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Abstract

We propose a systematic generating procedure to construct free Lagrangians for mas-
sive, massless and partially massless, totally-symmetric tensor fields on AdSd`1 starting
from the BRST Lagrangian description of massless fields in the flat ambient space Rd,2 .
A novelty is that the Lagrangian is described by a d`1 form on R

d,2 whose pullback to
AdSd`1 gives the genuine Lagrangian defined on anti de Sitter spacetime. Our deriva-
tion uses the triplet formulation originating from the first-quantized BRST approach,
where the action principle is determined by the BRST operator and the inner product
of a first-quantised system. In this way we build, in a manifestly sop2, dq-covariant
manner, a unifying action principle for the three types of fields mentioned above. In
particular, our derivation justifies the form of some actions proposed earlier for massive
and massless fields on AdS. We also give a general setup for ambient Lagrangians in
terms of the respective jet-bundles and variational bi-complexes. In particular we in-
troduce a suitable ambient-space Euler-Lagrange differential which allows to derive the
equation of motion ambiently, i.e. without the need to explicitly derive the respective
spacetime Lagrangian.

http://arxiv.org/abs/2305.02892v1


1 Introduction

In the present work we revisit the problem of constructing an action principle for totally
symmetric bosonic massive and (partially) massless fields of arbitrary spin over (anti)-de
Sitter ((A)dS) spacetimes. The problem of constructing action principles for higher-spin
fields dates back to the old works on massive fields in four-dimensional Minkowski spacetime
by Fierz and Pauli [1] (for spin s “ 2) and by Singh and Hagen [2, 3] (for s ą 2). The
massless limit was obtained by Fronsdal and Fang [4, 5] who observed the decoupling of
degrees of freedom due to emergence of gauge symmetries. The formalism adopted in the
above seminal works, nowadays referred to as “metric-like” approach, represents off-shell
fields by totally-symmetric spacetime (spinor-)tensors. There is another formulation, called
“frame-like”, that is regularly used for gauge systems and where the off-shell gauge fields
are represented by differential forms valued in some representations of the Lorentz algebra
[6, 7]. Turning to free bosonic systems around (anti)-de Sitter ((A)dS) spacetimes, quadratic
Lagrangians for totally-symmetric fields in any spacetime dimension have been obtained both
in the metric-like formulation (for massless [8], partially-massles [9] and massive [10, 11, 9]
fields on (A)dS) and in the frame-like formulation (again for massless [7], partially-massless
[12] and massive fields [13, 14]).

The standard way to linearly realise (A)dS isometries is to see pd`1q-dimensional (anti)-
de Sitter spacetime pAqdSd`1 as a hyperboloid in a flat space R2,d with one extra dimension:
this is called the “ambient” (or “embedding”) approach. The application of this construction
to field equations for (A)dS fields dates back to Dirac [15]. Its application for constructing
action principles was proposed in [16] where this approach was dubbed “radial dimensional
reduction” by analogy with the similar method for deriving actions/equations for massive
fields from their flat counterpart for massless fields in one extra dimension. This method
became a standard tool for discussing linear field equations (see, e.g., [8, 17, 18, 19] and refs
therein). It has also been used for calculating quadratic actions [9] for totally-symmetric
tensor fields. In the case of curved ambient space, the Fefferman-Graham construction [20]
of Einstein metrics can be seen as a radial dimensional reduction. Let us also mention other
applications of dimensional reduction in the more general context of curved spacetimes [21].

In the present work, we restrict our analysis to AdSd`1 bosonic systems of totally-
symmetric tensor fields in the metric-like formulation on the flat ambient space R

2,d. We
start with AdSd`1 equations of motion formulated in the ambient space R2,d and aim at con-
structing a Lagrangian, which leads to these equations on ambient space upon variation. We
make advantage of the BRST formulation of the free gauge equations of motion [22, 23, 24],
such that the off-shell field multiplet Φ is subject to off-shell constraints (e.g., tracelessness
and radial differential conditions)

RαΦ “ 0 , (1.1)

and gauge symmetry
Φ „ Φ ` Ωξ , (1.2)

where Ω is a Grassmann-odd nilpotent BRST operator. The constraints tRαu together
with Ω form an involutive system with respect to the supercommutator. Gauge-invariant
equations of motion read

ΩΦ “ 0 , (1.3)

where gauge-invariance is satisfied by nilpotency of Ω. The approach in question, referred
to as the first-quantised BRST formulation, originates from the Batalin-Fradkin-Vilkovisky
(BFV) formalism [25, 26, 27], the Batalin-Vilkovisky (BV) formalism [28, 29] extension of the
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Becchi-Rouet-Stora-Tyutin (BRST) formalism [30, 31, 32] and of String Field Theory (SFT)
[33, 34, 35, 36, 37]. In the eighties a compact off-shell description of massless higher spin
gauge fields in flat Minkowski spacetime of arbitrary dimension was provided in [38, 39, 40],
a formulation that is nowadays called “triplet”. In fact, in the latter references, the BRST
operator entering the action for massless fields can be identified, after truncation, with an
appropriate tensionless limit of the bosonic open string field BRST operator. In such a
limit, there is no critical dimension and as a result those quadratic actions [38, 39, 40] are
consistent in Minkowski spacetime of arbitrary dimension.

The aforementioned string field-like BRST operator [38, 39, 40] was extended to (A)dS
in [41, 42, 43, 44, 22, 45, 46]. We refer to [47] for an analysis of the corresponding quadratic
actions for both massive and massless totally-symmetric fields, whereas the review [48]
also discusses the endeavours to introduce interactions in first-quantized BRST approach
to higher-spin fields (see also [49, 50] and references therein).

In the present work we unify previous first-quantized BRST approaches and describe,
ambiently and in a manifestly SOp2, dq-covariant way, the Lagrangian formalism for massive,
massless and partially-massless totally-symmetric fields in pAqdSd`1 spacetime. In the case
of partially-massless fields, these ambient triplet Lagrangians are new while we reproduce
known results (mentioned above) for massless and massive cases. Our main tool is the
manifestly local version of the BRST first quantized approach developed in [51, 52, 22, 53]
which allows to construct the jet-space Batalin-Vilkovisky formulation as well as its equations
of motion counterpart in terms of the BFV-BRST first-quantized system. This analysis is
motivated by the remarkable relation between the action for bosonic string field theory on
the one hand and the BRST operator of the first-quantized string on the other hand [54, 55]
as well as the analogous relation for quantized spinning particles and their associated gauge
fields [38, 39, 40].

As a starting point, we recall how the pAqdSd`1 equations of motion can be obtained
via radial dimensional reduction of (1.1), (1.2), (1.3) [22, 23, 24], and extend the latter
correspondence to the Lagrangian level. We describe a generating procedure which allows
one to obtain Lagrangians (which are pd ` 1q-forms on pAqdSd`1) for totally-symmetric
higher-spin fields in pAqdSd`1 via radial dimensional reduction of particularly defined am-
bient Lagrangians, which are pd ` 1q-forms on R2,d. More in detail, we construct ambient
Lagrangians in the form LrΦs “

`
Φ,ΩΦ

˘
, where the non-degenerate inner product

`
¨, ¨
˘
is

valued in pd` 1q-forms on R2,d, and is BRST-anti-invariant in the sense that
`
Ψ,ΩΦ

˘
´ p´qghpΨq

`
ΩΨ,Φ

˘
“ dJ , (1.4)

with J being some d-form. The latter property is necessary for the proposed ambient
Lagrangians to provide the correct equations of motion ΩΦ “ 0 by applying formal variation:

δLrΦs “
`
δΦ,ΩΦq `

`
Φ,Ω δΦq “ 2

`
δΦ,ΩΦ

˘
` dJ . (1.5)

The corresponding variational calculus in purely ambient terms has however not been
addressed in a systematic manner previously – to the best of our knowledge (see however
[56, 57, 58]). This is a subtle issue because one should carefully take into account radial
(differential) constraints on the various fields upon variation. In fact, the equivalence of the
variational calculus before and after restriction to (A)dS must be rigorously demonstrated.
In other words, the radial dimensional reduction of the ambient Euler-Lagrange variations
must be shown to coincide with the Euler-Lagrange equations of the pullback of the ambient
Lagrangian to (A)dS. One of the main goals of this paper is to present a formalism where
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this is ensured by construction, thus making legitimate the formal variation (1.5). For this
purpose we utilise the formalism of jet bundles and the associated variational bicomplex,
which we adapt to Dirac’s ambient geometry for field-theoretical systems in pAqdSd`1. The
proposed ambient variational formalism is formulated in a coordinate-free fashion, never-
theless it provides concrete formulae to perform computations explicitly. Furthermore, the
formalism can be applied to a broader class of “ambient spaces” than the simplest case of
R2,d equipped with a flat metric. Namely, as a suitable ambient space A (with dimA “ n`1)
one can take any trivial line bundle (thus possessing a nowhere-vanishing fundamental vector
field T and a closed 1-form ϑ such that ϑpT q “ const) and a volume pn` 1q-form V (1). The
role of the (A)dS space is taken by a chosen section of A. In the context of the flat ambient
space R2,d in question, one has T “ rBr (homogeneity operator along the radial direction),
ϑ “ ´r´1 dr, and the embedding AdSd`1 ãÑ R2,d is due to fixing r “ ℓ.

The proposed jet-bundle formalism is also applicable to the Lagrangian description of
massive higher-spin fields of arbitrary symmetry type via flat dimensional reduction. In this
respect, let us mention that the Lagrangians obtained in [60] (see also earlier works [61, 62])
are pullbacks of the ones given by the formalism described in the current work.

The plan of the paper is as follows. In Section 2, totally-symmetric tensor fields on
flat ambient space of dimension d ` 2 are introduced and the corresponding BRST triplet
formulation of action and equations of motion for massless fields on flat spacetime is reviewed.
The BRST extension of the constraints (such as homogeneity, tangentiality, tracelessness,
...) that they must obey to describe proper fields on (A)dS is also reviewed. In Section 3, we
construct triplet Lagrangians for massless, partially-massless and massive totally-symmetric
tensor fields on (A)dS spacetime, as summarised in our Theorems 3.2 and 3.4. The problem
of constructing such (A)dS Lagrangians from the ones in flat ambient spacetime is effectively
reduced to the problem of finding a BRST-invariant non-degenerate inner product satisfying
some extra conditions, a technical problem that is solved in Appendix C. In Section 4, we
make use of the jet-bundle formalism to construct the appropriate variational principle which
justifies derivation of correct equations of motion from the previously obtained Lagrangians.

Various technical matters have been placed in the appendices. The appendix A reviews,
in a self-contained manner, the explicit relation between the flat ambient derivative (where
SOp2, dq covariance is manifest) and the intrinsic pAqdSd`1 covariant derivative, without
radial dependence and where only Lorentz SOp1, dq covariance is manifest. This is used in
Appendix B to derive the radial decomposition of important operators such as the Killing
derivative (i.e. the symmetrised covariant derivative), the divergence and the Laplacian,
together with other ingredients necessary for explicitly reformulating ambient expressions
in intrinsic (A)dS terms. The technical proofs of the lemmas and theorems in the body of
the paper have been placed in Appendix C. Finally, the coefficients (3.14) appearing in the
Lagrangians are related to Euler hypergeometric functions and Appell series in Appendix
D.

1Note that this data essentially corresponds to a Carrollianmeasured space together with a flat Ehresmann
connection [59, Section 3.4]
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2 Fields and equations of motion

in the flat ambient space

2.1 Ambient space tensor fields and constraints

Consider the ambient space without the origin R
2,dzt0u endowed with a flat metric η carrying

signature p´,´,`, . . . ,`q and thus introducing the notion of SOp2, dq invariance. Let this
space be naturally parametrised by Cartesian coordinates XA (with A “ 01, 0, 1 . . . , d) such
that the metric is diagonal ηAB “ diagp´1,´1,`1, . . . ,`1q and SOp2, dq-action is realised
linearly. Under the SOp2, dq-action, the space R2,dzt0u is foliated by homogeneous subspaces,
among which there are anti-de Sitter spaces AdSd`1 introduced through a one-parameter
family of natural embeddings (as one-sheeted hyperboloids), with parameter r ą 0 given as

ηBCX
BXC “ ´r2 . (2.1)

In the sequel, we denote R
2,d
` Ă R2,dzt0u the domain which corresponds to r P R` (2).

AdS fields are described with the aid of totally-symmetric ambient tensors fields Φ pX|P q
supported locally on R

2,d
` and presented in the form of a formal power series with tensor

indices being contracted with auxiliary variables PA:

Φ pX|P q “
8ÿ

s“0

Φpsq pX|P q where Φpsq pX|P q :“ 1

s!
ΦApsqpXqPApsq. (2.2)

Here and in the sequel we adopt the following shorthand notations for symmetrised indices
and for powers of auxiliary variables:

ΦApmq :“ ΦA1...Am and PApmq :“ PA1
. . . PAm . (2.3)

AdS scalar fields are in one-to-one correspondence with scalar fields ΦpXq on R
2,d
` with

a certain degree of homogeneity ´∆:

pX ¨ BX ` ∆qΦ “ 0 . (2.4)

We also refer to ∆ as the radial weight. For an analogous one-to-one correspondence to hold
for rank-s AdS tensor fields, the above homogeneity constraint is to be supplemented by:
P -homogeneity constraint

pP ¨ BP ´ sqΦpsq “ 0 (2.5)

and tangency condition
X ¨ BP Φ “ 0 . (2.6)

The above constraints can be viewed as equations defining a unique lift of a field from the
surface AdSd`1 (defined by (2.1)) to R

2,d
` . Other way around, any ambient field subject to

(2.4), (2.5) and (2.6) gives an AdS tensor field upon restriction to the subspace AdSd`1 ãÑ
R

2,d
` .
A collection of AdS tensors of ranks s, . . . , s´ t`1 with t ě 1 can be described ambiently

by relaxing the constraint (2.6) to

pX ¨ BP qt Φ “ 0 . (2.7)

2Note that all the results from this paper equally apply to de Sitter spaces dSd`1 via a mere change of
signature of the ambient space to R1,d`1.
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As a particular example of interest, totally-symmetric partially massless higher-spin field
of spin s and depth t (1 ď t ď s) corresponds to the critical value of the radial weight
∆s,t “ 1 ` t´ s (the case ∆s “ 2 ´ s with t “ 1 corresponds to massless fields).

In addition to the constraints listed above, the following ambient constraints are imposed
to describe irreducible spin-s dynamics on AdSd`1: the algebraic trace constraint

BP ¨ BP Φ “ 0 , (2.8)

as well as differential constraints (denote l :“ BX ¨ BX)

lΦ “ 0 , BP ¨ BXΦ “ 0 . (2.9)

Finally, for the critical values ∆s,t we introduce the following gauge equivalence relation,
which is compatible with the above constraints:

Φpsq „ Φpsq ` P ¨ BXε
ps´1q (2.10)

with arbitrary εps´1q subject to constraints (2.4) (with ∆ ´ 1 instead of ∆) and (2.5) (with
s ´ 1 instead of s).

