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MACROSCOPIC DIFFUSIVE FLUCTUATIONS FOR
GENERALIZED HARD RODS DYNAMICS

PABLO A. FERRARI AND STEFANO OLLA

ABSTRACT. We study the fluctuations in equilibrium for a dynamics of rods
with random length. This includes the classical hard rod elastic collisions,
when rod lengths are constant and equal to a positive value. We prove that in
the diffusive space-time scaling, an initial fluctuation of density of particles of
velocity v, after recentering on its Euler evolution, evolve randomly shifted by
a Brownian motion of variance D(v).

1. INTRODUCTION

The mechanical system of one-dimensional hard rods is the simplest non trivial
completely integrable dynamics where the macroscopic behavior can be described
by generalized hydrodynamics. The density of particles of each given velocity is
conserved and in the Euler scaling the macroscopic evolution of such densities
have been studied by the pioneristic work of Percus [13] and Boldrighini, Do-
brushin and Suhov [3]. Fluctuations around this Euler limit have been studied
by Boldrighini and Wick in [6]. Recently these results have been generalized to a
completely integrable dynamics of rods of random length (even negative length)
where lengths and velocities are exchanged at collision [9]. The elastic collisions
are recovered in the particular case that all rods have the same positive length.
Similar dynamics were considered in [7], while in [2] velocities are exchanged but
not the lengths (i.e. the classical elastic collision).

In this article we investigate the evolution of the densities fluctuations in the
diffusive space-time scale for the generalized dynamics considered in [9]. We
consider the system in a stationary homogeneous initial condition since typical
inhomogeneous non-stationary state will converge to a space-homogeneous sta-
tionary state in a large Euler time scale. Consequently in the diffusive time scale
we find the system essentially in a stationary state.
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The result we prove in the present article is that the initial fluctuations of
the density of particles of velocity v, after recentering on its Euler evolution,
evolve randomly shifted by a Brownian motion of variance D(v). This diffusion
coefficient D(v) has an explicit expression depending on v and on the particular
stationary measure (cf. (3.2)). In the case of rods of constant length D(v) is
the same as computed by Spohn in [17], as well as it appears in the first order
diffusive correction to the Euler Hydrodynamic limit [4] [5].

This result corresponds to the following partial stochastic differential equa-
tion for the evolution of the macroscopic fluctuation Z;(y, v, r) of the density of
particles of velocity v and length r at position y:

1 .
OZ(y,v,r) = 5D(v)8§5t(y,v,r) +v/D(v)0,Ze(y, v, ) Wi(v), (1.1)

where (Wt(v) :t,v eR) is a centered gaussian field with covariance
['(v,w)
VD (v)D(w)

with I'(v,w) is given by (3.5). Since =, is a distribution in (y,v,r), (1.1) should
be understood in the weak sense.

E(W,(0)W(w)) = 6(t - 5)

Notice that in (1.1) the noise term is only white in time and completely corre-
lated in space (i.e. Wi(v) does not depends on y). This is in contrast with the
typical diffusive evolution of fluctuations in chaotic systems, where it is expected
an additive space-time white noise driving the fluctuations and the equation would
be of the type [15]

OE (g v.7) = %D(v)agit(y, 0,1) +/D(0)0, W, 4 (), (1.2)
with E(Ww(v)Wygs(w)) =0(t-s)0(y—y")d(v—w). Notice that (1.1) and (1.2)

have the same space-time covariance in equilibrium, i.e. the space-time covariance
does not give information about the martingale term of the evolution equation.

In fact we believe, as Herbert Spohn suggested us, that (1.1) is a typical (univer-
sal) macroscopic behaviour for the diffusive fluctuations of completely integrable
many-body systems [16]. In order to understand why (1.1) arise, we follow the
behaviour of two tagged quasi-particles with the same velocity. We call here quasi-
particles (or impulsions) the particles with the dynamics defined by the exchange
of positions at the moment of collision. The standard technique to study such
dynamics is to go to the reduced description where quasi-particles are mapped to
points and evolve without interaction. Then the evolution of the tagged quasi-
particle is obtained by the trivial evolution of the corresponding point, shifted
by the collisions with quasi-particles of different velocity. Since the points cor-
responding to the other quasi-particles are distributed by a Poisson field, these



