific application. In the chemical industry, within these microde-

vices, it is often required to intensify transport phenomena and thus achieve a

high magnitude of wall shear stresses [7]. On the other hand, in biomedicine15

or biotechnology, in devices applied for the cultivation of biological materials

bonding on the wall, there is an effort to minimize wall shear stresses or at least

not exceed the limit values [8]. Even if it is necessary to maximize wall shear

stresses or vice versa, the fluid must behave respectfully towards the living or-

ganisms located on the device’s wall; it is always essential to have information20

about the values of the velocity gradient on the wall.

However, direct measurement of wall shear stress is a complex challenge

up to the present day. The reason is the need to describe hydrodynamics in

the immediate vicinity of the wall, where conventional approaches usually fail

because they cause disturbances in the flow structure. Therefore, for appropriate25

evaluation of wall shear stress, one needs to use noninvasive methods that do

not significantly influence the flow structures and are applicable to locations

situated on the wall [9]. In particular, the ability to evaluate flow information
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close to the wall is a major limitation of most recently developing methods such

as Particle Image Velocimetry (PIV) [10] or Laser-Induced Fluorescence (LIF)30

[11]. Although these optical non-intrusive methods highly accurately describe

hydrodynamics even in complex geometries, they still cannot adequately capture

phenomena occurring directly at the wall.

One possible technique for the nonintrusive measurement of wall shear stress

is the electro-diffusion (ED) method, which can be recently viewed as a possible35

adept for near-wall flow diagnostics in microfluidic devices [12]. This method

was initially introduced by Reiss & Hanratty [13] for measuring instantaneous

rates of mass transfer to a small wall probe. This technique was afterward

applied also to measure the velocity gradient at the wall [14]. The principle

of the ED method is based on the measurement of limiting electric current40

passing through a small electrode flush-mounted into the wall, and thus it is in

many ways similar to that of hot wire anemometry. Nevertheless, instead of the

temperature, the studied scalar quantity is the concentration of the active ions.

As the involved electrochemical reaction is fast enough, the concentration of the

reacting ions is zero at the electrode surface, and the measured current is fully45

controlled by convective-diffusive transport. When comparing the ED method

to hot wire anemometry, the main advantage is in the absence of undesired loss

of transported quantity [15]. A detailed description of the measuring principles

can be found in several reviews [9, 15, 16, 17, 18].

The basic geometrical shapes of probes used for the ED method are circular,50

and strip [14]. Circular probes are intended just for the measurements of the

magnitude of the wall shear rate [19]. As a separate measuring object, the single

strip probe is though direction sensitive, but due to the need to determine two

independent variables as are the magnitude and direction of the shear stress

vector, it is unusable. Therefore, it is only appropriate for measuring shear55

stress magnitude for a strictly defined direction of fluid flow. This implies that

if the direction of near-wall flow needs to be provided by the measurement, multi-

segmented probes have to be applied. The so-called sandwich probes introduced

by Son & Hanratty [20] is often used to detect a possible flow reversal in the near-
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wall region. It consists of two strip segments separated by a thin insulating gap.60

In this case, the concentration boundary layer of the upstream (front) segment

influences the mass transport on the downstream (rear) segment. By comparing

the magnitudes of both current signals, it is possible to distinguish between the

frontal and reversal direction of the flow [21]. In addition to evaluating shear

rates in stationary flow, the ED method can also measure more complex flow65

types, such as unsteady oscillating flows. Mao & Hannratty [22, 23] developed

the so-called inverse mass transfer method, which using numerical simulations

and measured electrical current values, can adequately describe the frequency

response of two-segmented probes for cases of oscillating flows [24, 25]. In the

past, two-strip probes were used to measure wall shear rates and hydrodynamical70

description in many diverse applications. An example of the employment of a

sandwich probes was the detection of stagnation and separation points in liquid

flows around cylinders [20, 26], to recognize recirculation zones in the flow behind

a backward-facing step [27], to detect the flow reversal under Taylor bubbles

[28, 29], to investigate flow inside corrugated plate heat exchangers [30], or to75

determine the flow regimes in multiphase flows [31].

A more ingenious, three-segmented probe developed by Wein & Soboĺık [32]

is composed of three active parts having shapes of circular sectors. After specific

directional calibration, this probe can measure instantaneous vectors of the wall

shear rate. According to Lamarche-Gagnon & Vetel [33], similarly, as in the80

case of a two-segmented probe, the approach of the inverse method is applicable

for oscillating flows also with the usage of a three-segmented probe. In general,

however, the three-segmented probe has a problem with evaluating the stagnant

point and is not entirely suitable for measuring high-frequency fluctuating flow.

To employ two-segmented probes for measurement using the ED method,85

it is necessary to have any connection in the form of an analytical equation

between the measured currents from segments and the shear rate vector. This

expression can be obtained by calibration or by theory. In the case of calibra-

tion, depending on the flow type, calibration equations describing the relations

between electrical current and shear rate are used. The constants in these cali-90
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bration equations are subsequently evaluated using experimental measurements

[34, 35]. The beginnings of the theoretical investigation of mass transfer on the

surfaces of the two-strip probes were given by LeBouche [36]. For simplification,

he used two equally long and wide segments and neglected the size of the in-

sulating gap between them. Within the derived analytical relations framework95

connecting the measured currents from both segments and the wall shear rate,

he assumed a perpendicular flow of the liquid through the transverse leading

edge. The theory for evaluating measurements using two-strip probes was fur-

ther broadened by Py [37]. The probe geometry and liquid flow angle were

identical to those of LeBouche [36]. Unlike LeBouche, Py assumed the influence100

of the insulating gap, which he evaluated based on numerical simulations. The

pinnacle of theoretical research for the evaluation of measured data for a two-

strip probe can be considered the publication by the authors Wein & Wichterle

[38] from 1989. They generalized the theory for a two-strip probe for mutually

different lengths of both segments, and also only, based on the theory, they105

deduced the influence of the thickness of the gap on mass transport on both

segments. However, the question of generalization of this problem for arbitrary

flow orientation remains unanswered to this day.

The existence and finding of such a general theory is a critical point for using

the electrodiffusion method to measure both the magnitude of the shear rate110

vector and the flow direction by employing two-strip probes. Therefore, the

presented work focuses on deriving a fundamental theory for describing mass

transport for an arbitrary fluid flow direction with a constant velocity gradient

for two-strip mass transfer probes. This work follows our previous publication

[1], in which we revisited the electro-diffusional theory for the wall shear stress115

measurement from single mass transfer probes of rectangular shape by consid-

ering the existence of two components of the wall shear rate (i.e., longitudinal

and transversal). The published theory was generalized to the two-strip probes

in the present paper. The correctness of the derived analytical relations for

arbitrary flow direction and the aspect ratio of both segments was confirmed by120

numerical solutions of the transport equation in the convective-diffusive regime.
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Finally, we presented both the new measurement methodology with a two-strip

probe concerning the longitudinal and transversal flow directions and require-

ments for the optimal geometrical configuration measurement probe. Based on

our research and theory, the possibility opens up to apply a two-strip probe not125

only for flow reversal detection but also to determine the actual flow direction.

2. Theory of wall shear stress measurements by two-strip probe

2.1. Principle of limiting diffusion current measurements

An electrodiffusion method measures instantaneous local mass transfer rates

on the surface of an electrode, where a rapid redox reaction takes place. When130

a sufficiently high polarization voltage is applied to the electrochemical system,

the concentration of reacting species on the electrode is zero, and the limiting

current flowing through the created electrochemical cell is controlled only by the

mass transfer of reacting species towards the electrode. Therefore, based on the

value of the measured current, the mass transfer coefficient, and subsequently135

also, the wall shear rate can be determined. The relationship between the

measured current signal and the wall shear rate can be ascertained either by a

reliable calibration method or by finding adequate analytical formulas.

Calibration, as the first possibility, is generally suitable for circular electrodes

because their symmetrical shape is not sensitive to the flow direction. In such140

a case, only the current dependence on the magnitude of the shear rate vector

is solved. However, for strip and segmented probes, the use of calibration is

very limited due to the dependence of the measured current not only on the

magnitude of the shear rate vector but also on the flow direction. Another

limiting factor for performing calibration is the usually fixed position of probes145

with respect to the wall of an experimental device and, thus, limited possibilities

for controlling the flow direction in a defined manner during calibration.

Utilization of analytical expressions, as the second possibility how to solve

this problem, requires the existence of a unified theory relating both quantities.

However, due to the complicated transport phenomena on the electrode’s sur-150
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face, finding the exact relation valid for an arbitrary flow direction is problem-

atic, especially for segmented electrodes. But still, solving this task is necessary

to make direction-sensitive measurements with segmented probes possible.

The governing equation that links the experimental measurement of the

limiting current Ilim to the mass transport to the electrode surface is Faraday’s155

law of electrolysis, which is expressed as

Ilim = |Jz|neSeF , (1)

where Jz denotes the molar flux intensity in z-direction, ne is the number of

electrons involved in the redox reaction, Se indicates the size of the active surface

area of the electrode, and F is the Faraday constant. The average intensity of

the flow of ions to the surface of the electrode can be expressed as160

Jz = −kz(c∞ − cw) , (2)

where c∞ is bulk concentration, cw is equilibrium concentration on the probe

surface, and the proportionality constant is represented by the average mass

transfer coefficient kz which is taking into account mass flow through both dif-

fusion and convective mechanisms in z-direction. The concentration difference

in the equation (2) is the driving force of the ongoing mass transport.165

From Faraday’s law, eq. (1), the mass transfer coefficient can be calculated

based on the measured electric current, which forms a kind of entrance gate for

determining the investigated hydrodynamic quantities near the wall. However,

to bridge the gap between the mass transfer coefficient and the studied quanti-

ties, it is necessary to use suitable relations based on a theory that is approached170

and derived in the following text.