2.2 BRST formulation of equations of motion

Consider for all n “ 0, 1, 2, . . . the fibers of the n-fold symmetric tensor power dnTR
2,d
`

of the tangent bundle TR2,d
` with local coordinates XA and yApnq (by definition, d0TR

2,d
`

is the line bundle over R
2,d
` ). Let Λ be a trivial bundle over R

2,d
` with fibers presented by

Grassmann algebra over fermionic (ghost) generators c0, b, c. Then we introduce the bundle

F “ Λ b dTR2,d
` , where dTR2,d

` “
8à

n“0

dnTR
2,d
` , (2.11)

with fibers being Z-graded spaces. The grading will be referred to as ghost-degree ghp¨q
and fixed by setting ghpPAq “ 0, ghpc0q “ ghpcq “ ´ghpbq “ 1. There is also an induced
Grassmann Z2-grading | ¨ | “ ghp¨q pmod 2q which conforms to the case of integer-spin fields
(the latter being our only focus for the present work).

Ghost-extended (ambient) fields Φ are elements of the space of sections

S :“ Γ pFq . (2.12)

In words, ghost-extended fields can be understood as functions ΦpP, c0, b, c|Xq which de-
compose as formal power series over monomials in PA, c0 and b, c. Components carrying
a particular ghost degree admit gauge-theory interpretation: ghost-degree-p´1q component
contains gauge parameters,

Φ|gh“´1 “ b ε ; (2.13)

ghost-degree-0 component parametrises the field content of the theory,

Φ|gh“0 “ B ` c0bC ` cbD ; (2.14)

ghost-degree-1 component is associated with equations of motion, while ghost-degree-2 (re-
spectively, higher-ghost degrees) are associated with Noether identities (respectively, higher
Noether identities). Note that the sector of fields (the ghost-degree-0 sector) is constituted
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by three components B,C,D: this is why the description in question is referred to as triplet
in the literature (see [63, 44] and references therein). Originally this type of formulation was
obtained for massless higher-spin fields in flat space by taking a suitable tensionless limit of
the free bosonic string [38, 39, 40]. At the level of equations of motion massive and (par-
tially) massless fields in AdS are obtained by radial reduction from the flat ambient space
[16, 43, 22]. For this reason the BRST description in question is referred to as “triplet” here.

In what follows, we use the term operator for those endomorphisms of the space of
fields S which are differential operators on the base performing linear transformation of the
fibers. An operator O is said to carry ghost degree g, ghpOq “ g, if for any Φ P S with
ghpΦq “ m holds ghpOΦq “ m ` g. Ghost degree of an operator induces its Grassmann
parity |O| “ g pmod 2q.

As a next step, we introduce a point-wise (with respect to R
2,d
` ) graded-symmetric inner

product x¨, ¨y on S. First, consider the Fock pairing x¨, ¨yFock on polynomials over PA extended
to the ghost variables c, b, such that it is graded-symmetric, and the only non-trivial pairings
among the generators are3

xPA, PByFock “ ηAB , xc, byFock “ 1 , x1, 1yFock “ 1 . (2.15)

The above relations fix the conjugation rules for the generators, which are extended to
monomials by accepting the convention xΨ,OΦyFock “ p´q|O|¨|Ψ|xO:Ψ,ΦyFock. Equivalently,
the conjugation acts as an involutive anti-automorphism pABq: “ p´q|A|¨|B|B:A:.

The so-defined pairing is extended to take values in the functions of XA and c0 by the
graded-symmetric property and linearity in the left slot, namely xc0Ψ,ΦyFock “ c0 xΨ,ΦyFock
and xΨ, c0ΦyFock “ p´q|Ψ|c0 xΨ,ΦyFock. Conjugation of generators reads as

pXAq: “ XA, P
:
A “ B

BPA
, c

:
0 “ c0, c: “ B

Bb, b: “ ´ B
Bc . (2.16)

(here and in what follows ambient indices are raised and lowered by the ambient metric).
With x¨, ¨yFock at hand we introduce

x¨, ¨y “
ż
dc0 x¨, ¨yFock , (2.17)

where Berezin integration is normalised as
ş
dc0 c0 “ 1. The inner product (2.17) is graded-

symmetric and non-degenerate: i) for all Ψ,Φ P S holds xΨ,Φy “ p´q|Ψ||Φ|xΦ,Ψy, and ii)
if xΦ,Ψy “ 0 for all Ψ P S, then Φ “ 0. Note that gh

`
x¨, ¨y

˘
“ ´1, so if xΨ,Φy ‰ 0, then

|Ψ| “ |Φ| ˘ 1 and therefore xΨ,Φy “ xΦ,Ψy. Conjugation p¨q: is extended to (2.17) by the
following convention:

xΨ,OΦy “ p´q|O|¨|Ψ|xO:Ψ,Φy ` B
BXA

JA
Ψ,Φ , (2.18)

which implies, in addition to (2.16), that

ˆ B
BXA

˙:

“ ´ B
BXA

,

ˆ B
Bc0

˙:

“ ´ B
Bc0

. (2.19)

3An equivalent way of defining x¨, ¨yFock used in the literature is by considering pairs of oscillators with
non-trivial graded commutation relations rP̄A, PBs “ δAB, rc̄, bs “ 1, rb̄, cs “ ´1 and constructing the
corresponding Fock space by setting b̄ |0〉 “ 0, c̄ |0〉 “ 0, P̄A |0〉 “ 0, where the vacuum vector |0〉 satisfies

〈0|0〉 “ 1, ghp|0〉q “ 0 and |0〉
:

“ 〈0|.
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The following nilpotent BRST operator Ω : S Ñ S furnishes the triplet description of
totally-symmetric higher-spin fields in the flat ambient space (see, e.g., [52] and references
therein):

Ω “ c0 l ` c S ` S: B
Bb ` c

B
Bb

B
Bc0

, S “ BP ¨ BX , S: “ ´P ¨ BX , (2.20)

with ghpΩq “ 1. Gauge-invariant equations of motion are ΩΦ “ 0 for ghpΦq “ 0, with gauge
transformations Φ „ Φ ` Ωξ for any ξ P S with ghpξq “ ´1.

Radial reduction is performed by imposing BRST-invariant extensions of the constraints
(2.4), (2.7) and (2.8), and leads to the equations of motion for higher-spin fields on AdSd`1

[24]. The BRST completion of the homogeneity operator X ¨ BX reads

h “ ´X ¨ BX ´ 2 c0
B

Bc0
` b

B
Bb ´ c

B
Bc , (2.21)

The pairing (2.17) carries h-degree 2 in the sense that

h x¨, ¨y “ xh ¨, ¨y ` x¨, h ¨y ` 2 x¨, ¨y . (2.22)

Note that because h: “ ´h, the ambient operator O carries the same h-degree as O:. This is
verified by conjugating the relation rh,Os “ αO (with α P R) which leads to rh,O:s “ αO:.

Along the same lines, the BRST completion of the operator P ¨ B
BP

reads:

N “ P ¨ BP ` b
B
Bb ` c

B
Bc . (2.23)

For the bundle (2.11) one can define its sub-bundle F psq Ă F such that the operator (2.23)
takes the value s on its sections: the fibers of F psq are parametrised by the coordinates
θ

psq
k uApkq such that the monomials θ

psq
k in the ghost generators c0, c, b satisfy

`
b B

Bb
` c B

Bc
´ ps´

kq
˘
θ

psq
k “ 0 (which implies, in turn, k P ts, s ´ 1, s ´ 2u). For example, for s “ 2 the fibers

of F p2q are parametrised by the coordinates θ
p2q
2 uAp2q, θ

p2q
1 uA and θ

p2q
0 u with θ

p2q
2 P t1, c0u,

θ
p2q
1 P tb, c, c0b, c0cu and θ

p2q
0 P tcb, c0cbu. We denote the corresponding space of sections as

Spsq :“ ΓpF psqq . (2.24)

Since the operators (2.21) and (2.23) commute, one can define the following subspaces:

S∆ “ tΦ P S : ph´ ∆qΦ “ 0u , S
psq
∆ “ S∆ X Spsq . (2.25)

The BRST operator preserves S
psq
∆ for any values s “ 0, 1, 2, . . . and ∆ P R.

The ghost-extensions of tangent (2.6) and trace (2.8) constraints are respectively:

T1 “ X ¨ BP ` 2c0
B
Bc, T2 “ BP ¨ BP ` 2

B
Bb

B
Bc . (2.26)

For any s “ 0, 1, 2, . . . define the subspace T
psq
∆ Ă S

psq
∆ whose elements are traceless:

Φ P T
psq
∆ ñ T2Φ “ 0 . (2.27)

More to that, in the case of the special value ∆ “ 1 ` t´ s for some t P t1, . . . , su,

for any Φ P T
psq
1`t´s also impose pT1qtΦpsq “ 0 . (2.28)
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As was mentioned in the comment after (2.7), the latter situation corresponds to partially

massless fields of depth t. Denote T∆ “ À8
s“0 T

psq
∆ .

The following commutation relations hold for the above constraints and BRST operator:

rΩ,T1s “ ´ B
Bb

ph` N ´ 2q ` cT2, rΩ,T2s “ 0 ,

rh,T1s “ ´T1, rh,T2s “ 0, rN,T1s “ ´T1, rN,T2s “ ´2T2 ,

rT1,T2s “ 0 .

(2.29)

As a consequence, rΩ, pT1qtsΦ “ 0 holds whenever ph ` N ´ t ´ 1qΦ “ 0 and T2Φ “ 0.

Therefore Ω preserves T
psq
∆ for any s “ 0, 1, 2, . . . and ∆ P R.

As a concluding remark about the ambient formulation in question, we describe the
decomposition of ambient tensors with respect to tangent and normal components relatively
to AdSd`1, and apply it to resolve the T1-constraint explicitly (for the proof of the following
Lemma see Appendix C.1).

Lemma 2.1. Let T “ TApXqBA be a vector field on R
2,d
` such that T 2 ă 0 everywhere. Then

for any ambient field Φ P S, locally there is a uniquely defined decomposition:

Φ “
ÿ

ně0

Φn , (2.30)

where
Φn “ pT ¨ P qnΦK

n with pT ¨ BP qΦK
n “ 0 . (2.31)

Or, equivalently, such that
´

pT ¨ P qpT ¨ BP q ´ nT 2
¯
Φn “ 0 . (2.32)

In other words, the components Φn are of homogeneity degree n in the auxiliary variable

q “ ´ 1?
´T 2

pT ¨ P q . (2.33)

In the case T “ XABA we will refer to the above decomposition as radial decomposition.
The latter is restricted by the constraint T1 as follows. Note that

T1 “ U pX ¨ BP q U´1 , (2.34)

where

U “ 1 ´ 2

X2
pX ¨ P q c0

B
Bc , U´1 “ 1 ` 2

X2
pX ¨ P q c0

B
Bc . (2.35)

Then the following lemma applies (see Appendix C.2 for proof).

Lemma 2.2. Consider a field Φ P S and the operator U defined in (2.35). For any integer
t ě 1 the following conditions are equivalent:

1. pT1qtΦ “ 0,

2. Φ “ U rΦ, where the radial decomposition of rΦ, as defined in Lemma 2.1, satisfies
rΦm “ 0 for all integer m ě t , i.e.

rΦ “
t´1ÿ

m“0

rΦm . (2.36)
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In other words, if one decomposes PA “ rPA ` q XA

r
where the term rPA is such that

X ¨ rP “ 0 and q “ ´1
r

pX ¨P q (see the the proof of Lemma 2.1, Section C.1) then according

to the above lemma rΦ “ U´1Φ is a polynomial of degree at most t´1 in q and hence satisfies
pT1qtΦ “ 0. This is the case for the description of (partially) massless fields in terms of fields

T
psq
1`t´s.

3 Ambient formulation

for triplet Lagrangians on AdSd`1

3.1 Differential forms and pairing

Denote V “ dX01 ^dX0 ^ ¨ ¨ ¨ ^dXd the ambient volume form and consider the pd` 1q-form

VX “ i
X¨B

V . (3.1)

The operator (2.21) is extended to act on the algebra of differential forms as a derivation,
with h dXA “ ´dXA. Then iX¨BVX “ 0 and hVX “ ´pd` 2qVX . Pullback of VX to AdSd`1

coincides (up to a factor) with the SOp2, dq-invariant volume form on AdSd`1 for any r ą 0.

Consider an inner product on S with values in the space
Źd`1

R
2,d
` of pd ` 1q-forms:

`
¨, ¨
˘
K

“ xK¨, ¨y VX , (3.2)

where K is an invertible algebraic (with no X-derivatives) operator on S such that K: “ K.
This is sufficient for the pairing

`
¨, ¨
˘
K

to be symmetric and non-degenerate because so is
the deformed pairing xK¨, ¨y. We also require that K does not reshuffle different spin- and
ghost-sectors, i.e. rN,Ks “ 0 and ghpKq “ 0. In the sequel we apply the inner product (3.2)
to the elements from S∆, i.e. fields with a particular radial weight. In this case we fix the
following value of the radial weight for K: rh,Ks “ pd´2∆qK, which leads to h

`
Ψ,ΦqK “ 0

(for all Ψ,Φ P S∆). For the inner product at hand we define conjugation as

p¨q# “ K´1 p¨q: K (3.3)

(we omit its dependence on K for brevity). The following lemma is useful (see Appendix
C.3 for proof).

Lemma 3.1. For any ∆ P R the inner product
`
¨, ¨
˘
K

is non-degenerate on S∆. If an

operator O preserves S∆, then O# preserves S∆ as well, and the two operators are conjugate
with respect to

`
¨, ¨
˘
K

in the sense that

`
Ψ,OΦ

˘
K

“ p´qghpΨq¨ghpOq
`
O#Ψ,Φ

˘
K

` dJΨ,Φ (3.4)

for some d-form JΨ,Φ.

Note that ∆ P R in the assertion of the above lemma being fixed, for an arbitrary ambient
operator R and for all Φ,Ψ P S∆ one has

`
Rph´ ∆qΦ,Ψ

˘
K

“ 0 and
`
ph´ ∆qRΦ,Ψ

˘
K

“ 0 . (3.5)

Hence the property (3.4) is preserved under adding combinations of operators of the form
Rph´ ∆q or ph´ ∆qR to O#, with R standing for arbitrary ambient operators.
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3.2 BRST-anti-invariant inner product

and Lagrangians for the massless fields

We are particularly interested in inner products restricted to specific subsets T Ă S such
that the BRST operator is symmetric, i.e. Ω# “ Ω. Equivalently, the inner products of
interest are BRST-anti-invariant, which means

`
Ψ,ΩΦ

˘
K

´ p´qghpΨq
`
ΩΨ,Φ

˘
K

“ dJΨ,Φ for all Ψ,Φ P T . (3.6)

The BRST operator is symmetric with respect to the inner product (3.2) on S∆, so

Ω: “ Ω ñ Ω# “ K´1ΩK (3.7)

due to (3.3).