collisions happen at random times and the collisional shifts are independent. Con-
sequently at the Euler scale we have a law of large numbers (see Section 2.2) that
produce a deterministic evolution of the tagged quasi-particle with an effective
velocity given by (2.16) (such ergodicity was proven first in [1]). Recentering the
position of the tagged quasi-particle on the Euler deterministic behavior, we have
then a functional central limit theorem so that the position converges in law to a
Brownian motion of variance D(v). Now consider two tagged quasi-particles with
the same velocity and initially located at macroscopic distance: this means that
there are typically e~ particles in between, where ¢ is the scaling parameter going
to 0. In the diffusive scaling each tagged quasi-particle at time ¢ has a number of
collisions proportional to £72¢, but most of them with the same quasi-particles,
except for an order 7! of collisions at the beginning and at the end of the time
interval [0,¢]. Consequently the two tagged quasi-particles completely correlate
in the limit € — 0, i.e. they converge to the same Brownian motion. This causes
the rigid motion of the corresponding density fluctuations. Notice that in chaotic
system it is expected that the two quasi-particles at initial macroscopic distance
converge to two independent Brownian motion, generating the space-time white
noise present in (1.2).

As far as we know, equation (1.1) for the diffusive fluctuations for hard rods
is new in the literature. We recently discovered the article by Presutti and Wick
[14] that concerns the diffusive behavior of travelling wave initial conditions in
hard rods systems, where in the remark after Theorem 1 they comment about
possible diffusive behaviour of fluctuations and they write: “spatially separated
fluctuations in the density of rods with the same velocity move with the same
Brownian component”. Strangely [14] is never quoted in the following literature
about Navier-Stokes corrections for the hard rods hydrodynamics (cf. [5]). In
the introduction of [6] it was announced a second article about the Navier Stokes
corrections for the evolution of the fluctuations, but the authors confirmed us
that this has never been written.

Hard rods dynamics with domain wall initial conditions, a particular case of
travelling wave, is investigated in [8]; the paper includes the Navier-Stokes correc-
tions and the computation of the covariance I'(v,v") from Green-Kubo formula.

As we believe that our approach is more elementary than the one used in the
previous literature, we have written this article to be completely independent of
results on hard rods prior to the paper [9], which is our starting point. Essen-
tially, the only tools we utilize are the law of large numbers and the central limit
theorem for a Poisson field. In Section 2 we prove the macroscopic evolution of
the fluctuations in the Euler scaling (recovering the result of [6]). In Section 3 we
prove the evolution of the fluctuations in the diffusive scaling. Finally in Section 6
we prove two lemmas about limits for Poisson field that we need in the proofs.



2. EQUILIBRIUM FLUCTUATIONS IN THE EULER SCALING

Let X¢ be the Poisson process on R? with intensity e~'p dx du(v,r), where
i is a probability on R? with finite second moments. We should think z as the
macroscopic position of the point z, as the typical distance between points is e.
The macroscopic length of the rod (x,v,r) is er.

We define
o= p[/ rdu(v,r), length density

= p/f rodu(v,r), momentum density.
Denote the empirical length distribution by

Nep:= Y erp(z,v,r), Ne(A) := Nl 4.
(z,v,r)eXe

The expectation of N¢ is

EN“p = (o)),
where the length biased measure ((-)) is defined by

(@) =p [[] rete.v) dvdu(o.r).

We have the law of large numbers

Nep == EN“p = (),

e—=0

If o(z,v,7) = 1[o,17(x), we have ¥, , yex: €7¢@(2) = 0.
The central limit theorem states that

law

95 (¢) = 2N - () 1 £¥(p) 2.1)
where £X is the centered gaussian white noise with covariance

E(&* ()6 (1)) = (o2 - (LD ().

(b =p [[] oot vryda duto.r).

E(£%4¢)” = (0?2 - (o)?,
so that for any ¢ € L2({(-))2) we have the bound

E(£%¢)” < (%)

where

Notice that



Define the mass (length) measure by
m(X)=e 3 r(Laclap) = Haelbal))
(z,v,r)eXe

Consequently,

a.s.

md(X°?) 0 Emb(X®) = (b-a)o. (2.2)

To each configuration X¢ and a point a € R, there are a dilated point and config-
uration

DE(b) :=b—a+md(X?)
Ye = D§(X?) = {(D5(b),v,r): (z,v,7) € X°}.
Remark 2.1. The distribution of X¢ is space shift invariant, but the distribution
of the rod configuration Y¢ is not because Y¢ has no rod containing the origin.
Our results can be extended to random rod configurations with space shift in-

variant distribution, by using Palm transforms [18] and Harris theorem [11]; see
for instance [10].

