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Abstract: We study the fluctuations in equilibrium for a dynamics of rods
with random length. This includes the classical hard rod elastic collisions,
when rod lengths are constant and equal to a positive value. We prove
that in the diffusive space-time scaling, an initial fluctuation of density
of particles of velocity v, after recentering on its Euler evolution, evolve
randomly shifted by a Brownian motion of variance Dpvq.
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1. Introduction

The mechanical system of one-dimensional hard rods is the simplest non triv-
ial completely integrable dynamics where the macroscopic behavior can be de-
scribed by generalized hydrodynamics. A rod configuration Y is a set of points
py, v, rq, viewed as a segment/rod ry, y ` rq travelling at bare speed v, satisfy-
ing ry, y ` rq X rỹ, ty ` r̃q is empty for all py, v, rq, pỹ, ṽ, r̃q in Y . Rods travel
ballistically with its bare velocity until collision with other rod, when they in-
terchange speed and length. The density of particles of each given velocity is
conserved and in the Euler scaling the macroscopic evolution of such densities
have been studied by the pioneristic work of Percus [17] and Boldrighini, Do-
brushin and Suhov [5]. Fluctuations around this Euler limit have been studied
by Boldrighini and Wick in [7]. Recently these results have been generalized to a
completely integrable dynamics of rods of random length (even negative length)
where lengths and velocities are exchanged at collision [12]. The elastic collisions
are recovered in the particular case that all rods have the same positive length.
Similar dynamics were considered in [8], while in [2] velocities are exchanged
but not the lengths (i.e. the classical elastic collision).

In this article we investigate the evolution of the densities fluctuations in
the diffusive space-time scale for the generalized dynamics considered in [12].
We consider the system in a stationary homogeneous initial condition. We will
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discuss initial inhomogeneous non-stationary state in Section 4.

The result we prove in the present article is that the initial fluctuations of
the density of particles of velocity v, after recentering on its Euler evolution,
evolve randomly shifted by a Brownian motion of variance Dpvq. This diffusion
coefficient Dpvq has an explicit expression depending on v and on the particular
stationary measure (cf. (3.4)). In the case of rods of constant length Dpvq is
the same as computed by Spohn in [19], as well as it appears in the first order
diffusive correction to the Euler Hydrodynamic limit [4] [6].

This result corresponds to the following stochastic partial differential equa-
tion for the evolution of the macroscopic fluctuation Ξtpy, v, rq of the density of
particles of velocity v and length r at position y:

BtΞtpy, v, rq “
1

2
DpvqB2

yΞtpy, v, rq `
a

DpvqByΞtpy, v, rq 9Wtpvq, (1.1)

where p 9Wtpvq : t, v P Rq is a centered Gaussian field with covariance

E
`

9Wtpvq 9Wspwq
˘

“ δpt´ sq
Γpv, wq

a

DpvqDpwq

with Γpv, wq given in (3.7). Since Ξt is a distribution in py, v, rq, (1.1) should be
understood in the weak sense.

Notice that in (1.1) the noise term is only white in time and completely
correlated in space (i.e. Wtpvq does not depends on y). This is in contrast with
the typical diffusive evolution of fluctuations in chaotic systems, where it is
expected an additive space-time white noise driving the fluctuations and the
equation would be of the type [20]

BtsΞtpy, v, rq “
1

2
DpvqB2

yΞtpy, v, rq `
a

DpvqBy 9Wy,tpvq, (1.2)

with E
`

9Wy,tpvq 9Wy1,spwq
˘

“ δpt´sqδpy´y1qδpv´wq. Notice that the equilibrium
solutions of (1.1) and (1.2) have the same space-time covariance, i.e. the space-
time covariance does not give informations about the martingale term of the
evolution equation. About the uncorrelation in r, this persists in the macroscopic
fluctuations as consequence of the decorrelation at the microscopic scale.

In order to understand why (1.1) arise, we follow the behaviour of two tagged
quasi-particles with the same velocity. We call here quasi-particles (or impul-
sions) the particles with the dynamics defined by the exchange of positions at
the moment of collision. The standard technique to study such dynamics is to go
to the reduced description where quasi-particles are mapped to points and evolve
without interaction. Then the evolution of the tagged quasi-particle is obtained
by the trivial evolution of the corresponding point, shifted by the collisions with
quasi-particles of different velocity. Since the points corresponding to the other
quasi-particles are distributed by a Poisson field, these collisions happen at ran-
dom times and the collisional shifts are independent. Consequently at the Euler
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scale we have a law of large numbers (see Section 2.2) that produce a determin-
istic evolution of the tagged quasi-particle with an effective velocity given by
(2.20) (such ergodicity was proven first in [1]). Recentering the position of the
tagged quasi-particle on the Euler deterministic behavior, we have then a func-
tional central limit theorem so that the position converges in law to a Brownian
motion of variance Dpvq. Now consider two tagged quasi-particles with the same
velocity and initially located at macroscopic distance: this means that there are
typically ε´1 particles in between, where ε is the scaling parameter going to
0. In the diffusive scaling each tagged quasi-particle at time t has a number of
collisions proportional to ε´2t, but most of them with the same quasi-particles,
except for an order ε´1 of collisions at the beginning and at the end of the time
interval r0, ts. Consequently the two tagged quasi-particles completely correlate
in the limit εÑ 0, i.e. they converge to the same Brownian motion. This causes
the rigid motion of the corresponding density fluctuations. Notice that in chaotic
system it is expected that the two quasi-particles at initial macroscopic distance
converge to two independent Brownian motion, generating the space-time white
noise present in (1.2).