As a next step we concentrate on massless spin-s fields which are identified with the
elements of T

psq
2´s. Consider the simplest operator K0 “ r´pd`2s´4q where the radial coordinate

r is defined by (2.1). This operator satisfies all the conditions listed after the definition (3.2)
and denote

`
¨, ¨
˘
0
:“

`
¨, ¨
˘
K0

. Note the following relation for any w P R:

rΩ, r´ws “ ´r´pw`2qw
`
c0 pw ´ 2pX ¨ BXq ´ dq ` pcX ¨ BP q: ´ cX ¨ BP

˘

“ ´w r´pw`2q
`
c0 pw ´ d` 2hq ` pcT1q: ´ cT1

˘
.

(3.8)

For the particular value ws “ d ` 2s ´ 4 it implies, that for any Ψ,Φ P T
psq
2´s one has

xrΩ, K0sΨ,Φy “ 0 . (3.9)

Indeed, this is because pws ´ d ` 2hqΨ “ 2ph ´ ∆qΨ “ 0 and by definition of T
psq
2´s holds

T1Ψ “ T1Φ “ 0. The latter implies, in turn, that any T
:
1-image is orthogonal to T

psq
2´s with

respect to x¨, ¨y. All in all, relation (3.9) together with the sequence of identities

`
Ω#Ψ,Φ

˘
0

“ xK0pK´1
0 ΩK0qΨ,ΦyVX

“
`
ΩΨ,Φ

˘
0

` xrΩ, K0sΨ,ΦyVX

(3.10)

leads to the BRST-anti-invariance (3.6) of the inner product
`
¨, ¨
˘
0
on T

psq
2´s, as defined in

(3.6). The following theorem is in order (see Appendix C.5 for proof).

Theorem 3.2. The pairing
`
¨, ¨
˘
0
on T

psq
2´s is symmetric, non-degenerate and BRST-anti-

invariant. For Φ P T
psq
2´s with ghpΦq “ 0 the following ambient Lagrangian

LrΦs “
`
Φ,ΩΦ

˘
0

“ LrΦsVX (3.11)

is gauge-invariant, and the pullback of LrΦs to AdSd`1 coincides (up to normalisation) with
the gauge-invariant triplet Lagrangian [44, 47, 48] for a massless spin-s field.

3.3 Massive and partially massless AdS fields

The above construction can be adapted to a uniform description of massive and partially
massless fields. Namely, the main freedom available by the construction is in the deformation
operator K. Thus we are aiming at a completion K “ K0 ` . . . such that the corresponding
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inner product
`
¨, ¨
˘
K

is BRST-anti-invariant on T∆ for any ∆ P R. The latter implies (see
(3.9)) that operators K of interest should satisfy

rΩ, Ks “ R1ph´ ∆q ` ph´ ∆qR2 ` S 1
T2 ` T

:
2S

2 (3.12)

for some ambient operators R1, R2 and S 1, S2.

The following result is available (see Appendix C.4 for proof).

Lemma 3.3. There exists a unique inner product p¨, ¨qK on T∆ (modulo overall rescaling)
such that it is non-degenerate and BRST-anti-invariant for all ∆ P R. The operator K is
fixed up to adding operators having the structure of the right-hand-side of (3.12):

K “ r´pd´2∆q

ˆ
U :U´1

˙´1

D

ˆ
U :U´1

˙
, (3.13)

where U was defined in (2.35), and the operator D is diagonal in the radial decomposition

(2.30): for any non-zero radial component of Φpsq P T
psq
∆ holds

DΦpsq
n “ ν

ps|nq
∆ Φpsq

n with ν
ps|nq
∆ “

“
d
2

` s ´ 2
‰
n“

∆ ` s ´ 2
‰
n

2F1

ˆ
´n, d

2
´ ∆

d
2

` s ´ 1 ´ n
; ´1

˙
, (3.14)

where rxsn “ xpx´ 1q . . . px´ n ` 1q denotes the falling Pochhammer symbol.

Note that the description of massless fields proposed in the Section 3.2 meets the above
construction in the sense that the operator K reduces to K0 “ r´pd´2∆q. Indeed, recall that
any Φpsq P T

psq
2´s has the form Φpsq “ UΦ

psq
0 (see (2.30) and the comment thereafter). In

particular U :Φ
psq
0 “ pU :q´1Φ

psq
0 “ Φ

psq
0 as well as DΦ

psq
0 “ Φ

psq
0 . Therefore KΦpsq “ KUΦ

psq
0 “

r´pd´2∆qUΦ
psq
0 “ K0Φ

psq.

Due to the uniqueness of the inner product
`
¨, ¨
˘
K

we omit the reference to the operator

K and write simply
`
¨, ¨
˘
. The following theorem generalises the above Theorem 3.2 giving

a uniform Lagrangian description of totally-symmetric massive and (partially) massless AdS
fields (see Appendix C.5 for proof).

Theorem 3.4. The pairing
`
¨, ¨
˘
on T∆ is symmetric, non-degenerate and BRST-anti-

invariant. For Φ P T
psq
∆ with ghpΦq “ 0 the following ambient Lagrangian

LrΦs “
`
Φ,ΩΦ

˘
“ LrΦsVX (3.15)

is gauge-invariant, and the pullback of LrΦs to AdSd`1 gives the gauge-invariant triplet
Lagrangian for a (partially) massless (when ∆ “ 1 ` t ´ s for t P t1, . . . , su) or massive
spin-s field.

Let us comment that fields of the above formulations are associated to the representation
space basis elements of vanishing ghost degree. By extending Φ with the fields associated to
the basis elements of nonvanishing degree results automatically in the BV master actions of
the system, see e.g. [52] for further details.
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3.4 From radial to flat dimensional reduction

The described above radial reduction for Lagrangian description of massive and (partially)
massless fields on AdSd`1 admits a flat limit which leads to the description of massive fields
via dimensional reduction in flat space [64, 60]. To do so, we fix the timelike direction
B01 “ V ABA (with V AVA “ ´1) and consider neighbourhoods of the points ℓ V A, each
neighbourhood parametrised as XA “ ℓ V A ` X̄A. The flat limit is understood as ℓ Ñ 8.

In order to analyse the flat limit of constraints and ambient Lagrangians, let us first
consider the case of massive fields. For each value of ℓ we take a particular (non-critical)
value of the radial weight ∆ℓ such that there exists a limit:

∆ℓ

ℓ

ℓÑ8ÝÝÝÑ m P R . (3.16)

Radial constraint (2.21), rewritten in the coordinates of the point ℓV `X̄, admits a limit,
which corresponds to the flat dimensional reduction:

ℓ

ˆ
B01 ` 1

ℓ

ˆ
Y ¨ B ` 2c0

B
Bc0

´ b
B
Bb ` c

B
Bc

˙
` ∆ℓ

ℓ

˙
Φ “ 0

ℓÑ8ÝÝÝÑ
ˆ B

BX̄01
` m

˙
Φ “ 0 .

(3.17)

To analyse the limit of the inner product xK¨, ¨yV first note that ℓ´1V
ℓÑ8ÝÝÝÑ iB

01 p˚1q,
whose pullback to the surface X̄01 “ 0 gives the flat pd ` 1q-dimensional volume form. For

the limiting behavior of the deformation operator K first note that U
ℓÑ8ÝÝÝÑ 1 in (2.35)

because r´1 ℓÑ8ÝÝÝÑ 0. Due to the structure of the coefficients ν
ps|nq
∆ (see Theorem 3.3 and

Appendix D) one finds ν
ps|nq
∆

ℓÑ8ÝÝÝÑ p´1qn, and hence

for
`

pX ¨ P qpX ¨ BP q ´ nX2
˘
Φ “ 0 there is ℓd´2∆ℓKΦ

ℓÑ8ÝÝÝÑ p´qnΦ . (3.18)

Next, note the following limit of the radial oscillator:

´r´1X ¨ Plooooomooooon
q

ℓÑ8ÝÝÝÑ P 01

. (3.19)

As a result, field components with particular degree in the radial oscillator turn into the
components with the same degree in P 01

(see Lemma 2.1 for T “ B01):

`
pX ¨ P qpX ¨ BP q ´ nX2

˘
Φ “ 0

ℓÑ8ÝÝÝÑ
ˆ
P 01 ¨ B

BP 01 ´ n

˙
Φ “ 0 . (3.20)

With this at hand, relation (3.18) can be interpreted as a change of the conjugation rule
for the oscillator P 01

, which can be taken into account by introducing the following inner
product:

ℓd´2∆ℓ´1
`
¨, ¨
˘ ℓÑ8ÝÝÝÑ

`
¨, ¨
˘1 “ e2mX̄0

1

x¨, ¨y1 iB
01
V , (3.21)

where x¨, ¨y1 coincides with x¨, ¨y except for the conjugation rule for the oscillator along 01,
which is changed to pP 01q: “ B

BP 01 .

From the flat limit for the inner product (3.21), it is now straightforward to introduce
the flat limit of the ambient Lagrangians in Theorem 3.4:

L
1rΦs “

`
Φ,ΩΦ

˘1
, Φ P Spsq , (3.22)
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to be accompanied by the mass constraint (3.17), as well as the trace constraint (2.27) (which
is unaffected by the shift X “ ℓV ` X̄). Pullback of (3.22) to the surface X̄01 “ 0 leads to
the ambient Lagrangian description of massive totally-symmetric spin-s field in flat space.
Note that the flat limit of equations of motion in the BRST formulation was proposed in
[23], while flat dimensional reduction in similar terms was considered in [60] (see also earlier
works [65, 64] and [61, 62]).

Finally, for (partially) massless fields, i.e. when ∆s,t “ 1 ` t ´ s for some t P t1, . . . , su,
one proceeds along the same lines as in the massive case, but this time keeping ∆ℓ “ ∆s,t

fixed. This leads to (3.17) with m “ 0. From the structure of the radial decomposition for
(partially) massless fields (see Lemma 2.2) together with (3.20), in the flat limit one has the

decomposition Φpsq “ řt´1

n“0Φ
ps´nq
n with respect to the homogeneity degree in P 01

. The flat
ambient Lagrangian (3.22) splits into a direct sum with

L
1rΦpsqs “

t´1ÿ

n“0

L
1rΦps´nq

n s , Φpjq
n P Spjq , (3.23)

where each nth component in the above decomposition describes a massless spin-ps´nq field.
The decomposition (3.23) expresses the known fact that a partially massless spin-s field of
depth t in the flat limit splits into a set of free massless fields of spins s, s´ 1, . . . , s´ t` 1
[66].

4 Ambient variational principle

As constructed in the previous sections, ambient Lagrangians are pd`1q-forms on the pd`2q-
dimensional ambient space in contrast to the standard setup where Lagrangians are space-
time top forms. In this section we develop a description of the standard variational bicomplex
approach in terms of fields on ambient space. In particular we give an explicit definition
of the Euler-Lagrange derivative in terms of the ambient one. Finally, we explain how the
above ambient Lagrangians for totally-symmetric higher spin fields on AdSd`1 fit into this
more general setup. In addition, we demonstrate that the usual flat dimensional reduction
formalism can also be understood as a particular case of the ambient Lagrangian formulation.

4.1 Jet-bundle description of constrained ambient-space fields

Ambient space and fields. As a general setup, consider an pn`1q-dimensional manifold
A which serves as an ambient space for its n-dimensional submanifold Σ and which carries
a nowhere-vanishing vector field T transversal to Σ. It follows that A is foliated by the
integral curves of T and hence is locally a bundle over Σ. For simplicity, we assume that A
is globally a principal line bundle over Σ. With a slight abuse of notation, we also consider
Σ as a global section of A ։ Σ.

It is convenient to introduce an adapted coordinate system pt, xµq such that

T “ B
Bt Txµ “ 0 (4.1)

and Σ is singled out by t “ 0. It is clear that xµ define a coordinate system on Σ. Similarly,
one can consider submanifolds t “ t0. Such manifolds can be seen as covariantly constant (i.e.
horizontal) sections of A ։ Σ determined by an Ehresmann connection one-form ϑ “ ´dt.
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Local coordinates XA on A are called homogeneous of degree w if

rT, BAs “ ´w BA (for some w P R) . (4.2)

Via a t-dependent rescaling of the adapted coordinates one can construct homogeneous
coordinates (4.2), proving that the latter choice is always accessible. For example, in the
previously considered case of A “ R

2,d
` one has T “ X ¨ BX , so (4.2) holds for the flat

coordinates with w “ 1. Furthermore ϑ “ ´pX ¨Xq´1X ¨ dX .

Finally, we assume that A is endowed with a volume form

V “ ρpXq dX0 ^ ¨ ¨ ¨ ^ dXn . (4.3)

It defines a volume form on Σ as a pullback of

VT :“ iTV . (4.4)

In the adapted coordinates VT “ ρpXpt, xqq
ˇ̌
ˇ BX

Bpt,xq

ˇ̌
ˇ dx1 ^ ¨ ¨ ¨ ^ dxn. The data pA,Σ, T,Vq

will be referred to as ambient space for Σ.

Consider an ambient field ΦpXq “ tΦapXqu, where the index a parametrises a finite set
of field components. Fields can be viewed as sections of a trivial vector bundle E ։ A, with
fibers parametrised by the coordinates u “ tuau. Evaluation of ua on a section Φ : A ãÑ E
leads to the usual expressions for the fields as functions ΦapXq :“ pua ˝ ΦqpXq.

We are interested in sections which verify the following differential constraints:

pT ` ∆aqΦapXq “ 0 for some fixed ∆a P R (4.5)

(with no summation over a). Note that this condition is formulated using a fixed local frame
of E . To formulated it in a generic frame one can, e.g., introduce a flat linear connection on
E . For simplicity, in this section we disregard possible algebraic constraints on Φa, which can
be necessary in applications. Such constraints can always be solved in terms of independent
components of fields.

Next we define the vector bundle as the pullback bundle E “ E |Σ of the vector bundle
E ։ A along the section Σ ãÑ A. We have the following:

Lemma 4.1. Sections of E satisfying (4.5) are in one-to-one correspondence with the un-
constrained sections of E.

Proof. In the adapted coordinates pt, xµq, the constraints (4.5) are a system of first-order
ODE’s in t-variable so that a solution with the initial data at t “ 0 exists and is unique.
In other words solutions are reconstructed in the neighbourhood of Σ from the initial data
φapxq, the latter being nothing else but a section of E.

