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Abstract

The SLOPE estimator has the particular-
ity of having null components (sparsity) and
components that are equal in absolute value
(clustering). The number of clusters depends
on the regularization parameter of the es-
timator. This parameter can be chosen as
a trade-off between interpretability (with a
small number of clusters) and accuracy (with
a small mean squared error or a small predic-
tion error). Finding such a compromise re-
quires to compute the solution path, that is
the function mapping the regularization pa-
rameter to the estimator. We provide in this
article an algorithm to compute the solution
path of SLOPE and show how it can be used
to adjust the regularization parameter.

1 INTRODUCTION

The SLOPE estimator (Sorted L One Penalized Es-
timator [Bogdan et al., 2015| |Zeng and Figueiredo,
2014]) is defined as a solution to the following convex
program:

1 2.
glelﬁg;{QHy—XszJrVZ)\Hbu} (1)

i=1

where Ay > 0, Ay > --- > X\, > 01is a given sequence of
penalty parameters, v > 0 is the regularization param-
eter and |b|;; > -+ > |b]y, > 0 are the sorted com-
ponents of b in absolute value. The SLOPE estima-
tor generalizes both the LASSO estimator (Least Ab-
solute Shrinkage and Selection Operator |Tibshirani)
1996]) for which Ay = --- = A\, = 1, and the OSCAR
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estimator (Octagonal Shrinkage and Clustering Algo-
rithm for Regression [Bondell and Reich, 2008|) for
which the sequence Aq, ..., A, is arithmetic. Note that
the penalty term of OSCAR satisfies > 5 _; A;[b]y; =
/\pr”l + Al;M 21§i<j§p(|bi + bj‘ + [bi — bj|)a thus
OSCAR is a particular generalized LASSO [Tibshi-
rani and Taylor, 2011]; however, in broad general-
ity SLOPE is not a particular generalized LASSO (as
proved in supplementary material).

The SLOPE estimator is gaining popularity among
statisticians due to its relevant properties such as min-
imax rates of the estimation and prediction errors
[Bellec et al., 2018 |Su and Candes, [2016], false dis-
covery rate control [Bogdan et al., [2015] and dimen-
sion reduction of the regression model. The latter
property comes from the structure of the solutions to
the optimization problem , which have null compo-
nents (sparsity) as well as components equal in abso-
lute value (clustering) |Schneider and Tardivel, [2022]
Figueiredo and Nowak| 2016, Bondell and Reich}|2008].
In particular, the sparsity and clustering properties
of SLOPE are clear when X is an orthogonal matrix
since, in this case, the solution to problem is ex-
plicit [Bogdan et al., [2015 [Dupuis and Tardivel, [2022]
Skalski et al., [2022} |Tardivel et al., [2020]. When y
represents the random response of a linear regression
model, sparsity has a well-known statistical interpreta-
tion: identification of relevant explanatory variables.
Clustering also has a statistical interpretation when
the design matrix X is standardized: the explanatory
variables having the same regression coeflicient have
the same impact on the response [Sharma et al.,|2013].
On the other hand, without restriction on the design
matrix, for a categorical variable having different lev-
els, the equal regression coefficients represent levels
that can be grouped together [Stokell et al., 2021} [Maj-
Kanska et al.,|2015]. Therefore, SLOPE estimator can
identify relevant explanatory variables, group explana-
tory variables having the same impact on the response
and, more generally, reduce the dimension of the re-
gression model.
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The solution path gives the solution of a penalized
optimization problem with respect to the regulariza-
tion parameter v > 0. For instance, the solution path
of the LASSO shows that the number of explanatory
variables selected by this estimator tends to decrease
when the regularization parameter becomes large (see
e.g. [Mairal and Yu, 2012} Rosset and Zhu, 2007]) and
computing this path is useful to select the regulariza-
tion parameter. Similarly, the solution path of SLOPE
shows that the number of clusters of explanatory vari-
ables selected by this estimator tends to decrease when
the regularization parameter becomes large. Moreover
computing this path is useful to adjust the regulariza-
tion parameter by minimizing, for instance, the Stein
Unbiased Risk Estimate (SURE) formula [Stein, [1981]
or the sum of residual squares on a validation set.

The generalized LASSO dual path algorithm [Tibshi-
rani and Taylor, 2011], implemented in the genlasso R
package |[Arnold and Tibshirani, 2016], allows to com-
pute the solution path of the generalized LASSO and
therefore of OSCAR but not of SLOPE in broad gen-
erality; moreover it requires ker(X) = {0}. Two arti-
cles focus on the solution path of OSCAR: the starting
point of their respective algorithm is the ordinary least
squared estimator (thus requiring ker(X) = {0}) in
|Takahashi and Nomura, 2020|, and a numerical solu-
tion of OSCAR in [Gu et al., [2017]. A recent preprint
[Nomura, [2020] addresses the solution path of SLOPE,
under the assumption ker(X) = {0} to guarantee the
uniqueness of the solution and to use the ordinary least
squares estimator as a starting point; it gives no the-
oretical results on the solution path (such as its conti-
nuity, the proof that it is piecewise linear, the charac-
terization of its affine components).