If r >0 for all (z,v,r) € X¢, and the origin does not belong to a rod of Y¢, then
we can define the inverse D;!(Y¢) = X¢. The macroscopic dilation of the point b
with respect to a is given by

ED:(b) =(b-a)(1+0).
Denote the length empirical measure induced by Y€ by
Kep:=¢ Z ro(y,v,r).

(y?’u77‘)eya

We have the law of large numbers:
Kép=¢ Z rgo(x + mﬁ(XE),v,r)

(z,v,r)eXe

E; Pw ro(z + (z - a)o,v,r)dz du(v,r)
1f0 ﬂr¢(w,v,r)dw du(v,7)
- (o). N

2.1. Static CLT for the dilated configuration. We define the fluctuation
field

€(p) = (K¢ - EK"p).
We have

Kep-EK*p=(Kp—-A%p)+ (A0 -EA%p) - (EK°p-EA%p). (2.4)



where

Afpi=¢ Z ro(x(l+0),v,1),

(zv,r)eXe

1 fa [/f re(x, v, r)de duv, ).

EA®p =

The last term in (2.4) gives
e (EKp - EA%p)

:E(sl/Q( Z):XET[@(;E+m§(XE),v,T)—go($(1+0),v,7")]) (2.5)
= E(el/Q ( z): . r(0yp)(z(l+0),v, T)(mg(XE) - xa)) + R°

= _/f/ r(0yp)(x (1 + J),v,r)s_l/Q[E(mg(Xa) - xa)]dw du(v,r) + R° (2.6)
= R®, (2.7)

where R¢ denotes a generic term small with e. Identity (2.6) follows from Slyvniak-
Mecke formula (Theorem 3.2 in [12]) and identity (2.7) follows from (2.2).

The second term in (2.4) gives

e'?(A7 - EA°)

—5‘1/2[5 Z rg(z,v,r) —p/[/r&(a:,v,r)dx d,u(v,r)]

(z,0,r)eX®
= ), (28)
where gE(x,v,r) = o((1+0)z,v,). Notice that
E(¢*(2)6¥ (1))
. [f[ r2E (v, ), v, ) dadp(o,r) - V»«J»
=[] 7 etw 0.0, v, dyduCo,r) -

o et - el

e (el ()

(1+cf)2

T l+o
Finally expand the first term of the RHS of (2.4):

eV (Kep— A%p) = £1/? Z r(@(x + mﬁ(XE),v,r) -p(x(1+0),v, 7"))
(z,v,r)eXe

! e 3 r(0,9) (w,v,m)(mE(XE) —xo) + R

l+o (x,v,r)e)%e




By the functional central limit theorem (2.1) we have

-1/2 x ey _ € 13_‘”) fX(l[o,x])v x>0
e 2 (mf(X?) - wo) = B*(x) B(z) := {—éx(l[x,o]), £ <0

Since (B(x):z € R) is a bilateral Brownian motion, using Lemma 6.1 we have

*1/2([(% - A%p)
law /ﬂT(OISO)(m v,7)B(x)dr dp(v, )

e—>0 1+a

fde(x [frgo(x v, r) dp(v, 7‘))
oatloo o Leeo) (o [[ 13(a,0.7) du(v, 1)
fdlb“ (0,21 La50 = 12,01 1<) f/TSO(CU v,1) dp(v, 7”>))

=—1+J§X o [[ ret.o du(v'w')).

We conclude that

law

e (Kop- A7) — —£5(P9), (2.9)
where
P¢@o=]:27[7r¢@gqudu@:wy (2.10)
Putting together (2.9), (2.5)-(2.7) and (2.8) we have shown that
£ (p) = € () = €¥(7- P3) = €¥(C), (2.11)
where C' = I — P. This identifies £¥ as the centered gaussian field with covariance
E(& ()€ (1)) = B(EX(CE)EX(CY))

P[[/MCSO(IE(1+U),U,T)C1/}(Q7(1+U),U,7")dxd,u(v,7“);
frzC’SO(y,v,T)C'w(y,v,r)dyd'u(ur)
- L (CpCu)s.

That means for the Fourier transforms

s’f)‘(/f,v,r)=fei2”kys0(y,v,r)dy

E(& (9)€ (1) = 1+

/ r2C3(k,v, T)*OQZ(]{, v,r)dkdu(v,r).

7



i.e. a covariance operator

o2

o
-2 P).

1+0)? 1+ O') )

Remark 2.2. This is in agreement with formula (7.61) in Spohn’s book [15].