2.2. Analytical solution for a single strip probe

The investigated situation is shown schematically in Fig. 1. The probe

dimensions are defined using its longitudinal length Lx in the direction of the x-

axis and its transverse width Ly in the direction of the y-axis, see Fig. 1. Also,175

to provide and analyze the results obtained for different strip configurations,
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Figure 1: Scheme of the investigated system with a single strip probe: a) flow and mass

transfer in the near-wall region of the strip probe in xz plane; b) perpendicular fluid flow over

probe surface in xy plane; c) arbitrary direction fluid flow over probe surface in xy plane.

the probe width Ly is permanently fixed, whereas only the probe length Lx is

changed.

When describing hydrodynamics near the probe surface, a simple shear flow

with an arbitrary angle α concerning the x-axis is assumed. The angle α is thus180

defined as the arctangent of the ratio of the transverse velocity component uy

to the longitudinal one ux. For the homogeneous simple shear flow, the angle α

is connected with the components of the wall shear rate vector S. Therefore, it

is convenient to introduce the non-dimensional parameter β defined as

β =
S2
y

∥S∥2
= cos2 α , 1− β =

S2
x

∥S∥2
= sin2 α , (3)

where Sx and Sy are components of the wall shear rate vector, and ∥S∥ is its185

magnitude. The dimensionless angle takes the values β ∈ ⟨0, 1⟩ corresponding

to the angle α ∈ ⟨0, π/2⟩. This interval is determined by the nature of the

strip probe, which exhibits certain symmetry concerning the flow direction,

thus giving outside this interval (α < 0 or α > π/2) identical results as inside

this interval (kz(α) ≡ kz(−α) and for kz(α) ≡ kz(π − α)), see Fig. 2.190

For the definition of the mass transfer coefficient, the so-called critical value

of the β parameter is of specific importance. It indicates the size of the di-

mensionless angle in such a configuration of the system in which the ratio of

the lengths of the probe’s sides is equal to the ratio of the longitudinal and
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Figure 2: Scheme of strip probe: (i) two types of the measuring symmetry for evaluation of

the fluid flow angle; the axis of the first symmetry is the green dashed line, and the axis of the

second symmetry is the blue dashed line; (ii) the relation between the dimensionless angle β

and the angle α.

transverse components of the velocity vector195

Lx

Ly
=

ux

uy
=

√
1− βc√
βc

⇒ βc =
L2
y

L2
x + L2

y

=
1

R2 + 1
. (4)

The geometrical parameter R is the aspect ratio between the length and width

of the rectangular probe

R =
Lx

Ly
. (5)

The description of mass transport in the vicinity of the probe is described

by governing equation

∂c

∂t
+ ux

∂c

∂x
+ uy

∂c

∂y
+ uz

∂c

∂z
= D

(
∂2c

∂x2
+

∂2c

∂y2
+

∂2c

∂z2

)
, (6)

where t is time, c is concentration, D is diffusion coefficient and ux, uy, uz are200

the components of the velocity field vector. It is considered that the flow is

homogeneous over the surface of the probe without any stagnation points (uz ≈

0). The concentration profile is steady, (∂c/∂t = 0). The Schmidt number,

defined as the ratio of kinematic viscosity, ν, and diffusion coefficient, D,

Sc =
ν

D
, (7)

is sufficiently large, and therefore, the components of the velocity vector (ux, uy)205

change only in the normal direction to the electrode surface as a linear function
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in the viscous sublayer

ux = Sxz =
∂ux

∂z
z ; uy = Syz =

∂uy

∂z
z . (8)

If the Peclet numbers, represented as the ratio of the product of the character-

istic length and the characteristic velocity to the diffusion coefficient,

Pex =
Lxux

D
; Pey =

Lyuy

D
, (9)

is also sufficiently large, convective transport dominates over diffusion210

D

(
∂2c

∂x2

)
≈ 0 , D

(
∂2c

∂y2

)
≈ 0 . (10)

By combining all the above assumptions (discussed in more depth in the publi-

cation of Havlica et al. [1]), the equation (6) takes the form

Sxz
∂c

∂x
+ Syz

∂c

∂y
= D

∂2c

∂z2
. (11)

The equation (11) suggests that the mass transport in the direction of the

x- and y-axes is ensured by convection, while in the direction of the z-axis only

by diffusion. Therefore, the mean integral value of the molar flow intensity in215

the normal direction, Jz, over the whole probe surface is given by using Fick’s

law

Jz =
1

S

∫
S

JzdS =
1

S

∫
S

(
−D

∂c

∂z

)
z=0

dS . (12)

Combining the equations (2) and (12), the formula for the average mass transfer

coefficient is defined as

kz =
1

(c∞ − cw)S

∫
S

(
D

∂c

∂z

)
z=0

dS . (13)

To describe mass transport in the close vicinity of the strip probe, it is220

necessary to solve the partial differential equation (11). But, unfortunately,

in the case of arbitrary flow direction, the given differential equation cannot

be solved analytically in general. For this reason, it is necessary to propose a

different procedure, which consists of the following two steps: (i) performing

a geometric transformation of the measuring probe so that the average mass225
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transfer coefficient for the situation of the arbitrary flow direction was identical

to the average mass transfer coefficient for the transformed probe with the

perpendicular flow; (ii) finding a mass transport solution for the perpendicular

flow of fluid over the newly transformed probe. This transformation makes it

possible to obtain an analytical solution for the arbitrary flow direction.230

For the case of perpendicular fluid flow with respect to the leading edge of

the probe (uy = 0, see Fig.1b), the transport equation (11) is simplified to the

form

Sxz
∂c

∂x
= D

∂2c

∂z2
, (14)

with the following boundary conditions

x → −∞ z > 0 c = c∞

x ∈ ⟨0, Lx⟩ z = 0 c = cw

x < 0 ∪ x > Lx z = 0 ∂c/∂z = 0

x → ∞ z > 0 ∂c/∂x = 0

∀x z → ∞ c = c∞

. (15)

The analytical solution of the above second-order partial differential equation235

can be expressed in the shape [14]

c− cw
c∞ − cw

=
1

Γ( 43 )

∫ η

0

e−η3

dη , (16)

where Γ is the gamma function. The variable η is determined by the prescription

η = z

(
Sx

9xD

) 1
3

. (17)

The mass transfer coefficient on the surface of the probe is a function of the

x-coordinate only, and the equation (13) reduces to the expression

kz =
1

(c∞ − cw)Lx

∫ Lx

0

(
D

∂c

∂z

)
dx . (18)

By derivative of the concentration field described in the equation (16) accord-240

ing to the z-coordinate and subsequent integration, the following equation is

obtained

kz =
3

2Γ( 43 )9
1
3

(
D2Sx

Lx

) 1
3

= KL

(
D2Sx

Lx

) 1
3

, (19)
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where KL is Lévêque constant

KL
.
= 0.807549 . (20)

A detailed derivation of the Eq. (19) is reported in Appendix A. According to

the Eq. (19), the average mass transfer coefficient is dependent on the diffusion245

coefficient, D, the length of the strip probe, Lx, and the x-component of wall

shear rate vector, Sx.

The normalized Sherwood number as a nondimensional form of the average

mass transfer coefficient is then defined as

Sh∗
Lx

=
kzδD,Lx

D
= kz

(
Lx

D2Sx

) 1
3

= KL , (21)

where δD,Lx
is the thickness of the diffusion boundary layer, and according to250

Guyon [39], scaling for this thickness can be written in the form

δD,Lx
≈
(
DLx

∥S∥

) 1
3

. (22)

In the case of perpendicular flow over the leading edge of the strip probe, it

is possible to relate the average mass transfer coefficient unambiguously to the

scalar value of the wall shear rate and Eq. (21) became the basis of the elec-

trodiffusion method described in publications by Reiss & Hanratty [13, 14].255

Now, to solve the case of an arbitrary flow (see Fig.1c), the above-mentioned

geometric transformation of the probe has to be applied. The basic idea of this

transformation is to divide the probe into individual sub-sections of infinitesi-

mal widths oriented in the flow direction. Each sub-section will be viewed as

a separate rectangular probe of length l(v) and width dv subjected to the per-260

pendicular flow. In this case, the local mass transfer coefficient can be written

based on the equation (19) as

kz = KL

(
D2∥S∥
l(v)

) 1
3

. (23)

The average value of the mass transfer coefficient can be obtained by integrating

kz over the active surface of the probe

kz =
1

S

∫
S

kzdS =
1

LxLy

∫
v

kzl(v)dv , (24)
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where dS = l(v)dv, and active surface of a probe is defined as S = LxLy. By265

subsequently substituting the Eq. (23) into the Eq. (24), one can obtain

kz =
KL

LxLy
(D2∥S∥) 1

3

∫
v

l(v)
2
3 dv . (25)

The equation (25) can be rewritten in an analogous form as Eq. (23)

kz = KL

(
D2∥S∥

le

) 1
3

, (26)

where

le =

(
LxLy∫

v
l(v)

2
3 dv

)3

. (27)

The quantity le represents effective transfer length. The mathematical expres-

sion of the integral
∫
v
l(v)2/3dv and, in detail, the whole process for deriving the270

mass transfer coefficient and the normalized Sherwood number for a strip probe

and the arbitrary direction of simple shear flow can be found in the publication

of Havlica et al.[1].