In this article, for sequences of penalty parameters
A1 > --- > A, > 0, we prove that the solution path of
SLOPE is continuous and piecewise linear on (0, 400),
we characterize its affine components, and we pro-
vide an algorithm to compute the exact solution path
of SLOPE. Our algorithm does not require neither
ker(X) = {0} nor to solve SLOPE with an external
solver. We dedicate a section to numerical experi-
ments on real data sets to illustrate: the computation
of SLOPE solution paths; the exact minimization of
SURE for SLOPE (pointing out differences with the
LASSO estimator); the performance of our algorithm
compared to genlasso to compute the OSCAR solution
path; the performance of our algorithm compared to
the algorithms considered and implemented in |Lars-
son et al.| [2023] to compute the SLOPE solution for a
single regularization parameter ~y.

2 BASIC NOTIONS ON SLOPE

Unlike the ¢; norm, in broad generality the sorted ¢
norm is not separable (the sorted ¢; norm cannot be
written as a sum of functions of its components). As a
result, it is much more challenging to study the SLOPE
optimization problem than the LASSO optimization
problem. For instance the gradient X'(y — X B\lasso)
(where X’ denotes the transpose matrix of X) of the
sum of residual squares at the LASSO solution [3'25%°
gives indications on null components of this estimator.
Indeed, |X§(nyB\laSS°(fy))\ <~y implies @3550(7) = 0.
Unfortunately, because the sorted ¢; norm is not sep-
arable, determining null components based on the the
gradient X'(y — X ) of the sum of residual squares at
the SLOPE solution B is not straightforward (deter-
mining non-null clusters is also difficult). The impor-
tant notions introduced hereafter, already used either
in the article of|Schneider and Tardivel| [2022] or in the
article of Bogdan et al.| [2022], allow to overcome this
difficulty.

2.1 Sorted /; norm and its dual norm

Definition 1 The sorted ¢; norm associated to A €
RP with Ay > -+ > A, > 0 and A\ > 0 is defined as
follows:

P
Jab) =D Ailblyi, beRP,
i=1
where |bl;1 > ... > |bly, are the sorted components of
b with respect to the absolute value.

Given a norm || - || on R?, we recall that its dual norm
Il - |I* is defined by |jv||* = max{b'v : ||b]| < 1}, for
v e RP.

Remark 1 The dual sorted ¢; norm has an explicit
expression given in [Negrinho and Martins, |2014] and
reminded hereafter:

ol lvlle2) [0l p)
J;‘(v)—max{ =3 ey =P ,v € RP,
)\1 Zi:l )\z i=1 )\z
where || - [|(x) is the k—norm (the sum of the k largest

components in absolute value).

2.2 SLOPE pattern

The SLOPE pattern introduced in [Schneider and Tar-
divel, [2022], whose definition is reminded below, is a
central notion in this article.

Definition 2 The SLOPE pattern patt(b) € ZP of
b € R? is defined by

patt(b); = sign(b;) rank(|b]);, i€ {1,...,p},
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where rank(|b); € {0,1,...,k}, k is the number of
nonzero distinct values in {|b1], ..., |bp|}, rank(]b]); =
0 if and only if b; = 0, and rank(|b|); < rank(|b|); if
|bi] < [b;]-

We denote by P5P¢ = patt(RP) the set of SLOPE
patterns. Note in the definition above that k& =
|lpatt(b) || is the number of nonzero clusters of b.

Example 1 Let b = (4.2,—1.3,0,1.3,4.2). Then

patt(h) = (2, -1,0,1,2)".

Definition 3 Let m € ZP be a SLOPE pattern with
k = |lm|lec > 1. The associated pattern matrix Uy, €
RP*E s defined by

(Um)ij = sign(ms)1(jm, |=k-+1—7)>
ie{l,...,p},5i€{1,... .k}

For k > 1 we denote RF* = {s ¢ RF: 5, > ... > 55, >
0}. Definition [3|is such that, for b € R? and m € ZP a
SLOPE pattern with k& = ||m||o > 1, we have

patt(b) = m <= 3Is € R*" such that b = U,,s.

Hereafter, the notation |m|, = (|m|y1,...,|m|y,) rep-
resents the components of m sorted non-increasingly
with respect to the absolute value.

Example 2 Let m = (2,-1,0,1,2)’.
1 0 0 0 1)
0 -1 0 1 0
110 0 o\
0011 0)"

Definition 4 Let m € ZP be a SLOPE pattern with

k = |mlls > 1. The clustered matrix X,, € R"**
of X € R"*P is defined by X,, = XUp; the clustered

parameter A\, € R* of A € RP is defined by A, =
Ul A
Imly

Then
U, =

Ulml,

Note that the dimension of the design matrix X is re-
duced when it is clustered as X, by a pattern m:
a null component m; = 0 leads to discarding the
column X; from the design matrix X, and a clus-
ter K C {1,...,p} of m (set of components of m
equal in absolute value) leads to replacement of the
columns (X;);ex by one column equal to the signed
sum: Y sign(m;)X;.

icK
Example 3 Let X = (X1|X2|X3‘X4|X5), m =
(2, —-1,0,1, 2)/, A= ()\1, A2, A3, A, )\5)/ € RS Then
the clustered matriz and the clustered parameter are
given by:
A3+ Mg

X, = (X1 + X5| — Xo + Xy) and A, = (A“LA?).

2.3 Subdifferential of the sorted ¢; norm

The subdifferential of a norm is related to the dual
norm || - ||* via the following formula [Hiriart-Urruty
and Lemaréchal, 2004} p. 180]:

AN (0) ={veR?: |v]|* <1and bv=|0b||}, beR".