P 20 P 2
= C = I
¢ 110 1+UT( +((

Ezample: in the case dp(v,1) = (8 (dv) + 6_y,(dv) )34 (dr) we have o = pa and
m=0. Then,

pa

Po(z) = 201+ pa) (p(x,v0) +¢(z,~10))
_ 2+pa p
Co(x,+vg) = Q(TW)(’O(L +19) — mgp(:p, Fug).-

2.2. Equilibrium fluctuations in the Euler scaling. The tag v represent the
macroscopic velocity of the rod in the Euler scaling, so it is of order 1 and does
not need to be rescaled.

Let X7 denote the free gas configuration at time ¢:
X; ={(x+vt,u,r): (z,v,t) € X°}.
Define the flow

F(@out)=e Y F(Lpco)lpeicrs -] — Loso] Lws (o-s)i<ica] ) (2.12)
(3,5,7)eX®
j(l’,l},t) = ]Eje(xav7t) (213)

= [/ P dr d/j(’&, f) T (1[6<v]1[x<i‘<x+(v—ﬁ)t] - 1[17>v]1[:0+(v—17)t<5:<x])
+00 v

=pff[ (v—ﬁ)tdu(ﬁ,f)+pff/ (v=70) t du(5, 7)

=tvo - im.

Here jé(x,v,t) is the ideal gas length flow along the segment (z + vs)sco,], and
j(z,v,t) is its expectation.
The position of the quasi particle y; ,(x) associated to (x,v,7) is given by
You () = DG(x) + vt + j°(2,v,1) (2.14)
Yo (1) = Eyg (7)) = (L+ o)z + vt +j(z,v,t) =2(1+0) + vt + j(z,0,1).
We have the LLN
Vomy 2 ()L, (215)
b 8_>

8
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J
where the effective velocity is given by
1
v (v) = ;]E(yf —vt)=v(l+0)-m. (2.16)

To see (2.15), observe that by (2.14), if y € Y, there is an x € X¢ such that
y = Dg(z) and y; , -y = j*(x,v,t), implying that (2.15) is equivalent to

1 a.s. 1 .
—j%(z,v,t) — —j(z,v,t)=v(l+0)-m.
t e=0 ¢
We have that the free gas empirical length measure at time t satisfies

Nipme Y rplarotor) 25 BN - (o).
(z,v,r)eXe &

The X-fluctuation field at time ¢ satisfies
& (0) =P (N = (1) = €5 (),
where
oi(x,v,1) = @(x +tv,v,r).
The hard rod configuration and empirical measure at time ¢ are given by
Y= {(yi (@), 0,7) : (w,0,7) € X7},
Kip=c ) re(yvr)=c ), re(yi(z)vr).

(y,v,m)eYE (z,v,m)eXe
Using (2.3) we have the LLN for K7F:

Kig— o [[[ 7). v,r)de duto,r)

9



:p//r(/ gp(x(l+a)+veg(v)t,v,r)dx) dp(v, )
= L ] retaomyde due,r) = 2= ().

We define the Y-fluctuation field at time ¢ by
(p) = e (Ko - EEG ).

We have
Kio-EK;p=(Kip-Ajp) + (Ao -EAfp) - (EKfp -EAfp). (2.17)
where

Afp:=¢ Z r@(m(l +o)+ut +j€(x,v,t),v,7“).
(x,v,r)eXe

The last term in (2.17) gives
e V2(BE] ¢ -EA] ¢)
= E(51/2 > r[go(x +mE(Xe) + vt + j°(z,0,t),0,7)

(z,v,r)eXe
—<p(x(1+a)+vt+j5(a:,v,t),v,r)]) (2.18)
= ]E(sl/2 Z T(ﬁygo)(x(l +0)+ut+ 5% (x, v,t),v,r)(mg(Xf) - "EU)) + i
(z,v,r)eXe
= mr(6y¢)(x(1+0) + vt +j%(z,0,t),0,7) (2.19)
x e PE[m§(X®) - zo|dz dp(v,r) + RS = R, (2.20)

where RS is of smaller order; identity (2.19) follows from the Slyvniak-Mecke
formula and identity (2.20) follows from (2.2).

By Lemma 6.2 the second term in (2.17) gives
e'?(As - EAS)

:5—1/2[8 > re(z(l+0)+vt+j(z,0,1),v,7)
(z,v,r)eXe

_ p[/] ro(z(L+0) + vt + j(x,v,t),v,7)dz d,u(v,r)]
= X0, 21
where

Si(z,v,r) = gp(x(l +o)+ veﬂ(v)t,v,r).