As far as we know, equation (1.1) for the diffusive fluctuations for hard rods
is new in the literature. We recently discovered the article by Presutti and Wick
[18] that concerns the diffusive behavior of travelling wave initial conditions in
hard rods systems, where in the remark after Theorem 1 they comment about
possible diffusive behaviour of fluctuations and they write: “spatially separated
fluctuations in the density of rods with the same velocity move with the same
Brownian component”. Strangely [18] is never quoted in the following literature
about Navier-Stokes corrections for the hard rods hydrodynamics (cf. [6]). In the
introduction of [7] it was announced a second article about the Navier Stokes
corrections for the evolution of the fluctuations, but the authors confirmed us
that this has never been written.

We believe that (1.1) is a typical (universal) macroscopic behaviour for the
diffusive fluctuations of completely integrable many-body systems [21]. Since
this macroscopic behaviour is due to the scattering shift that the quasi parti-
cles have when crossing particles with a different velocity, we believe that this
equations are universal for any extended integrable system. In fact any extended
integrable system is equivalent (in a macroscopic limit) to a collisional system
(of quasi-particle or impulsions or solitons) and it is characterized macroscop-
ically by its scattering shift [21]. What makes the hard rods system treatable
is the fact that the scattering shift does not depend on the velocities of the
quasi-particles colliding.

Hard rods dynamics with domain wall initial conditions, a particular case
of travelling wave, is investigated in [11]; the paper includes the Navier-Stokes
corrections and the computation of the covariance Γpv, v1q from Green-Kubo
formula.

Diffusive corrections to the hydrodynamic Euler scaling in general completely
integrable systems have been investigated in the physics literature, see the recent
review [10] with the references therein, as well as [14] and [9]. These articles
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contain general formulas for diffusion coefficients that are in agreement with our
formula for the generalized hard rods. A generalization of our equation (1.1) to
other integrable systems will give answer about the macroscopic evolution on
the diffusive scale of multipoint correlation functions, mentioned in [10] as an
open problem.

As we believe that our approach is more elementary than the one used in the
previous literature, we have written this article to be completely independent
of results on hard rods prior to the paper [12], which is our starting point.
Essentially, the only tools we use are the law of large numbers and the central
limit theorem for a Poisson field. In Section 2 we prove the macroscopic evolution
of the fluctuations in the Euler scaling (recovering the result of [7]). In Section 3
we prove the evolution of the fluctuations in the diffusive scaling. Finally in
Section 5 we prove a lemma about limits for Poisson fields that we need in the
proofs.

2. Equilibrium Fluctuations in the Euler scaling

Let Xε be the Poisson process on R3 with intensity ε´1ρ dx dµpv, rq, where µ
is a probability on R2 with finite second moments. We should think about x
as the macroscopic position of the point x, since the typical distance between
points is ε. The macroscopic length of the rod px, v, rq is εr.

We define

σ :“ ρ

ĳ

rdµpv, rq, length density,

π :“ ρ

ĳ

rvdµpv, rq, momentum density.

Denote the empirical length distribution by

Nεϕ :“
ÿ

px,v,rqPXε

εrϕpx, v, rq, NεpAq :“ Nε
1A.

Here and in the following ϕpx, v, rq is a generic continuous function on R3,
differentiable and compatcly supported in x. The expectation of Nε is

ENεϕ “ xxϕyy,

where the length biased measure xx¨yy is defined by

xxϕyy :“ ρ

¡

rϕpx, v, rq dx dµpv, rq.

We have the law of large numbers

Nεϕ
a.s.
ÝÑ
εÑ0

ENεϕ “ xxϕyy. (2.1)
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If ϕpx, v, rq “ 1r0,1spxq, we have
ř

px,v,rqPXε εrϕpxq Ñ σ.

The central limit theorem states that

ξX,εpϕq :“ ε´1{2
`

Nεϕ´ xxϕyy
˘ law
ÝÑ
εÑ0

ξXpϕq (2.2)

where ξX is the centered Gaussian white noise with covariance

E
`

ξXpϕqξXpψq
˘

“ xxϕψyy2 ´ xxϕyyxxψyy, (2.3)

where

xxϕyy2 :“ ρ

¡

r2ϕpx, v, rqdx dµpv, rq.

Notice that
E
`

pξX,εϕq2
˘

“ xxϕ2yy2 ´ xxϕyy
2,

so that for any ϕ P L2pxx¨yy2q we have the bound

E
`

pξX,εϕq2
˘

ď xxϕ2yy2.

For any a, b P R, define the mass (length) measure by

mb
apX

εq “ ε
ÿ

px,v,rqPXε

r
`

1rxPra,bqs ´ 1rxPrb,ass
˘

.

Consequently,
mb
apX

εq
a.s.
ÝÑ
εÑ0

Emb
apX

εq “ pb´ aqσ. (2.4)

To each configuration Xε and a point b P R, there are a dilated point and
configuration

Dεpbq :“ b`mb
0pX

εq

Y ε “ DεpXεq :“ tpDεpxq, v, rq : px, v, rq P Xεu.

Remark 2.1. The distribution of Xε is space shift invariant, but the distribu-
tion of the rod configuration Y ε is not because Y ε has no rod containing the
origin. Our results can be extended to random rod configurations with space
shift invariant distribution, by using Palm transforms [22] and Harris theorem
[15]; see for instance [13].

The macroscopic dilation of the point b is given by

EDεpbq “ bp1` σq.

Denote the length empirical measure induced by Y ε by

Kεϕ :“ ε
ÿ

py,v,rqPY ε

rϕpy, v, rq.
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We have the law of large numbers:

Kεϕ “ ε
ÿ

px,v,rqPXε

rϕ
`

x`mx
0pX

εq, v, r
˘

a.s.
ÝÑ
εÑ0

ρ

¡

rϕ
`

x` xσ, v, r
˘

dx dµpv, rq

“
ρ

1` σ

¡

rϕpy, v, rqdy dµpv, rq

“
1

1` σ
xxϕyy. (2.5)

2.1. Static CLT for the dilated configuration

We define the fluctuation field

ξY,εpϕq “ ε´1{2
`

Kεϕ´ EKεϕ
˘

.