In particular, 91|-||(b) is a face of the dual unit ball. For
the sorted ¢; norm, the above formula can be specified
further with the pattern matrix and the clustered pa-
rameter associtated to m = patt(b) for b # 0 [Bogdan
et al., 2022, |[Schneider and Tardivel, 2022]:

aJ\(b) = {v ERP: Ji(v) < 1and Ul v = Xm}. 2)

Remark 2 Given A\ € RPT, the mapping m —
0Jx(m) is a bijection between the set of SLOPE pat-
terns and the set of faces of the unit ball of J5 (the
signed permutahedron) [Schneider and Tardivel, |2022,
Theorem 6]. It is no longer true when Ay > -+ >
Ap > 0 is not a decreasing sequence. Therefore we
restrict our study to the case where A € RPY, i.e.
AL > >0, > 0.

3 SOLUTION, FITTED VALUE
AND GRADIENT PATHS

3.1 Solution set and fitted value

Given X € R*™? ¢y € R*, A € RPT, and v > 0,
we denote by Sx 4 a(7) (or simply S(v) when there
is no ambiguity) the set of solutions to the SLOPE
optimization problem , namely:

1
min {2||y — Xb|3 + %L\(b)} :
For any v > 0, the objective function of the above
problem is continuous and coercive thus the solu-
tion set S(7y) is nonempty. Moreover, the fitted value
fit(v) = X3 does not depend on 3 € S(7). When S()
is a singleton, we denote by B('y) its unique element.
Note that uniqueness is rather a weak assumption, in-
deed the set

{X e R™*?: 3y € R", 3y > 0 such that

Sx,yA(7) is not a singleton}

has zero Lebesgue measure [Schneider and Tardivel,
2022, Proposition 3]. Theorem [1| below shows that
ﬁAt() and B() are continuous on (0, +00) and affine be-
tween two regularization parameters for which SLOPE
solutions have the same pattern. Affine expressions of
these piecewise linear functions are explicit and inter-
vals are characterized. We denote hereafter by A™ the
Moore-Penrose pseudo-inverse of a matrix A.
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Theorem 1 Let X € R"P, y € R*, A\ € RPT,
and m € ZP be a non-null SLOPE pattern with k =
[mloe > 1.

1. The set I, ={y>0: 3B e S(v) ,patt(8) = m}
is an interval (potentially empty), with the follow-
ing characterization:

v E I,
(3

3s € RFY such that X!,y — yAm = X!, Xpns
_ (positivity condition)
XX A+ 3 X (I — (X7,) 7 X))y € 9Jx(m)

(subdifferential condition)

Moreover, U,,s € S(v) for any s € RE* satisfying
the positivity condition at v € I,.

2. The fitted value path v — ﬁAt('y) s continuous
and piecewise linear on (0, 4+00), with the follow-
ing affine expression on I, :

fit(7) = (X0) " Xy = 1(X) Ay 7 € T
3. If S(v) = {B(Y)} for all v > 0, then the solution
path 7 B(7) is continuous and piecewise linear
n (0,400), with the following affine expression
on Im
B(y) = Un (X0, X)X}y = YAm): 7 € In.

The characterization of the interval I,,, above is closely
related to Theorem 3.1 in [Bogdan et al.| [2022].

3.2 Gradient path and clusters

A solution of the SLOPE optimization problem is char-
acterized by the following two conditions:

~ JE(X"(y — XB)) <~
BeSh) {B‘/X/(y _ XB) = ’)/J)\(B)

Note that X'(y XB) X'(y— f/i\t( )) is the gradient
at B of the sum of residual squares b — 1y — X0|3.
Subsequently, we call gradient path the expression
v >0~ X'(y —fit(y)). The i—norm of the gradient
satisfies the inequality || X’(y — ﬁjc('y))H(Z) <~ Z;zl Aj
for all i € {1,...,p}. Among these inequalities, we
denote by A(y) the ones which are saturated:

X" (y = ft())lly _ 7}
Z;:1 )‘j
According to Theorem [2| below, the set A(~y) provides

the number of non-zero clusters, the size of these clus-
ters as well as the number of non-zero components.

A(v)z{ie{l,...,p}:

Theorem 2 Let A € RPT, X € R"*?, y € R", v >0
and B € S(v).

1. Let 1 < kl <
that:

- < ki < p be a subdivision such

= |Blik,
= |ﬂ|l«kl >0

supp(B)| = k; and | 5|}, =
> > |6|U€1—1+1 =

(i.e. B\ has | non-null clusters, the cluster of the
largest value has ky elements and so on and B has

k, non-null components). Then, {ki,...,k} C
A)-
2. Conwversely, if {ki,...,k} = A(y) then
1Blir =" =1Blik, = = |Blikis+1 =
= 1Bl 2 1Bk =+ = [Bl1p =0

(i.e. the number of non-null clusters of B 15
smaller than or equal to l and the number of non-
null components is smaller than or equal to k; ).

There are links between Theorem [2|and screening rules
for SLOPE |Elvira and Herzet| [2023] [Larsson et al.|
2020] which identify some null components of this es-
timator. For instance, running Algorithm 1 in [Lars-
son et al., 2020] with |X'(y — ﬁAt(’y))u returns that
a SLOPE solution has at most max{.A(v)} non-zero
components. Otherwise, Theorem 4.1 in [Elvira and
Herzet|, 2023] is closely related to the following impli-
cation: |B|u #0=3k >,k e A(v).

