
HAL Id: hal-04101559
https://hal.science/hal-04101559v2

Preprint submitted on 2 Apr 2026

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY-NC-ND 4.0 - Attribution - Non-commercial use - No
Derivative Works - International License

A multi-objective model search algorithm for linear
regression

Anas Mifrani, Philippe Saint-Pierre, Nicolas Savy

To cite this version:
Anas Mifrani, Philippe Saint-Pierre, Nicolas Savy. A multi-objective model search algorithm for linear re-
gression. 2026. ⟨hal-04101559v2⟩

https://hal.science/hal-04101559v2
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr


Int. J. Metaheuristics, Vol. x, No. x, xxxx 1

A multi-objective model search algorithm for linear
regression

Anas Mifrani*, Philippe Saint-Pierre and
Nicolas Savy
Institut de Mathématiques de Toulouse,
Université de Toulouse, France
Email: anas.mifrani@math.univ-toulouse.fr
Email: philippe.saint-pierre@math.univ-toulouse.fr
Email: nicolas.savy@math.univ-toulouse.fr
*Corresponding author

Abstract: Inherent in model selection is the problem of simultaneously
optimising multiple performance metrics. Some of these metrics express
potentially conflicting criteria, like accuracy and simplicity. Pareto
optimisation is a branch of mathematical optimisation dealing with problems
involving conflicting objectives. In this article, an algorithm was developed
that searches for Pareto optimal linear regression models given a dataset and
a set of performance metrics. The optimisation task was framed as one of
sequential variable selection on a graph. A search strategy was proposed that
draws on ant colony optimisation. Experiments were run in which the metrics
to be minimised were the root-mean-square error, expressing accuracy, and
the number of coefficients, expressing simplicity. Cases were presented
in which the algorithm outperformed Akaike information criterion-based
stepwise regression. Results suggested that our algorithm copes well with
small datasets and correlated predictors. Key properties of our algorithm were
discussed and areas of improvement highlighted.
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1 Introduction and motivation

Part of the complexity of model selection is that it is usually motivated by multiple and
potentially competing objectives. A typical example is when a model has to conform
as much as possible to available data, but also has to be sufficiently simple for it
to generalise and be interpretable (Breiman, 2001; Gregorutti et al., 2017). Some sort
of compromise between accuracy and simplicity is often necessary because complex
models tend to approximate data better than simple ones. The same observation seems
warranted for any pair of conflicting criteria for model assessment.

Optimal model selection has been studied primarily within the automated machine
learning community (Hutter et al., 2019; He et al., 2021; Karmaker et al., 2021), with
a common point of departure being that model selection can be framed as a sequential
decision making problem. Decisions include the choice of algorithms (e.g., linear
regression), methods (e.g., imputation of missing data) and hyperparameters (Thornton
et al., 2013). The goal is to find sequences, and therefore models, that minimise a loss
function. Hutter et al. (2019) point out the difficulty in applying classical optimisation
to such a problem, citing as their main reasons:

a the complexity of the search space

b the fact that little is known about the loss’ analytical properties, say convexity,
when viewed as a function of the decisions.

Accordingly, Feurer et al. (2015) explore the search space using Bayesian optimisation
(BO) (Mockus et al., 1978), which involves repetitive sampling of sequences around
the current best sequence, based on performance estimates provided by a surrogate.
Rakotoarison et al. (2019) use Monte Carlo tree search (Chaslot, 2010) for structures,
i.e., algorithms and methods, and BO for hyperparameters. Structures are built
incrementally by ‘walking down’ a tree, adding one algorithm or method at a time,
whereas hyperparameters are sampled as previously. Other works have focused on
particular areas of model selection. For instance, Khurana et al. (2016, 2017) propose
automatic feature engineering algorithms for regression and classification. Their goal
is to determine, based on a predefined set of functions, what sequence of variable
transformations yields the most predictively accurate model when applied on a dataset.
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For this they define a ‘transformation tree’ in which nodes represent transformed
datasets and edges represent functions, then they compare ad hoc search heuristics
(Khurana et al., 2016) with strategies obtained through reinforcement learning (Khurana
et al., 2017). Zoph and Le (2017) also leverage reinforcement learning, but do so in
the context of tuning a convolutional neural network’s hyperparameters. Their method
involves training a recurrent neural network to select hyperparameters in such a way as
to maximise expected model accuracy.

A drawback to the general approach represented by the aforementioned works is that
it is single-objective, whereas model selection is essentially multi-objective. Here we
propose a different approach, in which more than one metric is considered. We assume
that the metrics conflict; that is, there exists no solution that optimises all of them
simultaneously, in which case the expert would be prepared to make tradeoffs. Thus we
are primarily interested in identifying the set of models that cannot be improved in any
metric without causing the others to deteriorate; this is an adaptation of a core Pareto
(or multi-objective) optimisation concept known as the Pareto front (Cao et al., 2017;
Wei and Niethammer, 2022; Bierbrauer and Boyer, 2014).