We have

Kεϕ´ EKεϕ “ pKεϕ´Aεϕq ` pAεϕ´ EAεϕq ´ pEKεϕ´ EAεϕq. (2.6)

where

Aεϕ :“ ε
ÿ

px,v,rqPXε

rϕpxp1` σq, v, rq,

EAεϕ “
ρ

1` σ

¡

rϕpy, v, rqdy dµpv, rq.

The last term in (2.6) gives

ε´1{2rEpKεϕq ´ EpAεϕqs

“ E
´

ε1{2
ÿ

px,v,rqPXε

r
“

ϕ
`

x`mx
0pX

εq, v, r
˘

´ ϕpxp1` σq, v, rq
‰˘

(2.7)

“ E
´

ε1{2
ÿ

px,v,rqPXε

rpByϕqpxp1` σq, v, rq
`

mx
0pX

εq ´ xσ
˘

¯

`Rε

“

¡

rpByϕqpxp1` σq, v, rqε
´1{2

“

Epmx
0pX

εq ´ xσq
‰

dx dµpv, rq `Rε (2.8)

“ Rε, (2.9)

where Rε denotes a generic term small with ε. Identity (2.8) follows from
Slyvniak-Mecke formula (Theorem 3.2 in [16]). Since by (2.4) Epmx

0pX
εq´xσq “

0, the identity (2.9) follows.

Applying (2.2) to the second term in (2.6) we have

ε´1{2rAεϕ´ EpAεϕqs
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“ ε´1{2
”

ε
ÿ

px,v,rqPXε

rqϕpx, v, rq ´ ρ

¡

rqϕpx, v, rqdx dµpv, rq
ı

law
ÝÑ
εÑ0

ξXpqϕq, (2.10)

where qϕpx, v, rq :“ ϕpp1` σqx, v, rq. Notice that

EpξXpqϕqξXp qψqq

“ ρ

¡

r2
qϕpx, v, rq qψpx, v, rqdxdµpv, rq ´ xxqϕyyxx qψyy

“
ρ

1` σ

¡

r2ϕpy, v, rqψpy, v, rqdydµpv, rq ´
1

p1` σq2
xxϕyyxxψyy

“
1

1` σ
xxϕψyy2 ´

1

p1` σq2
xxϕyyxxψyy.

Finally expand the first term of the RHS of (2.6):

ε´1{2pKεϕ´Aεϕq “ ε1{2
ÿ

px,v,rqPXε

r
`

ϕ
`

x`mx
0pX

εq, v, r
˘

´ ϕpxp1` σq, v, rq
˘

“
1

1` σ
ε1{2

ÿ

px,v,rqPXε

rpBx qϕqpx, v, rq
`

mx
0pX

εq ´ xσ
˘

`Rε.

By the functional central limit theorem (2.2) we have for any z P R

Bεpzq :“ ε´1{2
`

mz
0pX

εq ´ zσ
˘

“ ξX,εp1r0,zs1zą0 ´ 1rz,0s1ză0q

law
ÝÑ
εÑ0

ξXp1r0,zs1zą0 ´ 1rz,0s1ză0q “: Bpzq,

where pBpzq : z P Rq is a bilateral Brownian motion. Using Lemma 5.1 we have

ε´1{2pKεϕ´Aεϕq

law
ÝÑ
εÑ0

ρ

1` σ

¡

rpBx qϕqpx, v, rqBpxqdx dµpv, rq (2.11)

“
1

1` σ

ż

dxBpxqBx

´

ρ

ĳ

rqϕpx, v, rq dµpv, rq
¯

“
1

1` σ

ż

dx ξX
`

1r0,xs1xą0 ´ 1rx,0s1xă0

˘

Bx

´

ρ

ĳ

rqϕpx, v, rq dµpv, rq
¯

“
1

1` σ
ξX

´

ż

dx
`

1r0,xs1xą0 ´ 1rx,0s1xă0

˘

Bx

´

ρ

ĳ

rqϕpx, v, rq dµpv, rq
¯¯

“ ´
1

1` σ
ξX

´

ρ

ĳ

r1 qϕp¨, v1, r1q dµpv1, r1q
¯

. (2.12)

We conclude that
ε1{2pKεϕ´Aεϕq

law
ÝÑ
εÑ0

´ξXpP qϕq, (2.13)
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where

P qϕpxq “
ρ

1` σ

ĳ

rqϕpx, v1, r1q dµpv1, r1q “
ρ

1` σ

ĳ

rϕpp1`σqx, v1, r1q dµpv1, r1q.

(2.14)
Putting together (2.13), (2.7)-(2.9) and (2.10) we have shown that

ξY,εpϕq
law
ÝÑ
εÑ0

ξY pϕq “ ξX
´

qϕ´ P qϕ
¯

“ ξX
`

C qϕ
˘

, (2.15)

where C “ I ´ P . This identifies ξY as the centered Gaussian field with covari-
ance

EpξY pϕqξY pψqq “ EpξXpC qϕqξXpC qψqq

“ ρ

¡

r2Cϕpxp1` σq, v, rqCψpxp1` σq, v, rqdxdµpv, rq,

“
ρ

1` σ

¡

r2Cϕpy, v, rqCψpy, v, rqdydµpv, rq

“
ρ

1` σ
xxCϕCψyy2.