Jets of constrained sections. A standard geometric language for variational calculus
is the jet-bundle formalism (see e.g. [67] for a review). In the sequel we will adapt it to
the case of constrained fields in the ambient space. As a first step, one promotes E to its
(infinite) jet extension J8E (or JE for brevity) which itself is a vector bundle over A, whose
adapted local coordinates are XA and u “

 
uaApqq : q ě 0

(
. For any section Φ P ΓpEq there

is a uniquely defined (infinite) jet prolongation j8Φ P ΓpJEq parametrised at each point by
all its partial derivatives:

uaApqq ˝ j8Φ “ BA1
. . . BAqΦ

a for all q ě 0 . (4.6)
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The jet bundle JE ։ A carries a canonical horizontal distribution spanned by all vectors
which are tangent to the jet prolongation of any section of E . In local coordinates, horizontal
vectors are spanned by the basis

DA “ BA `
8ÿ

q“0

uaABpqq BBpqq
a

, where BBpqq
a

“ B
Bua

Bpqq

. (4.7)

Horizontal vector fields are also referred to as total vector fields (see [67] for details).

Equation (4.5) is a partial differential equation (PDE), which defines (or, can be viewed
as) a vector sub-bundle i∆ : I ãÑ JE singled out by the following linear equations:

zaApqq “ DApqq

`
TBuaB

˘
` ∆auApqq “ 0 . (4.8)

Indeed, the pullback of (4.8) by the jet prolongation j8Φ of a section of E reproduces the left-
hand-side of (4.5) and its differential consequences. Although I is not a jet bundle associated
to any bundle, one has the following lemma (recall the bundle E introduced below (4.5)).

Lemma 4.2. Let I|Σ be the vector bundle over Σ defined as the pullback of the vector bundle
I ։ A along Σ ãÑ A. This vector bundle is isomorphic to the infinite jet bundle JE ։ Σ.
The horizontal distribution on I|Σ is obtained by the horizontal lift of the tangent space of
Σ.

Proof. The base manifold being the same for the two vector bundles, one needs to establish
an isomorphism between the fibers of the two. Recall that a fiber of JE over a point p P Σ is
constituted by equivalence classes of sections of E with coinciding derivatives up to all orders
at p. As for I|Σ, note that (4.8) contains no algebraic constraints, so the 0th-jet projection
of I|Σ is isomorphic to E. In the adapted coordinates it is evident that a horizontal section
of I at each point is parametrised by the values of its projection to the 0th jets, as well
as by the values of all its derivatives along Σ (the values of t-derivatives are reconstructed
from the equations (4.8)). In particular, this means that horizontal distribution on I is the
horizontal lift of tangent spaces of Σ. As a result, a fiber of I|Σ (over a point of Σ) consists of
equivalence classes of sections of E, with two sections belonging to the same class whenever
all their derivatives (along Σ) at this point coincide.

To illustrate the above lemma in more explicit terms, one makes use of the adapted
coordinates pt, xµq, and notes that horizontal sections of I are parametrised by t- and x-
derivatives of the general solution of the constraints (4.5),

ΦapXpt, xqq “ e´t∆a

φapxq , (4.9)

with φpxq “ tφapxqu being a field on Σ. Since t-derivatives of the above functions are
prescribed, X-derivatives of ΦpXq reduce to x-derivatives of φpxq, which brings one to the
jet bundle JE.

Consider the following vector field on E :

T̄ “ TABA ´ ∆a uaBa . (4.10)

It is clearly a symmetry of (4.5), in the sense that (4.10) preserves the space of solutions
viewed as the submanifold I Ă JE . In other words, the prolongation of (4.10) to a vector
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field on JE is tangent to I, and reads as4

pr T̄ “ TADA ´ Z , where Z “
ÿ

ně0

zaApqq BApqq
a

“ pr

ˆ
za

B
Bua

˙
, (4.11)

with zaApqq defined in (4.8). In what follows we denote TADA by T whenever it does not lead
to a confusion. Note that since T is the horizontal lift of a vector field from the base A, one
has the following properties

dviT ` iTdv “ 0 ñ LT “ dhiT ` iTdh , dvLT “ LTdv ñ dhLT “ LTdh ,

iTLZ “ LZiT , LTLZ “ LZLT .
(4.12)

Bicomplex of T -forms. Consider
Ź
JE the algebra of local forms on JE . One distin-

guishes the contact 1-forms

θaApqq “ duaApqq ´ dXB uaBApqq (for all q ě 0), (4.13)

whose pullback to the jet prolongation j8Φ of any section of E vanishes. Other way around,
if for some section j8Φ P ΓpJEq the pullback pj8Φq˚θaApqq “ 0 for all q ě 0, then j8Φ is

the jet prolongation of some Φ P ΓpEq. The subalgebra of
Ź
JE generated by the contact

1-forms is referred to as contact ideal. Since total vector fields, spanned by (4.7), are tangent
to the jet prolongation of any section of E , they are annihilated by the contact forms (4.13).

The 1-forms dXA and θaApqq (for q ě 0) generate a local frame of
Ź
JE , so that any

α P Ź
JE can be locally written as

α “
ÿ

p,qě0

α
B1pk1q;...;Bnpkqq

A1...Ap | a1;...;aq
pX,uq dXA1 ^ ¨ ¨ ¨ ^ dXAp ^ θa1

B1pk1q ^ ¨ ¨ ¨ ^ θ
aq

Bnpkqq . (4.14)

The space
Ź
JE is bi-graded by the horizontal and vertical degrees (in dXA and θaApnq,

respectively):
ľ

JE “
n`1à
i“0

8à
j“0

ľ
pi,jqJE . (4.15)

In particular, the de Rham differential splits into its horizontal and vertical parts d “ dv `dh

with respect to the bi-degree:

dh :
Źpi,jq

JE Ñ Źpi`1,jq
JE ,

dv :
Źpi,jq

JE Ñ Źpi,j`1q
JE ,

(4.16)

which implies dhdh “ 0, dvdv “ 0 and dhdv ` dvdh “ 0 as a consequence of d2 “ 0. One has
the following explicit formulae for dh, dv in terms of the basis 1-forms dXA and θaApmq (see

(4.7) and (4.13)):

d “ dXABA `
ÿ

qě0

duaApqq BApqq
a

“ dXADAlooomooon
dh

`
ÿ

qě0

θaApqq BApqq
a

loooooomoooooon
dv

(4.17)

4The definition and explicit formulae for prolongations of vector fields can be found, e.g., in [67, Propo-
sition 1.12].
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Note that θaApqq “ dvu
a

Apqq, which we will use to denote contact 1-forms in the sequel. All in

all, the algebra
Ź
JE is a bicomplex:

Źp0,0q
JE

dhÝÑ Źp1,0q
JE

dhÝÑ . . .
dhÝÑ Źpn`1,0q

JE
dhÝÑ 0

Ódv Ódv ÓdvŹp0,1q
JE

dhÝÑ Źp1,1q
JE

dhÝÑ . . .
dhÝÑ Źpn`1,1q

JE
dhÝÑ 0

Ódv Ódv Ódv

. . . . . . . . .

(4.18)

(see [67] for further details).

The ambient space A is a principal bundle over Σ with T as fundamental vector field.
Basic forms are differential forms α on A which are both invariant (LTα “ 0) and horizontal
(iTα “ 0). Equivalently, they are pullbacks of differential forms on the base Σ along the
projection A ։ Σ. Analogously, one introduces the subalgebra of T -forms on I:

ľ
T
I “

!
α P

ľ
I : iTα “ 0 , LTα “ 0

)
Ă
ľ

I . (4.19)

Recall that I is an infinitely prolonged PDE (4.5) and hence the horizontal distribution in JE
is tangent to I. This induces the decompoistion of

Ź
I into the homogeneous components

with respect to horizontal/vertical bi-degree, as well as the decomposition d “ dh ` dv.

Lemma 4.3. The subalgebra
Ź

T I Ă Ź
I is preserved by dh and dv, and hence is a bi-

complex.

Proof. It is sufficient to check that both d and dh preserve
Ź

T I. For this purpose one makes
use of the Cartan’s formula for LT and recalls (4.12).

The algebra
Ź

T I is related to the bi-complex
Ź
JE via the following lemma. Define the

map εΣ :
Ź

T I Ñ Ź
JE by restricting a local form to I|Σ and recalling the isomorphism in

Lemma 4.2.

Lemma 4.4. The map εΣ is an isomorphism of bi-complexes. As a consequence, if dhα PŹ
T I, one can find α1 P Ź

T I such that dhα “ dhα
1.

Proof. The map εΣ is a morphism of bi-complexes. Indeed, εΣ commutes with d as a pullback,
and with dv because fibers are unaffected upon restriction to a submanifold Σ ãÑ A.

Let us show that the kernel of εΣ is trivial. Indeed, the restriction of α P Ź
T I to the

submanifold Σ ãÑ A serves as the initial data for the condition LTα “ 0 (the first-order
PDE), which (together with the condition iTα “ 0) allows one to reconstruct α. If the initial
data is zero, so is the resulting form α. The same argument allows one to conclude that ε∆
is onto.

For any form α P Ź
I denote αΣ its pullback to I|Σ. Then for dhα P Ź

T I one has
εΣdhα “ dhαΣ. Using αΣ as the initial data on Σ, one solves the conditions in (4.19), and
thus reconstructs α1 P Ź

T I such that αΣ “ εΣα
1. All in all one has εΣdhα “ εΣdhα

1, and
the fact that εΣ is an isomorphism finishes the proof.

A convenient way to work with elements of
Ź

I consists in considering equivalence classes
of local forms on JE , such that two forms in the same class are mapped to the same form
upon pullback to I. This identification is implied in the sequel, so for any α P JE one
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denotes the corresponding class by rαs P Ź
I. In order to identify T -forms on I in terms of

equivalence classes, define the sub-algebra of ambient T -forms
Ź

T JE Ă Ź
JE as follows:

ľ
T
JE “

!
α P

ľ
JE : iTα “ 0 and LT´Zα “ 0

)
. (4.20)

The two conditions in the above definition use different vector fields, while consistency is
assured by the fact that T and Z commute because Z is the prolongation of an evolutionary
vector field, and T is the horizontal lift of a vector field on the base A (recall (4.10)).

Although the space of T -forms is not preserved by d, there is a way to endow
Ź

T JE ĂŹ
JE with the structure of a bi-graded differential algebra. Recall that ϑ denotes an Ehres-

mann connection one-form on the line bundle A ։ Σ. With a slight abuse of notation, we
also write ϑ for its pullback to

Ź
JE . Let us define

d1 “ d ` ϑ^ LZ . (4.21)

Note that the above operator admits the following decompostion with respect to the bi-
degree:

d1 “ d1
h

` d1
v
, where d1

h
“ dh ` ϑ ^ LZ and d1

v
“ dv . (4.22)

Lemma 4.5. 1) The following analog of the Cartan’s magic formula takes place in
Ź
JE :

LT´Z “ iTd
1 ` d1iT . (4.23)

2) The operators d1
h
and dv verify Leibniz rule. Moreover, the operator d1 defined in (4.21)

is nilpotent, and hence d1
h
d1
h

“ 0, dvdv “ 0 and d1
h
dv ` dvd

1
h

“ 0, so both d1
h
and dv are

differentials on
Ź
JE . Upon pullback to I, for any α P Ź

JE one has

dhrαs “ rd1
h
αs and dvrαs “ rdvαs . (4.24)

3) d1 has a well-defined action on
Ź

T JE .

Proof. The assertion (1) is verified directly: one starts from LT´Z “ diT´Z ` iT´Zd and
recalls that iTϑ “ ´1. For (2) recall that dϑ “ 0 and LZϑ “ 0, and note that d1

h
and dv are

the bidegree-p1, 0q and -p0, 1q components of d1. Also note that LZα vanishes on I for any
α P Ź

JE , so rϑ^ LZαs “ 0. To prove (3), note the following consequences of (4.23) which
imply that d1 acts on

Ź
T JE : iTd

1 “ ´d1iT ` LT´Z and d1LT´Z “ LT´Zd
1.

As a consequence of the points (2), (3) of the above Lemma,
Ź

T JE is a bi-complex:

Źp0,0q
T JE

d1
hÝÑ Źp1,0q

T JE
d1
hÝÑ . . .

d1
hÝÑ Źpn,0q

T JE
d1
hÝÑ 0

Ódv Ódv Ódv

Źp0,1q
T JE

d1
hÝÑ Źp1,1q

T JE
d1
hÝÑ . . .

d1
hÝÑ Źpn,1q

T JE
d1
hÝÑ 0

Ódv Ódv Ódv

. . . . . . . . .

(4.25)

Note that the bi-complex of ambient T-forms is a deformation of the subalgebra of ambient
forms which are in the common kernel of iT and LT . Indeed, for any α P Ź

JE such that
iTα “ 0 and LTα “ 0, one constructs etLZα P Ź

T JE . In particular, d1 “ etLZde´tLZ .
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Lemma 4.6. One has rαs P Ź
T I iff there is a representative α̃ P Ź

T JE in rαs. Moreover,
for dhrαs P Ź

T I there exists α̃ P Ź
T JE such that

dhrαs “ rd1
h
α̃s . (4.26)

Proof. It is easy to check that iT and LT are well defined on equivalence classes. Also note
that rLZαs “ 0 for any α P Ź

JE . So if α P Ź
T JE , then one has LT rαs “ rLT´Zαs “ 0 and

iT rαs “ riTαs “ 0. Other way around, given a form rαs P Ź
T I, one can lift it to

Ź
T JE by

solving the conditions in (4.20).

To prove the rest, for dhrαs P Ź
T I one can find rα1s P Ź

T I such that dhrαs “ dhrα1s
(which is possible by Lemma 4.4). Then it is already proven that there exists α̃ P Ź

T JE
such that rα1s “ rα̃s, so (4.26) follows by assertion (2) of Lemma 4.5.

Lagrangian T -forms. By analogy with the usual bicomplex of differential forms on a
jet bundle, we refer to the elements of the upmost right component

Źpn,0q
T JE of (4.25) as

ambient Lagrangians. Any ambient Lagrangian λ can be written in terms of a Lagrangian
density L as:

λ “ LVT , L P
ľp0,0q

JE , (4.27)

where VT “ iTV is lifted to
Ź
JE . The second condition in (4.20), LT´Zλ “ 0, leads to the

following constraint:
LT´ZL` div T L “ 0 , (4.28)

where divergence is defined for any total vector field V “ V ADA as follows:

dhiV V “ div V V ñ div V “ 1

ρ
DApρ V Aq , (4.29)

where ρ is the volume density in (4.3).

We call d1
h
-exact ambient Lagrangians trivial. In order to describe trivial ambient La-

grangians, i.e. ambient Lagrangians of the form λ “ d1
h
β, with β P Źpn´1,0q

T JE , note that
any ambient pn´ 1, 0q-T -form can be written as

β “ iHVT “ HA iDA
VT , (4.30)

where H “ HADA is a total vector field on JE . As we demonstrate in Appendix C.2, this
implies:

d1
h
β “ divHK VT , where HK “ H ` iHϑT . (4.31)

As a result, the Lagrangian density L of a trivial ambient Lagrangian λ has the form of
an ambient divergence. Note that β is unaffected if one varies H by a total vector field
proportional to T , so β “ iHK

VT .