Albeit equivalent, models which lie on the Pareto front can be seen as representing
different tradeoffs between the objectives. From a decision making perspective,
therefore, the principal appeal of our approach is that it focuses the expert’s attention
on a set of equally good alternatives that they can ultimately choose from based on
their preferences and the value placed on each objective (Chapman et al., 2015; Lu
et al., 2014). Another appeal is that by examining the shape of the Pareto front, the
expert is able to gauge how much compromise is needed from some metric to improve
others (Cao et al., 2017), and is hence able to locate regions in the model space where
small concessions in some metrics permit considerable improvements in others. From a
statistical perspective, our approach may assist in improving our understanding of the
relationships among metrics and in informing theoretical investigations in that direction.

In this article, we present a model selection algorithm which searches for Pareto
optimal models of a continuous response variable, given a dataset and a set of
performance metrics. It does this by efficiently exploring a model search graph. We
devise and implement a search heuristic which draws on ant colony optimisation
(ACO), a combinatorial optimisation technique modelled after ant colonies (Dorigo and
Stützle, 2004). ACO’s first application was the travelling salesperson problem (Dorigo
et al., 1996), but its scope has expanded tremendously in the last two decades, with
applications in experiment design (Borrotti et al., 2016), project scheduling (Zhu et al.,
2019), spatial clustering (İnkaya et al., 2015), hydraulic engineering (Bateni et al., 2015)
and healthcare (Krynicki et al., 2016). Moreover, various extensions of it have been
developed for Pareto optimisation (Garćıa-Mart́ınez et al., 2007; Angus and Woodward,
2009), one of which was used in our work.

The remainder of the article is organised as follows. Section 2 states the
combinatorial optimisation problem underpinning the article, provides some terminology
and introduces the model search graph. Section 3 describes a generic ACO algorithm
and shows how it can be adapted to Pareto optimisation. Section 4 presents our
algorithm. On the basis of numerical experiments, Section 5 compares the algorithm
with stepwise regression based on the Akaike information criterion (Kabe, 1963; Akaike,
1998), shedding light on some of its basic properties.
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2 Model search graph

We concentrate on linear regression models of a continuous response Y that may feature
powers of variables X1, ..., Xp, p ≥ 1, together with two-way interactions. For p = 3
and a maximum exponent emax = 2, these models have as an upper bound

Y = β0 + β1X1 + β2X2 + β3X3 + β4X
2
1 + β5X

2
2 + β6X

2
3 + β7X1X2

+ β8X1X3 + β9X2X3 + ϵ.
(1)

Linear regression models are among the simpler and most frequently used statistical
models. Their appeal stems from the ease of their estimation procedure and the fact that
the parameters βj have an intuitive interpretation; namely, an increase in Xj by one unit
leads to an increase in Y by βj units when the other variables are held constant. For
these reasons, linear models enjoy widespread application in such fields as medicine,
psychology, and demography, where it is vital not only to predict an outcome, but also
to quantify the influence of variables in an intelligible manner.

This work is an attempt to construct an efficient procedure for building satisfactory
models in a way similar to classic forward selection but one which is stochastic and
multi-objective. We first show that building such models as in (1) is equivalent to
traversing a graph.

Figure 1 Model search graph for p = 3 and emax = 2, with A = X1, B = X2 and C = X3

(see online version for colours)

Note: The red path corresponds to the model
Y = β0 + β1A+ β2B + β3A

2 + β4AB + ϵ.

2.1 Models as paths on a graph

Given p and emax, M(p, emax) will denote the set of models described above. This set
is finite. Let again p = 3 and emax = 2. There are eight ways of choosing two-way
interactions:
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1 X1X2

2 X1X3

3 X2X3

4 X1X2 and X1X3

5 X1X2 and X2X3

6 X1X3 and X2X3

7 X1X2, X2X3 and X1X3

8 no interactions.

There are eight ways of selecting the first-power terms, and eight ways of selecting the
second-power terms, including the possibility of not selecting any. This gives a total of
512 models. In general, |M(p, emax)| = 2Np+p·emax , where Np =

(
p
2

)
.

The directed graph in Figure 1 contains M(3, 2), with each model corresponding
to exactly one full path. We will call it a model search graph. It can be generalised
for any p and emax by following the same construction principles as above; that is, by
enumerating the possible combinations of interaction terms, of power-of-one terms, and
so on. Some comments on the graph are supplied in Appendix C.

2.2 Problem statement

Let F1, ..., FQ be Q performance metrics to be minimised with respect to a dataset D.
For fixed p and emax, a combinatorial Pareto optimisation problem follows:

min
x∈M(p, emax)

(F1(x,D), ..., FQ(x,D)) (2)

where Fq(x,D), q ∈ {1, . . . , Q}, denotes the value of Fq for a model x ∈ M(p, emax)
with respect to D.

In terms of the model search graph, and assuming as in the introduction that the
metrics conflict, solving (2) amounts to finding the full paths corresponding to models
that are Pareto optimal with respect to F1, . . . , FQ (Definitions 1 and 2). The Pareto
front (Lu et al., 2014; Yang et al., 2009; Moeini et al., 2013) is the set of such models.

Definition 1: Let x and y be models in M(p, emax). We say x dominates y on D
if Fq(x,D) ≤ Fq(y,D) for all q ∈ {1, . . . , Q} and Fk(x,D) < Fk(y,D) for some
k ∈ {1, . . . , Q}.