4 ALGORITHMS TO COMPUTE
THE SOLUTION PATH

To keep this section simple we assume that S(y) =
{B(y)} for all v > 0. Let Ji(X'y) = v > v >
.Y > Yr+1 = 0 be a subdivision such that v — B(’y)
is affine with pattern m( on the interval (v;11,7;) for
i=0,...,7 (i.e the interior of I,,¢) is (Vit1,7Vi))-

First, let us explain how to compute the SLOPE so-
lution path on [y1,70]. By construction of m(®) the
following implication holds:

patt(5(7)) = m®
N %x'@ —fit()) € 01 (m®).

vy € (71,%),

Moreover, since v > 0 — fit(y) is continuous, fit(yo) =
0 and 0.J,(m(?) is a closed set, we get

1 ~
—X'(y —fit(10)) = — X'y € 0\(m?).  (3)
Yo Yo
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Algorithm |1| provides the pattern M (W%X 'y) of the
smallest face of the signed permutahedron containing
%X 'y. Therefore, by construction

0.5 (M (ij)) C O\ (m®)
0
- HM <1X'y) H < Im@ e (@)
Yo 50

According to , if XT;Z’ lies onto a facet of the signed
permutahedron, we have m(9) = M (%X’y).

Algorithm 1 Smallest face pattern containing a vec-
tor
Input: A € RPT and z € RP such that J§(z) <1

Define the set of saturated inequalities as follows:
_J. =l }

A(z)={ie{1,....p}: g vl

if A(z) =0 then

| M(2)=(0,...,0) e RP

else
L for each j € {1,...,p} do

| Set M;(z) = sign(z;) 3> 25e 42y 12| = M)

return M (z)

Example 4 We illustrate the solution path of OS-
CAR for y = (15,5) € R%, X\ = (6,4,2)" € R** and

2 10
X= (1 2 1> '
Largest node vyy: We have X'y = (35,25,5), there-
fore vo = J5(X'y) = 6.

Pattern m(?) in the left neighborhood of 7y:
Since A/—loX’y = (35/6,25/6,0)" lies in the relative
interior of 9Jx(1,1,0) = [(6,2)', (4,6)'] x [-2,2]
then m(©) = M(,Yl—OX’y) =(1,1,0)".

Expression of B\(fy) in the left neighborhod of ~y:

According to statement 3 in Theorem [I when
7 < Y0 = 6 is sufficiently close to vyo we have

Bly) = (57, 552, 0)".

We tried the package genlasso to compute this solution
path. Since dim(ker(X)) # 0, genlasso add a small
ridge term €||b||3 to the objective function (the default
value is € = 107%); thus genlasso solves

beR3

Lt OREAL

. 1
i { 51l X013 +750) + el }

2

2

+ ’YJA(b)} (5)

We computed the solution path of problem when
e = 10™* with our algorithm and genlasso. Surpris-
ingly, the solution path computed with genlasso is cor-
rect when v > 5 but wrong when vy < 5.

Comparatively to the original problem (without adding
the ridge term), when € = 10~% the solution path have
more nodes (especially small nodes). Moreover these
paths are extremely different when ~ is small since
€||b]|3 dominates vJx(b).

Algorithm [2| uses the characterisation of 1,0, based
on the positivity and subdifferential conditions, to pro-
vide both the node ; as well as the pattern m().

Algorithm 2 Iterative calculation of nodes and pat-
terns

Input: X € R"*? X\ € RP*, ~; > 0 and m() € pylope

Set k = ||m® || ) R ~ B
Compute 5(7) = (X! o X,0) " HX! oy =Y Anm)

m@
if s(y) € R** for all v € [0,7;[ then
L Set Ypatt = 0
else
[ Set Ypate = sup{y € [0, %[: s(7) ¢ R¥}

if X'(y—X,n08(7)) € ¥0IA(m?) for ally € [ypate, vl
then
Set Y41 = Vpatt
Compute m*Y = patt(U,,) $(Vpatt))
| return v, 1, m+D)

else

Set Yit1 = sup{y € [ypare, Vil X' (¥ — Xy s(7)) ¢
Oy (m®)}
Compute mU+h = M(%irl
using Algorithm
| return v, q, m+D

X'ty — X,r8(it1)))

Using iteratively Algorithm [2] allows to compute en-
tirely the SLOPE solution path.

5 NUMERICAL EXPERIMENTS

The code of the implementation in Python of our al-
gorithm and of the experiments below is available at
https://github.com/x-dupuis/slope-path. The
computations were carried out on an Apple M1 Pro
chip (8-core CPU and 14-core GPU) and 16GB of uni-
fied memory.

We use two real data sets:
e the Wine Quality data se describes the qual-
ity of red “Vinho Verde” wines |Cortez et al.,

available at https://archive.ics.uci.edu/dataset/
186/wine+quality
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. Each column of X € R199X11 represents a
physicochemical measurement (density, pH, alco-
hol, etc.) and y € R represents wine quality
scores (between 0 and 10);

e the Riboflavin data set?| describes the riboflavin
production with Bacillus subtilz’s
. Each column of X € R71*4088 represents a
gene expression measurement and y € R"! repre-
sents production rates.