4.2 Ambient description of the variational bicomplex of JE

The jet-bundle JE is equipped with the Euler-Lagrange derivative

δ :
ľ

pn`1,0qJE Ñ
ľ

pn`1,1qJE , (4.32)

such that for any α P Źpn`1,0q
JE one has dvα “ δα ` dhσ for some pn, 1q-form σ, and

δpdhβq “ 0 for all β P Źpn,1q
JE . In the same way, the jet-bundle JE is also equipped with

the Euler-Lagrange derivative, for which we keep the same notation δ.

20



Thanks to the isomorphism of Lemma 4.4, the map δ :
Ź

pn`1,0qJE Ñ Ź
pn`1,1qJE

defines a map
Ź pn`1,0q

T I Ñ Ź pn`1,1q
T I. A remarkable fact is that this map can be expressed

explicitly in terms of the canonical Euler-Lagrange derivative (4.32) in the ambient space,
giving a lift of the variational calculus on JE to the ambient space. First, note that for any
α P Źpn,jq

T JE there is a unique preimage with respect to the map iT which we denote i´1
T α “Źpn`1,jq

JE . By representing α “ H ^ VT (with H P Źp0,jq
JE), one has i´1

T α “ p´qjH ^ V.

Define the ambient Euler-Lagrange derivative

pδ :
ľpn,0q

T
JE Ñ

ľpn,1q
JE , pδ : λ ÞÑ iT δpi´1

T λq . (4.33)

By representing λ “ LVT , one has the following explicit formula in local coordinates:

pδ pLVT q “ dvu
a ^

ÿ

qě0

p´qq 1
ρ
DApqq

`
ρ BApqq

a
L
˘
VT , (4.34)

where we have introduced the shorthand notationDApqq “ DA1
. . .DAq . The above expression

coincides with the ordinary formula for the Euler-Lagrange derivative except for the volume-
form part where instead of the ambient top-form V we put VT .

For any rλs P Ź
T I, let λ P Ź

T JE be its ambient T -form representative (which exists
thanks to Lemma 4.6). With the map (4.33) at hand, we can now define

pδI :
ľpn,0q

T
I Ñ

ľpn,1q
I , pδI : rλs ÞÑ rpδλs . (4.35)

We have the following Lemma, whose proof is relegated to Appendix C.6:

Lemma 4.7. For any λ P Źpn,0q
T JE , the following assertions hold:

1) pδλ belongs to
Źpn,1q

T JE , hence

pδ :
ľpn,0q

T
JE Ñ

ľpn,1q

T
JE . (4.36)

Moreover, pδpd1
h
βq “ 0 for any β P Źpn´1,0q

T JE .

2) If λ vanishes on I, so does pδλ. Therefore, (4.35) gives a well-defined map

pδI :
ľpn,0q

T
I Ñ

ľpn,1q

T
I . (4.37)

Finally, we arrive at the main theorem, which relates the map (4.33) to the Euler-
Lagrange derivative on JE.

Theorem 4.8. One has the following commutative diagram

Źpn,0q
T JE

i
˚
∆ÝÑ Źpn,0q

T I
εΣÝÑ Źpn,0q

JE

Ópδ ÓpδI Óδ

Źpn,1q
T JE

i
˚
∆ÝÑ Źpn,1q

T I
εΣÝÑ Źpn,1q

JE

(4.38)

where εΣ is the isomorphism described in Lemma 4.4.
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We will say that the bicomplex
Ź

T JE , supplemented with the ambient Euler-Lagrange
derivative (4.36), is an ambient variational bicomplex. Constructing the extended ambient
variational bicomplex, explicitly involving forms of higher vertical degrees, is an interesting
problem, which lies however beyond the scope of the present work.

Given an ambient Lagrangian λ P Źpn,0q
T JE one defines the corresponding ambient Euler-

Lagrange equations of motion eapX,uq via the formula pδλ “ dvu
a ^ eapX,uqVT . A solution

of the equations of motion is a section Φ P ΓpEq whose jet prolongation j8Φ is a section of
I Ă JE (hence pj8Φq|Σ “ j8φ is an infinite jet prolongation of a section φ “ Φ|Σ P ΓpEq by
Lemma 4.2) which is such that pj8Φq˚eapX,uq “ 0. The clear advantages of this ambient-
space variational calculus are its coordinate independence and the explicit expression for the
ambient Euler-Lagrange derivative (4.33). Thanks to the isomorphism εΣ, one can work in
the ambient variational bicomplex postponing to solve the constraints and restriction to Σ to
the very end, exactly as was done in Sections 3.2 and 3.3 for the ambient-space construction
of the Lagrangians for totally-symmetric massive and (partially) massless higher-spin AdSd`1

fields.

Proof of Theorem 4.8. The left part of the diagram (4.38) reflects the definition (4.35), and
is commutative due to the assertion (2) of Lemma 4.7. Since εΣ is an isomorphism, the right
part of the diagram (4.38) defines the operator

δ1 “ εΣ ˝ pδI ˝ ε´1
Σ :

ľpn,0q
JE Ñ

ľpn,1q
JE . (4.39)

In order to prove that δ1 “ δ, we will show that for any L P Źpn,0q
JE there is J P Źpn´1,1q

JE

such that dvL “ δ1L ` dhJ , and δ1L “ 0 when L is dh-exact. Then δ1 “ δ follows from the
uniqueness of the Euler-Lagrange derivative on

Ź
JE (see, e.g., [67, Corollary 5.2]).

Any given Lagrangian L P Źpn,0q
JE can be lifted to an equivalence class rλs P Ź

T I, such
that εΣrλs “ L. Furthermore, by Lemma 4.6, one can consider a representative λ P Ź

T JE .

Then from λ “ iT i
´1
T λ and recalls (4.12) to write dvλ “ iTdvpi´1

T λq. Since i´1
T λ P Źpn`1,0q

JE ,
one has

dvi
´1
T λ “ δi´1

T λ ` dhβ with some β P
ľpn,1q

T
JE . (4.40)

Next, apply LT´Z to both sides of (4.40), and note that i´1
T commutes with LT´Z , which

can be verified directly for any α “ H ^ V P Źpn`1,0q
JE and its iT -image iTα “ H ^ VT

(where H P Źp0,0q
JE). Also recall that δ commutes with prolongations of vector fields which

are projectable on E (see, e.g., [67, Corollary 2.13]). All in all, one has

dhpLT´Zβq “ 0 ñ LT´Zβ “ dhσ for some σ P
ľpn´1,1q

JE , (4.41)

where we have used that horizontal cohomology is empty in the bi-degree pn, 1q (see, e.g.,
[67, Proposition 4.2]). By the assertions (1), (2) of Lemma 4.5 one obtains

iTd
1
h
β “ dhσ ´ d1

h
iTσ ñ iTdhrβs “ dhrσ ´ iTβs . (4.42)

Now, apply iT to both sides of (4.40),

dvλ “ pδλ ` iTdhβ , (4.43)

then recall (4.41) and perform the pullback of the so-obtained expression to I:

dvrλs “ pδIrλs ` dhrσ ´ iTβs , (4.44)
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where we have used the definitions (4.33), (4.35). Note that dhrσ ´ iTβs P Źpn,1q
T I. Indeed,

the first condition in (4.19) follows from (4.42), while for the second condition one evaluates

LT on both sides of the latter expression in (4.44) and recalls that λ P Źpn,0q
T JE :

LTdvrλs “ dvLT rλs “ 0 , and LT
pδIrλs “ rLT´Z

pδλs “ pδIrLT´Zλs “ 0 . (4.45)

By Lemma 4.6 there exists ω P Źpn,1q
T JE such that dhrσ ´ iTβs “ dhrωs. Finally, by

evaluating εΣ on (4.44) one obtains

dvL “ δ1
L ` dhJ , (4.46)

where J “ εΣrωs, and one recalls that rλs “ ε´1
Σ L and (4.39). To check that δ1L “ 0 when

L is dh-exact, note that by Lemma (4.6) one has ε´1
Σ L “ rd1

h
βs for some β P Źpn´1,0q

T JE .

Then δ1L “ εΣrpδpd1
h
βqs “ 0 by the assertion (1) of Lemma 4.7.

4.3 Examples

Let us apply the proposed general formalism to the ambient description of totally-symmetric
fields on AdSd`1. In this case one takes the ambient space to be A “ R

2,d
` endowed with the

flat metric, and the fundamental vector field is the ambient Euler vector field T “ X ¨BX . An
embedding Σ “ AdSd`1 ãÑ A “ R

2,d
` is set by fixing r “

?
´X2 “ ℓ. The volume form V (and

VX) are defined as in (3.1), and the Ehresmann connection one-form is ϑ “ ´XA dXA

X2 . Note

that the Cartesian coordinates XA on R
2,d
` verify (4.2) with w “ 1, so the jet prolongation

of the weight constraint (2.4) reads as (C.46).

Scalar field. The simplest example is provided by the ambient scalar field subject to the
homogeneity constraint (2.4). Due to Theorem 3.4, the corresponding ambient Lagrangian
expressed in field-theoretical terms reads

LrΦs “ 1

2
r´pd´2∆q ΦlΦVX . (4.47)

In order to apply the above general scheme, take the ghost-degree-0 projection E “ F
p0q
0 Ă

F p0q (recall the comment below (2.23)). Fibers of the jet-bundle JE are parametrised by
u “ tuApqq : q ě 0u. The sub-bundle I is singled out by (4.8).

From the local pd`1q-form (4.47) on R
2,d
` one constructs the corresponding local pd`1, 0q-

T -form on JE :

λ “ 1

2
r´pd´2∆q u uAA VX , (4.48)

which indeed satisfies (4.20). Application of the ambient Euler-Lagrange derivative (4.33)
leads to

pδλ “ dvu ^ 1

2

`
r´pd´2∆quAA ` DADA

`
r´pd´2∆qu

˘˘
VX . (4.49)

Taking into account that DAfpXq “ BAfpXq and using the relations (A.5) together with
(4.7) one finally arrives at the ambient equations of motion

pδλ “ dvu ^ epX,uqVX “ dvu ^ r´pd´2∆q

ˆ
uAA ` pd ´ 2∆q

r2
pXBuB ` ∆ uq

˙
VX . (4.50)
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For any section Φ P ΓpEq which satisfies (2.4), the equation pj8Φq˚epX,uq “ 0 is equivalent
to lΦ “ 0, so one reproduces the ambient description of a scalar field on AdSd`1.

Note another ambient Lagrangian λ1 obtained from (4.47) via integration by parts:

λ1 “ ´1

2
r´pd´2∆q

ˆ
uAu

A ´ ∆pd ´ 2∆q
r2

u2
˙

VX

“ λ ` d1
h
J ` ζ ,

(4.51)

where

J “ ´JA
K iDA

VX with JA
K “ 1

2
r´pd´2∆q

ˆ
u uA ´ ∆

r2
XAu2

˙
, (4.52)

and

ζ “ d´ 4∆

2r2
r´pd´2∆qupXAuA`∆ uqVX ` 1

2
DA

`
r´pd´2∆`2qXAupXBuB ` ∆uq

˘
^VX . (4.53)

One can check that J is a pd, 0q-T -form, therefore both d1
h
J and ζ are pd` 1, 0q-T -forms as

well. Moreover, ζ vanishes by virtue of (2.4). One can verify that evaluation of the ambient
Euler-Lagrange derivative using λ1 leads to the same ambient equations of motion.

Massless higher-spin fields. Let us also consider the case of a massless spin-s field
(s ě 2) in the triplet formulation. The same lines of reasoning apply to massive and partially
massless higher-spin fields thanks to Theorem 3.4.

Along the same lines as for the scalar field, we fix the ghost-degree-0 projection E “ F
psq
0 Ă

F psq with its fibers parametrised by the collection u “ tuApsq, uAps´1q, uAps´2qu (standing for
the triplet components B, C and D respectively, see (B.9)). The above bundle is promoted
to its infinite jet extension JE with fibers parametrised by the coordinates u “ tuAps´kq;Bpqq :
k “ 0, 1, 2 , q ě 0u designating derivatives of the fields.

The jet prolongation of weight constraints (2.21) reads, for all q ě 0, as

XCuApsq;CBpqq ` p2 ´ s ` qq uApsq;Bpqq “ 0 ,
XCuAps´1q;CBpqq ` p3 ´ s ` qq uAps´1q;Bpqq “ 0 ,
XCuAps´2q;CBpqq ` p2 ´ s ` qq uAps´2q;Bpqq “ 0 .

(4.54)

The above constraints lead to the sub-bundle I ãÑ JE . We omit detailed consideration of
the algebraic constraints (2.27) and (2.28), treating them as already imposed.

The Lagrangian LrΦs in Theorem 3.2, understood as a pd ` 1, 0q-T -form, reads as

λ “ 1

2
r´pd`2s´4q

ˆ
1

s!
uApsquApsq;B

B ´ 1

ps ´ 1q! u
Aps´1quAps´1q ´ 1

ps ´ 2q! u
Aps´2quAps´2q;B

B

` 1

ps ´ 1q!
`
uApsquAps´1q;A ´ uAps´1quAps´1qB;

B
˘

` 1

ps ´ 2q!
`
uAps´2quAps´2qB;

B ´ uAps´1quAps´2q;A

˘˙
VX ,

(4.55)
where the conditions (4.20) hold for each term.
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The structure of the constraints fits the general construction, and thus Theorem 4.8

applies. The ambient equations of motion read as

pδλ “
ÿ

k“0,1,2

dvu
Aps´kq ^ eAps´kqpX,uqVX

“ dvu
Apsq ^ 1

s!
r´pd´2s`4q

`
uApsq;B

B ` s uAps´1q;A

˘
VX

´ dvu
Aps´1q ^ 1

ps ´ 1q! r
´pd´2s`4q

`
uAps´1qB;

B ` ps ´ 1quAps´2q;A ` uAps´1q

˘
VX

´ dvu
Aps´2q ^ 1

ps ´ 2q! r
´pd`2s´4q

`
uAps´2q;B

B ´ uAps´2qB;
B
˘
VX

` dvu
Apsq ^ 1

s!
r´pd´2s`4q

`
XBuApsq;B ` p2 ´ sq uApsq

˘
VX

´ dvu
Aps´2q ^ 1

ps ´ 2q! r
´pd´2s`4q

`
XBuAps´2q;B ` p2 ´ sq uAps´2q

˘
VX .

(4.56)

For any section Φ P ΓpEq, whose components verify (2.25), (2.27) and (2.28), the equations
pj8Φq˚eAps´kqpX,uq “ 0 (with k “ 0, 1, 2) are equivalent to the correct equations of motion
ΩΦ “ 0, provided by the BRST operator (2.20). Note that the last two lines in (4.56) are
proportional to the constraints (4.54), and thus vanish on I.