10



Finally, the first term in (2.17) gives
eV (Kip - Ajo)

=23 (@ +mE(XF) + vt + (w0, 1), 0,7)
(z,v,r)eX®

- p(a(1+0) + vt + j(2,0,0),0,7)]

= cl/2 Z r(axg})([ﬁ(l +0)+vut+j5(z,v,t),v, T)(mg(Xs) -ox)+ Rf
(z,v,r)eXe

=¢ Z r(@xw)(x(l +0)+ot +je(a:',v,t),v,r)g’m(mg(Xe) -ox)+ RS,
(z,v,r)eXe

and combining Lemmas 6.1 and 6.2 we obtain that the limit in law of this last
process is

p[[/r(@xgp)(a:(l + o)+ v (0)t, v, 1) B(x) dx d(v,r)
—/de(:r)&x f[r@(x v.r) dp(v,7))
1+dex£X 0211250 = 101 Loco) & ffwt(arvr)du(v ")
([ dr(1ppaytoso = Lpeyloco) &u(p [[ r8e,0,7) dp(e,r))
e €X / f[ PG 5,7) du(ﬁ,f)).

where we used Jdyp = (9,,3%, and that R is smaller order.
Recalling Py deﬁned in (2.10), we conclude that

(K- Ajp) = ¢ (Pgy). (2.22)
Putting together (2.22), (2.18)-(2.20) and (2.21) we have shown that
&7 (9) = & (¢) =X (- P3) = €5(C),
where C':= I — P. Recalling (2.11), we have proven that
& (9) =& (#0),

l.e.
atff(@) = fg/(veﬁax@t) = fg/(veﬂcaz@)'

In other words, in a weak sense £ satisfies the equation
0k + 0,8 =

which is the expected equation.

11



3. EQUILIBRIUM FLUCTUATIONS IN THE DIFFUSIVE SCALING

3.1. Quasiparticles in the diffusing scaling. Given a point (z,v,r) € X¢,
recall that y;,(z) is the position at time ¢ of the quasiparticle (y,v,r), defined
by (2.14). We will show that

Yo (@) =T (@)t =y /D) Wi(v), (3.1)

where W;(v) is a Wiener process in t. The limit process W;(v) does not depend
on the initial position z. The family of processes (W;(v) : v € R) are jointly
gaussian, and described by a Lévy Chentsov field [9]. We compute explicitely the
covariances.

By (2.14) and (2.13), we have
Yy o1y (T) = v (v)e™t = Dj(2) - (1 + o)z + j°(z,v,e7't) - (vo —7)e7't.

Since D§(x) a;sg (1+ o)z, the limit in (3.1) is equivalent to

Jé(z,v,e71t) - (vcr -m)e liv:; VD (v)Wi(v);
E—>
Observe that
€ Z fl[f)«)] ]-[m<5:<z+(v—f))e*1t] =€ Z fl[fxv] ]-[5:U<:E<Ex+(v—f1)t]7

(%,0,F)eXe (2,5,7)eXxe>

where X¢* = {(ex,v,7) : (x,v,7) € X}, is obtained from X¢ by rescaling all
positions by a factor e, so that X is a Poisson process of intensity measure
e2pdu(v,r). We have that

E<€2 Z 7",1[1)’<v]1[€x<:c’<eac+(v—v’)t]) = tp[ r[w(v —U’)d,u(v,r).

(z' v’ 7 )eXe?
Applying (2.1) to the function

stx,v,t(xla U,) = 1[v’<v]1[sx<x’<sx+(v7v’)t] - ]-[v’>v]]-[s:r+(va’)t<x’<€m])
we have that
Jxe(@0,7) = (o ~m)et = €5 (o),
E—>
which has variance

P/[[ 7 (Lpeo) Lwea<ar(o-t)t] + Lioso) Lo+ (o-tyi<i<a] ) AT dp (D, F) (3.2)

=pff2fv+w(v—@)tdu(ﬁ,f)—pfo /:;(v—@)tdu(@,f)
:tp/ff2|v—z7|du(f),f) = 1D(v).