The effective transfer length is a function of the dimensionless angle, β, the

geometrical aspect ratio of the strip probe, R, and the probe length, Lx, and it275

is defined as [1]

l
1
3
e =



L
1
3
x

(1− β)
1
6

(
1 +

R
√
β

5
√
1− β

) for β ≤ βc

L
1
3
x

β
1
6R

1
3

(
1 +

√
1− β

5R
√
β

) for β > βc

. (28)

The effective transfer length is a length that corresponds to the longitudinal

length of an apparent rectangular probe exposed to the perpendicular liquid

flow, which has the same average mass transfer coefficient as the real measuring

probe exposed to an arbitrary flow direction.280

To characterize mass transport on the active surface of a strip probe, it is

convenient to use the dimensionless form of average mass transfer coefficient

in the form of a normalized Sherwood number. The general expression for the
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normalized Sherwood number for any 2D fluid flow over the probe surface is

defined in our previous work [1] as285

Sh∗
lD =

kzδD,lD

D
= KL

(
lD
le

) 1
3

, (29)

where

δD,lD =

(
DlD
∥S∥

) 1
3

. (30)

The characteristic length lD determines the thickness of the diffusion boundary

layer, δD,lD . In the following text, two characteristic lengths are used to define

the normalized Sherwood number. The first one is the effective transfer length,

le, and the second one is the probe length Lx. In the first case, the equation290

(29) reduces to the form

Sh∗
le = KL . (31)

In the second case, the normalized Sherwood number has the form

Sh∗
Lx

=
kzδD,Lx

D
= KL

(
Lx

le

) 1
3

. (32)

2.3. Analytical solution for a two-strip probe

Havlica et al. [1] proposed an electro-diffusional measurement methodology

using two single-strip probes to obtain both, the magnitude of wall shear rate295

and the near-wall flow direction. The most problematic point of the proposed

method is that during the experiment, it must be guaranteed that the changes

in the concentration fields due to the electrochemical reactions on both probes

do not mutually interfere with each other. This requirement can be fulfilled

either by a sufficient probe separation or by a suitable measurement timing.300

However, both these options are very limiting for local measurements of near-

wall flow structures. Therefore, it is necessary to establish a new fundamental

theory that considers the interaction of the adjacent measuring probes and thus

allows the simultaneous measurement of both the magnitude and direction of the

near-wall flow. For this reason, in this section, necessary formulas describing305

mass transport on the surface of two-segmented strip probes in a sandwich
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Figure 3: Scheme of the investigated system of two segmented strip mass transfer probes: a)

flow and mass transfer in the near-wall region of the strip probes in xz plane; b) perpendicular

fluid flow over probe surfaces in xy plane; c) arbitrary direction fluid flow over probes surface

in xy plane.

arrangement are derived for the case of simple shear flow with an arbitrary

direction. In deriving the given theory, an idealization assumption is introduced,

supposing that even though the measuring probes are in direct contact, they

are electrically isolated from each other. Since manufacturing capabilities allow310

insulation thicknesses on the order of micrometers [29], this idealization does

not cause too much distortion of reality. However, the effect of the gap between

the probes will be the subject of further research.

The discussed system is illustrated in figure 3a. For simplification, the fol-

lowing analysis of mass transport on the two-strip probe surface is divided into315

two parts. The first case assumes the perpendicular flow over the leading edge

of the probe (figure 3b). The second case considers the arbitrary direction of

flow over the leading probe edge (figure 3c). The first case leads to the Wein &

Wichterle analytical solution [38]. The second part presents the generalized ana-

lytical solution of mass transport for two-strip probes for the arbitrary direction320

of simple shear flow, which has not been reported yet.

The following discussion on the two-strip probe is distinguished the mass

transport at the front and rear segments and at the merged probe. The front

segment is not affected by the concentration boundary layer of the rear one, and

it behaves independently as a single probe. The solution of mass transport on325

the front segment was described in the publication of Havlica et al. [1]. On the
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other hand, the rear probe is, in most cases, in the concentration wake caused

by the electrochemical reaction taking place on the front segment. Therefore,

mass transport on the rear segment is significantly affected by the thickness of

the diffusion boundary layer created due to ongoing transport phenomena on330

the front segment. The merged probe is created by connecting the front and

rear segments to one. The merged probe behaves independently in the same

way as the single probe. The quantities associated with the front segment are

marked with subscript index 1, the quantities connected with the rear segment

with subscript index 2, and the merged probe quantities are without an index335

describing the electrode.

2.3.1. The case of perpendicular flow direction

The mass transfer coefficients of the two-strip probe in a sandwich arrange-

ment are first derived for the case of perpendicular flow direction (see Fig. 3b).

To define the probe geometry, the lengths Lx1 and Lx2 of the individual mea-340

suring probes are bound by the following equalities

Lx1 = aLx , Lx2 = (1− a)Lx , (33)

where

a ∈ ⟨0 ; 1⟩ . (34)

The variable a is the dividing coefficient, and the borderline cases a = 0 and

a = 1 correspond to scenarios where there is only one measuring probe with

dimensions Lx × Ly in the studied system. In the case of a two-strip probe, it345

is necessary also define the geometrical parameters R1, and R2 as the ratios of

the length and width of the rectangular front and rear segments

R1 =
aLx

Ly
=

Lx1

Ly1
, (35)

R2 =
(1− a)Lx

Ly
=

Lx2

Ly2
. (36)

The equations for the z-component of the molar flow intensities can be for

individual segments obtained by using the equation (12), in which the areas of350
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partial electrodes are taken into account in the integration limits

Jz1 =
1

aLx

∫ aLx

0

(
D

∂c

∂z

)
z=0

dx , (37)

Jz2 =
1

(1− a)Lx

∫ Lx

aLx

(
D

∂c

∂z

)
z=0

dx . (38)

Established on the derivation procedure given for the single probe in Appendix

A, the values of the average mass transfer coefficients on the active surface of

each segment can be assessed from the knowledge of the concentration field355

described by Eq. (16)

kz1 =
1

Γ( 43 )

1

aLx

(
D2Sx

9

) 1
3
∫ aLx

0

x− 1
3 dx , (39)

kz2 =
1

Γ( 43 )

1

(1− a)Lx

(
D2Sx

9

) 1
3
∫ Lx

aLx

x− 1
3 dx . (40)

By solving the integral in Eqs. (39) and (40) and by subsequent simple adjust-

ments, the following relations can be obtained

kz1 = KL
1

a
1
3

(
D2Sx

Lx

) 1
3

, (41)

360

kz2 = KL
1− a

2
3

1− a

(
D2Sx

Lx

) 1
3

. (42)

The dimensionless forms of the average mass transfer coefficient expressed using

the normalized Sherwood number can then be written as

Sh∗
1,Lx1

= Sh∗
Lx

=
kz1δD,Lx1

D
= KL , (43)

Sh∗
2,Lx

=
kz2δD,Lx

D
= KL

1− a
2
3

1− a
. (44)

For the front segment, the thickness of the diffusion boundary layer is evaluated

at the length Lx1. However, the diffusion boundary layer built at the rear365

segment is already affected by mass transport at the front one. Therefore, the

characteristic length controlling the thickness of its boundary layer is equal to

the length of the merged probe Lx. The front segment behaves independently

and acquires the identical value of Sh∗ as the single probe, compare Eqs. (21)
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and (43). On the other hand, the rear segment exhibits less intense mass transfer370

with the magnitude of normalized Sherwood number already depending on the

dividing coefficient a.

The ratios of electrical currents, average mass transfer coefficients, and nor-

malized Sherwood numbers relate the quantities corresponding to the rear and

front segments of the two-strip probe. The expression for the ratio of currents375

is obtained by combining Eqs. (1), (2), (41), and (42)

I2
I1

= a−
2
3 − 1 , (45)

the expression for the ratio of average mass transfer coefficients by combining

Eqs. (41), and (42)

kz2

kz1
=

a
1
3 − a

1− a
, (46)

and finally, the expression for the ratio of normalized Sherwood numbers by

combining Eqs. (43), and (44)380

Sh∗
2,Lx

Sh∗
1,Lx1

=
1− a

2
3

1− a
. (47)

The dependence of these ratios on the value of dividing coefficient a is plotted

in Fig. 4.

The current ratio I2/I1 exhibits a decreasing dependence on the dividing

coefficient a, see Fig. 4a). As the dividing coefficient a is increased, the area of

the front segment and thus also mass transport taking place there increases at385

the expense of the rear segment area. The magnitudes of electric currents flowing

through both the probe segments become identical for the value of dividing

coefficient a = 2−3/2, i.e., approximately the first one-third of merged probe

area, Lx×Ly, provides the same electric current as the remaining two-thirds of

merged probe area. Obviously, for two limiting cases, it holds: a → 0 (negligible390

front segment), I2/I1 → ∞ and a → 1 (negligible rear segment), I2/I1 → 0.

The derived dependence described by Eq. (45) agrees precisely with the solution

derived by Wein & Wichterle [38].