That means for the Fourier transforms

pϕpk, v, rq “

ż

ei2πkyϕpy, v, rqdy

EpξY pϕqξY pψqq “
ρ

1` σ

¡

r2C pϕpk, v, rq˚C pψpk, v, rqdkdµpv, rq.

i.e. a covariance operator

C “ ρ

1` σ
r2C2 “

ρ

1` σ
r2
´

I `
´ σ2

p1` σq2
´ 2

σ

1` σ

¯

P
¯

.

Remark 2.2. This is in agreement with formula (7.61) in [20].

Example 2.3. In the case dµpv, rq “ 1
2

`

δv0pdvq ` δ´v0pdvq
˘

δapdrq we have
σ “ ρa and π “ 0. Then,

Pϕpxq “
ρa

2p1` ρaq
pϕpx, v0q ` ϕpx,´v0qq

Cϕpx,˘v0q “
2` ρa

2p1` ρaq
ϕpx,˘v0q ´

ρa

2p1` ρaq
ϕpx,¯v0q.

2.2. Equilibrium fluctuations in the Euler scaling

Recall that the interparticle distance is of order ε, i.e. the coordinates px, v, rq
are already rescaled in the Euler scale. Let Xε

t denote the free gas configuration
at time t:

Xε
t :“ tpx` vt, v, rq : px, v, tq P Xεu.
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For any px, vq P R2 and t ě 0 define the flow

jεpx, v, tq :“ ε
ÿ

px̃,ṽ,r̃qPXε

r̃
`

1rṽăvs1rxăx̃ăx`pv´ṽqts ´ 1rṽąvs1rx`pv´ṽqtăx̃ăxs
˘

.

(2.16)

For any fixed px, vq, the expectation of jεpx, v, tq is given by

jpx, v, tq :“ Ejεpx, v, tq

“

¡

ρ dx dµpṽ, r̃q r̃
`

1rṽăvs1rxăx̃ăx`pv´ṽqts ´ 1rṽąvs1rx`pv´ṽqtăx̃ăxs
˘

“ ρ

ż

r̃

ż `8

v

pv ´ ṽq t dµpṽ, r̃q ` ρ

ż

r̃

ż v

´8

pv ´ ṽq t dµpṽ, r̃q

“ tvσ ´ tπ. (2.17)

We have the following limit as a consequence of the law of large numbers

jεpx, v, tq
a.s.
ÝÑ
εÑ0

jpx, v, tq “ tpvσ ´ πq. (2.18)

i.+ ✓ t

•

•

✗

•

Ye

y

For any px, vq P R2 and t ě 0 we define

yεv,tpxq :“ x`mx
0pX

εq ` vt` jεpx, v, tq (2.19)

and its average is

yv,tpxq :“ Eyεv,tpxq “ xp1` σq ` vt` jpx, v, tq “ xp1` σq ` tvp1` σq ´ tπ.

We say that yεv,tpxq is the position at time t of the quasi-particle with velocity
v starting from x (see Figure 2.2). Notice that this definition is valid for all x, v,
it does not require that px, vq are points in Xε.
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By (2.18)
yεv,t ´ y

a.s.
ÝÑ
εÑ0

veffpvqt,

where the effective velocity is given by

veffpvq :“ vp1` σq ´ π. (2.20)

We have that, by (2.1), the free gas empirical length measure at time t satisfies

Nε
t ϕ :“ ε

ÿ

px,v,rqPXε

rϕpx` vt, v, rq
a.s.
ÝÑ
εÑ0

ρ

¡

rϕpx` vt, v, rq dx dµpv, rq “ xxϕyy.

The X-fluctuation field at time t satisfies

ξX,εt pϕq :“ ε´1{2
`

Nε
t ϕ´ xxϕyy

˘ law
ÝÑ
εÑ0

ξXpϕtq, (2.21)

where

ϕtpx, v, rq :“ ϕpx` tv, v, rq.

The hard rod configuration and empirical measure at time t are given by

Y εt :“
 

pyεv,tpxq, v, rq : px, v, rq P Xε
(

,

Kε
t ϕ :“ ε

ÿ

py,v,rqPY ε
t

rϕpy, v, rq “ ε
ÿ

px,v,rqPXε

rϕpyεv,tpxq, v, rq.

Using (2.5) and similar argument used at the beginning of section 2.1, we have
the LLN for Kε

t :

Kε
t ϕÝÑ

εÑ0
ρ

¡

rϕpyv,tpxq, v, rqdx dµpv, rq

“ ρ

ĳ

r
´

ż

ϕ
`

xp1` σq ` veffpvqt, v, r
˘

dx
¯

dµpv, rq

“
ρ

1` σ

¡

rϕpy, v, rqdy dµpv, rq “
ρ

1` σ
xxϕyy.

We define the Y -fluctuation field at time t by

ξY,εt pϕq :“ ε´1{2
`

Kε
t ϕ´ EKε

t ϕ
˘

.

In order to shorten notations in the following we set π “ 0, the extension to
the case π ‰ 0 is straightforward. We have

Kε
t ϕ´ EKε

t ϕ “ pK
ε
t ϕ´A

ε
tϕq ` pA

ε
tϕ´ EAεtϕq ´ pEKε

t ϕ´ EAεtϕq.(2.22)

where

Aεtϕ :“ ε
ÿ

px,v,rqPXε

rϕ
`

px` vtqp1` σq, v, r
˘

.
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The last term in (2.22) gives

ε´1{2pEKε
t ϕ´ EAεt ϕq

“ E
´

ε1{2
ÿ

px,v,rqPXε

r
“

ϕ
`

x`mx
0pX

εq ` vt` jεpx, v, tq, v, r
˘

(2.23)

´ ϕ
`

px` vtqp1` σq, v, r
˘‰

¯

“ E
´

ε1{2
ÿ

px,v,rqPXε

rpByϕq
`

px` vtqp1` σq, v, r
˘

ˆ
`

mx
0pX

ε
t q ` j

εpx, v, tq ´ px` vtqσ
˘

¯

`Rεt

“

¡

rpByϕq
`

px` vtqp1` σq, v, r
˘

ε´1{2

ˆ E
“

mx
0pX

εq ` jεpx, v, tq ´ px` vtqσ
‰

dx dµpv, rq `Rεt

“ Rεt , (2.24)

where Rεt is of smaller order in ε. The last identity follows from the Slyvniak-
Mecke formula and from (2.4) and (2.17). By (2.2) the second term in (2.22)
gives

ε1{2pAεt ´ EAεt q
law
ÝÑ
εÑ0

ξXt pqϕtq,

where
qϕtpx, v, rq :“ ϕ

`

px` vtqp1` σq, v, r
˘

.