Definition 2: Let x in M(p, emax). We call x Pareto optimal (or non-dominated, or
efficient) if, for all y ∈ M(p, emax), y does not dominate x.
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For example, in our numerical experiments (Section 5), we looked at two (Q = 2)
performance metrics: the root-mean-square error relative to observation (F1) and the
number of coefficients in the model (F2). Given these metrics, we would call a model
x Pareto optimal if, and only if, for any other model y, either F1(x,D) = F1(y,D) and
F2(x,D) = F2(y,D), or Fi(x,D) < Fi(y,D) for at least one metric i.

We would like to point out, in passing, that the definitions above make no
reference to the character of the relationships among the metrics. Indeed, even with
non-conflicting metrics, one can still talk of a Pareto front, namely the singleton
containing the model that minimises all the metrics at once. In this case, however, the
front’s interest is clearly reduced, and problem (2) could in principle be solved using
single-objective optimisation techniques.

Computing the Pareto front may be intractable (Chapman et al., 2015). Only an exact
algorithm could determine with certainty whether a model is Pareto optimal, but such
an algorithm typically proceeds by implicit enumeration of the search space (Bierlaire,
2018), which makes it unsuitable for large graphs. This motivates the interest in
heuristics, which are computationally efficient techniques for generating good solutions
(García-Ródenas et al., 2020); that is, solutions that are “feasible and significantly better
than a solution that would have been designed by a human expert” (Bierlaire, 2018).
Constructive heuristics, meaning those that build solutions stepwise, are known to be the
fastest (Dorigo and Stützle, 2004; Lai et al., 2022), but they also seem to be the most
relevant to the objective we outlined in introducing this section. Even more relevant
are algorithms based on ant colony optimisation (Dorigo and Stützle, 2004), which are
designed specifically for problems that can be reduced to finding desirable paths in a
graph.

It is important to note that most applications of Pareto optimisation aim not at
computing the Pareto front but rather at approximating it (Sambo et al., 2014). Typically,
a good Pareto front approximation will be a set of solutions in which:

a no solution dominates another

b the solutions are close to those on the true front

c the solutions are diverse (Cao et al., 2015; Auer et al., 2016; Wei and
Niethammer, 2022).

Perhaps the best known measure of the quality of a Pareto front approximation that
accounts for (b) and (c) is the hypervolume, which is the size of the objective space
enclosed by the points on the front and a dominated reference point (Zitzler and Thiele,
1998). The hypervolume has the property of being strictly Pareto compliant (Cao et al.,
2015); that is, if A and B are Pareto front approximations such that the points in B are
dominated by those in A, then A has a higher hypervolume than B. This observation
will be useful in Section 5, where we compare different algorithm settings based on the
Pareto front approximations obtained in each one.

3 Multi-objective ant colony optimisation

We now turn to ant colony optimisation, an umbrella term for a group of algorithms
in which artificial agents imitate the behaviour of foraging ants to solve combinatorial
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optimisation problems (Dorigo and Stützle, 2004). The basis for ACO is the assumption
that simulation of stigmergy, i.e., the discharging and following of pheromones by
insects, can solve problems analogous to finding the shortest path in a graph. ACO
deals traditionally with problems involving a function to be minimised with respect to
a set of discrete decision variables subject to certain feasibility constraints. We will see,
however, that the underlying ideas can easily be extended to the case where multiple
functions are to be minimised.

ACO ants construct solutions incrementally and independently by traversing a graph
whose edges represent value assignments for decision variables. An edge (i, j) is
described at time t by the amount of pheromones present on it, τij(t), and a so-called
‘heuristic value’ (HV), ηij (Dorigo and Stützle, 2004). Pheromones are ‘discharged’
during travel, with paths closer to optimal solutions receiving greater amounts of
pheromones. Hence, τij(t) is a cumulative indicator of the quality of solutions which
had been built up to time t using (i, j). ηij expresses an a priori belief about whether
(i, j) belongs to an optimal solution. When approaching the TSP, for example, it is
customary to let ηij = 1

dij
, dij being the distance between cities-nodes i and j (Branke

and Guntsch, 2004); the intuition is that a short tour can be obtained by repeatedly going
to the closest yet-to-be-visited city until no city is left.

An ant chooses its destinations as a function of the pheromones and HVs of the
edges available. Regions with relatively high concentrations of pheromones tend to be
preferred (Borrotti et al., 2016). Once a complete solution has been built, it is evaluated
and pheromones are deposited on its constituent edges. The amount of pheromones
deposited is commensurate with the quality of the solution. Additionally, pheromones
‘evaporate’ with time. Ideally this prevents a too rapid convergence to suboptimal
regions, and encourages exploration (Dorigo and Stützle, 2004; Wan et al., 2012).

A multi-objective version of ACO was proposed by Garćıa-Mart́ınez et al. (2007)
in which τij(t) and ηij are Q-sized vectors, where Q is the number of objectives,
such that τij(t) = (τij,1(t), ..., τij,Q(t)) and ηij = (ηij,1, ..., ηij,Q). Ants evaluate their
solutions and deposit a separate amount of pheromones for each objective. For all (i, j)
and q ∈ {1, . . . , Q}, the q-th component of τij(t) is updated as

τij,q(t+ 1) = (1− ρ) · τij,q(t) +
m∑

k=1

∆τkij,q (3)

where ρ ∈ [0, 1] is the evaporation rate; m the number of ants in the colony; ∆τkij,q the
amount of pheromones deposited by ant k with respect to Fq , which measures solution
quality with respect to Fq . The Q updates occur simultaneously.