As the average mass transfer coefficients and normalized Sherwood numbers

are not cumulative quantities but those are averaged over the probe surface, the395
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Figure 4: The dependence of the ratio of essential variables characterizing the rear and the

front electrodes for the case of the perpendicular flow over the leading edge of the two-

segmented probe on the dividing coefficient a: a) the ratio of electric currents flowing through

the electrodes, I2/I1, derived on the base of our theory; b) the mass transfer coefficients

∆ ≡ kz2/kz1, and the normalized Sherwood numbers ∆ ≡ Sh∗
2,Lx

/Sh∗
1,Lx1

derived on the

base of our theory.

ratios of these quantities follow somewhat different trends when the dividing

coefficient a is increased (see Fig. 4b). As the maximum value of the average

mass transfer coefficient is observed at the leading edge of the probe, the average

mass transfer coefficients for both probe segments are decreased when the value

of the dividing coefficient a is increased. But the more pronounced reduction400

is observed for the front segment. Therefore, the ratio of average mass transfer

coefficients defined by Eq. (46) increases with increasing dividing coefficient a.

Two limiting cases are determined based on Eq. (46) as: a → 0, kz2/kz1 → 0

(for kz1 → ∞) and a → 1, kz2/kz1 → 2/3.

The value of Sh∗
1,Lx1

according to equation (43) is only constant and is405

therefore independent of the parameter a. The variable Sh∗
2,Lx

decreases with

increasing a due to the decrease in the average mass transfer coefficient at the
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rear segment, see Eq. (44). Therefore, in contrast to the average mass transfer

coefficients ratio, the dependence of the ratio of the normalized Sherwood num-

bers of the rear and front segments decreases with increasing dividing coefficient410

a, see Fig. 4b). Two limiting cases are now determined based on Eq. (47) as:

a → 0, Sh∗
2,Lx

/Sh∗
1,Lx1

→ 1 and a → 1, Sh∗
2,Lx

/Sh∗
1,Lx1

→ 2/3.

2.3.2. The case of arbitrary flow direction

The traditional way how to obtain the value of the average mass transfer

coefficient is either through the concentration field near the electrode surface,415

as was done in the case of a perpendicular flow of liquid over the leading edge,

or the second alternative is to use a transformation using the effective transfer

length. Unfortunately, the first traditional method cannot be used because the

partial differential equation (11) describing the mass transport near the elec-

trode surface does not have a general analytical solution. The second method,420

successfully used in deriving the theory for mass transport on a strip electrode

with the arbitrary simple shear flow, could be theoretically used, but the re-

sulting procedure would be very complicated when applied to a two-strip probe.

Therefore, here proposes an alternative approach for determining the expression

of the average mass transfer coefficient kz. It is established on the cumulative425

mass transfer property at the wall providing the measured electric current. This

procedure thus utilizes the fact that the current passing through the merged

probe equals the sum of the currents measured at its front and rear segments.

The average mass transfer coefficient in the equation (13) takes the following

form for the merged probe430

kz =
1

LxLy

∫ Lx

0

∫ Ly

0

(
D

∂c

∂z

)
dy dx

c∞ − cw
. (48)

For the sake of generalization, it is suitable to work with a non-dimensional

form of the average mass transfer coefficient. Therefore, the equation (48) is

substituted into the definition relation for the normalized Sherwood number
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(29)

Sh∗
lD =

δD,lD

LxLy

∫ Lx

0

∫ Ly

0

(
∂c

∂z

)
dy dx

c∞ − cw
. (49)

The integral in Eq. (49) can be divided into two parts according to the geometry435

of two individual probe segments

Sh∗
lD =

δD,lD

LxLy

∫ aLx

0

∫ Ly

0

(
∂c

∂z

)
dy dx+

∫ Lx

aLx

∫ Ly

0

(
∂c

∂z

)
dy dx

c∞ − cw
. (50)

The normalized Sherwood numbers for the front and rear probe segments can

be expressed in a similar way

Sh∗
1,lD1

=
kz1δD,lD1

D
=

δD,lD1

aLxLy

∫ aLx

0

∫ Ly

0

(
∂c

∂z

)
dy dx

c∞ − cw
, (51)

Sh∗
2,lD2

=
kz2δD,lD2

D
=

δD,lD2

(1− a)LxLy

∫ Lx

aLx

∫ Ly

0

(
∂c

∂z

)
dy dx

c∞ − cw
. (52)

Equations (51) and (52) can be adjusted to the forms440

1

LxLy

∫ aLx

0

∫ Ly

0

(
∂c

∂z

)
dy dx

c∞ − cw
=

aSh∗
1,lD1

δD,lD1

, (53)

1

LxLy

∫ Lx

aLx

∫ Ly

0

(
∂c

∂z

)
dy dx

c∞ − cw
=

(1− a)Sh∗
2,lD2

δD,lD2

. (54)

By combining the equations (53) and (54) with the equation (50), the relation-

ship between these three normalized Sherwood numbers can be obtained

Sh∗
lD = δD,lD

[
aSh∗

1,lD1

δD,lD1

+
(1− a)Sh∗

2,lD2

δD,lD2

]
, (55)

Since the merged probe and its front segment behave independently, and their

behavior is not affected by another probe in the system, the value of the nor-445

malized Sherwood number of the merged probe is defined by the Eq. (29). For

the front segment, the Eq. (29) is necessary rewritten into the form

Sh∗
lD1

=
kzδD,lD1

D
= KL

(
lD1

le1

)
. (56)
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The only unknown quantity in the equation (55) is the normalized Sherwood

number of the rear segment, whose behavior is influenced by forming a diffusion

boundary layer over the front segment. Therefore, the Eq. (55) is possible to450

modify and define the normalized Sherwood number of the rear segment as

Sh∗
2,lD2

=
δD,lD2

1− a

(
Sh∗

lD

δD,lD

−
aSh∗

1,lD1

δD,lD1

)
. (57)

The specific form of Eqs. (29), (56) and (57) for normalized Sherwood numbers

depends on the choice of the characteristic lengths, lD, lD1 and lD2, of the

individual segments and probe (the front, the rear, and the merged). However,

for the arbitrary direction of simple shear flow, the characteristic length is no455

longer unambiguously geometrically determined as in the case of perpendicular

flow. Now, its selection can be approached in several ways. In this work, we

operate with two fundamental options of the lD choice. The effective transfer

length, le, is used in the first case, whereas the probe length, Lx, is applied in

the second case (used already for the solution of perpendicular flow direction).460

Solution based on the effective transfer length.

When the effective transfer length is used as a characteristic length, the thickness

of the diffusion boundary layer at the front segment can be expressed as

δD,le1 =

(
Dle1
∥S∥

) 1
3

, (58)

and similarly for the rear segment and the merged probe as

δD,lD2
= δD,le =

(
Dle
∥S∥

) 1
3

, (59)

where le is the effective transfer length of the merged probe, le1 is the effective465

transfer length of the front probe, and lD2 is the characteristic length of the

rear probe. The thicknesses of diffusion boundary layers are thus assumed to

be related to the distances from the starting positions of their formation.

The effective transfer length can be determined based on the relation (28),

into which the proper lengths of individual electrodes are substituted. The470
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following expression can be obtained for the front probe

l
1
3
e1 =



L
1
3
x1

(1− β)
1
6

(
1 +

aR
√
β

5
√
1− β

) for β ≤ βc1

L
1
3
x1

β
1
6 a

1
3R

1
3

(
1 +

√
1− β

5aR
√
β

) for β > βc1

, (60)

where βc1 denotes the critical value of the β parameter for the front probe,

which is obtained by the same procedure as for the single probe, and its value

can be expressed on the base of equation (4) as

βc1 =
1

1 + (aR)2
. (61)

The merged probe has an effective transfer length expressed in the form475

l
1
3
e =



L
1
3
x

(1− β)
1
6

(
1 +

R
√
β

5
√
1− β

) for β ≤ βc

L
1
3
x

β
1
6R

1
3

(
1 +

√
1− β

5R
√
β

) for β > βc

. (62)

By using effective transfer lengths, equation (57) can be rewritten in the form

Sh∗
2,le =

δD,le

1− a

(
Sh∗

le

δD,le

−
aSh∗

1,le1

δD,le1

)
. (63)

Substituting the relations (58) and (59) into the equation (63) then provides

Sh∗
2,le =

1

1− a

[
Sh∗

le − aSh∗
1,le1

(
le
le1

) 1
3

]
. (64)

The normalized Sherwood numbers on the right side of the equation (64) can

be expressed in the simple form (see equations (29) and (56))

Sh∗
le = Sh∗

le1 = KL . (65)

Substituting Eq. (65) into Eq. (64) provides for the rear segment the depen-480

dence of normalized Sherwood number on the values of effective transfer lengths

Sh∗
2,le =

KL

1− a

[
1− a

(
le
le1

) 1
3

]
. (66)
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While Sh∗
le and Sh∗

le1 values change neither with the probe geometry nor with

the flow direction, Sh∗
2,le is a flow direction sensitive quantity through its depen-

dence on the ratio of two effective transfer length, le/le1 (see equations (60) and

(62)). Moreover, each geometry of the two-strip probe is characterized by two485

critical dimensionless angles βc1 and βc, see equations (61) and (4). Therefore,

the final relation for Sh∗
2,le , which is obtained after substituting equations (60)

and (62) into equation (66), is defined for three distinct regions of possible flow

directions. These regions are delimited by βc1 and βc values

Sh∗
2,le =

kzδD,le
D =

=



KL
1− a

[
1− a

2
3 (5
√
1− β + aR

√
β)

5
√
1− β +R

√
β

]
for β ≤ βc ≤ βc1

KL
1− a

[
1− β

1
3 a

2
3R

2
3 (5
√
1− β + aR

√
β)

(1− β)
1
3 (
√
1− β + 5R

√
β)

]
for βc < β ≤ βc1

KL
1− a

[
1−

√
1− β + 5aR

√
β√

1− β + 5R
√
β

]
for βc ≤ βc1 < β

.