The matrices X are mean-centered (Vj,>, X;; = 0)
and standardized (¥, ; X}; = n), the vectors y are
mean-centered (3, y; = 0).

5.1 Full paths computation

We illustrate here the computation of SLOPE solution
paths on the Wine Quality data set. For this numerical
experiment we take A = (1,v2—1,v/3—-v2,...,V/11—
\/ﬁ), so that the unit ball of the sorted ¢; norm is
quasi-spherical . Figure [1| provides the
solution path of SLOPE as well as the solution path
of LASSO when Ay = --- = Ay; = 1 and computed
via the homotopy algorithm in Mairal and Yu [2012]
(this algorithm is devoted to solve the solution path of
LASSO).

5.2 Exact minimization of SURE

The Stein Unbiaised Risk Estimate (SURE) for-
mula is an unbiased estimator of the prediction error
(E(]| X8 — Xp||2 where 3 is an estimator of 3). For
LASSO and SLOPE, unbiased estimators for the pre-
diction error are reported hereafter [Minami, [2020} |Zou

kt al,

ly = XB)IIE = no? + 202 [patt(B(7)) oo
when E('y) is a SLOPE estimator

ly = XB)IIE — no? + 202 |supp(B(7)))|
when B(v) is a LASSO estimator

sure(y) =

where o2 is the variance of residuals. A usual way to
select the regularization parameter ~ is to minimize
sure(y) |[Dossal et al., 2013} Bertrand et al.| [2022]. For
both SLOPE and LASSO the solution path is piece-
wise linear, therefore the SURE formula is quadratic
between two adjacents nodes (i.e the SURE formula
restricted to the interval (y;11,7;) is quadratic). As
a result, solving exactly the solution path allows to
minimize exactly the SURE formul For this nu-
merical experiment we substitute o2 in the expression

Zavailable at https://www.annualreviews.org/doi/
suppl/10.1146/annurev-statistics-022513-115545

?One may similarly minimize exactly the sum of residual
squares on a validation set y > 0 — [|ly*® — X" 3(7)|3.

1000

0.00

Figure 1: Solution paths in absolute value of SLOPE
(top) and LASSO (bottom) as functions of v > 0. On
top some curves partially superimpose or partially co-
incide with the x-axis, illustrating the clustering and
sparsity properties of SLOPE. At the bottom some
curves just partially coincide with the x-axis, illustrat-
ing the sparsity property of LASSO.

of sure(y) by 02 = [|[(In — X(X'X)1X")y||/1588 =
0.4197. Note that when v is very la{ge the SURE
formula satisfies sure(y) = ||y||3 — 159902 = 371.1382.
Moreover when v tends to 0, both SLOPE and LASSO
converge to the ordinary lggst squares estimator there-
fore lim._,osure(y) = 1102 = 4.6162. We report the

regularization parameter minimizing the SURE for-
mula in Table 5.2l

Table 1: Minimizer and minimum of the SURE fo-
mula for both SLOPE and LASSO.
‘ Ysure Sure('}/sure)
SLOPE | 18.6292 3.4641
LASSO | 11.7602 4.1297

The explanatory variables “fixed acidity” (correspond-
ing to X;) and “pH” (corresponding to Xg) are the
most correlated ones (the largest off-diagonal com-
ponents of X’X, in absolute value, is |X]Xo| =
1092.0821). The explanatory variables “fixed acid-
ity” and “density” (corresponding to Xg) are also
strongly correlated (|X7Xg| = 1068.2076). These
three variables are clustered by the SLOPE esti-
mator SB(ysure) (corresponding to the cluster “4” in

~

patt(ﬂ(’}/sure)) = (4a _87 _la 25 _57 3a _67 _4a _47 77 9)l)
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whereas the LASSO estimator ['%55°(qg,) only se-

lects one: the “pH” (actually /\{asso('ysure)) =
@asso(vsme)) = 0). Clustering property of SLOPE
for highly correlated variables had been discussed in
Figueiredo and Nowak| [2016] and intuitively we be-
lieve that this property is beneficial for the prediction

error.

5.3 Full path solvers benchmark

For this benchmark we focus on the solution path of
OSCAR as, in the literature, no algorithm for solving
the solution path of SLOPE is available online (the
code for solving the solution path of SLOPE in the
preprint [Nomura, 2020] is not available). A natural
competitor to our algorithm is genlasso. Hereafter X
and y are provided by the Wine Quality data set and A
is an arithmetic progression where Ay = 4 and A\;; = 1.
In table [2| we compare the time needed to compute
the solution path as well as the value of the objective

. TH(X'y) JE(X'y)
function of OSCAR at v € {*Ty, *1701’}

Table 2: Time in seconds to compute the solution path
and value of the objective function. Our algorithm is
much faster than genlasso. Moreover, the value ob-
tained with our algorithm is lower than the one ob-
tained with genlasso at v = 2 (fé/y), illustrating that
the solution provided by genlasso is not accurate.

‘ genlasso  SLOPE path (our)
Time 4.96e-01 1.31e-02
Value at 2% | 483 4367 483.4367
Value at A% | 379 8561 378.5511

Comparison between genlasso and our algorithm on
the Riboflavin data set is not tractable; indeed the D
matrix such that Jy (b) = || Db]|; belongs to R4088*x4088
and even if it is sparse, the package genlasso cannot
handle such a big matrix.