For concreteness, suppose Q = 2. Assuming ant k occupies node i in the
construction graph, it will move to a successor node j with a probability

pkij =


(τ

λ1
ij,1·τ

λ2
ij,2)

α(η
λ1
ij,1·η

λ2
ij,2)

β∑
p∈S(i)(τ

λ1
ip,1·τ

λ2
ip,2)

α(η
λ1
ip,1·η

λ2
ip,2)

β
(i, j) ∈ N(sk)

0 (i, j) /∈ N(sk)
(4)

where sk denotes the path that k has travelled so far; N(sk) the set of edges that can
be added to sk without violating the problem’s constraints; S(i) the successors of i;
(α, β) parameters controlling the importance of an edge’s pheromones relative to its
HVs; and where λq ∈ [0, 1] is the weight of Fq relative to the other objective, such that
λ1 + λ2 = 1. Time was dropped from the expression for brevity.
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4 Proposed algorithm

We now describe an algorithm for solving Problem 2. We will call it MOMSACO,
which is shorthand for multi-objective model selection based on ant colony optimisation.
We treat the model search graph as a construction graph for a colony of size m. For
simplicity, a Pareto front approximation will henceforth be referred to as a Pareto front.
To avoid ambiguity, the Pareto front will be referred to as the true Pareto front. We use
the notation of Sections 2 and 3.

4.1 Initialisation

The algorithm requires a dataset in which the columns representing Y and X1, ..., Xp

were designated. The dataset is randomly partitioned into a training dataset, Dtrain, and
a test dataset, Dtest. A value for emax is required for generating the model search graph.

HVs are initialised after the graph has been generated. Informally, ηFq

ij should be
high if selection of j is likely to bring an immediate improvement in Fq . In the TSP, for
example, the biggest immediate improvement in travelled distance comes from visiting
the closest city. It is hard to draw an analogy here, because model assessment metrics
are not necessarily separable in the way distance is. Instead, if the current node is i, we
infer the likely improvement in Fq resulting from the selection of successor node j based
on a sample of models containing both i and j. Specifically, we let, for q ∈ {1, . . . , Q},

η
Fq

ij =
Φ

Fq

i

Fq(., Dtest)ij
(5)

where

• Fq(., Dtest)ij is the mean of Fq , with respect to Dtest, in a random sample of
n init models containing (i, j). n init ≥ 1 is a user-defined parameter

• Φ
Fq

i is the maximum of Fq(., Dtest)il over l ∈ S(i).

4.2 Model search

The m ants construct models independently by walking from Start to End, selecting
at each stage a node from the distribution defined by equation (4). Let us describe this
process in detail for some ant k, k ∈ {1, . . . ,m}. The ant is located initially in Start. A
successor node is chosen after calculating pkij , where i = Start, for all successors j. The
ant joins this successor then continues in the same manner until it reaches End. Note
that if an interaction node other than None was selected, the ant is required to choose
None for its next moves until the next node is a power-of-one node (for an explanation,
see Appendix C). Upon reaching End, a model will have been fully constructed; call
it mk. Its coefficients are estimated on Dtrain then its metrics are evaluated on Dtest.
The ant subsequently returns to Start by taking the opposite path. Along the way, it
deposits a separate amount of pheromones for each metric, ∆τkij,q (q ∈ {1, . . . , Q}), on
every visited edge. These are identical for all the edges taken. A percentage ρ of the old
pheromones evaporate. These steps occur at the same time colony-wide, and constitute
a full iteration.
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Conceptually, ∆τkij,q should be a non-increasing function of Fq . Hence, we take
∆τkij,q to be the inverse of the value obtained for Fq by ant k, i.e.:

∆τkij,q =
δij,k

Fq(mk, Dtest)
(6)

where δij,k = 1 if (i, j) was visited by k, and 0 otherwise. At the end of an iteration,
τij,q is updated for all q ∈ {1, . . . , Q} according to

τij,q(t+ 1) = (1− ρ) · τij,q(t) +
m∑

k=1

δij,k
Fq(mk, Dtest)

(7)

4.3 Populating a Pareto front

A Pareto front is formed as iterations pass. To form the initial front, we compare the
first iteration’s models, then we drop the dominated ones. The remaining models could
be Pareto optimal, so they constitute the initial front. From the second iteration onward,
new models are compared with each other then with the present front. If a new model is
not dominated by any of the others with which it was compared, then it is added to the
front. However, if a model on the front turns out to be dominated by some new model,
then it is removed. This procedure ensures that out of all the models found up to the
present, only those that have not been proven to be dominated compose the front.

5 Results and analysis

We begin this section with an experimental comparison of AIC-based stepwise
regression (henceforth AIC-SR) (Kabe, 1963) and MOMSACO, the two being
sequential, multi-objective procedures for model selection (Section 5.1). Sections 5.2
through 5.4 deal with some salient properties of MOMSACO.