(67)

In the case of using effective transfer length for evaluating the normalized490

Sherwood number, the thickness of the diffusion boundary layer over the probe

is correctly estimated. Therefore, the normalized Sherwood number value is

accurately assessed from a physical point of view as the ratio of the convective

mass transfer rate and diffusion mass transport rate. But the main disadvantage

of this approach is that the average mass transfer coefficient is based on a495

combination of Eqs. (28), (59) and (67) is dependent on both Sh∗
le
(β) and

le(β). It follows that the behavior of the function kz(β) is not proportional to

Sh∗
le
(β) and thus the behavior of the average mass transfer coefficient cannot

be deduced directly from the relation (67).

Solution based on the probe length.500

Another option for choosing the characteristic lengths is to proceed in the same

way as in the case of perpendicular flow direction. The thickness of the diffusion
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boundary layer for the front segment is defined as

δD,Lx1
=

(
DLx1

∥S∥

) 1
3

. (68)

The characteristic length for the rear segment is the same as that of the merged

probe providing the boundary layer thickness505

δD,Lx =

(
DLx

∥S∥

) 1
3

. (69)

Unlike the perpendicular flow, it is no longer possible to speak about the

real thickness of the diffusion boundary layer because it is not formed only in

the longitudinal direction, as is considered in Eqs. (68) and (69). In this case,

some prolongation of the characteristic length due to a transverse flow compo-

nent must be considered. Nevertheless, this complication in the perception of510

normalized Sherwood number has a practical justification. The main advantage

of such a choice of characteristic length is the fact that its constant value is

independent of the dimensionless angle β. Thus, the corresponding normalized

Sherwood number is proportional to the mass transfer coefficient. The second

reason for using this definition of characteristic length is that the probe size is515

applied for experimental data processing not only when the flow has a strictly

perpendicular direction but also when the flow structure takes on a more com-

plex form.

By introducing the relevant characteristic lengths into the investigated sys-

tem, the equation (57) takes the form520

Sh∗
2,Lx

=
δD,Lx

1− a

(
Sh∗

Lx

δD,Lx

−
aSh∗

1,Lx1

δD,Lx1

)
. (70)

Here again, the same thickness of the diffusion boundary layer is considered

above the merged probe and its rear segment. After substitution equations (68)

and (69) into equation (70), it is found the expression

Sh∗
2,Lx

=
Sh∗

Lx
− a

2
3Sh∗

1,Lx1

1− a
, (71)

where the normalized Sherwood number for the merged probe and its front
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segment can be expressed using equations (29) and (56) as525

Sh∗
Lx

= KL

(
Lx

le

) 1
3

, (72)

Sh∗
Lx1

= KL

(
Lx1

le1

) 1
3

. (73)

After substitution equations (72) and (73) into equation (71), the defining rela-

tion for the normalized Sherwood number of the rear segment is obtained

Sh∗
2,Lx

=
KL

1− a

[(
Lx

le

) 1
3

− a
2
3

(
Lx1

le1

) 1
3

]
. (74)

where le1 represents the effective transfer length of the front segment defined by

the equation (60), and le represents the effective transfer length of the merged530

probe defined by the equation (62). By substituting the effective transfer lengths

(equations (60) and (62)) into equation (74), the final expression for the dimen-

sionless mass transfer coefficient of the rear segment is obtained

Sh∗
2,Lx

=
kzδD,Lx

D =

=



KL(1− β)
1
6

1− a

[
1− a

2
3 +

R
√
β

5
√

1− β

(
1− a

5
3

)]
for β ≤ βc ≤ βc1

KL
1− a

[
β

1
6R

1
3

(
1 +

√
1− β

5R
√

β

)
− a

2
3 (1− β)

1
6

(
1 +

aR
√
β

5
√

1− β

)]
for βc < β ≤ βc1

KLβ
1
6R

1
3 for βc ≤ βc1 < β

.

(75)

The main advantage of choosing Lx as a characteristic length is that the

dependence between kz and Sh∗
2,Lx

is directly proportional for any specific ge-535

ometry of the two-strip probe.

Mass transfer on the individual segments of the probe.

Two different approaches to Sherwood number normalization, given by Eqs.

(67) and (75), are compared in Figures 5 and 6, where it is demonstrated how

both these nondimensional numbers, Sh2,le and Sh2,Lx
, vary with the change of540
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probe geometry (R, a) and flow direction (β). Also seen in these figures are the

dependencies of critical dimensionless angles βc and βc1, see solid and dashed

curves, respectively, on the probe aspect ratio R. As the length of the front

segment is enlarged (Lx1 → Lx), both these curves are gradually merging.

Figure 5: Normalized Sherwood number of the front (a = 0) and the rear (a = 0.1−0.9) probes

with characteristic length le as a function of dimensionless angle β and geometrical aspect ratio

R for different values of dividing coefficient a, see Eq. (67). The black curve represents values

of the critical dimensionless angle of the merged electrode βc, and the dashed black curve

represents values of the critical dimensionless angle of the front electrode βc1.

Figure 5 shows the normalized Sherwood number, Sh2,le based on the char-545

acteristic length le. As for a = 0, the system consists of only a single probe; the

following relation holds

Sh∗
1,le1 = Sh∗

2,le(a = 0,∀R,∀β) = KL , (76)

and the normalized Sherwood number is constant for any probe geometry and

flow direction, see the upper-left sub-figure. When the dividing coefficient a is

increased, the length of front segment Lx1 is increased at the expense of rear550

one, Lx2, and the value of Sh2,le decreases. On the other hand, the value of

Sh2,le increases when the flow direction changes from longitudinal to transverse
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one (and β increases). Therefore, the minimum values of Sh2,le are found under

conditions when β = 0 (longitudinal flow) and R → 0 (thin strip probe), whereas

the maximum values are found for β = 1 (transverse flow) and R → 1 (square555

probe). In the case of transverse flow, β = 1, the concentration wake arising

over the front strip does not affect the concentration field at the rear strip and

thus the value of Sh∗
2,le is independent of the dividing coefficient a.

Figure 6: Normalized Sherwood number of the front (a = 0) and the rear (a = 0.1−0.9) probes

with characteristic length Lx as a function of dimensionless angle β and geometrical aspect

ratio R for different values of dividing coefficient a, see Eq. (75). The black curve represents

values of the critical dimensionless angle of the merged electrode βc, and the dashed black

curve represents values of the critical dimensionless angle of the front electrode βc1.

Figure 6 presents the normalized Sherwood number Sh2,Lx based on the

characteristic length Lx. The distributions of Sherwood number values are560

different from that presented in Figure 5. In the case of a single probe (a = 0),

the normalized Sherwood number is not constant, see the upper-left sub-figure,

but its value depends on the ratio of two characteristic lengths according to the

relation

Sh∗
1,Lx

= Sh∗
2,Lx

(a = 0,∀R,∀β) = KL

(
Lx

le

) 1
3

, (77)

where the effective transfer length le defined by Eq. (62) changes with actual565
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values of R and β. The normalized Sherwood number Sh∗
2,Lx

again decreases

with increasing the dividing coefficient a. The minimum mass transport rates

are found for β = 1 (transverse flow) and R → 0 (thin strip probe), whereas

the maximum mass transport rates are achieved for R → 1 (square probe). The

value of dimensionless angle β needed to reach this maximum mass transport570

depends on the actual value of dividing coefficient a.

As seen from the inspection of Eqs. (69) and (75), the average mass transfer

coefficient is proportional to the normalized Sherwood number based on the

probe length according to the relation

kz = KSh∗
Lx

, (78)

where for given flow conditions, the parameter K is a constant calculated ac-575

cording to the simple formula

K =
D

2
3 ∥S∥ 1

3

L
1
3
x

. (79)

This proportionality has fundamental importance when Sh∗
2,Lx

is used for the

direct interpretation of mass transport rates on the two-strip probe. Generally,

the most significant mass transport occurs near the leading edges of the probe

and it is enhanced by convection, which makes the diffusion boundary layer580

thinner. The convection is represented by the wall shear rate vector, whose

components (longitudinal and transverse) control the diffusion boundary layer

development at the probe edges. Therefore, to interpret the mass transport rate

qualitatively, the average mass transfer coefficient can be expressed as a sum of

two components585

kz ∼ 1

LxLy

(∫ Lx

0

S · nydl +

∫ Ly

0

S · nxdl

)
, (80)

where nx ≡ (1, 0, 0) and ny ≡ (0, 1, 0) are unit vectors normal to the probe

sides. Expressing the dot product provides the relation

kz ∼

∫ Lx

0

Sydl +

∫ Ly

0

Sxdl

LxLy
=

Sy

Ly
+

Sx

Lx
=

√
β

Ly
+

√
1− β

Lx√
S2
x + S2

y

, (81)
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where wall shear rate vector components are evaluated using Eq. (3). This

expression implies how the mass transport depends on the mutual orientation

between the probe and flow direction. This interpretation of mass transport is590

suitable for front segments or merged probes (a = 0). To keep proportionality

relationship between mass transfer coefficient and normalized Sherwood number,

the longitudinal dimension Lx needs to be fixed value, to preserve constant

characteristic dimension. Therefore on studied interval of aspect ratios it is

possible to change only values of transverse dimension Ly. In correspondence595

with R-axis, the transverse dimension lies in interval Ly ∈ ⟨Lx,∞) and in

accordance to equation (81) maximal kz is found for minimal possible Ly that

is Ly = Lx or in other words R = 1. From this consideration for front or merged

probes the maximal mass transfer for an arbitrary flow direction occurs for the

maximal possible aspect ratio, which corresponds with Fig. 6 for a = 0.600

To receive a global maximum, the equation (81) is for fixed Lx, R = 1 and

for a given magnitude of velocity field u possible to rewrite to

kz ∼ const(
√
β +

√
1− β) , (82)

and for ∀β extreme is received by derivative with respect to the dimensionless

angle β and looking for a root. After adjustments is received

∂kz
∂β

=
1√
β
− 1√

1− β
= 0 , (83)

which holds true for β = 0.5. In the discovered system (a = 0, R = 1, β =605

0.5) the most intense contact between edges of the electrode and onflowing liquid

is achieved and as a consequence mass transfer rate is maximalizied see Fig. 6

for a = 0.