Finally, the first term in (2.22) gives

ε1{2pKε
t ϕ´A

ε
tϕq

“ ε1{2
ÿ

px,v,rqPXε

r
“

ϕ
`

x`mx
0pX

εq ` vt` jεpx, v, tq, v, r
˘

´ ϕ
`

px` vtqp1` σq, v, r
˘‰

“ ε1{2
ÿ

px,v,rqPXε

rpBxϕq
`

px` vtqp1` σq, v, r
˘

pmx
0pX

εq ` jεpx, v, tq ´ σpx` vtqq `Rεt

“ ε
ÿ

px,v,rqPXε

rpBxϕq
`

px` vtqp1` σq, v, r
˘

ε´1{2pmx
0pX

εq ` jεpx, v, tq ´ σpx` vtqq `Rεt .

(2.25)

where Rεt is smaller order. It can be easily shown that

ε´1{2jεp0, 0, tq :“ ε1{2
ÿ

px̃,ṽ,r̃qPXε

r̃
`

1rṽă0s1r0ăx̃ă´ṽts ´ 1rṽą0s1r´ṽtăx̃ă0s

˘

(2.26)

converges in law to a Wiener process B̃pt, 0q with a finite variance. By applying

11



Lemma 5.1 we have

ε
ÿ

px,v,rqPXε

rpBxϕq
`

px` vtqp1` σq, v, r
˘

ε´1{2jεp0, 0, tq

law
ÝÑ
εÑ0

B̃pt, 0q

ĳ

dµpv, rqr

ż

pBxϕq
`

px` vtqp1` σq, v, r
˘

dx “ 0.

Consequently we can write (2.25) as

ε
ÿ

px,v,rqPXε

rpBxϕq
`

px` vtqp1` σq, v, r
˘

ε´1{2pmx
0pX

εq ` jεpx, v, tq ´ jεp0, 0, tq ´ σpx` vtqq

`Rεt .

(2.27)

Remark that

mx
0pX

εq ` jεpx, v, tq “ jεp0, 0, tq `mx`vt
0 pXε

t q,

and the first term in (2.27) can be written as

ε
ÿ

px,v,rqPXε

rpBxϕq
`

px` vtqp1` σq, v, r
˘

ε´1{2pmx`vt
0 pXε

t q ´ σpx` vtqq. (2.28)

By (2.21) we have

ε´1{2pmx
0pX

ε
t q ´ σpxqq

law
ÝÑ
εÑ0

ξXt
`

1r0,xs1rxą0s ´ 1rx,0s1rxă0s

˘

“: Bpt, xq,

where, for any t ě 0, Bpt, xq us a double sided Wiener process in x P R. Then,
by Lemma 5.1, (2.28) converges in law to

ρ

¡

rpBxϕq
`

px` vtqp1` σq, v, r
˘

Bpt, x` vtq dx dµpv, rq

“ ρ

¡

rpBxϕq
`

pxqp1` σq, v, r
˘

Bpt, xq dx dµpv, rq

“
ρ

1` σ

¡

ξXt
`

1r0,xs1rxą0s ´ 1rx,0s1rxă0s

˘

r Bx qϕpx, v, rq dx dµpv, rq

“ ´
1

1` σ
ξXt

´

ρ

ĳ

rqϕp¨, ṽ, r̃q dµpṽ, r̃q
¯

“ ´
1

1` σ
ξX

´

ρ

ĳ

rqϕtp¨, ṽ, r̃q dµpṽ, r̃q
¯

,

where qϕtpx, ṽ, r̃q “ qϕtpx` ṽt, ṽ, r̃q.

Recalling Pϕ defined in (2.14), we conclude that

ε1{2pKε
t ϕ´A

ε
tϕq

law
ÝÑ
εÑ0

´ξXpP qϕtq. (2.29)
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Putting together (2.29), (2.23)-(2.24) we have shown that

ξY,εt pϕq
law
ÝÑ
εÑ0

ξYt pϕq :“ ξXpqϕt ´ P qϕtq “ ξXpC qϕtq,

where C :“ I ´ P . Recalling (2.15), we have proven that

ξYt pϕq “ ξY0 pϕtq,

i.e.
Btξ

Y
t pϕq “ ξY0 pv

effBxϕtq “ ξYt pv
effBxϕq.

In other words, in a weak sense ξYt satisfies the equation

Btξ
Y
t ` v

effBxξ
Y
t “ 0,

which is the expected equation.