In all the experiments reported, the metrics to be minimised were the
root-mean-square error (RMSE) and the number of coefficients (NoCoeff). RMSE
indicates accuracy because it captures the differences between a model’s predictions and
the values observed for the response (Pontius et al., 2008). NoCoeff describes a model’s
simplicity. The relevance of a Pareto front-based approach stems from the observation
that it is usually impossible to minimise RMSE and NoCoeff simultaneously: when
NoCoeff is minimal, i.e., when there are no variables in the model, RMSE is generally
suboptimal. One exception is when the response is constant, in which case the
intercept-only model would score an RMSE of zero.

To initialise MOMSACO, eight models per edge were drawn uniformly
(n init = 8), and equation (5) was used. Initial pheromones were of one per metric per
edge. Experiments spanned 100 iterations, and were run 50 times due to the randomness
of navigation. For each dataset, 70% of the observations were used for training, and
30% for calculating the metrics. There were 15 ants. In Section 5.1, ρ was set at 0.5,
λ1 and λ2 at 0.5, α and β at 1. A Pareto front’s hypervolume was the total area of the
rectangles enclosed by the points on the front and a reference point. This point’s location
varied with each dataset. Details on how the reference points and hypervolumes were



10 A. Mifrani et al.

determined are supplied in Appendix A. In Sections 5.3 and 5.4, the term ‘transition
probability’ refers to the quantity defined by equation (4). The experiments were run in
R, on a laptop with an Intel i3 processor running at 2.10 GHz and using 4 GB of RAM.

5.1 Examples where AIC-SR fails but MOMSACO does not

The motivation for comparing MOMSACO with AIC-SR is threefold:

1 they are both multi-objective procedures

2 they differ in fundamental ways

3 if cases exist in which MOMSACO outperforms AIC-SR, then positive
conclusions can be drawn about its usefulness.

Perhaps the most conspicuous difference between the two lies in the nature of the
procedure. AIC-SR is deterministic, subject to a fixed set of rules based on statistical
tests; MOMSACO is stochastic, iterative and one that ‘learns’ over time. Secondly,
consider the way in which candidate models are compared. AIC-SR compares models on
the basis of AIC, with lower values preferred (Akaike, 1998). In contrast, MOMSACO
does not score models; rather, it compares their metrics then discards those that are
dominated. The former mode of comparison produces a ranking of models; the latter
supplies a range of models, each of which represents a particular compromise among the
metrics being studied. The latter also allows some awareness of the relationships among
the metrics; in particular, it helps gauge the extent to which they conflict, and identify
opportunities for substantial improvements in one metric that require small concessions
in another. Awareness of such relationships, which is important to decision making, is
precluded by the first mode of comparison.

We now give examples of synthetic datasets where:

a MOMSACO outperforms AIC-SR in the sense of being able to find
data-generating models

b comparing models according to Pareto dominance is preferable to ranking them
according to AIC.

Such datasets abound, but for the sake of exposition we focus on two. Both were
comprised of variables X1, X2, X3 and X4 and a response Y. In D1, the four variables
were drawn independently from normal distributions; in D2, they were drawn from a
multivariate normal distribution with X1 and X2 correlated. Y was generated in each
case according to

Y = 2 +X1 + 1.5X2 +X1X2 +X2
4 + ϵ (8)

where ϵ was drawn from the standard normal distribution. We will henceforth refer to
equation (8) as the true model. X1, X2, X3 and X4 were all allowed to feature in
the models, so p was equal to four. emax was taken to be two. This produced a search
graph with 16 384 models. Details on the simulation of D1 and D2 are provided in
Appendix B.
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To substantiate (a) and (b), we generated N = 1,000 observations in D1 and 10,000
in D2, then we ran two experiments per dataset. In the first, we computed the AIC value
of every model in the graph, then we ran a full search of M(4, 2) to find the true Pareto
front with respect to RMSE and NoCoeff. In the second, we ran forward, backward
and bidirectional AIC-SR, then we initialised MOMSACO and ran 50 trials of it. An
aggregate Pareto front was then obtained by combining the fronts of the MOMSACO
trials and discarding the dominated models. Figure 2 shows both aggregate fronts. To
ensure a fair comparison, we required AIC-SR’s scope to be the same as MOMSACO’s,
i.e., {X1, X2, X3, X4, X

2
1 , . . . , X

2
4 , X1X2, . . . , X3X4}.

In both datasets, the true model was truly Pareto optimal with respect to RMSE and
NoCoeff, but suboptimal with respect to AIC. Several models had better AIC values than
the true one. This suggests that Pareto dominance is a sound basis for comparing models
when RMSE and NoCoeff are its metrics. It also shows that there are situations in which
a ranking of models based on AIC can be misleading in that it places data-generating
models below others. We also found that whereas AIC-SR did not succeed in finding
the true model, MOMSACO did. This was true for both datasets (see the triangles in
Figure 2), which proves that MOMSACO can outperform AIC-SR.