The question is to what extent the convection through the transverse leading

edge Ly should be involved in the mass transport taking place on the rear610

segment. As the dividing coefficient a increases, a significant decrease of mass

transfer rates is observed when the flow with dominant longitudinal velocity

component ux is applied, see Fig. 6 for a > 0. It is a consequence of a significant
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concentration wake produced due to the mass transfer at the front segment. In

general, for small a values, the effect of longitudinal convection on the mass615

transport on the rear probe is still considerable, but its significance decreases

remarkably with increasing the dividing coefficient. Thus, as the a coefficient

increases, the importance of the second term (
√
1− β/Lx) in the equation (81)

decreases. The equation (81) can be, therefore, generalized into the form

kz ∼

√
β

Ly
+ f(a)

√
1− β

Lx√
S2
x + S2

y

, (84)

where f(a) is a decreasing function of the division coefficient a. Its value ranges620

from 0 (for a → 1) to 1 (for a = 0).

2.3.3. Numerical validation of the analytical solution

To confirm the correctness of the derived theory described by equations (67)

and (75) for normalized Sherwood numbers of the two-segmented probe, the

numerical solution of the studied problem is done. The mass transport in the625

viscous boundary layer built due to the simple shear flow at the wall with a

two-strip probe is modeled. The concentration field necessary to evaluate the

normalized Sherwood number was obtained numerically by solving the equation

(11), which is modified into a dimensionless form (see our previous work [1])

z+
∂c+

∂x+
+ z+

√
βR√
1− β

∂c+

∂y+
=

Lx

lD
√
1− β

∂2c+

(∂z+)2
, (85)

where630

x+ =
x

Lx
, y+ =

y

Ly
, z+ =

z

δD,lD

, c+ =
c− cw
c∞ − cw

. (86)

Velocity components in the convection terms on the left side of the equation (85)

are substituted by Eq. (8). The simulated domain has a cuboidal shape. The

bottom of this domain is represented by the wall with the two-segmented probe.

Its height is chosen to be sufficient not to restrict the formation of a diffusion

boundary layer above the probe. Boundary conditions taken into account for635

non-dimensional concentration are: (i) on the surface of probes is c+ = 0; (ii)
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in the inlet is c+ = 1; (iii) outlet is defined as ∇+c+ = 0; (iv) in the top wall

is c+ = 1, and (v) the bottom wall except for the surface of the two-segmented

probe is equal to ∂c+/∂z+ = 0.

For discretization, the finite volume method is employed by hexahedral com-640

putational cells. In addition, a nonuniform computational grid is used, which

enabled the grid refinement in zones of the leading edges of the electrode because

the most significant gradients of dimensionless concentration c+ are occurred in

these locations. The number of the computational grid cells moves from 2.106

to 2.107 depending on the dividing coefficient a. The UPWIND scheme for645

convection terms and the central differencing scheme for the diffusion term are

used for discretization. The solution of a system of linear algebraic equations is

performed by smoothSolver with the preconditioner method DILU (Simplefied

diagonal-based incomplete LU smoother for asymmetric matrices). Numerical

simulations are done by the OpenFOAM software in which the solver for Eq.(85)650

solution was programmed.

The studied parametric space (R, β, a) is sampled in the following way: R ∈

⟨0.1, 1⟩ with ∆R = 0.1; β ∈ ⟨0, 1⟩ with ∆β = 0.1, and a ∈ ⟨0.1, 0.9⟩ with

∆a = 0.1. To cover the whole parametric space, in complete 990 simulations

were performed. Their results were compared with the analytical predictions655

based on mass transfer coefficient values. In the case of the numerical solution,

the mass transfer coefficients are obtained from the concentration fields by the

following integrations

kz1 =
D

aLxLy

∫ aLx

0

∫ Ly

0

(
∂c+

∂z

)
dy dx , (87)

kz2 =
D

(1− a)LxLy

∫ Lx

aLx

∫ Ly

0

(
∂c+

∂z

)
dy dx . (88)

Analytical values of mass transfer coefficients are obtained by adjusting the660

equations (51) and (52) into the forms

kz1 =
DSh∗

1,lD1

δD,lD1

=
DSh∗

1,Lx1

δD,Lx1

=
DSh∗

1,le1

δD,le1

, (89)

kz2 =
DSh∗

2,lD2

δD,lD2

=
DSh∗

2,Lx

δD,Lx

=
DSh∗

2,le

δD,le

. (90)
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As it follows from the equations (89) and (90), values of mass transfer coefficients

calculated from the analytical formulas are not dependent on the choice of char-

acteristic lengths used to determine the thickness of diffusion boundary layers.665

The difference between kz results obtained from the analytical and numerical

solutions varied from 10−4 to 10−5 (thus being smaller than ?? percents). A

further reduction of the error could be achieved by using a denser numerical

grid, especially in the area of the leading edges of the probe. The agreement

between the numerical and analytical results proves the validity of Eqs. (67)670

and (75) for the description of convective mass transport at the two-strip probe

for any aspect ratio R, dividing coefficient a, and flow direction β.

3. Application of two-strip probes for directionally sensitive measure-

ments

The measurement with a two-strip probe provides two electric current sig-675

nals, which are collected from two strip segments. The question is how these

signals can be converted into information about actual near-wall flow, i.e., how

to determine the magnitude, ∥S∥, and direction, β, of wall shear rate. However,

before introducing the procedure of possible data treatment, a small reflection

on the symmetry of derived analytical solutions and its consequence for flow680

direction measurements is presented.

As already discussed above (see section 2.2), a single strip probe exhibits

two types of symmetry concerning the flow. Their axes are identical to the

probe axes (thus, x-axis for left/right flow and y-axis for frontal/reversal flow

symmetry). For this reason, the strip probe can only measure the flow angle685

α ∈ ⟨0, π/2⟩, thus the flow direction in the range of β ∈ ⟨0, 1⟩.

Using the two-strip probe (see Fig. 7), the x-axis symmetry is preserved

and the probe is still unable to distinguish between flows with α and −α angles

because the equality kz(α) = kz(−α) holds. On the other hand, the y-axis

symmetry disappears because the ratio kz2/kz1 can be used to distinguish be-690

tween frontal and reversal flows. In general, if kz2/kz1 < 1, the front segment
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Figure 7: Scheme of two-strip probe: (i) the measuring symmetry of the fluid flow angle where

the axis of symmetry is the green dashed line; (ii) the relation between the dimensionless angle

β and the angle α; β1→2 describes the frontal flow for α ∈ ⟨0, π/2⟩ and β2→1 describes the

reversal flow for α ∈ ⟨π/2, π⟩.

is considered as an independent probe, which influences the concentration field

at the rear segment. If kz2/kz1 > 1, the behavior of both segments is switched.

The rear segment starts to be independent, and the front segment is affected

by the concentration wake from the rear segment. If kz2/kz1 = 1, the purely695

transverse flow is observed (β = 1), and both probes behave independently and

do not affect each other. Thus, the flow direction on the interval α ∈ ⟨0, π⟩ can

be measured with the two-strip probe.

To further extend the interval of flow angle measurements, a multi-segment

probe or a two-strip probe with an artificially created asymmetry in the y-700

direction must be used, for example, by shifting the rear segment relative to the

front one. Both these topics will be addressed in our future works. If during the

measurement of the wall shear rate vector, it can be assumed that the mean flow

direction is clearly defined, by turning the two-strip probe by π/2, a measuring

system of electrodes can be obtained that it can evaluate the angle of the fluid705

flow in the range of α ∈ ⟨−π/2, π/2⟩. In this way, the main handicap of the

two-strip probe can be suppressed.

The definition of the dimensionless angle β based on equation (3) implies

that this variable cannot take values greater than 1. Therefore, if necessary for

clarity in the text to distinguish between the flow situations for kz2/kz1 ≤ 1710
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(frontal flow) and for kz2/kz1 > 1 (reversal flow), the symbol β1→2 and β2→1

are used instead of β, see Fig. 7.