5.4 SLOPE solvers benchmark

Computing the full solution path of SLOPE on
(0,4+00) is a more ambitious task than solving the
SLOPE optimization problem for a single regulariza-
tion parameter . Therefore, given such a v, we can
compute the solution path on [y, +00) and thus define
a SLOPE solver (called SLOPE path hereafter). We
compare it to the following algorithms implemented in
the extensive benchmark of SLOPE solvers [Larsson
et al., [2023):

e Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA) [Beck and Teboulle| |2009];

e Anderson acceleration for Proximal Gradient De-
scent (Anderson PGD) [Zhang et al.| |2020];

e Alternating Direction Method of Multipliers
(ADMM) [Boyd et al.l [2011] with the augmented
Lagrangian parameter p = 100;

e Coordinate Descent for SLOPE (hybrid CD)
|[Larsson et al., |2023].

We used their cod and set as stopping criterion a
primal-dual gap smaller than le-12 (which is satisfied
by our algorithm all along the path). When A is an
arithmetic progression where A\; = 4 and A, = 1 the
benchmarks on the two real data sets are reported in
tables [ and [

Table 3: Time in seconds to compute the solution for
the Wine Quality data set. In this case, where p = 11
is small, our algorithm is the fastest one.

‘ JX(X'y) Ji(X'y)
2 2 10
FISTA 1.36e-02 4.47e-02
Anderson PGD 5.26e-03 7.02e-02
ADMM (p =100) | 2.38e-02 7.18e-03
hybrid CD 2.39¢-03 7.91e-03

SLOPE path (our) | 6.58e-04 4.51e-03

Table 4: Time in seconds to compute the solution for
the Riboflavin data set. In this case where p = 4088
is large, our algorithm is still the fastest one when ~

is large (v = J;(TX,‘”)) but is over-performed by hybrid
CD when + is small (y = %)é,y)) The missing val-

ues correspond to algorithms not reaching the required
primal-dual gap (le-12).

~ ‘ Ji(f’y) Ji(l)é’y)
FISTA 9.01e+01 -
Anderson PGD 1.45e+01 -
ADMM (p = 100) - 4.93e400
hybrid CD 4.19e-02  8.84e-01
SLOPE path (our) | 3.83e-02  3.72e+00

6 CONCLUSION AND FUTURE
WORKS

One of the main result in this article is Theorem [I]
proving that the SLOPE solution path is piecewise lin-
ear and providing the characterization of the intervals
where the path is affine. Moreover algorithms [1] and
allow to solve exactly this path. The computational

Yavailable at https://github.com/jolars/slopecd
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time of our numerical scheme depends mainly on the
number of nodes. In our illustration on real data sets,
the number of intervals is not too large. However the
number of intervals where the path is affine is bounded
by the number of SLOPE patterns in R? and poten-
tially, similarly as for LASSO [Mairal and Yu, 2012],
this huge upper bound might be reached. Therefore
solving the solution path of SLOPE on (0, 4+00) might
be intractable for some pathological examples and, in
such a situation, our algorithm can only compute par-
tially the solution path. A first algorithmic perspec-
tive would be to generalize this method to a wide class
of penalized estimators. Indeed, the crucial notion of
SLOPE pattern might be generalized to a polyhedral
gauge penalty |Graczyk et al., |2023| (the SLOPE pat-
tern is just the pattern associated to the sorted /;
(polyhedral) norm). Another methodological perspec-
tive is to derive, based on Theorem [2| screening rules
identifying null components and clusters for SLOPE.
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Proof of Theorem 1

1: I,, is an interval) Hereafter we suppose that I,,, # (). Let vo, 71 € I, and pick B('yg) € S(v), A(yl) € S(fyl)
such that patt(5(70)) = patt(3(y1)) = m. Let a € [0,1], ¥ = ay + (1 — a)y1 and 8 = af(y) + (1 — o) B(m)
then patt(3) = m. Indeed, if m = 0 then clearly patt(3) = 0. Otherwise, let k = ||m||oo > 1 then ﬂ( 0) = Unso
for some sy € RFt, ,8(71) = U,,s1 for some s; € R¥* therefore 8 = U,,5 where 5 = asg + (1 —a)s; € RFF,

To prove that I,, is an interval it remains to show that 3 € S(¥). Because both 5(’70) and 5(71) are SLOPE
minimizers, we have

X'(y — XB(70)) € %0Ja(m) and X'(y — XB(71)) € 110Jx(m).

By construction of 3 the following equality occurs:
aX'(y = XB(10)) + (1 = a)X'(y = XB(m)) = X'y - XB).

Moreover, since 0.Jx(m) is a convex set, we have aypdJx(m) + (1 — a)y10Jx(m) C 79Jx(m). Consequently,
X'(y — XB) € ¥0Jx(m) = 70Jx(B) thus B € S(¥).

1: characterization of I,) The proof of this characterization is closely related to the proof of Theo-
rem 3.1 in [Bogdan et al.| [2022].

Necessity. If v € I, then there exists B\ € S(v) such that patt(g) = m. Consequently7 B = U, s for some
s € R¥. Because 8 is a element of S() whose pattern is m then X'(y — ﬁt( )) € YOJIA(B) = yOJr(m).
Multiplying this inclusion by U’ , we get X/ (y — ﬁt( )) = YA and so

X!y — yAm = X! fit(y) = X!, Xons. (6)
The positivity condition is proven.
We apply (X’ )T from the left to @ and use the fact that (X/,)* X/ is the projection onto col(X,,). Since
fit(v) € col(X,,), we have (X! )+t X/ fit(y) = fit(v). Thus,

m

(Xo )P XDy — 7 (X0) T A = fit(7).