Figure 2 The aggregate Pareto fronts obtained for (a) D1 (N = 1,000) and (b) D2

(N = 10, 000)
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Illustrations of how Pareto dominance can inform model selection are provided by both
fronts’ bottom two models (Figure 2), which show that a small concession in NoCoeff
(from two variables to three) allows for significant gains in RMSE (from approximately
34.4 to 1.8 in D1). Both Pareto fronts also give clear insight into the tradeoff represented
by each model, an insight not provided by AIC values.

Table 1 Effect of sample size and correlation on the ability of both algorithms to find the
true models

Sample size 1,000 10,000 100,000

D1 (MOMSACO) Y Y Y
D1 (AIC-SR) N Y Y
D2 (MOMSACO) Y Y Y
D2 (AIC-SR) N N N

Note: Y denotes success in finding these models, and N denotes failure.

Figure 3 Evolution of the hypervolume for various evaporation rates (averaged in each case
over the 50 trials) (see online version for colours)
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Additional experiments with D1 and D2 showed that the relative performance of
AIC-SR was affected by the sample size and the presence of correlated predictors (Table
1). For N = 10 000, AIC-SR was finally able to retrieve the true model in D1. This was
not observed in D2, which differs with D1 only in that it was generated by a model
with correlated predictors. This suggests the following:

a in the absence of correlated predictors, AIC-SR requires a larger sample than
MOMSACO to find the data-generating model
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b when correlations exist, AIC-SR may require a much larger sample, which
however was not confirmed by the experiments, because AIC-SR failed even with
N = 106.

In any event, it seems that in the presence of correlations, MOMSACO can recover the
data-generating model regardless of the sample size.

5.2 Pareto fronts

Now we concentrate solely on MOMSACO. In each of the previous experiments, the
Pareto front’s size and hypervolume kept increasing until they levelled out. Figure 3
depicts this process for D1 (N = 1000) for various evaporation rates, omitting the
fronts’ sizes for clarity. In general, the hypervolume improved most rapidly within the
first few iterations. This was when the fronts were being populated at the fastest rate
(Table 2).

While work is needed to pinpoint the effect of each parameter on the Pareto front,
experiments suggested that evaporation is an important factor. Notably, the hypervolume
plateaued earlier for larger evaporation rates, but attained higher values for smaller ones.
This means that for smaller values of ρ, the discovery of new non-dominated models
spanned a longer period of time, and higher quality fronts were formed.

Table 2 Pareto front size per iteration (averaged over the 50 trials). Dataset: D1 (N = 1000).

Iteration Avg. no. of models on the Pareto front

1 3.6
3 4.6
12 5.8
15 6.0
24 6.3
100 6.3

Table 3 Pareto front data after 100 iterations for different evaporation rates

Evaporation rate 0.1 0.3 0.5 0.7 0.9

Hypervolume 804.68 784.11 766.81 751.32 744.63
(18.44) (23.56) (27.75) (28.68) (28.87)

Pareto front size 6.30 5.76 5.48 5.04 4.14
(0.76) (1.06) (1.01) (1.03) (1.14)

Proportion of Pareto
optimal models

46.85% 29.61% 16.27% 11.93% 16.20%
(16.25%) (18.65%) (19.45%) (17.26%) (21.30%)

Rate of contribution to
the true Pareto front

26.54% 15.09% 8.18% 5.09% 4.91%
(8.58%) (9.65%) (10.28%) (7.15%) (5.57%)

Note: Figures indicated are averages (standard deviations) over the 50 trials. The rate
of contribution was defined as the percentage of models on the true Pareto
front that belonged to the MOMSACO front for which the rate was computed.
Dataset: D1 (N = 1,000).
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It is noteworthy that, on average, MOMSACO was able to recover 26.54% of the true
Pareto front (see the rates of contribution in Table 3) by evaluating as few as 219
models, i.e., 1.33% of the total size of the search graph.

5.3 Ant navigation

Figure 3 describes the evolution of Pareto front quality over time, using the hypervolume
as an indicator. It may be interesting, from an optimisation point of view, to ask how
the mean of each metric evolves while the front is being populated. Figure 4 shows that
as the search was proceeding, there was a gradual decline, and therefore improvement,
in the average values of RMSE and NoCoeff among models on the Pareto front. This
indicates that both metrics were being optimised.

The improvement observed in Figures 3 and 4 can be attributed to the movement of
the pheromones. Initially, these do not contribute to navigation because they are equally
distributed among the edges. Rather, it is the HVs, which differ from an edge to another,
that determine the initial transition probabilities. Therefore, the ants will most likely
start by taking the paths with the highest HVs. Later, the pheromones begin to vary
as a result of their deposition and evaporation. This affects navigation by altering the
probabilities of the traversed edges, so that those leading to lower metrics become more
probable.

Figure 4 Evolution of the Pareto front’s average RMSE and NoCoeff values (averaged over
50 trials)
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5.4 On initialisation

Since the HVs determine the initial transition probabilities, they significantly alter the
behaviour of the colony in the first iteration. MOMSACO’s performance in subsequent
iterations is also, by that very fact, dependent on the HVs. The method by which these
are computed is a critical component of ACO algorithms in general, and of MOMSACO
in particular.

To evaluate the initialisation scheme described in Section 4.1, further experiments
were run:

1 with an arbitrary assignment of HVs (50 trials)

2 with no HVs at all, i.e., β = 0 in equation (4) (50 trials).