3. Equilibrium Fluctuations in the diffusive scaling

3.1. Quasi-particles in the diffusing scaling

Recall the definition of jεpx, v, tq given by (2.26) for any px, vq P R2. and the
corresponding convergence (2.18). We look now at this flow in a larger, diffusive,
time scale, and we have that

jεpx, v, ε´1tq ´
`

vσ ´ π
˘

ε´1t
law
ÝÑ
εÑ0

Btpvq. (3.1)

where
`

Btpvq
˘

vPR “: Bt is a family of Brownian motions in t with covariance
given by (3.7) and initial value B0pvq “ 0 for all v. Notice in (3.1) that Btpvq
does not depend on x. In fact we will see below that, given two points x and x̃,
the variance of the difference jεv,tpx, v, ε

´1tq´jεv,tpx̃, v, ε
´1tq is of order 2ε|x´ x̃|,

as there are around ε´1|x ´ x̃| particles between x and x̃, and between x ` vt
and x̃` vt, and each of those particles contributes ε2 to the variance, see (3.5).
This explains why the limit in (3.1) does not depend on x.

Given a point px, vq P R2 recall that yεv,tpxq is defined by (2.19). As a conse-
quence of (3.1) we have

yεv,ε´1tpxq ´ v
effpvqε´1t

law
ÝÑ
εÑ0

y `Btpvq, (3.2)

where y “ xp1` σq. Observe that

yεv,ε´1tpxq ´ v
effpvqε´1t “ x`mx

0pX
εq ´ p1` σqx` jεpx, v, ε´1tq ´

`

vσ ´ π
˘

ε´1t.

Since mx
0

a.s.
ÝÑ
εÑ0

σx, the limit in (3.2) is equivalent to (3.1)
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The surface pt, vtq ÞÑ Btpvq is a two dimensional Gaussian process described
by a Lévy–Chentsov field [12]. We compute explicitly the covariances.

By (2.19) Observe that

ε
ÿ

px̃,ṽ,r̃qPXε

r̃1rṽăvs1rxăx̃ăx`pv´ṽqε´1ts “ ε
ÿ

px̃,ṽ,r̃qPXε2

r̃1rṽăvs1rεxăx̃ăεx`pv´ṽqts,

where Xε2 :“ tpεx̃, ṽ, r̃q : px̃, ṽ, r̃q P Xεu, is obtained from Xε by rescaling all

positions by a factor ε, so that Xε2 is a Poisson process of intensity measure
ε´2ρ dµpv, rq. We have that

E
´

ε2
ÿ

px1,v1,r1qPXε2

r11rv1ăvs1rεxăx1ăεx`pv´v1qts

¯

“ tρ

ż

r

ż v

´8

pv ´ v1qdµpv1, rq.

Define the fluctuation field

ξ̃εpϕq “ ε
ÿ

px̃,ṽ,r̃qPXε2

ϕpx, v, rq ´ ε´1xxϕyy “ ε
ÿ

px̃,ṽ,r̃qPXε

ϕpεx, v, rq ´ ε´1xxϕyy.

As for ξε, cf. (2.2), ξ̃ε converge to a centered gaussian field ξ̃ with the same
covariance as ξ, cf. (2.3). But ξ̃ and ξ are independent. In fact consider two test
function ϕ,ψ such that xxϕyy “ 0 and xxψyy “ 0:

E
´

ξ̃εpϕqξεpψq
¯

“ ε1{2

ĳ

dµpv, rqr2

ż

ϕpεx, v, rqψpx, v, rq dxÝÑ
εÑ0

0. (3.3)

Consider the function

ϕεx,v,tpx
1, v1q “ 1rv1ăvs1rεxăx1ăεx`pv´v1qts ´ 1rv1ąvs1rεx`pv´v1qtăx1ăεxs,

where px1, v1, r1q P Xε2 . Then

jXεpx, v, ε´1tq ´ pvσ ´ πqε´1t “ ξ̃X,εpϕεx,v,tq

For x “ 0 we have

jXεp0, v, ε´1tq ´ pvσ ´ πqε´1t
law
ÝÑ
εÑ0

ξ̃Xpϕ0,v,tq,

which has variance

ρ

¡

r̃2
`

1rṽăvs1r0ăx̃ăpv´ṽqts ` 1rṽąvs1rpv´ṽqtăx̃ă0s

˘

dx̃ dµpṽ, r̃q (3.4)

“ ρ

ż

r̃2

ż `8

v

pv ´ ṽqtdµpṽ, r̃q ´ ρ

ż

r̃2

ż v

´8

pv ´ ṽqtdµpṽ, r̃q

“ tρ

ĳ

r̃2|v ´ ṽ|dµpṽ, r̃q :“ tDpvq.

14



Computing the correlation for different initial position, assuming x ă x:

E
`

ξX,εpϕεx,v,tqξ
X,εpϕεx,v,tq

˘

(3.5)

“ ρ

¡

r2
`

1rv1ăvs1rεxăx1ăεx`pv´v1qts ´ 1rv1ąvs1rεx`pv´v1qtăx1ăεxs
˘

ˆ
`

1rv1ăvs1rεxăx1ăεx`pv´v1qts ´ 1rv1ąvs1rεx`pv´v1qtăx1ăεxs
˘

dx1 dµpv1, rq

“ ρ

¡

r2
´

1rv1ăvs1rεxăx1ăεx`pv´v1qts1rεxăx1ăεx`pv´v1qts

` 1rv1ąvs1rεx`pv´v1qtăx1ăεxs1rεx`pv´v1qtăx1ăεxs

¯

dx1 dµpv1, rq

“ ρ

ż

r2

ż v´εpx´xq{t

´8

“

pv ´ v1qt´ εpx´ xq
‰

dµpv1, rq

` ρ

ż

r2

ż `8

v`εpx´xq{t

pεpx´ xq ´ pv ´ v1qtqdµpv1, rq

“ρ
“

vt´ εpx´ xq
‰

ż

r2

ż v´εpx´xq{t

´8

dµpv1, rq ´ ρt

ż

r2

ż v´εpx´xq{t

´8

v1dµpv1, rq

` ρ
“

εpx´ xq ´ vt
‰

ż

r2

ż `8

v`εpx´xq{t

dµpv1, rq ` ρt

ż

r2

ż `8

v`εpx´xq{t

v1dµpv1, rq

“ρ
“

vt´ εpx´ xq
‰

ż

r2

ż v´εpx´xq{t

´8

dµpv1, rq ´ ρt

ż

r2

ż v´εpx´xq{t

´8

v1dµpv1, rq

´ ρ
“

vt` εpx´ xq
‰

ż

r2

ż `8

v`εpx´xq{t

dµpv1, rq ` ρt

ż

r2

ż `8

v`εpx´xq{t

v1dµpv1, rq

ÝÑ
εÑ0

tρ

ĳ

pr1q2|v ´ v1|dµpv1, r1q “ tDpvq.