The above equality gives the subdifferential condition:

aJA<m>9%X'<y—€t<v>> - %X%y—((X;nﬁ)?;nyw()?;n)*xm)) (7)

- - 1 - -
= X'(X5) " Am + —X'(In — (X5) T X7 )y
v
Sufficiency. Assume that the positivity condition and the subdifferential conditions hold true. Then, by the

positivity condition, one may pick s € R*¥* for which

’Yj\m = X;ny X} Xms (8)

m
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Let us show that U,,s € S(y). By definition of U,,, we have patt(U,,s) = m thus dJ\(Uys(y)) = 9Jx(m).
Moreover, using and one may deduce

1 ~ - - -
OJ\(Ums) > ;X’(y*(Xin)+Xlny+v(X$L)+/\m)

= Ly X)Xy (R (Kmy — X0 Kons))
v

= lX’(y — XU,,s).
Y
Consequently Uy, s € (7).

2 and 3: continuity) Let vy € (0,4+00), (Yn)nen be a sequence converging to v and 3(7,) € Sx .7, (y). Both
sequences (ﬁ (Vn))nen and (ﬁt(fyn))neN are bounded therefore, up to extract a subsequence, one may assume that
both (ﬂ(fyn))neN and (fit(v,))nen converge respectively to a limit point [ € R? and X1 € R™. Let B(y) € S(7).
Because B (vn) is & minimizer, the following inequality occurs.

2y~ B ) B+ 03 (B)) < 5l — DIE + 12 (B

Taking the limit in the above expression gives
1 2 1 o 2 2
Sy = XUz +2a(1) < Slly = i)z +7IA(B())-

Because 3(7) € S(v), one may deduce that [ € S(y) and thus X! = ﬁAt(v) Therefore, the unique limit

point of the bounded sequence (fi}c(*yn))neN is ﬁAt(fy) Consequently, lim,, 1 ﬁAt(*yn) = ﬁAt(’y) and thus the

function v € (0, +00) — f?c('y) is continuous. Similarly, if S(v) is a singleton then | = ,@(’y), the unique limit

point of the bounded sequence (B(”Yn))neN is B(v) and thus lim, B(vn) = B(fy) Therefore the function
€ (0, +00) — B() is continuous.

) ’y € I, then multiplying both side of the positivity condition by (X;n)Jr and using the fact that
) ,. is the projection onto col(X,,) gives

/—\

~ ~

(X;n)-&-)z?/ny - W(X;n)—‘r;‘m = (Xrlwz)+)zr/71)zm3 = Xps = fit(7).
3) The proof of statement 3) relies on Lemma [I] (proved further).

Lemma 1 Let X € R"*?, y € R" and A € RPT. There exists B € S(v) for which the pattern m = patt(ﬁ)
satisfies ker(X,,,) = {0} (or equivalently ||m|co = k(X))

Lemma [1] provides a statement more precise than both [Kremer et al 2022, Theorem 2.1] and [Schneider and
Tardivel, [2022} Corollary 9], proving that, under the assumption of uniqueness, the unique element § of S(vy) has
a number of non-null clusters smaller or equal to rk(X): i.e. ||patt(53)]lee < rk(X) (note that rk(X,,) < rk(X)).

Consequently, when v € I,,, and S(v) is a singleton then ker(X,,) = {0}, where m = patt(B(’y)). Since X/, X,
is invertible, the positivity condition gives

~

B(Y) = Ums = Upn (X2, X,0) "HX Ly — YAm)-

Basic notions on subdifferential, permutahedron and signed permutahedron

The results of this section will be useful to establish the proof of Proposition 1. We denote by .S, the set of
permutations on the set {1,...,p}. Given A\ € RPT, the subdifferential calculus of the sorted ¢; norm satisfies
the following properties [Dupuis and Tardivel, [2022] |Schneider and Tardivel, 2022, Tardivel et al., 2020]:
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Subdifferential at 0: signed permutahedron The following equality holds:
0Jx(0) = conv{ (1 Ar(1)s -+ OpAn(p)), O1s .-, 0p € {=1,1}, 7 € Sy}

The V-polytope PE(A1,...,)\,) = conv{(o1Az(1), -+ 0pAa(p)); O1,...,0p € {—1,1},m € Sp} is called the signed
permutahedron and can be described as a H-polytope as follows |Godland and Kabluchko [2023]:

J J
(/\1,...,/\) {xERP VJE{I ..,p},Z|x|u§Z)\i}.
=1 =1

This polytope is actually the unit ball of the dual sorted ¢; norm [Negrinho and Martins| |2014].

Subdifferential at a constant vector: permutahedron Let ¢ > 0. Then the following equality holds:
dJx(c,...,c) = conv{(Ar(1),. s An(p)), T € Sp}.