Figure 5 juxtaposes the mean hypervolumes of both sets of experiments with that of the
original D1 experiment (N = 1,000). We can see that in the original experiment, i.e.,
when the HVs had been set using equation (5), the Pareto front was of a consistently
superior quality, and was thus closer to the true front. When the HVs were initialised
arbitrarily, the resulting Pareto front was the poorest. Two conclusions arise from this:

a our initialisation procedure can enhance model search in that it allows the
formation of higher quality fronts

b HVs can hamper performance if they are not chosen carefully.

Figure 5 Evolution of the hypervolume when the HVs were initialised under the scheme of
Section 4.1, when they were initialised randomly, and when they were not present
(see online version for colours)
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6 Conclusions

A model selection algorithm was developed that searches automatically for Pareto
optimal linear regression models, given a dataset and a set of performance metrics.
Candidate models combined two-way interactions with powers of the original
explanatory variables. The task of finding Pareto optimal models was framed as that
of finding the corresponding paths on the model search graph. A search strategy
was proposed that draws on ACO, a probabilistic technique well suited for problems
involving graphs.

The choice of ACO was motivated by the fact that it counts among the most tested,
best performing methods in combinatorial optimisation. Part of its reputation can be
explained by its good stability (Dorigo and Stützle, 2004). However, as the problems
become larger, it becomes slower and less accurate at convergence (Dorigo and Stützle,
2004; Wan et al., 2012).

Experiments with simulated data showed that MOMSACO could recover the
underlying models where AIC-SR could not. They also showed that these were
actually suboptimal with respect to AIC, but Pareto optimal with respect to RMSE
and NoCoeff. Only by increasing the sample size or reducing the correlations in
the data-generating model was AIC-SR able to find it. These results suggest that
MOMSACO is better suited for correlated predictors and small datasets than AIC-SR,
which is to MOMSACO’s advantage because of the difficulty of obtaining data in many
fields of application. These results also indicate that comparing models according to
Pareto dominance can inform model selection.

By juxtaposing the Pareto front’s rate of contribution with the total number of
models explored, we were able to conclude that MOMSACO can efficiently navigate the
model search graph. We also found our initialisation method to be a desirable component
of MOMSACO because it enabled the formation of a higher quality Pareto front.

MOMSACO can be used as a variable selection procedure for potentially any type
of regression model. Because it does not presuppose the nature of the models it is
searching for, and because these are trained independently of it, the procedure can apply
equally to nonlinear models. If hyperparameters are required, however, then grid search
or Bayesian optimisation can supplement MOMSACO.

This research raises a number of additional questions. One is how the parameters
should be set, given some reference point for hypervolumes, in order to obtain the best
possible Pareto fronts. This is in itself an optimisation problem, and a complex one,
primarily because the data is a factor in the optimality of a configuration of parameters.
We intend to study the matter in detail, hoping to enunciate some guidelines on how
the parameters should be chosen in broad enough situations. A second question is
how to better the representation of M(p, emax) so that computational issues associated
with large p and emax could be alleviated. For large p, the model search graph may
not fit into the memory of a computer. Some immediate remedies are to consider
only interactions and power-of-one terms, or to subject the variables to preliminary
dimensionality reduction via techniques like principal component analysis (Johnstone
and Lu, 2009). A third question is how the current initialisation procedure could be
improved. We think incorporating some form of past knowledge may be beneficial.
If, for instance, datasets similar to the one being used are available, and models that
performed well on them are known, then information about these can be leveraged for
future datasets – for example, by awarding relatively high values to the constituent
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edges of similar models in the model search graph. A database could be set up that
stores key statistical characteristics of a large number of datasets and corresponding
models, which characteristics could be used to measure the similarity between a dataset
of interest and those in the database, and between the graph models and the database
models. Datasets and models could be extracted from academic papers, open machine
learning competitions, experts and other relevant sources. Finally, this work could have
been undertaken with other combinatorial optimisation techniques, such as tabu search,
scatter search or genetic algorithms.
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Appendix A

Hypervolumes

Throughout this appendix, p and emax are assumed to be fixed.

Hypervolume in two dimensions

Let PF = {(RMSE(x1), NoCoeff(x1)), ..., (RMSE(xf ), NoCoeff(xf ))} be a
Pareto front of cardinality f ≥ 2, where the models x1, ..., xf are sorted by RMSE



20 A. Mifrani et al.

in descending order, i.e RMSE(xi) ≤ RMSE(xi+1) for i ∈ {1, ..., f − 1}. Given a
reference point r = (r1, r2), PF’s hypervolume is given by

HV (PF, r) = |r1 −RMSE(x1)||r2 −NoCoeff(x1)|

+

f∑
i=2

|r1 −RMSE(xi)||NoCoeff(xi)−NoCoeff(xi−1)|
(9)

All the models in PF are assumed to have been evaluated on the same dataset, which
was omitted from equation (9) for brevity.

Choice of a reference point

Hypervolumes are used in the article for two reasons:

1 to monitor the growth of the Pareto front while MOMSACO is running

2 to compare competing Pareto fronts.

Both of these reasons impose constraints on the choice of the reference point, namely:

a that it must be selected prior to running the algorithm

b that it must be the same in all comparisons.