Massive fields via flat dimensional reduction. As another example, let us briefly note
how the above formalism applies to the ambient Lagrangian formulation of massive fields of
arbitrary symmetry in flat spacetime via dimensional reduction of massless fields in ambient
space (see [64, 60] and [61, 62] for description of massless fields and dimensional reduction in
BRST terms). For the ambient space one takes A “ R2,d with the flat metric, and chooses
T “ B01. The embedding Σ “ R1,d ãÑ A is singled out by X01 “ 0, so ϑ “ ´dX01

. We will
write V01 “ iB

01
V.

The bundle E Ñ R2,d is constructed for a particular field content in question: the com-
ponents of the field multiplet tΦau are chosen according to [60] for any particular mixed-
symmetry representation. The differential constraint (4.5) takes the form:

ˆ B
BX01

` m

˙
Φa “ 0 , for fixed m P R . (4.57)

The rest of the constraints are algebraic and commute with (4.57) (see [60], for the particular
case of totally-symmetric fields see the example of the flat limit presented in Section 3.4).

The bundle E is promoted to its infinite jet extension JE , while constraints are prolonged
to their infinite jet extensions. As usual, we omit the analysis of algebraic constraints, and
write only the jet prolongation of (4.57):

zaApqq :“ ua01 Apqq ` muaApqq “ 0 for all integer q ě 0 . (4.58)

Jet prolongations of the constraints define the sub-bundle I Ă JE , whose pullback to X01 “ 0
is isomorphic to the jet bundle JE of the corresponding massive field in flat space R1,d.

For the simplest example of a massive scalar field one has the following ambient La-
grangian

λ “ 1

2
e2mX0

1

u uAA V01 P
ľpd`1,0q

T
JE , (4.59)
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which leads, according to Theorem 4.8, to the following equations of motion:

pδλ “ dvu ^ epX,uqV01 “ dvu ^ e2mX0
1 `
uAA ` 2mu pu01 ` muq

˘
V01 . (4.60)

The second term in epX,uq is proportional to the constraints (4.58), so it vanishes on any
section Φ P E , which verifies (4.57). As a result, the equation pj8Φq˚epX,uq “ 0 is equivalent
to lΦ “ 0 in R

2,d. By virtue of the constraint (4.57), the latter equation reduces to the
Klein-Gordon equation on R1,d with the mass m.

For the case of totally-symmetric spin-s fields (with s ě 1), one reads off the correspond-

ing Lagrangian λ P Źpd`1,0q
T JE from L1rΦs in (3.22) (with X̄01 ÞÑ X01

). In this case the field
multiplet coincides with that of totally-symmetric massless AdS fields, where the constraint
(4.57) is applied to all components. Finally, for an arbitrary mixed-symmetry massive field
in R1,d one simply takes the BRST description of a massless field of the same symmetry
type in R2,d [64], and reads off the corresponding ambient Lagrangian λ P Źpd`1,0q

T JE from

the expression
`
Φ,ΩΦ

˘1
(with the inner product as in (3.22)). The pullback of the latter

Lagrangians to the sub-bundle I|Σ, where mass constraints (4.57) are imposed and X01 “ 0,
reproduces the Lagrangians presented in [60] (see [61, 62] for an alternative consideration).
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A Adapted coordinates and covariant differentiation

Local AdS geometry. The embedding (2.1) provides a coordinate system in the ambient
space, which is adapted to embeddings AdSd`1 Ă R2,d. Namely, the parameter r “

?
´X2

in (2.1) can be supplemented by “angular” coordinates xµ (µ “ 1, . . . , d ` 1) parametrizing
AdSd`1 for any particular fixed value of r. Coordinates xµ are homogeneous of degree 0, i.e.
pX ¨ BXqxµ “ prBrq xµ “ 0. Parametrization of ambient space by AdSd`1 radius r and local
AdSd`1 coordinates xµ gives rise to smooth functions XApr, xµq defining the vielbein field

eAµ “ BXA

Bxµ (A.1)

such that the AdSd`1 induced metric is

gµν “ ηAB e
A
µ e

B
ν . (A.2)

In order to have a basis in TR2,d, we supplement the d ` 1 ambient vectors eAµ by another
vector nA defined as

nA “ XA

r
(A.3)

and thus normalized as nAn
A “ ´1. As soon as r is constant for any embedding of AdSd`1

one has XABµX
A “ 0, and thus

nA e
A
µ “ 0 (A.4)

(up and down positions of ambient indices are swapped by the ambient metric ηAB). Vector
nA admits the following two representations:

nA “ ´ B r
BXA

“ BXA

Br . (A.5)

The first expression is obtained by differentiating (2.1), while the second one reflects the fact
that XA has homogeneity degree `1, i.e. prBrqXA “ XA.

The pushforward of the inverse of the AdSd`1 metric (A.2) to the ambient space defines

P
AB “ gµν eAµ e

B
ν , (A.6)

which is a rank-pd ` 1q projector with the kernel spanned by nA:

P
A
B P

B
C “ P

A
C , P

A
Be

B
µ “ eAµ , P

ABnB “ 0 . (A.7)

As a result, the inverse of the ambient metric is decomposed into its tangent and normal
parts with respect to AdSd`1 as follows (also giving a decomposition of unity):

ηAB “ P
AB ´ nAnB ô δAB “ P

A
B ´ nAnB. (A.8)

Let us also introduce the dual vielbein

e
µ
A :“ gµνηAB e

B
ν , (A.9)

which solves the system of pd ` 1q2 ` pd ` 2q2 equations

"
ẽ
µ
A e

A
ν “ δµν

eAν ẽ
ν
B “ PA

B
(A.10)
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imposed on pd`1qpd`2q variables ẽµA. Other way around, the system (A.10) is not indepen-
dent: it is subject to the trace constraint ẽνB ¨ eBν “ d` 1, as well as pd` 1qpd` 2q constraints
eAµ pẽµB ¨eBν ´δµν q “ peAρ ¨ẽρB´PA

BqeBν . As a result, one has pd`1q2`pd`2q2´pd`1qpd`2q´1 “
pd` 1qpd ` 2q independent equations, thus leading to the uniqueness of the solution (A.9).

Finally, let us show, that

e
µ
A “ Bxµ

BXA
. (A.11)

To do that, we substitute
dXA “ eAµ dxµ ` nAdr (A.12)

into

dxµ “ Bxµ
BXA

dXA, which gives dxµ “ Bxµ
BXA

eAν dxν (A.13)

because nA BAx
µ “ Br x

µ “ 0. On the other hand, substituting dr “ Br
BXA dXA “ ´nA dXA

(where we have made use of (A.5)) into (A.12) one gets

eAµ
Bxµ
BXB

“ δAB ` nAnB “ P
A
B agreeing to (A.8). (A.14)

Expressions (A.13) and (A.14) together imply, that Bxµ

BXA solves (A.10). Thus, due to the
uniqueness of the solution, the equality (A.11) takes place.

Covariant differentiation on AdSd`1. Differentiation in the ambient space induces co-
variant differentiation on AdSd`1 Ă R2,d via the straightforward relation (cf. (A.1) and
(A.5))

BA “ e
µ
A Bµ ´ nA

r
pr Brq . (A.15)

The following expressions will be useful in the sequel:

Bµn
A “ Bre

A
µ “ 1

r
eAµ . (A.16)

The first equality in (A.16) is due to that nA “ BXA

Br
and BµBr “ BrBµ. The second one is

obtained from applying Bµ to nA “ XA

r
.

The following relation
Brn

A “ 0 (A.17)

is due to the 0-degree homogeneity of nA (A.3).

Expression Bre
µ
A for the dual of the vielbein field is obtained through the decomposition

in terms of the local basis
 
nA, eAµ

(
in the ambient space:

nCBre
µ
C “ BrpnC ¨ eµCq “ 0 ,

eCν Bre
µ
C “ ´Bre

C
ν ¨ eµC “ ´1

r
eCν e

µ
C “ ´1

r
δµν ,

(A.18)

which leads to

Bre
µ
A “ ´1

r
e
µ
A . (A.19)

Projector (A.6) allows us to define the tangent derivative [68]

DA “ P ˝ BA ˝ P , (A.20)
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implying that tensors are projected to tangent ones before taking the ambient derivative, as
well as afterwards. Tangent derivative (A.20) obeys Leibniz rule and transforms type-pm,nq
ambient tensors to the type-pm,n`1q ones, thus being a covariant derivative in AdSd`1. It is
compatible with the induced metric gµν , because one can check that DCPAB “ 0. Therefore
for any tangent to AdSd`1 tensor one has

DC T
A1...

B1... “ DC

`
eA1

µ1
. . . ¨ eν1B1

. . . T µ1...
ν1...

˘
“ eλC ¨ eA1

µ1
. . . ¨ eν1B1

. . . ∇λT
µ1...

ν1..., (A.21)

where ∇µ stands for the covariant derivative in AdSd`1 corresponding to the Levi-Civita
connection. One can check by acting on a vector field that Christoffel symbols are given by

Γλ
µν “ eλC Bµe

C
ν , (A.22)

involving the tangent component of the derivative Bµe
C
ν . Normal component is obtained with

the aid of (A.16):

BµpnC e
C
ν q “ 0 ñ nCBµe

C
ν “ ´1

r
gµν , (A.23)

which gives

Bµe
C
ν “ eCλ Γλ

µν ` 1

r
nC gµν ô ∇µe

C
ν “ 1

r
nC gµν . (A.24)

For the dual vielbein one gets, along the same lines as for (A.19) by applying (A.16) and
∇µn

C “ Bµn
C ,

∇λe
µ
C “ 1

r
nC δ

µ
λ . (A.25)

The following two relations can be useful for computations:

BAnB “ 1

r
PAB, BAe

µ
B “ ´eλAeνB Γµ

λν ` 1

r
pnAe

µ
B ` nBe

µ
Aq . (A.26)

Finally, note that any ambient tensor field containing no “naked” AdS indices is differ-
entiated as an AdS scalar, therefore for the tensors in question one rewrites (A.15) in the
form

BA “ e
µ
A ∇µ ´ nA

r
pr Brq . (A.27)

In particular, for the tangent and radial projections of the auxiliary variables PA

pµ :“ e
µ
AP

A and q :“ ´nAP
A (A.28)

one can derive, by using (A.16), (A.25) and ∇µP
A “ 0, that

∇µp
ν “ ´1

r
q δνµ , ∇µq “ ´1

r
pµ . (A.29)

B Ghost decomposition and BRST operator

in the adapted coordinates

In order to perform calculations in terms of AdS fields we will make use of the adapted
coordinates r, xµ in the ambient space. In this respect, components Φpm`n|nq P S

pm`nq
∆ of the

radial decomposition (2.30) are expressed as follows:

Φpm`nq
n pX|P q “ φ

pm,nq
µpmq pXq p

µpmq

m!

qn

n!
with

`
X ¨ B ` p∆ ´ mq

˘
φ

pm,nq
µpmq pXq “ 0 . (B.1)
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Despite the latter constraint can be resolved by an AdS tensor field φ
pm,nq
µpmq pxq multiplied by

r´p∆´mq we prefer to keep weight factor absorbed in φ
pm,nq
µpmq pXq. As a shorthand notation for

the AdS fields, instead of Φ
pm`nq
n pX|P q we will write (omitting X- and P -dependence)

φpm,nq :“ φ
pm,nq
µpmq

pµpmq

m!

qn

n!
, (B.2)

and also

φpm1,n1qψpm,nq :“ xφpm1,n1q, ψpm,nqyFock “ p´qnm!n! δm1,mδn1,n φ
pm,nq µpmqψ

pm,nq
µpmq . (B.3)

Finally, the following condensed notations will be useful:

gφpm,nq :“ q2 B2

Bp2
φpm,nq , g˚φpm,nq :“ p2B2

qφ
pm,nq . (B.4)

Ambient derivative along any direction decomposes into covariant AdS derivative and a
radial complement Br (which acts algebraically on subspaces with a fixed radial weight). For
example, symmetrised gradient and divergence for Φ P S∆ read respectively as

P ¨ BX Φ “
´
pµ∇µ ´ q

r
∆
¯
Φ, BP ¨ BX Φ “

ˆ B
Bpµ∇

µ ` ∆

r

B
Bq

˙
Φ (B.5)

With the aid of relations (A.27) and (A.29), operators (B.5) are rewritten in terms of AdS

tensor fields: for Φ
pm`nq
n in (B.1) one has

P ¨ BXΦ
pm`nq
n pX|P q “

ˆ
pµ∇µ ´ q

∆ ` m

r
´ p2

r

B
Bq

˙
φpm,nq ,

BP ¨ BX Φpm`nq
n pX|P q “

ˆ B
Bpµ

∇µ ´ d ` 1 ` m ´ ∆

r

B
Bq ´ q

r

B2

Bp2
˙
φpm,nq ,

(B.6)

where, in the above expressions, covariant AdS derivative acts only on the AdS field while
pµ, q are treated as independent variables. In order to read off the action of Ω in terms of
AdS fields we supplement the above expressions by that for the ambient d’Alembertian:

lΦpm`nq
n pX|P q “

ˆ
∇2 ´ 2

r

ˆ
q

B
Bpµ

∇µ ` pµ∇µ

B
Bq

˙
` ∆pd ´ ∆q

r2

` 1

r2

ˆ
q

B
Bpλ

` pλ
B
Bq

˙ˆ
q

B
Bpλ ` pλ

B
Bq

˙˙
φpm,nq . (B.7)

A spin-s field Φpsq P S
psq
∆ has the following ghost-degree expansion

Φpsq “ Φpsq
ˇ̌
gh“´1

` Φpsq
ˇ̌
gh“0

` Φpsq
ˇ̌
gh“`1

` Φpsq
ˇ̌
gh“`2

(B.8)

with particular components written as

Φpsq
ˇ̌
gh“´1

“ b
ÿ

m`n“s´1

εpm,nq ,

Φpsq
ˇ̌
gh“0

“
ÿ

m`n“s

Bpm,nq ` c0b
ÿ

m`n“s´1

Cpm,nq ` cb
ÿ

m`n“s´2

Dpm,nq ,

Φpsq
ˇ̌
gh“`1

“ c0
ÿ

m`n“s

rBpm,nq ` c
ÿ

m`n“s´1

rCpm,nq ` c0cb
ÿ

m`n“s´2

rDpm,nq ,

Φpsq
ˇ̌
gh“`2

“ c0c
ÿ

m`n“s´1

F pm,nq ,

(B.9)

where the field components on the right-hand side do not depend on the ghost variables.
The introduced ingredients are sufficient for reformulating ambient expressions in purely
AdS terms.
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C Proofs

C.1 Proof of Lemma 2.1

It is sufficient to check the statement for the monomials ΦpX|P q of homogeneity degree s in
PA: pP ¨ BP ´ sqΦpX|P q “ 0. Consider the first-order PDE in PA

`
pT ¨ P qpT ¨ BP q ´ nT 2

˘
fpX|P q “ 0 (C.1)

in a neighbourhood where T ¨ P ‰ 0. Its general solution is expressed as fpX|P q “ pT ¨
P qn rfpX|P q such that rfpX|P q is a general solution of

pT ¨ BP q rfpX|P q “ 0 . (C.2)

The solutions of the latter equation form a commutative algebra under the point-wise product
generated by XA and the d ` 1 independent characteristics among

rPA “ PA ´ pT ¨ P q
T 2

TA . (C.3)

Note that T ¨ rP “ 0, so only d ` 1 components are indeed independent. Taking this into
account and applying the decomposition PA “ rPA ` pT ¨P q

T 2 TA to the field ΦpX|P q, one finds
that for each integer n P t0, . . . , su there is a unique component ΦnpX|P q satisfying (C.1) .