The V-polytope P(A1,...,Ap) = conv((Ar(1),- -, Ax(p)), T € Sp) is called the permutahedron and can be described
as an H-polytope as follows |Godland and Kabluchko [2023], Negrinho and Martins [2014]:

D D J J
P(AL,..0) = {beRP D> hi=> Xand Y b <Y NVje {1,...,p—1}}. (9)
=1 =1 =1 =1

Subdifferential computation rule Let b € R? be such that by > --- > by, > b1 > -+ > b, > 0. Then

8J)\( ) BJ,\l _____ Ak (bl,.‘.,bk) X 8J>\k+1 _____ )\p(bk+1,...,bp). (10)

Proof of Theorem 2

Let m € S, and € € {—1,1}? be such that
|B|,L = (61671'(1)7 ceey 6;0571'(19))7
and let ¢ be the orthogonal transformation defined as follows:

Vx € RP gzb(x) = (611‘71-(1), ceey epxﬂ.(p)).
Proof of 1) Because § € S(7) is a SLOPE minimizer, the following equivalence holds:
1 =~ ~ 1 ~ ~ ~
;X'(y —fit(y)) € 0JA(B) = ¢ (WX’(y - ﬁt(v))) € ¢(9\(B)) = 9\ (IB1)-

Since the components of |B|¢ are decreasing, 8JA(|B\¢) is a Cartesian product of permutahedra with potentially

a signed permutahedron (if B has a null component) [Dupuis and Tardivel, 2022} [Schneider and Tardivel, 2022].
Specifically, we have

P()\l,...,)\;ﬁ) Xoeee XP()\kl71+1,...,)\kl) ifk‘l:p

aJx(18,) =
A8 {P()\l,...,)\kl) oo X Py t1s -3 Ay ) X PENjyts -5 Ap) i Ky < p.

According to @D, ifbe P(A1, .., k) X o+ X P(Ak_y+1,---, Ak, ), then the following equalities hold:

i i
Vi€ {ky,. ki Y b= bl =Y A
Jj=1 j=1
Finally, since the i—norm ||.||(;) is invariant by the transformation ¢, one may deduce the following equalities:

DN LGt P et
2121 )‘J 23:1 )\j
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Proof of 2) First, let us establish for b € R? such that by > --- > b, > 0 the following inclusion:
0Jx(b) C conv {(/\.,r(l), RN )\Tr(p)), S Sp} =P\, ..., )\p). (11)

Since the sorted ¢; norm is polyhedral, namely

P
Jr(b) = maX{ZeiAﬂ(i)bi t€1,...,6p € {11}, m € Sp} ,
i=1

its subdifferential is given by

P
0Jx(b) = conv {(61)\#(1), o EpAr(p))s €1, 6p E{-1 1}, TES,: Zei/\ﬂ(i)bi = JA(b)} .

i=1
Moreover, if ¢;, = —1 for some iy € {1,...,p}, then
P
Z €A (i)bi < Agpbiy + Z €iAr(i)bi < Ir(b).
i=1 i#io

Therefore (€1Ax(1), - - -, pAn(p)) & OJx(x), which proves inclusion (LI]).
Now, let us assume that there exists i ¢ A(~) such that

1Blyi > Bl ifi<p—1,
1Blyi >0 ifi =p.

Then, according to and (1)), we have 9.J), ... x,( B|¢17 ce |§\u) C P(M1, ..., A;). Consequently
lo Grw—iem)| 3w -fian]
23:1 /\j 23:1 )‘j

Therefore ¢ € A(7y), which leads to a contradiction.

@ _ 4

Proof of Lemma [1]

If 0 € S(vy) and since every elements in S(7) have the same sorted ¢; norm, one may deduce that S(y) = {0}.
Now, let us assume that 0 ¢ S(v). Let Be S(7) be such that the number of non-null clusters k = ||pa£tt(,§)||oo =
lm]lec > 1 is minimal. Let us prove that ker(X,,) = {0}. If dim(ker(X,,)) > 1, then pick h € ker(X,,), h # 0.
Then set B\ = U,,s where s € RFT and c(t) = 3—1— tUnh = Up(s + th). Since X,nh = XU,h = 0, then
X'(y— Xe(t) = X'(y — XB) Let tmin = inf{|t| : s +th ¢ R¥} > 0; by construction, for t € (—tmin, tmin),
s +th € RFT and thus patt(c(t)) = m. Consequently,

WE € (—tmins buin) X (y — Xc(t)) € DIr(m) = DJx(e(t)),
= Vt € (_tmimtmin) C(t) S 8(’)/)

Since S(7) is a closed set, one may deduce that ¢(L£tmin) € S(v). Finally, by construction of ¢y, one of
the vectors s + tminh or s — tminh does not have k distinct components, therefore ||patt(c(tmin))||cc < &k or

[patt(c(—tmin))|lso < k which contradicts the fact that 3 € S(v) has a minimal number of non-null clusters.

SLOPE is a generalized LASSO if and only if )\ is an arithmetic progression

Let D € R™*P. The subdifferential at 0 of the function b € R? — ||Db||; is D’[—1,1]™. The polytope D'[—1,1]™
is a zonotope (the image of a cube under an affine transformation). On the other hand the signed permutahedron
(the subdifferential at 0 of Jy) is a zonotope if and only if A is an arithmetic progression [Godland and Kabluchkol,
2023, Theorem 4.13]. Consequently, when X is not an arithmetic progression one cannot pick a matrix D € R™*?
such that Jx(.) = ||D.]|1 thus SLOPE is not a generalized LASSO. Finally OSCAR (i.e. SLOPE when A; >
-+ > )p >0 is an arithmetic progression) is clearly a particular generalized LASSO.
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