12



About the correlation for different initial position, assuming = < :

(SX Spsa:vt)fx (Sosxvt)) (33)

=p /ﬂ [v'<v] €z<r’<6x+(v—v’)t] - 1[v’>v] 1[sx+(v—v’)t<x’<sx])

(1[1) <v] 1[ax<x <ezT+(v-v')t] ~ 1[v’>v] 1[ai+(v—v’)t<x’<sf] )d!ﬂ, d,LL('U’, 7’)

= pm [v'<v] ea:<x’<aa:+(v—v’)t]1[55<a:’<5§+(v—v’)t]

+1 [v">v] 1 [ex+(v-v")t<a’<ex] 1 [ez+(v—v')t<a’<eT] )dl” d:u(vlu T)

_ f 2 [:—E(I—x)/t[(v — )t - (T - ) dp(’, r)
’ p/ r’ ]z::so(ox:r)/t(g(x ~7) = (= o)du(vr)

:p[vt—s(f—x)]/rQ [:E(H)/tdu(v',r)

v—e(T-xz)[t
—pt/rQ/ v'dp (v, r)
+00
+p[5(x—f)—vt][r2f du(v',r)
v+e(T-x) /[t
+00
+,0t/7’2f v'du(v’,r)
v+e(T-x) [t
v—e(T-z)/t
=p[vt—£(f—x)][r2f du(v',r)
5 v—e(ZT-x)[t
—pt/r / v'dp (v’ r)
o +00
—p[vt+8(i—x)][r2/ du(v',r)
v+e(T—a)/t
+o00
+pt[r2f v'dp(v',r)
v+e(T—a)/t
—to [[ ()= ldu(!.r) = D ().
£

It follows from (3.3) that two tagged quasiparticles with the same velocity are
asimptotically completely correlated.

Considering the correlation at different velocities v < v:

(§X76(§08$ v t)fX’E(@az,i,t)) (34)

=p ﬂ[ [v'<v] Ex<x’<£a:+(v—v’)t] - 1[v’>v]1[ax+(v—v’)t<x’<ax])

13



) (1[1),@]quks“ﬁ*”')t] - 1[v’>ﬁ]1[€x+(5—v’)t<x’<sx]) dx’ dM(U,, T’)
g ./.// T2<1[U/<v] 1[5x<x'<51+(v—v')t]1[5x<m’<5az+(i—y')t]
* 1oy ot @-v)tcar<ca) Leas (v-v)icat<ca

_ 1[U<U,<E]1[Ex+(U*U’)t<x/<Em]1[€$<x’<sx+(§7vl)t]) dl‘l dM(U,,T)
= Pﬂ[ 7'2(1[v'<v]1[sx<;c'<ea:+(v—vf)t] + 1[vr>§]1[5x+(5_vf)t<x,<ax]) dx’ d,M(UI,T’)

=tp [/ (o) (v = 0") + Ly (v = 0) ) dp(v', 1)

Noting that

;o1 o
Lycw](v=2") + 1y (v =) = §(|v—v’|+|v’—v|—(v—v)),

we have that

1
P(0,7) = 5(D(v) + D(@) - (7-v)p f Pdp(v',r)). (3.5)
This last expression for the covariance corresponds to the Lévy Chentsov field,

as shown in [9].

Remark 3.1. From (3.4) we can see immediately that I'(v,v) > 0. In the par-
ticular case where there are only two velocities admitted, for example du(v,r) =
6a(dr)a (621 (dv) + 61 (dv)), we have D(+1) = pa? and T'(1,-1) = 0. Typically this
decorrelation happens only when two velocities at most are present.

3.2. Diffusive evolution of density fluctuations. Define the fluctuation field
at diffusive scaling as

1/2

=) () YD

_ geff -1 _
[g(y,v%eyarso[yv’slt v (U)E t,U,’I“] g

(p)=¢"

Notice that this is recentered on the Euler characteristics. Define
ew(y.0.7) = oy + VD) Wi(v), v,7).
Theorem 3.2.
277 (0) 25 2N (9) =2 (pw)) = €5 (CPw)
where (Wy(v) v e R) is a family of Wiener processes with covariance

tr' (v, w)

VD (v)D(w)

E(W,(v), Wi(w)) =

14



with T' defined in (3.4). More formally
E(p) = .//[ rap(y + \/D(v)Wt(v),v,r)dﬁé/(y,v,r) &
= [[/ rC’cp((l +0)(z+/D(w)Wy(v)),v, T)dfg((y,v,r)

We prove this theorem after some comments. By (3.7), ZY solves the stochastic
differential equation

E=1 (9) = 521 (030~ [[[ VPE)@,0) (o)W ()= (v, 0,1)

or in the time integrated form:

= () =T (0)+ [ 5= (DE0)ds

_f ff[\/m(ay@(y,v,r)dWs(v)daz(y’v,T)
Zo (p) + f —EY(Da}p)ds - fotESY(\/z_) oy dWW,),

where the last term is a martingale with quadratic variation

S I VPE @0 o)) ds= [ 2 (VD)) s (35)

Notice that

(”Ye( ) fff 2]E (Cw) (yn/WWt(v) v T)]dydu(v r)
" 140 fff f(Cso) y(1+/D(v)z,v T)\/_dzdydu(v r)

110 /ﬂ (Co)?(y,v,r)dy dp(v,r),

independent of ¢, in agreement with the stationarity of the process.