It follows from (3.5) that two tagged quasi-particles with the same velocity are
asymptotically completely correlated and

lim
εÑ0

E
ˆ

ˇ

ˇ

ˇ
ξ̃X,εpϕεx,v,tq ´ ξ̃

X,εpϕ0,v,tq

ˇ

ˇ

ˇ

2
˙

“ 0.

Considering the correlation at different velocities v ă v:

E
`

ξX,εpϕεx,v,tqξ
X,εpϕεx,v,tq

˘

(3.6)

“ ρ

¡

r2
`

1rv1ăvs1rεxăx1ăεx`pv´v1qts ´ 1rv1ąvs1rεx`pv´v1qtăx1ăεxs
˘

ˆ
`

1rv1ăvs1rεxăx1ăεx`pv´v1qts ´ 1rv1ąvs1rεx`pv´v1qtăx1ăεxs
˘

dx1 dµpv1, rq

“ ρ

¡

r2
´

1rv1ăvs1rεxăx1ăεx`pv´v1qts1rεxăx1ăεx`pv´v1qts

` 1rv1ąvs1rεx`pv´v1qtăx1ăεxs1rεx`pv´v1qtăx1ăεxs

´ 1rvăv1ăvs1rεx`pv´v1qtăx1ăεxs1rεxăx1ăεx`pv´v1qts

¯

dx1 dµpv1, rq
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“ ρ

¡

r2
´

1rv1ăvs1rεxăx1ăεx`pv´v1qts ` 1rv1ąvs1rεx`pv´v1qtăx1ăεxs

¯

dx1 dµpv1, rq

“ tρ

ĳ

r2
`

1rv1ăvspv ´ v
1q ` 1rv1ąvspv

1 ´ vq
˘

dµpv1, rq

“: tΓpv, vq.

Noting that

1rv1ăvspv ´ v
1q ` 1rv1ąvspv

1 ´ vq “
1

2

`

|v ´ v1| ` |v1 ´ v| ´ pv ´ vq
˘

,

we have that

Γpv, vq “
1

2

´

Dpvq `Dpvq ´ pv ´ vqρ
ż

r2dµpv1, rq
¯

. (3.7)

This last expression for the covariance corresponds to the Lévy Chentsov field,
as shown in [12].

Remark 3.1. From (3.6) we can see immediately that Γpv, vq ě 0. In the par-
ticular case where there are only two velocities admitted, for example dµpv, rq “
δapdrq

1
2 pδ´1pdvq ` δ1pdvqq, we have Dp˘1q “ ρa2 and Γp1,´1q “ 0. Typically

this decorrelation happens only when two velocities at most are present.

3.2. Diffusive evolution of density fluctuations

Define the fluctuation field at diffusive scaling as

ΞY,εt pϕq :“ ε´1{2
”

ε
ÿ

px,v,rqPXε

rϕ
“

yεv,ε´1tpxq ´ v
effpvqε´1t, v, r

‰

´
1

1` σ
xxϕyy

ı

.

Notice that this is recentered on the Euler characteristics.

Define
ϕBtpy, v, rq :“ ϕ

`

y `Btpvq, v, r
˘

.

Theorem 3.2.

ΞY,εt pϕq
law
ÝÑ
εÑ0

ΞYt pϕq “ ΞY0
`

ϕBt
q
˘

“ ξX
`

C qϕBt

˘

where Bt “ pBtpvqqvPR is a family of Wiener processes with covariance

E
`

Btpvq, Btpwq
˘

“ tΓpv, wq

with Γ defined in (3.6). Furthermore Bt is independent from ΞY0 . More formally

ΞYt pϕq “

¡

rϕ
`

y `Btpvq, v, r
˘

dξY0 py, v, rq

“

¡

rCϕ
`

p1` σqx`Btpvq, v, r
˘

dξX0 px, v, rq

(3.8)
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We prove this theorem after some comments. By (3.8), ΞYt solves the stochas-
tic differential equation

dΞYt pϕq “
1

2
ΞYt pDB2

yϕqdt´

¡

pByϕqpy, v, rqdBtpvqdΞYt py, v, rq

or in the time integrated form:

ΞYt pϕq “ ΞY0 pϕq `

ż t

0

1

2
ΞYs pDB2

yϕqds

´

ż t

0

¡

pByϕqpy, v, rqdBspvqdΞYs py, v, rq

“ ΞY0 pϕq `

ż t

0

1

2
ΞYs pDB2

yϕqds´

ż t

0

ΞYs
`

Byϕ dBs
˘

,

where the last term is a martingale with quadratic variation

ż t

0

´

¡

a

DpvqpByϕqpy, v, rqdΞYs py, v, rq
¯2

ds “

ż t

0

ΞYs
`

?
DpByϕq

˘2
ds. (3.9)

Notice that

E
`

ΞY,εt pϕq2
˘

“
ρ

1` σ

¡

r2E
“

pCϕq2py `Btpvq, v, rq
‰

dydµpv, rq

“
ρ

1` σ

¡

r2

ż

pCϕq2
`

y ` z, v, r
˘ e´

z2

2tDpvq

a

2πtDpvq
dz dy dµpv, rq

“
ρ

1` σ

¡

r2pCϕq2
`

y, v, r
˘

dy dµpv, rq,

independent of t, in agreement with the stationarity of the process.

