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Using optical potentials with gain-loss to generate structural colors

We study the possibility to obtain structural colors through the use of supersymmetric transformations in optics such as the Darboux transform. Structural colors were originally discovered by studying the interference of light with natural photonics structures giving rise to vivid and spectacular tonalities. They differ fundamentally from ordinary colors based on light absorption at particular wavelengths, as they result from light interference only. To treat interference analytically, we make use of the Darboux transform to define materials with continuously varying spatial distributions of the refractive index that are exactly solvable for the electric field. Consequently, it is possible to calculate analytically the Transfer Matrix linked to the definition of the transmission and reflection coefficients. Interestingly, by using gain, anomalous transmission/reflection (i.e. larger than one) can be obtained, the physical system being open towards the external environment (the system is using external energy in order to increase both transmission and reflection). The generated active optical cavity can thus be used to amplify the incoming light in the desired spectral-angular region. The calculated refractive index distributions can be realized in practice as 1D multi-layered structures corresponding to optical filters in the visible.

Introduction

Structural colors were originally discovered by studying the interference of light with natural photonics structures giving rise to vivid and spectacular tonalities [START_REF] Kinoshita | Physics of structural colors[END_REF]. They differ fundamentally from ordinary colors based on light absorption at particular wavelengths as in pigments, dyes and metals as they are a consequence of light interference only. Many studies where dedicated to the understanding of natural photonic structures as they are found in animals and insects [START_REF] Anderson | An electron microscope study of some structural colors of insects[END_REF][START_REF] Kinoshita | Structural colors in nature: the role of regularity and irregularity in the structure[END_REF][START_REF] Noh | How noniridescent colors are generated by quasi-ordered structures of bird feathers[END_REF][START_REF] Vignolini | Pointillist structural color in pollia fruit[END_REF][START_REF] Burresi | Bright-white beetle scales optimise multiple scattering of light[END_REF]. On the other hand numerous other studies where dedicated to the attempt to produce structural colors through artificial structures based mainly on photonics [START_REF] Forster | Biomimetic isotropic nanostructures for structural coloration[END_REF][START_REF] Wiersma | Disordered photonics[END_REF] and plasmonics [START_REF] Yu | Transmissive/reflective structural color filters: theory and applications[END_REF]. Surprisingly, no study has been directed yet to explore the possibility to obtain structural colors through supersymmetry (SUSY) [START_REF] Cooper | Supersymmetry and quantum mechanics[END_REF]. We propose refractive index distributions that are used to produce iridescent structural colors i.e. strongly dependent on the incident direction. Supersymmetry, implemented through the Darboux transform (DT) [START_REF] Darboux | On a proposition relative to linear equations[END_REF], is explicitly broken truncating the refractive index distribution in space. Nevertheless the results remain analytical [START_REF] Krapez | Sequences of exact analytical solutions for plane waves in graded media[END_REF] being calculated through the Transfer Matrix [START_REF] Lekner | Light in periodically stratified media[END_REF][START_REF] Mostafazadeh | Transfer matrix in scattering theory: A survey of basic properties and recent developments[END_REF]. Due to the presence of loss and gain regions, the system is behaving as an active cavity being able to amplify the incoming light. We demonstrate how controlling the light incoming direction, many different intense colors can be generated by amplifying the radiation at the selected frequency. Only the spatial distribution of the refractive index is controlled while, for a given point in space, the refractive index is assumed to obey spectrally the Drude dispersion model, i.e. no absorption resonance is treated. As a consequence the observed colors result from geometric interference only and not from spectral absorption. Interestingly, almost the same dependence of colors on direction is predicted for the transmitted and reflected light. In this work we consider scattering of visible light from a sample with continuously varying (in space) refractive index with a large gain region and very small regions with absorption. We calculate transmission and reflection spectra through the Transfer Matrix theory [START_REF] Lekner | Light in periodically stratified media[END_REF][START_REF] Mostafazadeh | Transfer matrix in scattering theory: A survey of basic properties and recent developments[END_REF]. When SUSY is broken anomalous transmission/reflection is observed i.e. the transmission/reflection coefficients become larger than one. This can be seen as the manifestation of the fact that the system is open towards the external environment i.e. external (electromagnetic) energy is used to generate anomalous transmission/reflection. Indeed, a spectral-angular filter can be obtained for generating structural colors that are strongly direction dependent.