Similarly the expectation of the quadratic variation (3.8) is given by

2= [[] PO@e) v )y duv. ).
+0
Proof of Theorem 3.2. We can express (3.6) as

r—Ys(gp) (39)
1
_ 12 [5 S rplr+mE(XE) + §F (w0, e7H) — v (v)e M v, - ((so»]
(z,v,r)eX® I+o
1
e Y (e e m(XF) + 2(e a0 X7, 0r) - —— ()]
(z,v,r)eXe L+o

15



1

= 2le Y rp(e(le o) +a(e w0 Xo) vr) -

()]

(zv,m)eXe 1+o0
w25 (@) (w14 0) + 257 w0, X7), v, ) (M (XF) - o) + R,
(z,v,r)eX®

Applying Lemma 6.2 to the first term on the rhs of (3.9) we have

]_ aw ~
e LT rela(e ) 2@ 0.0 X ) - b)),

where we have denoted

Sw, (z,v,1) = ow, (x(1+0),v,1) = go(:c(l +o)+ \/D(U)Wt(v),v,r).

Combining Lemma 6.2 and the same argument used in (2.9) the second term
converges in law:

S r(ﬁygo)(x(l +0)+z(e7 Mt 2,0, XF), v, r)(mg(Xs) - a:c)

(z,v,r)eXe

law ~
- _éx (PQOWt ) .

e—~0

Putting the two terms together we conclude that
—Y, law ~
E0°(0) E(CPw) =€ (om)- O
Formally, choosing ¢y, ., (z,v,7) = €2 ¢(r)d(v —w), we have that

Pk, w, 1) = B (prw) = f de¥ (y, r,0)e ™ VP o (1)6 (0 — w)
_ gY(eika(~+\/th)¢(,)5(. - w))

satisfies the SDE
(27k)?

dp(k,w,t) = - D(w)@(k,w,t) + i2nk\/D(w)P(k,w, t)dW(w).
Notice that |p(k, w,t)|? = |p(k,w,0)|? for any k, a persistence on the macroscopic
scale of the complete integrability of the dynamics also at the level of these
fluctuations.

Remark 3.3. Since we consider also systems where lengths r can be negative,
in the case that o = 0 and 7 = 0 the macroscopic evolution of fluctuations in the
Euler scaling is the same as the independent point particles. But in the diffusive
scaling the fluctuations have non trivial behaviour.
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4. A REMARK ABOUT INHOMOGENEOUS INITIAL DISTRIBUTION.

Let fo(x,v,r) be a nice non-negative bounded function on R? and X¢ the
Poisson process on R? with intensity 7! fo(z, v, r)dx dv dr.

In the Euler scaling, the empirical distribution of the free gas converges to the
solution of

Oufi(z,v,r) + v, fi(x,v,1) =0,

with initial condition given by fy;. For the rods density this corresponds to the
equation

agi(y,v,r) + 0, (v (y,v, ) g (y,v, 7)) = 0,
I (v =w)g:(y, w,r)dwdr

eff t —
vy, v t) = v+ - [ rg:(y, w,r)dwdr

as proven in [9)].

For generic initial conditions, we can guess that the initial density f is abso-
lutely continuous in the x and v coordinates, then it satisfies that the limit as
t - oo of fi(z,v,r) is constant in z, that is, fi(z,v,7) — pf(v,r), for some
peR, and f(v,r). This suggests that in a diffusive time scale the system essen-
tially behaves like if it is a stationary state determined by a Poisson point field
pf(v,r)dx dv dr, and the analysis for the macroscopic fluctuations of Section 3
applies.