3.1. Determination of wall shear rate vector

Based on the combination of relations (89) and (90) with Eq. (30), it is

possible to obtain for both strip segments corresponding equations relating the715

measured average mass transfer coefficient with the wall shear rate vector

kz1

D
2
3 ∥S∥ 1

3

=
Sh∗

1,lD1

l
1
3

D1

=
Sh∗

1,Lx1

L
1
3
x1

=
Sh∗

1,le1

l
1
3
e1

, (91)

kz2

D
2
3 ∥S∥ 1

3

=
Sh∗

2,lD2

l
1
3

D2

=
Sh∗

2,Lx

L
1
3
x

=
Sh∗

2,le

l
1
3
e

. (92)

As it turns out from the equations 91 and 92, the average mass transfer coeffi-

cient is independent of the choice of characteristic length lD1 and lD2, but it is

dependent on both the wall shear rate magnitude, ∥S∥, and the flow direction,720

β. To obtain one equation with only one independent variable β, equation (92)

is divided by equation(91)

kz2

kz1
=

Sh∗
2,lD2

l
1
3

D1

Sh∗
1,lD1

l
1
3

D2

. (93)

To determine the flow direction on the whole interval α ∈ ⟨0, π⟩, it is neces-

sary to use two sets of analytical formulas, which consider the order of individual

strip segments relative to the flow direction. In the first case, equations cover725

the interval α ∈ ⟨0, π/2⟩. For this mean flow direction, the frontal designation

flow is used, and fluid flows over the front electrode in the direction to the rear

one. The second case deals with the interval α ∈ ⟨π/2, π⟩, and it is identified

as the reversal flow. Fluid flows at first over the rear electrode and then to the

front one. The transverse flow (α = π/2) represents a limiting case when the730

frontal flow changes to the reversal flow and vice versa.

3.1.1. Frontal flow

When normalized Sherwood numbers are introduced into the equation (93)

(applying either equations (65) and (66) or equations (73) and (74)), the fol-
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lowing relation can be obtained735

kz2

kz1
=

1

1− a

[(
le1
le

) 1
3

− a

]
= g(β) , (94)

where g(β) stands for an auxiliary function, which is for each probe geometry

dependent only on one parameter β. After substituting effective transfer lengths

le and le1 from Eqs. (62) and (60) into Eq. (94), three specific forms of Eq.

(94) are obtained

g(β) =



1
1− a

[
a

1
3 (5
√

1− β +R
√
β)

5
√
1− β + aR

√
β

− a

]
for β ≤ βc ≤ βc1

1
1− a

[
a

1
3 (1− β)

1
3 (
√

1− β + 5R
√
β)

R
2
3 β

1
3 (5
√
1− β + aR

√
β)

− a

]
for βc < β ≤ βc1

1
1− a

[
a(5R

√
β +

√
1− β)

5aR
√
β +

√
1− β

− a

]
for βc ≤ βc1 < β

.

(95)

Based on the expressions mentioned above, Fig. 8, shows the dependence of740

ratio kz2/kz1 as a function of parameter β, aspect ratioR and dividing coefficient

a. The value of ratio kz2/kz1 is found to be augmented with increasing both,

the dividing coefficient a and aspect ratio R. In both cases, it is caused by the

fact that an increase in the strip length is accompanied by an decrease in the

averaged mass transfer coefficient and this reduction is more important for the745

front strip (because rapid development of the boundary layer takes place there).

Minimal values of ratio kz2/kz1 are observed for the perpendicular flow (β = 0)

because, in this case, the concentration wake of the front strip has the most

significant impact on the mass transfer on the rear strip. On the other hand,

maximal values of kz2/kz1 can be found for the transverse flow (β = 1) when750

both the strips are not affecting each other and the ratio kz2/kz1 is always equal

to 1.

3.1.2. Reversal flow

For the reversal flow, the initial expression for a description of ratio kz2/kz1 is

again Eq. (93). However, because the flow direction is now opposite to the case755
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Figure 8: Ratio of mass transfer coefficients of rear and front electrode as a function of

frontal dimensionless angle β1→2 and geometrical aspect ratio R for different values of dividing

coefficient a. The black curve represents values of the critical dimensionless angle of the merged

electrode βc, while the dashed black curve represents values of the critical dimensionless angle

of the front electrode βc1.

of frontal flow, the order of individual segments has to be changed appropriately.

Therefore, the rear strip needs to be treated as the front one and, analogously,

the front strip as the rear one. For this reason, the original relations describing

the ratio of mass transfer coefficients kz2/kz1 must be modified in such a way,

that their analytical formulations correspond with the current switched order760

of segments. With usage of auxiliary index notation for dimensionless angles,

this conversion leads to the equality

(
kz2

kz1

)
β2→1

=

(
kz1

kz2

)
β1→2

. (96)

Further, it is necessary to take into consideration the impact of reversed order

of segments also on the value of dividing coefficient a. Therefore, its formulation

on the right side of equation (96) is now represented by expression 1−a, instead765

of the original value a used on its left side. By considering the above mentioned
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assumptions in equation (95), its alternative for the case of reversal flow is

obtained in the form of following relationships

g(β) =



a

[
(1− a)

1
3 (5
√

1− β +R
√
β)

5
√
1− β + (1− a)R

√
β

− 1 + a

]−1

for β ≤ βc ≤ βc2

a

[
(1− a)

1
3 (1− β)

1
3 (
√

1− β + 5R
√
β)

R
2
3 β

1
3 (5
√
1− β + (1− a)R

√
β)

− 1 + a

]−1

for βc < β ≤ βc2

a

[
(1− a)(5R

√
β +

√
1− β)

5(1− a)R
√
β +

√
1− β

− 1 + a

]−1

for βc ≤ βc2 < β

,

(97)

where βc2 is the critical value of the β parameter for the rear strip at reversal

Figure 9: Ratio of mass transfer coefficients of rear and front electrode as a function of reversal

dimensionless angle β2→1 and geometrical aspect ratio R for different values of dividing coef-

ficient a. The black curve represents values of the critical dimensionless angle of the merged

electrode βc, while the dashed black curve represents values of the critical dimensionless angle

of the rear electrode βc2.
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flow conditions. It is defined by analogy to Eq. (61) as770

βc2 =
1

1 + [(1− a)R]2
. (98)

Ratios of average mass transfer coefficients kz2/kz1 as a function of parame-

ter β, aspect ratio R and dividing coefficient a are shown in Fig. 9. As the roles

of both segments are switched in comparison to the frontal flow arrangement,

the ratio of average mass transfer coefficients for the reversal flow reaches larger

values, compare Figs. 8 and 9. It always applies that kz2/kz1 ≥ 1. The value775

of ratio kz2/kz1 is again augmented with increasing the dividing coefficient a.

However, all other trends observed in Fig. 9 are opposite to those in Fig. 8. The

maximal values of kz2/kz1 are found for the case of perpendicular flow (β = 0),

minimal values of ratio kz2/kz1 are connected with the transverse flow (β = 1),

and the higher aspect ratio R brings about the lower value of ratio kz2/kz1.780

3.1.3. Determination of wall shear rate from measured electric currents

The average mass transfer coefficients kz1 and kz2 are obtained from the

measured electric currents. Faraday’s law (1) in combination with Eq. (2)

is applied for this purpose. For a specific probe geometry, the only unknown

quantity in the functions defined either by equation (95) (for kz2/kz1 ≤ 1) or785

(97) (for kz2/kz1 > 1) is the parameter β. To solve the problem, the root of

function g(β)− kz2/kz1 has to be find. On the studied interval β ∈ ⟨0, 1⟩, this

nonlinear function has only one real β root, which can be found by any iterative

numerical method, such as Newton’s method.

With the known value of parameter β, equation (3) is used to calculate the790

angle α corresponding to actual flow direction. It provides for the case of frontal

flow

α = arccos(
√

β1→2) , (99)

whereas for the case of reversal flow

α = π − arccos(
√
β2→1) . (100)
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When the dimensionless angle β is known, the equations (91) is applied to

calculate the magnitude of wall shear rate, ∥S∥. Wall shear stress τw can be795

directly received by multiplying ∥S∥ by the value of dynamic viscosity µ of given

liquid.

3.2. Optimal configuration of the two-strip probe

In the previous text, the theory necessary to evaluate the experimental mea-

surements was presented, as well as the relations, based on which the measured800

currents can be used to obtain the shear rate vector. In this section, the current

ratios predicted for various probe geometries will be analyzed with the aim to

find out an optimal probe configuration with respect to the sensitivity of flow

direction measurement.

Figure 10 shows how the ratio between electric currents from the second805

(I2) and first (I1) strip depends on the geometric parameters R and a. This

figure covers the whole interval of flow angles α ∈ ⟨0, π⟩, which is divided into

two parts: β1→2 ∈ ⟨0, 1⟩ or α ∈ ⟨0, π/2⟩ (for frontal flow), and β2→1 ∈ ⟨1, 0⟩

or α ∈ ⟨π/2, π⟩ (for reversal flow), see eqs. (34) and (100) or Fig. 7. The

dividing coefficient a affects strongly the range of I2/I1(β) values seen in Fig.810

10. This parameter also determines the critical value of I2/I1 reached when the

flow changes its direction from frontal to reversal one (β = β1→2 = β2→1 = 1).

This critical value can be calculated according to the following relation(
I2
I1

)
crit

=
1− a

a
, (101)

where the fraction 1−a
a represents the ratio between second and first strip surface

areas (thus the multiplier used also to convert kz2/kz1 into I2/I1 ratio). The815

critical values corresponding to the values of a = 0.1, 0.5, and 1 are in the

figure delimited by horizontal blue lines. Obviously, with increasing dividing

coefficient a, the value of critical current ratio gradually decreases to zero.