C.2 Proof of Lemma 2.2

Because the operator U (2.35) is invertible, for any Φ P S there exists the field rΦ “ U´1Φ.

In this respect, for Φ “ U rΦ one has (see (2.34))

pT1qt Φ “ U pX ¨ BP qt rΦ . (C.4)

Note that for the non-zero components rΦn of the radial decomposition of rΦ one has pX ¨
BP qn`jrΦn “ 0 only for j ě 1 (see the proof of the Lemma 2.1, Section C.1). Therefore

satisfying pT1qtΦ “ 0 is equivalent to having rΦt`j “ 0 for all integer j ě 0 in the radial
decomposition (2.30).

C.3 Proof of Lemma 3.1

Any local ambient operator is a polynomial in the oscillators and ambient derivatives. Con-
jugation p¨q: preserves h-degree (see the comment after (2.22)), therefore if O is an ambient
operator of h-degree 0 then so is O#. Rules (2.16), (2.19) imply that

`
Ψ,OΦ

˘
K

“ p´qghpΨq¨ghpOq
`
O#Ψ,Φ

˘
K

` BAJ
A
Ψ,Φ VX (C.5)

for a certain JC
Ψ,Φ such that pX ¨ B ` d ` 2qBCJ

C
Ψ,Φ “ 0. The latter is equivalent to pX ¨ B `

d` 1qJC
Ψ,Φ “ 0. The expression (C.5) has the form (3.4) thanks to the following identity for

any J “ iJ VX with J “ JCBC:

BCJ
C VX “ dJ ` pX ¨ B ` d ` 1qJC iBCVX . (C.6)
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To show that the inner product
`
¨, ¨
˘
K
is non-degenerate on S∆, note that the constraint

in (2.25) is a first-order linear PDE, so any element of S∆ is uniquely defined by its uncon-
strained restriction to AdSd`1 with r “ ℓ. Since the inner product in question is point-wise
with respect to R

2,d
` , one specifies attention to r “ ℓ, where non-degeneracy of

`
¨, ¨
˘
K

on S∆

is equivalent to non-degeneracy of x¨, ¨y on S.

Similarly, one proves the uniqueness of the operator O#. Suppose that both O1
1, O

1
2 are

conjugate to O in the sense that (3.4) holds. Then ω “ O1
1 ´ O1

2 satisfies
`
ωΨ,Φ

˘
K

“ dJΨ,Φ (C.7)

for some local d-form JΨ,Φ. Pullback of (C.7) to AdSd`1 for r “ ℓ and integration over
any neighbourhood with a choice of Φ with finitely supported pullback to AdSd`1 gives 0
for any Ψ P S∆. Since Ψ P S∆ is uniquely reconstructed from its pullback to AdSd`1, and
since

`
¨, ¨
˘
K
is point-wise with respect to R

2,d
` and non-degenerate on S∆, one concludes that

restriction of ω to S∆ is trivial.

C.4 Proof of Lemma 3.3

For the proof of non-degeneracy of
`
¨, ¨
˘
K

on T∆ for any ∆ P R we assume that K is an
invertible transformation of T∆, which will be proven to be true in the sequel. In this case,
the pairing xK¨, ¨y on T∆ is non-degenerate iff so is the pairing x¨, ¨y on T∆. To check that
x¨, ¨y is non-degenerate on T∆, note that by Lemma 2.2 the problem is equivalent to checking
non-degeneracy of x¨, ¨y on the space of fields with constrained radial decomposition and
which are subject to the constraint

U´1
T2U “ T2 ´ 4

X2
pX ¨ BP q c0

B
Bc . (C.8)

The latter check can be done explicitly in terms of decompositions described in Appendix
B.

For the sequel, we will make use of the following simple lemma.

Lemma C.1. Let V be a vector space with a bilinear form G and tϕαuα“1,...,r some indepen-
dent linear forms on V . Let V0 Ă V be the common kernel of the linear forms tϕαu. Then
restriction of G to V0 is symmetric (respectively, anti-symmetric) iff there exist linear forms
cα on V such that for σ “ 0 (respectively, σ “ 1) holds

Gpv, wq ´ p´qσGpw, vq “
rÿ

α“1

`
cαpvqϕαpwq ´ p´qσcαpwqϕαpvq

˘
. (C.9)

Proof. The fact that restriction of G to the subspace V0 is symmetric (respectively, anti-
symmetric) is equivalent to saying that its anti-symmetric (respectively, symmetric) part is
proportional to ϕα. For a fixed σ “ 0, 1 consider the following projectors

Πpσq
ǫ Gpv, wq “ 1

2

`
Gpv, wq ` p´qσ`ǫGpw, vq

˘
, ǫ “ 0, 1 (C.10)

satisfying Π
pσq
0 Π

pσq
1 “ Π

pσq
1 Π

pσq
0 “ 0. Anti-symmetric (respectively, symmetric) part of the

metric is given by Π
pσq
1 G for σ “ 0 (respectively, σ “ 1), and hence the condition on

symmetricity (respectively, anti-symmetricity) of G on V0 is formulated as follows:

Π
pσq
1 Gpv, wq “

ÿ

α

`
Lαpvqϕαpwq ` Rαpwqϕαpvq

˘
. (C.11)
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Applying Π
pσq
0 to the both sides of the above expression yields the consistency condition

Lα ` p´qσRα “ 0 (C.12)

and thus leads to the expression stated in the assertion.

Fixing the operator K “ r´pd´2∆q
`
U :U´1

˘´1
DU :U´1 on T∆ consists in fixing D. For

that purpose we consider the condition coming from the requirement that, for any spin s ě 1
in the ghost-˘1 sectors,

xKΨpsq,ΩΦpsqy ` xKΦpsq,ΩΨpsqy “ ∇λj
λ , (C.13)

with the special choice

Ψpsq “ b
ř

m`n“s´1 ε
1pm,nq ` c

ř
m`n“s´1

rC 1pm,nq ,

Φpsq “ b
ř

m`n“s´1 ε
pm,nq ` c

ř
m`n“s´1

rCpm,nq ,
(C.14)

where the component fields do not depend on the ghost variables (see (B.9) and Appendices

A, B for details). In particular, we will be interested only in mass-like terms of the form ε rC
(i.e. the ones without AdS covariant derivatives).

To compute the action of K defined by (3.13), we express the operators U and U : (2.35)
in terms of the radial oscillator q (A.28):

U “ 1 ´ 2q

r
c0

B
Bc, U : “ 1 ´ 2

r
Bq c0b ñ U :U´1 “ 1 ` 2

r
c0

´
q

B
Bc ´ b Bq

¯
. (C.15)

Then one obtains (throughout this section we will write w˚ “ d ´ 2∆ for brevity)

rw
˚

KΦpsq “ b
ÿ

m`n“s´1

ν
ps|nq
∆ εpm,nq

` c0
ÿ

m`n“s

`
ν

ps|nq
∆ ´ ν

ps|n´1q
∆

˘ 2q
r

rCpm,n´1q

` c
ÿ

m`n“s´1

ν
ps|nq
∆

rCpm,nq

` c0cb
ÿ

m`n“s´2

`
ν

ps|nq
∆ ´ ν

ps|n`1q
∆

˘ 2
r

Bq
rCpm,n`1q .

(C.16)

Performing ghost pairings leads to

rw
˚

xKΨpsq,ΩΦpsqy “ ´
ÿ

k`l“s´1

ÿ

m`n“s´1

ν
ps|lq
∆ x rC 1pk,lq,lεpm,nqyFock

`
ÿ

k`l“s´1

ÿ

m`n“s´1

ν
ps|lq
∆ xε1pk,lq,l rC 1pm,nqyFock

´
2

r

ÿ

k`l“s

ÿ

m`n“s´1

`
ν

ps|lq
∆ ´ ν

ps|l´1q
∆

˘
xq rC 1pk,l´1q, P ¨ BXεpm,nqyFock

´
2

r

ÿ

k`l“s´2

ÿ

m`n“s´1

`
ν

ps|lq
∆ ´ ν

ps|l`1q
∆

˘
xBq rCpk,l`1q, BP ¨ BXεpm,nqyFock .

(C.17)
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By virtue of (B.6), (B.7) one gets the following mass-like terms:

rw
˚

xKΨpsq,ΩΦpsqy “

´
1

r2

ÿ

m`n“s´1

ν
ps|nq
∆

´
pm ` 2mn ` pd ` 1qn ` p∆ ´ 1qpd ´ ∆ ` 1qq rC 1pm,nqεpm,nq

` rC 1pm,nq gεpm`2,n´2q ` rC 1pm,nq g˚εpm´2,n`2q
¯

`
1

r2

ÿ

m`n“s´1

ν
ps|nq
∆

´
pm ` 2mn ` pd ` 1qn ` p∆ ` 1qpd ´ ∆ ´ 1qq ε1pm,nq rCpm,nq

`ε1pm,nq g rCpm`2,n´2q ` ε1pm,nq g˚ rCpm´2,n`2q
¯

´
2

r2

ÿ

m`n“s´1

pν
ps|n`1q
∆ ´ ν

ps|nq
∆ q

´
pn ` 1qp∆ ´ 1 ` mq rC 1pm,nqεpm,nq ` rC 1pm,nq g˚εpm´2,n`2q

¯

`
2

r2

ÿ

m`n“s´1

pν
ps|nq
∆ ´ ν

ps|n´1q
∆ q

´
npd ´ ∆ ` m ` 2q rC 1pm,nqεpm,nq ` rC 1pm,nq gεpm`2,n´2q

¯

` . . .

(C.18)

with all terms with derivatives are not written explicitly (they are denoted by the ellipses).
We look for an operator K such that the pairing xKΨpsq,ΩΦpsqy is anti-symmetric, so we
concentrate on its symmetric part and proceed by fixing it to zero:

rd´2∆
´

xKΨpsq,ΩΦpsqy ` xKΦpsq,ΩΨpsqy
¯

“
2

r2

ÿ

m`n“s´1

´
ν

ps|nq
∆ pd ´ 2∆q ` n pν

ps|nq
∆ ´ ν

ps|n´1q
∆ qpd ´ ∆ ` m ` 2q

´pn ` 1q pν
ps|n`1q
∆ ´ ν

ps|nq
∆ qp∆ ´ 1 ` mq

¯ ´
ε1pm,nq rCpm,nq ` εpm,nq rC 1pm,nq

¯

`
1

r2

ÿ

m`n“s´1

`
ν

ps|nq
∆ ´ 2ν

ps|n´1q
∆ ` ν

ps|n´2q
∆

˘`
C 1pm,nqgεpm`2,n´2q ` Cpm,nqgε1pm`2,n´2q

˘

`
1

r2

ÿ

m`n“s´1

`
ν

ps|nq
∆ ´ 2ν

ps|n´1q
∆ ` ν

ps|n´2q
∆

˘`
ε1pm,nqgCpm`2,n´2q ` εpm,nqgC 1pm`2,n´2q

˘
` . . .

(C.19)

Recall that the field components are not independent: by definition of T
psq
∆ in (2.27) the

trace constraint in terms of the AdS fields (with n ě 2) reads

ϕ
ps|nq
1 pΦpsqq “ gεpm`2,n´2q´npn´1q εpm,nq “ 0, ϕ

ps|nq
2 pΦpsqq “ g rCpm`2,n´2q´npn´1q rCpm,nq “ 0 .

(C.20)
For the lowest values n “ 0, 1, the traceless parts of the field components are free from the

constraints (C.20) and hence for the coefficients in front of εps´1,0q rCps´1,0q and εps´2,1q rCps´2,1q

one directly imposes

ν
ps|0q
∆ pd ´ 2∆q ´ pνps|1q

∆ ´ ν
ps|0q
∆ qp∆ ` s ´ 2q “ 0 pfor n “ 0q ,

ν
ps|1q
∆ pd ´ 2∆q ` pνps|1q

∆ ´ ν
ps|0q
∆ qpd ´ ∆ ` sq ´ 2pνps|2q

∆ ´ ν
ps|1q
∆ qp∆ ` s ´ 3q “ 0 pfor n “ 1q .

(C.21)
Normalising the first coefficient νps|0q to unity brings us to

ν
ps|0q
∆ “ 1 , ν

ps|1q
∆ “ r∆̄ ` s ´ 2s1

r∆ ` s ´ 2s1
, ν

ps|2q
∆ “ r∆̄ ` s ´ 2s2 ` w˚

r∆ ` s ´ 2s2
, (C.22)

where ∆̄ “ d´∆ and rxsk “ xpx´1q . . . px´k`1q denotes the falling Pochhammer symbol.