By definition, the reference point should be such that it is dominated by all the points
on the Pareto front whose hypervolume is sought (*). However, because of (a), we have
to search for a reference point that will meet condition (*) for all possible Pareto fronts.
If we find some α1 and α2 such that α1 > RMSE(x) and α2 > NoCoeff(x) for all
x ∈ M(p, emax), then r = (α1, α2) clearly meets the criterion of our search.

We know from statistical theory that the total sum of squares (TSS) of a linear
regression model can be written as:

N∑
k=1

(yk − ȳ)2 =

N∑
k=1

(yk − ŷk)
2 +

N∑
k=1

(ŷk − ȳ)2, (10)

an equality often abbreviated to ‘TSS = ESS + RSS’ (ESS for ‘explained sum of
squares’, RSS for ‘residual sum of squares’). It follows that

N∑
k=1

(yk − ŷk)
2 ≤

N∑
k=1

(yk − ȳ)2. (11)

Let x ∈ M(p, emax). By definition,

RMSE(x) =

√√√√ 1

N

N∑
k=1

(yk − ŷk)2 (12)
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Thus we have, according to inequality (11),

RMSE(x) ≤

√√√√ 1

N

N∑
k=1

(yk − ȳ)2 (13)

By letting α1 =
√

1
N

∑N
k=1(yk − ȳ)2 + 1, we have that

RMSE(x) < α1 (14)

Equation (14) holds for all x ∈ M(p, emax). Hence, α1 meets our criterion for r1.
Furthermore, by enumerating the elements of M(p, emax) in a manner similar to

Appendix B, it is straightforward to show that

max
x∈M(p,emax)

NoCoeff(x) = 1 +

(
p

2

)
+ p · emax (15)

Thus α2 = 2 +
(
p
2

)
+ p · emax meets our criterion for r2. Therefore, r = (α1, α2) meets

condition (*) for all possible Pareto fronts.

Appendix B

Data generation

D1: X1, X2, X3 and X4 are independent

Given a sample size N , X1, X2, X3 and X4 were drawn from normal distributions
with means 10, 9, 12, 7 and standard deviations 5, 2, 1 and 3 respectively. Y was then
generated according to

Y = 2 +X1 + 1.5X2 +X1X2 +X2
4 + ϵ (16)

where ϵ was drawn from the standard normal distribution.

D2: X1 and X2 are correlated

Given a sample size N , X1, X2, X3 and X4 were drawn from a multivariate normal
distribution with means 10, 9, 12, 7 and covariance matrix

Σ =


1 0.7 0 0
0.7 1 0 0
0 0 1 0
0 0 0 9

 (17)

Y was then generated according to

Y = 2 +X1 + 1.5X2 +X1X2 +X2
4 + ϵ (18)

where ϵ was drawn from the standard normal distribution.
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Appendix C

Model search graph

We wish to elucidate two related features of this graph. One is that interaction nodes
span multiple levels (three levels in Figure 1) whereas, for instance, power-of-one nodes
span only one. The reasons for this are purely practical:

1 when we began experimenting with our algorithm, we noticed that computation
time depended heavily on the number of edges connecting one level to the next

2 if there were one level for the interactions, there would be more edges per level
than under the present arrangement (for instance, for p = 4 and emax = 2, there
would be an average of 340 edges per level; in the graph we are proposing, that
comes down to 48).

Conceivably, the computational issue can be alleviated even further by splitting the
non-interaction levels too; we simply focused on the interactions because they tend to
outnumber the power nodes (for p = 4, there are 64 interaction nodes and only 16 power
nodes on each of the following levels). The second feature, which is a consequence
of the first, is that there are more full paths than models. Indeed, paths that contain
more than one interaction node are redundant (like S −→ A ∗B −→ None −→ A ∗B,A ∗
C,B ∗ C, which is no different from S −→ None −→ None −→ A ∗B,A ∗ C,B ∗ C).
MOMSACO avoids such paths.

Appendix D

Code

We have made two files available to our readers. The R script allows for the
experiments reported in Section 5 to be reproduced. The package (.tar.gz) contains
various utility functions for graph generation, path-into-model conversion, Pareto front
and hypervolume computation, solution comparison, as well as an efficient alternative
to the base lm() function in R. Most functions were written in R, with others written in
C++. These were integrated with R through the Rcpp and RcppArmadillo packages.

The script is broken down into four parts: data generation, initialisation, model
search and summary results. Datasets available are D1, D2 and D3. Initialisation follows
the procedure in Section 4.1. Model search follows Section 4.2. The default optimisation
parameters are those specified in the introduction to Section 5: ρ = 0.5, λ1 = λ2 =
0.5, α = β = 1. These correspond to variables evaporation, alpha, beta, lambda 1
and lambda 2. Before running an experiment, a dataset should be generated (lines
27 through 73) then initialisation should be performed (lines 93 through 156). By
default, an experiment spans 100 iterations (nb AS iterations) and is repeated 50 times
(nb AS trials). Because the ants work concurrently and independently, model search
is parallelised using parLapply() (line 303). By default, the number of ants equals the
number of workers (line 20) used in these parallel computations, which itself equals the
number of processor cores on which our experiments were executed.