While with the change of parameter a the course of I2/I1(β) dependence is

just slightly modified, the influence of parameter R is much stronger. Concern-820

ing R, two limiting cases can be distinguished, namely R → 0 and R → ∞. In
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Figure 10: The ratio of electric currents flowing through the rear and front segments as

functions of the dimensionless angles β1→2 and β1→2 for different values of aspect ratio R

and dividing coefficient a. The red lines represent limit case R → 0; the Blue lines symbolizes

limit case R → ∞.

both these cases, the two-strip probe is practically insensitive to the change in

flow direction. In the first case (R → 0, see red lines in Fig. 10), its only change

is a sharp increase from I2/I1min to I2/I1max at β = 1 (transverse flow). In the

second case (R → ∞, see blue lines in Fig. 10), an oscillation between values825

I2/I1min and I2/I1max is observed at β = 0 (frontal or reversal flow). These

minimum I2/I1min and maximum I2/I1max values are dependent only on the

parameter a and for frontal flow region (see also equation (45)) it holds

(
I2
I1

)
min

= a−
2
3 − 1 (102)
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and analogically for reversal flow region(
I2
I1

)
max

=
1

(1− a)−
2
3 − 1

. (103)

The extreme values of current ratio are for different values of a listed in Tab. 1.830

a
(
I2
I1

)
min

(
I2
I1

)
crit

(
I2
I1

)
max

(I2/I1)crit
(I2/I1)min

(I2/I1)max

(I2/I1)crit

(I2/I1)max

(I2/I1)min

0.1 3.64 9.00 13.74 2.47 1.53 3.77

0.2 1.92 4.00 6.23 2.08 1.56 3.24

0.3 1.23 2.33 3.73 1.89 1.60 3.03

0.4 0.84 1.50 2.46 1.78 1.64 2.93

0.5 0.59 1.00 1.70 1.70 1.70 2.90

0.6 0.41 0.67 1.19 1.64 1.78 2.93

0.7 0.27 0.43 0.81 1.60 1.89 3.03

0.8 0.16 0.25 0.52 1.56 2.08 3.24

0.9 0.07 0.11 0.28 1.53 2.47 3.77

Table 1: Dependence of the extreme values of I2/I1 on the dividing parameter a.

Now, to select the probe geometry (a, R) the most suitable from experi-

mental point of view, the shapes of I2/I1(β) functions can be assessed in two

steps. First, the magnitude of a can selected based on data presented in Tab.1.

As the signal sensitivity to flow direction (see the values in the last column)

does not change significantly with varying a, as the optimal value of dividing835

parameter can be selected that giving the same sensitivity for both frontal and

reversal flows (compare the values in 4th and 5th column), thus a = 0.5 is the

best choice. Then, the optimal value of parameter R can be determined from an

additional requirement that I2/I1(β) function should be getting closer to linear

one. As seen in Figure 10, this requirement is best fulfilled somewhere on the840

interval R ∈ ⟨1, 2⟩. The optimization procedure based on root-mean-square min-

imization then provides the value R = 1.54. Thus, the geometry with a = 0.5

and R = 1.54 can be suggested as the optimal for experimental measurements

with the two strip probe. The comparison of I2/I1(β) function obtained by
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parameter optimization (solid line) with the linear type of dependence (dashed845

line) is presented in Figure 11.

Figure 11: Dependence of I2/I1 on the dimensionless flow direction β obtained for the optimal

probe geometry (a = 0.5 and R = 1.54)

On the other hand, the probe with a = 0.5 and R → 0 will be suitable

for rapid detection of reattachment points, i.e., the locations where the same

probability (50 %) is expected for the frontal and reversal flow direction.

4. Conclusions850

This paper aims to derive a fundamental theory for describing mass trans-

port on the active surface of a two-strip mass transfer probe for an arbitrary

fluid flow direction. The existence and finding of such a general theory is a

critical point for using the electrodiffusion method to measure both the mag-

nitude of the shear rate vector and the flow direction by employing two-strip855

probes. This work follows our previous publication [1], in which we revisited

the electro-diffusional theory for the wall shear stress measurement from single

mass transfer probes of rectangular shape by considering the existence of two

components of the wall shear rate (i.e., longitudinal and transversal). In the

present paper, the published theory is generalized to the two-strip probes. The860

two-dimensional simple shear flow flowing under an arbitrary angle β over the

probe of rectangular shape with any aspect ratio R and with different segment

lengths was considered. In theory derivation, it was introduced that an idealiza-

tion assumption that even though the measuring probes are in direct contact,
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they are electrically isolated. Based on the introduced conditions, the general865

analytical formulas were derived for the dimensionless mass transfer coefficients

of the front and rear segments. These expressions consider the interactions of

the adjacent measuring segments by creating a concentration wake on the front

segment. The correctness of the derived analytical expressions for the aver-

age nondimensional mass transfer coefficients of the two-segmented probe was870

confirmed by numerical solutions of the non-dimensional convection-diffusion

transport equation. Also, a methodology of possible measured data treatment

was proposed based on the evaluation of two electric current signals collected

from two segments of a two-strip probe. From the derived equations, it is pos-

sible to determine the magnitude and direction of the wall shear rate from the875

measured data for both frontal and reversal flow. Established on the analysis

of the current ratios predictions for various probe geometries was found out an

optimal probe configuration concerning the sensitivity of flow direction measure-

ment. It was found that the aspect ratio R = 1.54 and the dividing coefficient

value is a = 0.5 are ideal for determining the fluid flow direction. On the other880

hand, the probe with a = 0.5 and R → 0 will be suitable for rapidly detect-

ing reattachment points. From our research and theory, the possibility opens

up to apply a two-strip probe not only for flow reversal detection but also to

determine the actual flow direction.
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Appendix A. Average mass transfer coefficient

One of the ways to determine the average mass transfer coefficient is to use

the knowledge of the concentration field near the active surface of the probe. In

the case of a perpendicular fluid flow across the leading edge of the probe, mass895

transport is described by a partial differential equation (14) with boundary con-

ditions (15). By solving this equation with boundary conditions, the following

dependence for concentration can be obtained

c− cw
c∞ − cw

=
1

Γ( 43 )

∫ η

0

e−η3

dη , (A.1)

where

η = z

(
Sx

9xD

) 1
3

. (A.2)

By solving the integral in the equation (A.1) and then substituting for variable900

η, Eq. (A.1) is changed to shape

c− cw
c∞ − cw

=
1

Γ
(
4
3

) (Γ(4

3

)
− 1

3

[
z

(
Sx

9xD

) 1
3

E 2
3

(
z3
(

Sx

9xD

))])
, (A.3)

where E denotes the exponential integral. To calculate the average mass trans-

fer coefficient, knowledge of the derivative of the concentration in the normal

direction to the electrode surface is required

∂c

∂z
=

c∞ − cw

Γ
(
4
3

) [
z3
(

Sx

9xD

) 4
3

E− 1
3

(
z3
(

Sx

9xD

))
− 1

3

(
Sx

9xD

) 1
3

E 2
3

(
z3
(

Sx

9xD

))]
.

(A.4)

It is important to know the concentration’s derivative directly on the probe’s905

active surface to calculate the average mass transfer coefficient. For this reason,

the equation (A.4) must be adjusted to the form

lim
z→0

(
∂c

∂z

)
=

c∞ − cw

Γ( 43 )

(
Sx

9xD

) 1
3

. (A.5)

For the average mass transfer coefficient, the following equation applies to the

perpendicular flow of liquid across the leading edge of the probe

kz =
1

(c∞ − cw)Lx

∫ Lx

0

(
D

∂c

∂z

)
z=0

dx . (A.6)
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By substituting the equation (A.5) into the equation (A.6) and subsequent mod-910

ification, the formula is obtained

kz =
1

LxΓ(
4
3 )

(
D2Sx

9

) 1
3
∫ Lx

0

x− 1
3 dx . (A.7)

The last step is the integration and filling of the integral limits. Eq. (A.7) is

turned into a generally known relation

kz =
3

2Γ( 43 )9
1
3

(
D2Sx

Lx

) 1
3 .
= 0.807549

(
D2Sx

Lx

) 1
3

. (A.8)
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List of used symbols:

a splitting coefficient [-]

c concentration [molm−3]

D diffusivity of mass [m2 s−1]

E exponential integral

f auxiliary function

F Faraday constant [Cmol−1]

g auxiliary function

I electric current [A]

J molar flux intensity [molm−2 s−1]

k mass transfer coefficient [m s−1]

K auxiliary constant defined by equation (79) [m s−1]

KL Lévêque constant ( 3

2Γ( 4
3 )9

1
3
) [-]

l length of individual strip segment [m]

dv infinitesimal width of the strip segment [m]

lD characteristic length [m]

le effective transfer length [m]

Lx longitudinal dimension of probe [m]

Ly transverse dimension of probe [m]

ne number of electrons involved in redox reaction [-]

n normal vector [-]

R aspect ratio of sides of probes [-]

S surface [m2]

Se active surface of the electrode [m2]

S wall shear rate vector [s−1]

Sc Schmidt number [-]

Sh∗
lD

normalized Sherwood number for a given characteristic length [-]

Pe Peclet number [-]

t time [s]
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u velocity field vector [m s−1]

x, y, z cartesian coordinates [m]

α angle at which liquid is flowing on the electrode [-]

β dimensionless angle at which liquid is flowing on the electrode [-]

βc critical value of dimensionless angle [-]

Γ gamma function

δD,lD thickness of diffusion boundary layer for a given characteristic length lD [m]

η variable defined by equation (17) [-]

µ dynamic viscosity [Pa s]

ν kinematic viscosity [m2 s−1]

τw magnitude of wall shear stress [Pa]

List of subscripts:

1 quantities related to the front electrode of sandwich arrangement

2 quantities related to the rear electrode of sandwich arrangement

1 → 2 direction of liquid in frontal flow direction

2 → 1 direction of liquid in reversal flow direction

∞ bulk

lim limiting value

w equilibrium value on the probe surface

z in the z axis direction

List of superscripts:

+ dimensionless quantity

R quantities related to the reversal flow direction
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