Similarly the expectation of the quadratic variation (3.9) is given by

t
ρ

1` σ

¡

Dpvqr2pByϕq
2py, v, rqdy dµpv, rq.

Proof of Theorem 3.2. In order to simplify notation we set π “ 0, the extension
to general π ‰ 0 is straightforward. Denote

Bεt px, vq “ jεpx, v, ε´1tq´σvε´1t, Bεt “ Bεt pXεq “ tBεt px, vq, px, vq P R2u.

By (3.1) Bεt converges in law to the field of Brownian motions

Bεt
law
ÝÑ
εÑ0

Bt “ pBtpvqqvPR. (3.10)

Then we can rewrite

ΞY,εt pϕq “ ε´1{2
”

ε
ÿ

px,v,rqPXε

rϕ
“

xp1` σq `Bεt px, vq, v, r
‰

´
1

1` σ
xxϕyy

ı

` ε
ÿ

px,v,rqPXε

rpByϕq
“

xp1` σq `Bεt px, vq, v, r
‰

ε´1{2 pmx
0pX

ε
0q ´ σxq `R

ε
t ,

(3.11)
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where Rεt Ñ 0 in law.

We deal with the first term on the RHS of (3.11).

By (2.2) and (3.10), the couple pξX,ε,Bεt q converges jointly in law to pξX ,Btq.
By (3.3) they are independent. By the mapping theorem ([3], chapter 1, section
2) we have that the first term on the RHS of (3.11) converges in law to ξXpqϕBtq

where
qϕBt
px, v, rq “ ϕpxp1` σq `Btpvq, v, rq.

About the second term of (3.11), combining the argument above and the one
used in (2.11) to (2.12) this converges in law to ´ξXpP qϕBt

q.

Formally, choosing ϕk,wpx, v, rq “ ei2πxkϕprqδpv ´ wq, we have that

pϕpk,w, tq :“ ΞYt pϕk,wq “

ż

dξY py, r, vqei2πkpy`Btpwqqϕprqδpv ´ wq

“ ξY
´

ei2πkp¨`Btpwqqϕp¨qδp¨ ´ wq
¯

satisfies the SDE

dpϕpk,w, tq “ ´
p2πkq2

2
Dpwqpϕpk,w, tq ` i2πkpϕpk,w, tqdBtpwq.

Notice that |pϕpk,w, tq|2 “ |pϕpk,w, 0q|2 for any k, a persistence on the macro-
scopic scale of the complete integrability of the dynamics also at the level of
these fluctuations.

Remark 3.3. Since we consider also systems where lengths r can be negative,
in the case that σ “ 0 and π “ 0 the macroscopic evolution of fluctuations
in the Euler scaling is the same as the independent point particles. But in the
diffusive scaling the fluctuations have non trivial behaviour.

4. A remark about inhomogeneous initial distribution

Let f0px, v, rq be a nice non-negative bounded function on R3 andXε the Poisson
process on R3 with intensity ε´1f0px, v, rqdx dv dr.

In the Euler scaling, the empirical distribution of the free gas converges to
the solution of

Btftpx, v, rq ` vBxftpx, v, rq “ 0,

with initial condition given by f0. For the rods density this corresponds to the
equation

Btgtpy, v, rq ` By
`

veffpy, v, tqgtpy, v, rq
˘

“ 0,

veffpy, v, tq “ v `

ť

rpv ´ wqgtpy, w, rqdwdr

1´
ť

rgtpy, w, rqdwdr
.

as proven in [12].
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For generic initial conditions, we can guess that, if the initial density f is
absolutely continuous in the x and v coordinates, then it satisfies that the limit
as tÑ8 of ftpx, v, rq is constant in x, that is, ftpx, v, rq ÝÑ ρfpv, rq, for some
ρ P R` and fpv, rq. This suggests that in a diffusive time scale the system essen-
tially behaves like if it is a stationary state determined by a Poisson point field
ρfpv, rqdx dv dr, and the analysis for the macroscopic fluctuations of Section 3
applies.

5. A limit theorem for Poisson process

Lemma 5.1. Let ϕpx, v, rq a smooth function on R3 with compact support in
x, and tBεpxq, x P Ru a processc converging in law to tBpxq, x P Ru. Then

lim
εÑ0

ε
ÿ

px,v,rqPXε

rϕpx, v, rqBεpxq
law
“ ρ

¡

rϕpx, v, rqBpxq dx dµpv, rq.

Proof. Since ϕ is a smooth function we can approximate both sides by step
functions, so that it is enough to prove that

lim
εÑ0

ε
ÿ

px,v,rqPXε

1r0ďxă1sB
εpxq

law
“ ρ

ż 1

0

Bpxq dx. (5.1)

Since in this limit pv, rq are not involved, to simplify notation we will ignore
them. The positive random measure Mε on r0, 1s defined by

Mεpψq “ ε
ÿ

px,v,rqPXε

1r0ďxă1sψpxq, ψ P Cp0, 1q,

converges a.s. to the Lebesgue measure dx on r0, 1s. Then, by the generalization
of Slutsky’s theorem in Theorem 2.7 (v) in [23], the couple pMε, Bεq converges
in law to pdx,Bq.

Let F pµ, ψq a continuous function on M`pr0, 1sqˆCp0, 1q. Then F pMε, Bεq ÝÑ
F pdx,Bq in law. Apply this to

F pµ, ψq “

ż 1

0

ψpxqdµpxq,

and (5.1) follows.
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