For n ě 2 the field components are subject to the relations (C.20). The latter are
algebraic and hence can be treated point-wise, what brings us to the situation described in
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Lemma C.1 with the two linear forms being respectively (C.20). In more detail, proceeding
step by step for all admissible n ě 2, for each fixed n (and m “ s ´ 1 ´ n) one considers

the field components gεps´n`1,n´2q, εps´n´1,nq, g rCps´n`1,n´2q, rCps´n´1,nq. Anti-symmetry of
xKΨpsq,ΩΦpsqy on the surface of the constraints (C.20) amounts to finding two combinations

cps|nq
α pΦpsqq “ cα 1 gε

ps´n`1,n´2q`cα 2 ε
ps´n´1,nq`cα 3 g rCps´n`1,n´2q`cα 4

rCps´n´1,nq , pα “ 1, 2q ,
(C.23)

such that

rw
˚`xKΨpsq,ΩΦpsqy ` xKΦpsq,ΩΨpsqy

˘

“
ÿ

α“1,2

`
xcps|nq

α pΨpsqq, ϕps|nq
α pΦpsqqyFock ` xcps|nq

α pΦpsqq, ϕps|nq
α pΨpsqqyFock

˘
. (C.24)

Substituting (C.19) to the above requirement immediately allows one to fix c11 “ c12 “ c23 “
c24 “ 0. For the terms of the form ε rC one arrives at

2pd´ 2∆q ´ 2pn` 1qp∆ ` s ´ 2 ´ nqpνps|n`1q
∆ ´ ν

ps|nq
∆ q ´ 2n pd´ ∆ ` s ` 1 ´ nq

“ ´npn´ 1qpc14 ` c22q . (C.25)

For the terms of the form ε g rC and gε rC one gets, respectively, (recall (B.3))

ν
ps|nq
∆ ´ 2ν

ps|n´1q
∆ ` ν

ps|n´2q
∆ “ ´c13 ` c22 “ ´c21 ` c14 . (C.26)

Finally, for the terms gε g rC one gets c13 `c21 “ 0. Substituting the latter equation to (C.26)
one derives

2
`
ν

ps|nq
∆ ´ 2ν

ps|n´1q
∆ ` ν

ps|n´2q
∆

˘
“ c14 ` c22 , (C.27)

One substitutes the above relation to (C.25), which leads to the following recurrence relation

for ν
ps|nq
∆ :

nf
ps|nq
∆ ´ pn ´ 1qf ps|n´1q

∆ “ 0 for n ě 3 ,

with f
ps|2q
∆ “ 0 ,

(C.28)

where

f
ps|nq
∆ “

`
p∆ ` s ´ 2q ´ pn´ 1q

˘
ν

ps|nq
∆ ´ p∆̄ ` s ´ 2q νps|n´1q

∆ ` pn´ 1q νps|n´2q
∆ . (C.29)

The initial data for (C.28) follows from (C.22). As a consequence, one deduces

f
ps|nq
∆ “ 0 for all n ě 2 . (C.30)

By recalling (C.29), the above equation is a recursion relation for ν
ps|nq
∆ . We look for a

solution in the form

ν
ps|nq
∆ “ q

ps|nq
∆

r∆ ` s ´ 2sn
, (C.31)

which results in the following recursion relation for q
ps|nq
∆ :

q
ps|n`2q
∆ ´ p∆̄ ` s ´ 2q qps|n`1q

∆ ` pn` 1qp∆ ` s ´ pn` 2qq qps|nq
∆ “ 0 . (C.32)
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Assuming a generating function Q
psq
∆ ptq “ ř8

n“0 q
ps|nq
∆

tn

n!
one arrives at the following Cauchy

problem:

`
1 ´ t2

˘
Q

psq2
∆ ptq ´

`
∆̄ ` s ´ 2 ´ p∆ ` s ´ 4qt

˘
Q

psq1
∆ ptq `

`
∆ ` s ´ 2

˘
Q

psq
∆ ptq “ 0,

with the initial data Q
psq
∆ p0q “ 1, Q

psq1
∆ p0q “ ∆̄ ` s ´ 2 .

(C.33)

The solution to the above equation is

Q
psq
∆ ptq “ p1 ´ tq´pd

2
´∆qp1 ` tq d

2
`s´2 . (C.34)

Finally, with the aid of the above generating function one finally expresses the sought eigen-
values of D in terms of the Euler hypergeometric function:

ν
ps|nq
∆ “

“
d
2

` s ´ 2
‰
n“

∆ ` s ´ 2
‰
n

2F1

ˆ
´n d

2
´ ∆

d
2

` s ´ 1 ´ n
; ´1

˙
. (C.35)

To complete the proof, it is left to verify that for the so-constructed operator K the
inner product

`
¨, ¨
˘
K
is BRST-anti-invariant in all ghost sectors. As a result of a lengthy but

straightforward computation, for any ghost-extended ambient field Φpsq of spin s holds

rΩ, KsΦpsq “ 1
r
c rD, qsT2Φ

psq ´ T
:
2
1
r

B
Bb

rD, BqsΦpsq

` c0
1
r2

“
rD, qs, q

‰
B
Bc
cT2Φ

psq ´ T
:
2c0

1
r2

“
rD, Bqs, Bq

‰
b B

Bb
Φpsq

´ c0
1
r2

“
rD, qs, q

‰
c B

Bc
T2Φ

psq ` T
:
2c0

1
r2

“
rD, Bqs, Bq

‰
b B

Bb
Φpsq

´ c0
1
r2

“
rD, qs, Bq

‰
2bcT2Φ

psq ` T
:
2c0

1
r2

“
rD, q

‰
, Bqs 2 B

Bb
B
Bc
Φpsq .

(C.36)

For any Φpsq P T∆ the rhs of (C.36) leads to xrΩ, KsΦpsq, ¨y “ 0.

C.5 Proof of Theorems 3.2, 3.4

We have to check that ambient Lagrangians of the form LrΦs “
`
Φ,ΩΦ

˘
, with Φ P T

psq
∆

and ghpΦq “ 0, lead to the equations of motion ΩΦ “ 0. To start, one can apply a formal
variation:

δLrΦs “
`
δΦ,ΩΦ

˘
`
`
Φ,Ω δΦ

˘
“ 2

`
δΦ,ΩΦ

˘
` dJ , (C.37)

where δΦ P T
psq
∆ and, in the second equality, we have used the BRST-anti-invariance of

`
¨, ¨
˘

on T
psq
∆ . A corollary of Theorem 4.8 is that performing a formal variation either before or

after restricting to T
psq
∆ implies the same result ΩΦ “ 0 with Φ P T

psq
∆ (see, e.g., Section 4.3

for an explicit analysis of the massless case). Therefore putting (C.37) to zero implies the
correct equation of motion, as was to be shown.

Pullback of LrΦs to AdSd`1 can be performed explicitly with the aid of expressions
presented in Appendix B. In the case of massless fields (for ∆ “ 2 ´ s) one arrives at the
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following known Lagrangian density for the massless spin-s field [44, 47, 48]:

ℓd`2s´4 LrΦpsqs “ 1
s!
Bpsq ¨

`
l ` ps ` p2 ´ sqpd ´ 2 ` sqq

˘
Bpsq

` 1
ps´1q!

`
Bpsq∇Cps´1q ´ Cps´1q∇ ¨ Bpsq

˘
´ 1

ps´1q!
Cps´1qCps´1q

´ 1
ps´2q!

Dps´2qpl ` p6 ´ sps ` d ´ 1qqqDps´2q

` 1
ps´2q!

`
Dps´2q∇ ¨ Cps´1q ´ Cps´1q∇Dps´2q

˘

` 1
ps´1q!

εps´1q
`
l ` ps ´ 1qp2 ´ d ´ sq

˘ rCps´1q

´ 1
ps´1q!

rCps´1q
`
l ` ps ´ 1qp2 ´ d ´ sq

˘
εps´1q

´ 1
ps´2q!

´
rDps´2q∇ ¨ εps´1q ` εps´1q∇ rDps´2q

¯

´ 1
ps´1q!

´
εps´1q∇ ¨ rBpsq ` rBpsq∇εps´1q

¯
.

(C.38)

C.6 Technical details and proofs for Section 4

Lemma C.2. For any α P Źpn´1,0q
T JE , written as β “ iHVT with some total vector field

H “ HADA, one has
d1
h
β “ divHK VT . (C.39)

where HK “ H ` iHϑT .

Proof. By virtue of LT´Zβ “ 0 one has

irZ,HsVT “ irT,HsVT ` div T ^ iHVT , (C.40)

Next, one computes

d1
h
β “ dhiHVT ` ϑ^ LZiHVT “ ´dhiT iHV ` ϑ ^ pirT,HsVT ` div T ^ iHVT q

“ ´LT iHV ` iTdhiHV ´ irT,Hspϑ ^ VT q ` pirT,Hsϑq ^ VT ` div T ϑ^ iHVT ,
(C.41)

where one has used (C.40) to replace LZiHVT “ irZ,HsVT . Note that LT iHV “ irT,HsV `
div T iHV, and iTdhiHV “ divH VT , where one recalls (4.29). Also ϑ^VT “ ´V, so one has

d1
h
β “ divH VT ` irT,HsϑVT ` div T pϑ^ iHVT ´ iHVq . (C.42)

For the last term in the above equation one makes use of the following simple formula:

0 “ iHiT pϑ^ Vq “ ϑ ^ iHVT ´ iHV ´ piHϑqVT , (C.43)

which allows one to rewrite (C.42) as follows:

d1
h
β “ divH VT ` pirT,HsϑqVT ` div T piHϑqVT . (C.44)

Finally, by virtue of dhϑ “ 0 and iTϑ “ ´1 one has

LTϑ “ 0 ñ irT,Hsϑ “ T piHϑq , (C.45)

which allows one to rewrite the last two terms in (C.44) as divpiHϑT qVT .
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Proof of Lemma 4.7. To prove (4.36) one needs to show, for any λ P Źpn,0q
T JE , that one

has iTpδλ “ 0 and LT´Z
pδλ. The former property follows directly from the definition (4.33).

The latter follows from the fact that iT , i
´1
T and δ commute with LT´Z . Indeed, δ commutes

with prolongations of vector fields which are projectable on E (see, e.g., [67, Corollary 2.13]).
And T ´ Z “ pr T̄ , with T̄ (4.10) being a projectable vector field on E .

One has pδpd1
h
βq “ 0 for any β P Źpn´1,0q

T JE thanks to (4.31), which is annihilated by
(4.34).

To prove (2), note that if a T -Lagrangian vanishes on I, it can be written as a sum of

terms zaApqqH
Apqq
a ^ VT over a and index sets Apqq (for q ě 0), with H

Apqq
a being some local

functions on JE . Due to linearity, let us consider a generic single term λ “ zaApqqH
Apqq
a ^ VT ,

and perform the necessary check manifestly. In the homogeneous coordinates (4.2) on the
base A the following useful formulae take place:

rDApqq, T s “ qwDApqq and zaApqq “ TBuaBApqq ` p∆a ` qwq uaApqq , q ě 0 . (C.46)

Note also the following relations which take place in any coordinates:

rZ,DAs “ 0 , rBa, DAs “ 0 and rBApqq
a

, DBs “ δAB BApq´1q
a

, q ě 1 . (C.47)

As a consequence of (C.46) and (C.47) one obtains ZzaApqq “ TBzaBApqq `p∆`qwqzaApqq, which
allows one to rewrite the condition LT´Zλ “ 0 as follows:

FApqq
a

zaApqq “ 0 , (C.48)

with
FApqq
a

“ ρ´1DBpρ TBHApqq
a

q ´ p∆ ` qwqHApqq
a

´ ZHApqq
a

. (C.49)

Since zaApqq are independent, (C.48) implies that F
Apqq
a “ ř

kě0 f
Apqq,Bpkq
ab

zbBpkq (with some

local functions f
Apqq,Bpkq
ab

). By applying the map (4.34) to λ, one gets

pδλ “ dvu
a ^

ÿ

kě0

p´qkρ´1DApkq

´
ρ zbBpmqBAppq

a
H

Bpmq
b

¯
^ VT `

dvu
a ^ p´qq`1ρ´1DBDApqq

`
ρ TBH

Apqq
a

˘
^ VT `

dvu
a ^ p´qqρ´1DApqq

`
ρ p∆ ` qwqHApqq

a

˘
^ VT .

(C.50)

Because DAz
a

Bpqq “ zaABpqq, each term in the first line of the above expression is proportional

to zaAppq with some p ě q. According to (C.49), the second and the third lines together give

dvu
a ^ p´qq`1ρ´1DApqqpρGApqq

a
q ^ VT , where GApqq

a
“ ZHApqq

a
` FApqq

a
. (C.51)

The sub-bundle I belongs to the zero-locus of G
Apqq
a because the latter is a combination of

terms proportional to zaAppq. Since DA are tangent to I, the former expression in (C.51)

belongs to the zero-locus of G
Appq
a as well. As a result, pδλ indeed vanishes on I.
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D Coefficients ν
ps|nq
∆

In this section we will present a detailed consideration of a number of equivalent expressions
for ν

ps|nq
∆ (3.14) and also present a generating function for them.

First, we recall that Euler’s hypergeometric function can be represented as a power series:

2F1

ˆ
a, b

c
; z

˙
“

8ÿ

m“0

paqmpbqm
pcqm

zm

m!
, |z| ă 1 , (D.1)

where pxqn “ xpx ` 1q . . . px ` n ´ 1q is the rising Pochhammer symbol. In the particular
case when a “ ´n (negative integer or zero) the above series terminates, and thus converges
for any z P C. Fixing z “ ´1 and multiplying by rcsn (see (3.14)) gives

rcsn ¨ 2F1

ˆ
´n, b
c

; ´1

˙
“

nÿ

m“0

ˆ
n

m

˙
pbqmrcsn´m , (D.2)

where we have used that p´nqm “ n!
pn´mq!

. The following formula makes calculation of (3.14)
straightforward:

ν
ps|nq
∆ “

nÿ

m“0

ˆ
n

m

˙
pd
2

´ ∆qm rd
2

` s ´ 2sn´m

r∆ ` s ´ 2sn
. (D.3)

In particular, the above expression manifests singular behavior of ν
ps|t`jq
s`t´1 for j ě 0 in the

case of partially massless regime. Note that singularities never occur in the Lagrangians in
Theorem 3.4 due to the definition of T∆: imposing the tangency constraint (2.28) puts to
zero particular components in the radial decomposition (2.30), such that singular coefficients

ν
ps|nq
∆ never appear (see Lemma 2.2).

In order to pack the coefficients (3.14) into a single generating function we make use of
Euler’s transformation

2F1

ˆ
a, b

c
; z

˙
“ p1 ´ zqc´b´a

2F1

ˆ
c´ a, c´ b

c
; z

˙
, (D.4)

as well as of the following relation between rising and falling Pochhammer symbols:

rx` m ´ 1sn “ pxqm
pxqm´n

. (D.5)

One arrives at the following representation:

ν
ps|nq
∆ “ 2∆`s´1

`
d
2

´ 1
˘
s`

∆ ´ 1
˘
s

`
∆ ´ 1

˘
s´n`

d
2

´ 1
˘
s´n

2F1

ˆ
∆ ´ 1 ` ps ´ nq, d

2
` s ´ 1

d
2

´ 1 ` ps ´ nq ; ´1

˙
. (D.6)

If one makes use of Appell series

F1

ˆ
a, b, b1

c
; u, v

˙
“

8ÿ

i,j“0

`
a
˘
i`j

`
b
˘
i

`
b1
˘
j`

c
˘
i`j

uj vj

i! j!
, (D.7)

together with the following resummation formula

8ÿ

n“0

`
a
˘
n

`
b1
˘
n`

c
˘
n

tn

n!
2F1

ˆ
a` n, b

c` n
; x

˙
“ F1

ˆ
a, b, b1

c
; x, t

˙
, (D.8)
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then the expression for ν
ps|nq
∆ admits the following generating function

G
psq
∆ ptq “

8ÿ

j“0

ν
ps|s´jq
∆ tj “ 2∆`s´1

`
d
2

´ 1
˘
s`

∆ ´ 1
˘
s

F1

ˆ
∆ ´ 1, d

2
` s ´ 1, 1

d
2

´ 1
; ´1, t

˙
(D.9)

such that

ν
ps|nq
∆ “ 1

ps ´ nq! Bs´n
t G

psq
∆ ptq

ˇ̌
ˇ
t“0

. (D.10)
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