5. FLUCTUATIONS FOR GENERAL COLLISION RULES

We can consider different completely integrable dynamics constructed from the
free motion of points. For example, instead of (2.12) we can define

PF(zoort)=e > d(F,r,0,0)(Lsco) Lpcicrs-t)] — Lipso] Las(v-s)i<i<a] )
(2,5,7)eX®

where ¢ is the collision rule. We have studied the case ¢(7,r,0,v) = 7. When the
collision rule is different, we do not have anymore the interpretation of j&(z,v,r,t)
as scattering shift of hard rods. However, we can still compute expectations and
limits as € — 0 of the length flows:

j(x7 /U7 T? t)
=Ej%(x,v,r,1)

= f/ p dx dp(o,7) ¢(7,r,0,0) (Lis<o) Lp<i<as (-5)t] — Loso] Lt (o-s)t<ica])

) ffv“’" S(F, 1,5, 0) (v = 0)t du(B,7) + p f[m &(7, 7,5, 0) (v - 0)t du(5, 7)
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~tp [[ 6G.r,5.0) (0 - D)dn(@,7),

that gives an effective velocity

vﬁog:U+p17¢aznavxv-amuwﬁq

Corresponding fluctuations in Euler and diffusive time scales can be proven fol-
lowing the same lines as in the previous sections.

6. TWO LIMIT THEOREMS FOR POISSON PROCESS

Lemma 6.1. Let o(x,v,r) a smooth function on R® with compact support in x.
Then

lime Y re(z,0,7)B(x) fa p/]]rgp(x,v,r)B(x) dx dp(v,r).

€0 (z,v,r)eXe

Proof. Since ¢ is a smooth function we can approximate both sides by step func-
tions, so that it is enough to prove that

1
lime Y e} B°(2) fa p/o B(x) dx.

&0 (x,v,r)eXe

Since in this limit (v, r) are not involved, to simplify notation we will ignore them.
We can write

1
e Yy 1[0<w<1]BE(LE)—p/{; B(x) dx

(z,v,r)eXe

1 1
e Y lpwaB@-p [ B@)dop [ B dr,

(z,v,r)eX®

and since, by the functional central limit theorem,

1 1
pf B*(x) dxﬂpf B(z) dz,
0 -0 0
we only need to prove that the other difference is small in probability.

We first approximate fol B#(z) dx by a Riemann sum:

-
~AF@MsZFMrm
_ Z /u ., (B*(z) - B (c(j - 1))) da

S - G-
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Notice that for any fixed z € [0, €] the sum is over independent random variables.
Then the variance of the last line is bounded by

f ([Z(Bfm+5 (-1))- Bs(e(J—l)))])dmg/ﬂsg;dxzégz‘

We are left to estimate the difference

]
€ Z Lro<ac1) B (x) —ep Z Bi(e(j-1)) (6.1)

zreXe© j=1

(']
=€ Z ( Z 1[€(J’*1)<x<€j]BE(‘r) a pBa(€(j B 1)))

j=1 ‘zeX*

#2302 Lenerees ~ £) B - 1)),

j=1 ‘zeX*
The variance of the first term on the RHS of (6.1) is bounded by

E([ Z 1[0<I<E]BE(ZE)]2) =E( Z 1[0<x<5]1[OSy<5]B6(x)B6(y))

reX€ T,yeX*®

€ T 2
~elp ff Locree] L ocyee) A Y dav dy = 267%p? fo dx fo ydy = %s,

while the variance for the last term is bounded by

'] 2
2 ; E([ 2, Le-1)<aces] —P] )E(BE(E(J' -1))?)

reX¢€
(']

<e Y epe(j—-1)~O0(e). O
ps1

Lemma 6.2. Let X¢ be a homogeneous Poisson process on R with density e 1p
and {B%(z),z € R} be a family of processes independent of X and such that they
converge in law to the same random variable B. Then for any smooth compact
support function p(z) on R,

hms 1/2( > o(z + B(x)) - p/(p(:r;)dx faw fX(ng) (6.2)

zeXe

where v () = p(x + B).
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Proof. In order to shorten notation let’s assume [ ¢(z)dz = 0. Denote

Its

Zo=et? ) o(x + B*(x)).

IEXE
characteristic function is

E[eikzs] _ E[E(eik25|Bs)] _ E[exp(p{l f(eikel/Qlﬂ(:JchBE(z)) - 1)d:n)]
:]E[exp(—pk:2fgp(erBE(x))de)]+O(51/2)
—>E[exp(—pk2fg0(a:+é)2dx>]=E[exp(—pk2fg0(x)2dx>].

e—0

The joint characteristic function of the couple (vaX , ZS) is

1.e.

1]

E[e"klés’x(@)”kﬁf] = E[exp(—p f[klgp(:v) + kap(x + Bs(x))rdx)] + 0(81/2)

Q’E[exp<‘p f [’“90(1’) + ko (a + B)]2dx)] - E[eiklf)"<w+ikz£’"‘<saé>]’
(6.2). §
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