From the optical potential to the refractive index spatial distribution: Dispersion

We consider scattering of a monochromatic electromagnetic wave by an inhomogeneous dielectric slab of finite thickness along x but infinite extension in the yz-plane with a varying refractive index in the x direction n(x). The slab is surrounded by a non-absorbing background medium with refractive index n b . Only a scalar electric field corresponding to a TEpolarized wave is considered. The DT is used to define optical potentials V (x) that are continuously varying in space and are analytically solvable for the electric field in the corresponding Schrödinger-like equation [START_REF] Krapez | Sequences of exact analytical solutions for plane waves in graded media[END_REF]. Here the Darboux transformation energy is fixed to ε = 0.00005i (in units of the square of a reference wavenumber used for scaling) and n b = 1 i.e. the optical filter is immersed in air (see [START_REF] Tricoli | Susy designed broken pt-symmetric optical filters[END_REF] for details about the analytical DT). By using the optical potential definition we can calculate the spatial refractive index distribution by n(x) = n 2 b -V (x)/k 2 where k is the wavenumber in void of the incoming wave (and V (x) has the same units of ε). This assures a dispersion relation compatible with the Drude model for sufficiently small imaginary part of the refractive index. In order to break SUSY we truncate the refractive index distribution at some points in space (represented as dots in Fig. (1)). Selecting almost only the gain portion of the index (where the index imaginary part is negative) we define an active cavity. Importantly, the Kramers-Kronig relations [START_REF] Altarelli | Superconvergence and sum rules for the optical constants[END_REF] are not violated since the index imaginary part is sufficiently small. We note that for purely supersymmetric index profiles, we would expect reflectionless m aterials w ith u t ransmission f or a ll wavelengths a nd i ncoming d irections ( this i s the case for real and negative transformation energy) since the superpartner of the generated index is void. Indeed, when two index distributions are superpartners, they share the same scattering spectra [START_REF] Miri | Susy-inspired one-dimensional transformation optics[END_REF]. However, here a purely imaginary transformation energy is taken thus SUSY is broken by construction. In addition, we cut the spatial distribution at some points in order to get angular scattering spectra that are interesting for iridescent structural colors production.

Results: Iridescent structural colors in transmission and reflection

We analytically evaluate the transmission and reflection spectra in the visible for all angles of incidence. For the definition of the optical Transfer Matrix method for analytically solvable refractive index spatial distributions see [START_REF] Mostafazadeh | Transfer matrix in scattering theory: A survey of basic properties and recent developments[END_REF][START_REF] Born | Principles of optics: electromagnetic theory of propagation, interference and diffraction of light[END_REF]. Interestingly, for the refractive index distribution of Fig. [START_REF] Kinoshita | Physics of structural colors[END_REF] the net energy balance is positive indicating a gain effect (the absorption coefficient becomes negative). This can be seen as an evidence of the opening of the system toward the external environment (as it is known for quantum open systems [START_REF] Persson | Observation of resonance trapping in an open microwave cavity[END_REF][START_REF] Hatano | Some properties of the resonant state in quantum mechanics and its computation[END_REF][START_REF] Garmon | Bound states, scattering states, and resonant states in pt-symmetric open quantum systems[END_REF]). The dielectric system is using external energy in order to increase both transmission and reflection.

We show in Fig. (2) the transmission angular spectrum for incoming visible light (in the range [350, 700] nm) associated to the refractive index distribution of Fig. [START_REF] Kinoshita | Physics of structural colors[END_REF]. Notably, the optical potential is capable of operating spectral-angular filtering and is particularly efficient in selecting a narrow high intensity peak which is strongly dependent on the incoming direction. Remarkably, the spectral-angular filter has almost the same performance in the reflection configuration (not shown). We also calculate the RGB colors associated to different spectra for a particular incoming direction (we used a standard computer graphics RGB procedure as described in [START_REF]Javascript code to convert light wavelength to color[END_REF]). Interestingly, the proposed active optical device is able to generate structural colors from red to purple by changing the incoming direction (or alternatively for isotropic illumination, by changing the observation direction). However, for large angles the colors are less intense due to the absence of large radiation amplification. 

Conclusions

We investigated the possibility to generate structural colors strongly dependent from direction (thus giving rise to iridescence) by using broken SUSY 1D-spatial distributions of the refractive index. Interestingly, the same device can be used for both transmission and reflection configurations. These results are only obtainable through the use gain i.e. an active cavity is defined which can efficiently accumulate the external electromagnetic energy in order to amplify the desired color channels. Due to the possibility to produce large surfaces with 1D multi-layered structure down to nanometer precision in the profile production, a direct application of the reported results could be the design of (strongly direction dependent) active color filters for the generation of colors with high intensity and bright tonalities.
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 1 Fig. 1. The refractive index distribution n(x). (a) Scattering geometry and a physical realization of n(x) a graded refractive index distribution with a large gain region and tiny absorption parts. (b) The refractive index distribution variation ∆n(x) = n(x)n b . The blue line represents Re[∆n(x)] while the yellow line represents Im[∆n(x)]. The region in between the red dots is used for spectra analytical calculation.
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 2 Fig. 2. Transmission angular spectrum of the refractive index distribution shown in Fig.(1). The corresponding structural colors (in RGB scheme) obtained for incidence angles from 0 • to 89 • with a step of 5 • are shown on the left side of the panel while on the right side is the transmitted normalized intensity (much greater than one due to amplification).